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Thermalisation in non-linear optics

* Wave turbulence :
Interactions between waves in non-linear systems
Non-equilibrium thermodynamic description
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Thermalisation in non-linear optics

Iy
* Wave turbulence :
Interactions between waves in non-linear systems
Non-equilibrium thermodynamic description

* (Gas thermalisation:
Increasing disorder/entropy
Collisions (molecular chaos) irreversibility
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Thermalisation in non-linear optics

g, Wk w3, k3

* Thermalisation in non-linear optics : /11,
Non-linear interaction evolution toward thermodynamic equilibrium N
4-wave mixing
Conservation : energy and phase matching: w; + w, = w3 + w,

kl T k2 = k3 + k4 o @2;k2 (U4j k4 L~
4-wave mixing sketch

x3)
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Thermalisation in non-linear optics

g, Wk w3, k3

* Thermalisation in non-linear optics : /11,
Non-linear interaction evolution toward thermodynamic equilibrium N
4-wave mixing
Conservation : energy and phase matching: w; + w, = w3 + w,

kl T k2 = k3 + k4 o @2;k2 w;k; L~
4-wave mixing sketch

x3)

Thermal equlibrium in an optical system

* Some quantities are conserved (number of photons/optical power N | linear energy E, ...)

Maximise entropy S with the constraints of conservations Equilibrium state/distribution
(Lagrange multipliers)
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Multimode optical fibres (MMF)

* C(ladding and core made of silica (dopped for the core)
cladding core M < Ngp)

* Centrosymmetric silica :
Lowest non-linear order :
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Multimode optical fibres (MMF)

* C(ladding and core made of silica (dopped for the core)
cladding core M < Ngp)

* Centrosymmetric silica :
Lowest non-linear order :

* Light propagation as modes:
Propagation constant S,
Transverse amplitude distribution u,, (1)
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Multimode optical fibres (MMF)

cladding core

Cladding and core made of silica (dopped for the core)
(ncl < nco)

Centrosymmetric silica :
Lowest non-linear order :

Light propagation as modes:
Propagation constant S,
Transverse amplitude distribution u,, (1)

Why MMFs ?
Light confinement
Large propagation distances
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Theoretical model : Non-linear Schrodinger eq.

Helmholtz
02E(r,z) + ALE(r,z) + 7%(r) koE(r,z) =0
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Theoretical model : Non-linear Schrodinger eq.

Helmholtz

* Hypotheses :
02E(r,z) + ALE(r,z) + 7%(r) koE(r,z) =0

- Paraxial approximation

- Weak non-linear Kerr effect
fi(r)? = n(r)* + chonzlElz
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Theoretical model : Non-linear Schrodinger eq.

Helmholtz

* Hypotheses :
02E(r,z) + ALE(r,z) + 7%(r) koE(r,z) =0

- Paraxial approximation

- Weak non-linear Kerr effect
fi(r)? = n(r)? + 2n.,n,|E|? Y(r,z) < E(r,z)

NLSE/Gross-Pitaevskii
10, = —alb Y + V(DY +yY|*yY
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Theoretical model : Non-linear Schrodinger eq.

Helmholtz

* Hypotheses :
02E(r,z) + ALE(r,z) + 7%(r) koE(r,z) =0

- Paraxial approximation

- Weak non-linear Kerr effect
fi(r)? = n(r)? + 2n.,n,|E|? Y(r,z) < E(r,z)

NLSE/Gross-Pitaevskii

0, = —aA’rtlJ + V()Y +y[yl*yP

* Potential V' from the index profile

Propagation v :
Pas Diffraction  External  Non-linear

potential potential
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Theoretical model : Non-linear Schrodinger eq.

Helmholtz

* Hypotheses :
02E(r,z) + ALE(r,z) + 7%(r) koE(r,z) =0

- Paraxial approximation

- Weak non-linear Kerr effect
fi(r)? = n(r)? + 2n.,n,|E|? Y(r,z) < E(r,z)

NLSE/Gross-Pitaevskii
10, = —alb Y + V(DY +yY|*yY

* Conservation of power ( and total energy ) |
Hamiltonian system

* Potential V' from the index profile

Propagation v :
Pas Diffraction  External  Non-linear

potential potential
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Theoretical model : Non-linear Schrodinger eq.

Helmholtz

* Hypotheses :
02E(r,z) + ALE(r,z) + 7%(r) koE(r,z) =0

- Paraxial approximation

- Weak non-linear Kerr effect
fi(r)? = n(r)? + 2n.,n,|E|? Y(r,z) < E(r,z)

NLSE/Gross-Pitaevskii
10, = —alb Y + V(DY +yY|*yY

* Conservation of power ( and total energy ) |
Hamiltonian system

* Potential V' from the index profile

e Reversible equation Propagation J .
Pes Diffraction  External ~ Non-linear

potential potential
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Theoretical model : Non-linear Schrodinger eq.

* Hypotheses :
- Paraxial approximation

- Weak non-linear Kerr effect
fi(r)? = n(r)* + chonzlElz

* Potential V' from the index profile

* (Conservation of power ( and total energy )
Hamiltonian system

* Reversible equation

Helmholtz
02E(r,z) + ALE(r,z) + 7%(r) koE(r,z) =0
Y(r,z) < E(r,z)

NLSE/Gross-Pitaevskii

0, = —aA’rtlJ + V()Y +y[yl*yP

Propagation v :
Pas Diffraction  External  Non-linear

potential potential

An equation giving the evolution of the amount of power in each mode (spectrum)
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Discrete kinetic equation for the spectrum

e NLS solution (Weak non—linearity) L Y(r,z) = Z () Uy (T) e~ iBmz (U, Bm) : eigenvectors/values of linearised NLS

Cm : complex amplitude of the mode m
m
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Discrete kinetic equation for the spectrum

e NLS solution (Weak non—linearity) L Y(r,z) = Z () Uy (T) e~iBmz (U, Bm) : eigenvectors/values of linearised NLS

Cm : complex amplitude of the mode m
m

* NLS equation for the amplitudes :

0, Cm = BmCm + ¥ Zp.qs Wmpas CmCpCqCa e~ iBBmpqs Z * Important parameters :
Modal overlap (4 modes) :
Ny, = {cm(2)cm (2)) : power in the mode m Winpgs = J thm s ), (ui(r) dr

Phase-matching/Quasi-resonances (4 modes) :

A,Bmpqs = fm + ,Bq - ,Bp — Bs
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Discrete kinetic equation for the spectrum

« NLS solution (weak non-linearity) : W(r, z) = z ¢ (2) U (1) e~ iPmz (U, Brm) eigenvecltors/values of linearised NLS
Cm » complex amplitude of the mode m
m
* NLS equation for the amplitudes :
0, Cm = BmCm + ¥ Epas Wmpgs cmCpCqCs e " 1ABmpgs 2 * Important parameters :
Modal overlap (4 modes) :
Ny = (e (2)C(2)) : power in the mode m Winpgs = | ttan () (Y, (YU (r) e

Phase-matching/Quasi-resonances (4 modes) :

A,Bmpqs = fm + ,Bq - ,Bp — Bs

* Thermodynamic quantities :

-Optical power : N = )., n,,, conserved
-Linear energy : E = Y\n B Nun conserved (Negligible non-linear energy: |U| < E)
-Entropy : S = X, In(n,,)
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Discrete kinetic equation for the spectrum

« NLS solution (weak non-linearity) : W(r, z) = z ¢ (2) U (1) e~ iPmz (U, Brm) eigenvecltors/values of linearised NLS
Cm » complex amplitude of the mode m
m
* NLS equation for the amplitudes :
0, Cm = BmCm + ¥ Epas Wmpgs cmCpCqCs e " 1ABmpgs 2 * Important parameters :
Modal overlap (4 modes) :
N = (e (2)in(2)) : power in the mode m Winpas = | ttm (11 (P (1) (1) dr

Phase-matching/Quasi-resonances (4 modes) :

A,Bmpqs = fm + ,Bq - ,B'p — Bs

* Thermodynamic quantities :

-Optical power : N = )., n,,, conserved
-Linear energy : E = Y\n B Nun conserved (Negligible non-linear energy: |U| < E)

-Entropy : S = X, In(n,,)
T
Bm — 1

* Maximising entropy under constraints Rayleigh-Jeans (R]) equilibrium : = np, =
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Studies of graded-index (GRIN) MMF

P. Aschieri et al., “Condensation and thermalization of classical optical waves in a waveguide”, Physical Review A 83 (2011)

A
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Studies of graded-index (GRIN) MMF

P. Aschieri et al., “Condensation and thermalization of classical optical waves in a waveguide”, Physical Review A 83 (2011)

A

* Numerical simulation in GRIN fibre
Weak non-linear regime
Parabolic index profile for the core

* Thermalisation and condensation observed :

Saturation of entropy growth
Macroscopic population of the fundamental mode
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Studies of graded-index (GRIN) MMF

P. Aschieri et al., “Condensation and thermalization of classical optical waves in a waveguide”, Physical Review A 83 (2011)

A

* Numerical simulation in GRIN fibre
Weak non-linear regime
Parabolic index profile for the core

 Thermalisation and condensation observed :
Saturation of entropy growth

Macroscopic population of the fundamental mode

* Important parameters :
Modal overlap (4 modes) :
Winpgs = f um(r)u; (r)up (Mus(r) dr
Quasi-resonances (4 modes) :

AIBmpqs =Bm + ,Bq - IBp — Bs
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Studies of graded-index (GRIN) MMF

P. Aschieri et al., “Condensation and thermalization of classical optical waves in a waveguide”, Physical Review A 83 (2011)

* Numerical simulation in GRIN fibre
Weak non-linear regime
Parabolic index profile for the core

* Thermalisation and condensation observed :

Saturation of entropy growth
Macroscopic population of the fundamental mode

K. Baudin, et al. “Rayleigh-Jeans condensation of classical light :
Observation and thermodynamic characterization”, PRL, 125, (2020) ° Important parameters :

Modal overlap (4 modes) :

........ Wopas = [ um (Mul (@ u,(r)ul@) dr
N:YAG fmsf Pl h%% <ﬁ FF Quasif)lflesonances (4 ?nodei) :
D

2 3 C C APmpqs = Bm + Bq — Bp — Bs
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Is there a way to improve thermalisation in

more common fibres ?
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Study of step-index chaotic MMF

. . \ nCO
* Chaotic step-index fibre
Core index : n., = 1.475 1 —
Cladding index: n = 1.45 0 Ncp
. . Z
2 truncations of the transverse section > O
Step-index profile Truncations leading to the chaotic geometry
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Study of step-index chaotic MMF

. . . nCO
* Chaotic step-index fibre
Core index : n., = 1.475 1 —
Cladding index: n = 1.45 Ncp
. . — 0 > Oz
2 truncations of the transverse section
Step-index profile Truncations leading to the chaotic geometry
* Influence of chaotic geometry:
Ergodic distribution of modal amplitudes u,, (1)
Repulsion between B,
Upp=o(T) Um=173(T) Um=200(T)

Samples of spatial distributions for 233
modes chaotic fibre.
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a) 4-modes distributions overlap

Samples of modes intensity distributions for the chaotic (upper row)
and circular fibres (lower row)

m =0 m = 142 m= 173

Circular

S 2

¥
Intensity (arb. units)

=)
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a) 4-modes distributions overlap

Samples of modes intensity distributions for the chaotic (upper row) meqs = f Um (r)u’{, (r)up (r)uf;. (1') dr
and circular fibres (lower row)

Histogram of the normalised modal overlap

m = 0 m = 142 m = 173 %10

4.0 | chaotic
E B circular
8 —_
£ 82
O =
- 8
6 o
T S
4 ? o
n
=
29
5
.0
—0.2 —0.1 0.0 0.1 0.2
vavas/ M/()()()()
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a) 4-modes distributions overlap

. e . — * *
Samples of modes intensity distributions for the chaotic (upper row) meqs = f Um (r)uq (r)up (r)us (1') dr
and circular fibres (lower row)
Histogram of the normalised modal overlap
m = 0 m = 142 m = 173 %10
4.0 4 | chaotic
‘a',' B circular
E -
- 2
&) =
= ()
o O
e 5
& 5
3
4z i
2
=
28
=
0
—0.2 —0.1 0.0 0.1 0.2
vavas/ M/()()()()

Chaotic fibre : modal ergodicity
More efficient overlap with the chaotic modes
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b) Spectral properties

Circular fibre :
Quasi-degeneracy of propagation constants
1O} — Poisson
Numerical
0.8
:cf_/_\ 0.6
S 04r
0.2}
0070 2 A 6 B
5 >
Poisson distribution (61 modes)

p(s) =e™* Aﬁmpqs = Bm+ ﬁq - ﬁp — Bs

H.. Stéckmann, Quantum Chaos: an introduction, Cambridge University Press (1999)
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b) Spectral properties

Circular fibre : Soectral rieidity/R IC.haotlc fibre : " ant
Quasi-degeneracy of propagation constants pectral rigidity/Repuision among propagation constants
More guasi-resonances
1O} — Poisson 08[ — Wignelr
Numerical Numerical
0.8] - 0.6f
> 06F - >
=04l |
0.2
0.2
0.0 : - . B : 0-07% 1 } 2 3
S > . e
Poisson distribution (61 modes) > Wigner distribution (60 modes)
s 2
— o _ _ — 4
p(s) =e™* Aﬁmpqs_ﬁm-l'ﬁq_ﬂp_ﬁs p(S)—Te s/

H.-. Stéckmann, Quantum Chaos: an introduction, Cambridge University Press (1999)
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Results from simulations

~60 modes fibres :

* Non-linear length : L,; = 1073m

* Propagation over z = 1m

Power and energy conserved

Entropy growth along z
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Results from simulations

~60 modes fibres :

Non-linear length : L,; = 1073m * Power and energy conserved

Propagation over z = 1m

Entropy growth along z

10—1_

Nm/N

circular

— 1000

— R]J equilibrium

- 800
10—2_

103 600

zll-nl

10_4 | 400

107> 200

10-¢

0 10 20 30 40 50 60
Index of the mode m
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Results from simulations

Non-linear length : L,; = 10™3m

Propagation over z = 1m

~60 modes fibres :

e Power and energy conserved

* Entropy growth along z

Nm/N

2/7/2023

10—1_

10—2_

1073;

10—4.

10—5-

10-¢

circular

— R]J equilibrium

- 1000

- 800

0 10 20 30 40 50 60

Index of the mode m

600

400

200

z/Lnl

lCJ_J"E

10_2?

10_5'E

chaotic

—— RJ equilibrium

r 1000

- 800

20 30 40 50 60
Index of the mode m
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Results from simulations - Comparison

0.401 —— chaotic
. \ - == circular
For both fibres : 0.35 -
« Powers and energy conserved 0.30-
| | | 0.25 -
* Entropies growing along propagation a
0.20 -
* Distance to R:
eq 0.151
n Z)—n
D(2) = Zim|m (2) ";ql € [0,1]
Zm (nm(z) +n, ) 0.10-
0 200 400 600 800 1000
z/Ln

Better convergence toward R| for the chaotic fibre
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To sum up

* Thermalisation extended to non-linear optics in MMFs

* Encouraging results for thermalisation for the chaotic fibre
e Current issues and future researches - C. Michel, INPHYNI V. Doya, INPHYNI A. Picozzi, ICB
Lack of condensation : e
-Agreement to RJ lost at small energies
-Simulations with NLS directly
Temporal dispersion in GRIN,
Negative temperature thermalisation,

F. Mortessagne, INPHYNI |. Garmer Ecole Polytechmque

Thank you !

UNIVERSITE . .é. INPHY NI (@'cb

COTED'AZUR - vt
INSTITUT DE PHYSIQUE DE NICE Laboratoire Interdisciplinaire

Carnot de Bourgogne V3 1P PARIS
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Disorder and experimental confirmation

e Simulation without disorder :
FPU recurrences No condensation at small z

u1
0
z=101m

PN ]
.1'\‘|.‘!\I., 4 e A

N e A

* Introduction of disorder : Linear coupling between modes

10,0, = Bmam —VEn(a) + W,,(2)a,, NLSE+ disorder o 5 z[rAnj 10 15100 z [m] 110

* Modal power n,, = (a,,(2)a;,(2)) kinetic equation ? R e
Mpmpqs(n(2)) = nyynyngng x ~ZC~Q __ u1
2 ),2 , (nr—nl + n(;l _ n;]- _ n;l) 0.3 0 -..; p:Egﬁceqn < 07
07N = 95 z §(ABmpqs) [Wmnpgs|” Mmpgs(n(2)) =

ABmpqs =fBm + lgq - Bp — Bs nA_ S

OI ----- I- ) o = e e
Winpas = / Um (Mug (Mu, (Mus(r) dr 0 5 z[m

 Conservation: N=Ynnm, E =3, Bmlm eq _ T

p.4q,s

. n,,
* H-theorem (9,S = 0) with § =¥, In(n,,,) Bm—u
Maximize S under ish-
« Disorder 1 accelerates the rate of thermalisation ?O:S,traints 5 Rayleigh-Jeans
to R equilibrium (several order of magnitude !) vergence: { = Bo
Condensation

Fusaro et al, PRL 122, 123902 (2019)
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Experimental observation of light condensation

K. Baudin, A. Fusaro, K. Krupa, |. Garnier, G. Millot, A. Picozzi “Rayleigh-Jeans condensation of classical light :
Observation and thermodynamic characterization”, PRL, 125, (2020)

Fibre : 13 m long, radius R=26 pm, laser at 7 kW

Modal power evolution : Nd:YAGl l’P’H | 5 MMF et i EFF

N constant D f1 2 B C fa C

E variying parameter (diffuser D) Exberimental setup
Chemical potential Condensate fraction

1 A0y K R I .

Condensation observed by varying E:

p — Py by decreasing E o T_%N
RJ divergence for the fundamental 3 .

Condensate fraction in agreement with R] theory ’ v v

0 0l5 1
Recent confirmation of experimental observation of E/E & EIE; [rmeon
thermalisation in MMFs 7 Far Field

Pourbeyram et al., Nature Physics, 18, 685, (2022)
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Thermalisation vers des états d’équilibre de Tempeérature Négative
Nombre fini de modes - borne supérieure pour I'énergie - possibilité de T <0

Enin = *Nr_-SD < E < Enax = NPmax > E > Et — N(BD) > n;fl—l > ngq

T = (OE/CK)SE?Q)M’N <0

(d)

E/E_.
m

n

Etats d’équilibre de T < 0 sont plus “chauds” que T >0
- Flux d’énergie va des états T < 0 vers les états T > 0 quand les systemes sont mis en contact



Conservation of the energy during propagation in the MMF

Refractive index

n(r)

//,\A ny

Effective potential

V(r)

A

V(n)

VO core

cladding

highly absorbing
polymer-coating

0

a

Leaky radiation modes in the cladding are rapidly absorbed during propagation due to their

large penetration in the coating.

- Measurement of absorption length of leaky modes L, ~ 15cm (linear regime)

- This length L, is much smaller than that required to generate leaky modes

- The nonlinear excitation of leaky modes can be neglected - effective k. = \/2Vy/50/a
- Confirmed by the conservation of the E & N

x104 .

b= Zp Bpngq

A12m
vV 20 cm

(a)

02 0.4

0.6

E/E

crit

0.8

1.2

No average over realizations

(Exin) = (Epot) = £/2

x1p4

A <Epot>,fN

(b)

E/E

0
02 04 06 08 1

crit

1.2

Average over realizations

Epot = [V(r)|[(r)|?dr
Ekin — f@‘V'LdeT



Classical wave condensation is reminiscent

of quantum condensation (27 reading)

Quantum kinetic equation (bosons):

{ﬁtnkl =Coll [n, ]

Coll[n, ] = [ d%,d%.d%, [nn, (140, )L+, ) -n.n, (@L+0,)(1+n,)]5, 6,
n, = =
o [ (- w)]-1

WT Kkinetic egn Boltzmann kinetic egn
—TA n, =expl- B (&, — )]
b~ H Classical gas
WT

B. Svistunov, J. Mosc. Phys. Soc. 1, 373 (1991)
Yu. Kagan, B. Svistunov, PRL 79, 3331 (1997)

M. J. Davis, R. J. Ballagh, K. Burnett, J. Phys. B 34, 4487 (2001)
NLS eqgn M. J. Davis, S. A. Morgan, K. Burnett, PRL 87, 160402 (2001)
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