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ABOUT THE OPTIMAL ESTIMATION OF A DENSITY WITH INFINITE
SUPPORT UNDER HELLINGER LOSS

MATHIEU SART

ABSTRACT. The aim of this paper is to give a complete description of the optimal estimation rates
for the Hellinger loss when the square root of the density belongs to a Besov ball B5 (R). We
make them explicit without further conditions when p < 2, and under a tail dominance condition
when p is larger. We also show that these rates can be improved when the density is assumed to
be unimodal.

1. INTRODUCTION

We consider n independent and identically distributed random variables X7, ..., X,, with values
in R. We suppose that their distribution is absolutely continuous with respect to the Lebesgue
measure and denote their density by f.

An important challenge in the density estimation problem is to determine as accurately as possible
the minimax risk. The latter can be defined as follows. Let D(R) be the set of densities on R, Z#
be a subset of D(R), and .Z be a loss function. The minimax risk is

R(F,Z) = inf sup E [£(f, f)] .
I fez
where the infimum is taken over all estimators f . Different choices are possible for .. Among them

are the ¢ powers of the L? distances . = df, or the square of the Hellinger distance . = h?. We
recall that h is defined for all f1, fo € D(R) by

h2(f1, f2) = %/(\/fl(x) — \/fg(x))2 dz.

The role of the minimax risk is to give a baseline against which to compare when proposing a
statistical estimation procedure. We are more precisely interested here in the optimal estimation
rate, that is in the sequence (e;,),>1 satisfying

0 < liminfe,'R(Z,.Z) < limsupe, 'R(F, %) < 4.
n—+00 n—-+00
An optimal estimation procedure f is therefore a procedure whose risk E[.Z(f, f)] converges at
the rate e, under the sole condition that f lies in .%. This minimax point of view thus makes it
possible to discard certain procedures that are not rate optimal, even in the a priori simple case
where f is a smooth density on R.
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2 MATHIEU SART

To formalize things a little more, we state that f is smooth if f belongs to a ball B . (R) of
a Besov space. In a nutshell, the parameter R is an upper-bound of the (quasi) Besov norm of
the elements f of B  (R). This (quasi) norm measures the variations of f by means of a (quasi)
IL? norm and according to the smoothness exponent «. The larger p is, the more uniformly the
regularity of f is measured. The latter is therefore likely to have much smaller local variations
if p is large than if p is small. Note also that R induces a constraint on the (quasi) L” norm of f
and hence on its tails when p < 1 (the smaller p is, the lighter they should be). There are several
possible equivalent definitions of R, and we choose one in Section 2. For the sake of rigour, we
assume throughout this introduction that R is large enough (B . (R) does not contain densities
with compact support in [0, 1] if R is too small when a > (1/p —1)4).

The minimax rates have been studied by many authors when .# = di. They are now fully known,
up to log factors, when the density is also compactly supported, that is when it belongs to

F ={f €B5 (R), supp f C [0,1]}.

A summary of these rates can be found in [Sar21]. Let us just mention that the case p > ¢ can
be easily solved with linear estimators. This is no longer true when p < ¢, see [DJKP96]. To
be optimal, an estimator must, in some sense, adapt to local variations of the density. When,
moreover, « is allowed to be smaller than 1/p, the statistical estimation procedure must be able to
cope with singularities to be optimal.

In recent years, a special endeavour has been made by statisticians to remove the assumption of
compact support. For the IL? loss, results can be found in [JLL04, RBRTM11, GL11, Lep13, GL14,
LW19, Sar23|. Other statistical frameworks have also been involved in this effort. We may cite the
regression model, the problem of estimating the conditional density, the hazard rate, the intensity
of a Poisson process, or the density in the convolution structure model. For more details, we refer
to [RBR10, LW19, BC21, CGC21, CL23|.

The aim of the present manuscript is to deal with the Hellinger loss . = h?. The latter
naturally appears in the study of maximum likelihood estimators, see [BM98, DW16, KS16] for
some references. This is also true for the T- and p-estimators, the founding references being [Bir06a]
and [BBS17]. In the case of the Hellinger loss, the assumption of regularity is traditionally put
on +/f, and we will also adopt this point of view here. Note that the minimax risk has already been
investigated in [Bir06a] when /f is compactly supported and belongs to a Besov ball. The whole
point of this paper is to understand how the minimax risk evolves when f is no longer assumed to
be compactly supported.

For the IL? losses, the estimation rates remain noticeably the same as in the compact case (within
possible log factors) when the tails of f are light enough, say when f(z) < |z|~? for some large b
and all |z| > 1. This point has been revealed by [GL14]. Actually, there are not even logarithmic
losses when g = 1, see [Sar23]. The situation turns out to be completely different for the Hellinger
loss.

First, the minimax risk for the Hellinger loss does not tend to 0 if the only assumption made
on the density is /f € By (k) with p > 2. A supplementary condition on the tails of f is
required to ensure the convergence of the minimax risk. We propose here to use the one of [Sar23].
This phenomenon can be explained by the importance that the Hellinger distance gives to the
estimation errors in the tails of f. A similar result is true for the ! loss when f € B (R) but
not for the other L7 losses [GL14, Sar23]. We prove that the minimax risk achieves the rate n=7
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where v € (0,2a/(2ac + 1)] depends on the tails of f. But contrary to the L7 losses (including
q = 1), we never have v = 2a/(2a 4 1) if the tail dominance condition allows f(z) < |z|7°, and
this, whatever the value of b > 1.

Second, the optimal rate of convergence is n'~?/2 when p < 2 and no additional assump-
tion is made. This result is valid for all &« > 1/p — 1/2. This rate contrasts with the clas-
sical rate n=2¢/(2o+1) ags0ciated with compactly supported densities. A faster rate can be ob-
tained under the tail dominance condition of [Sar23]. But, as above, it is not possible to recover
the rate n=2¢/(e+1) if the density is allowed to be slightly fat tailed. In the remaining case
a < 1/p—1/2, the minimax risk does not tend to 0 even when the density is compactly supported
on [0,1].

In the results mentioned above, the tails of f may not tend monotonically to 0. In other words,
the density can be alternately increasing and decreasing, and this, an infinite number of times over
an interval of infinite length. The fact that the density can oscillate as many times as we like
is exploited in the proof of our lower bound. It is therefore natural to wonder whether banning
this possibility might not improve the results. This leads us to study the minimax risk under the
following three conditions: 1.) /f € B5 (R) with a > max{1,1/p —1/2} and p > 02.) fis
unimodal on R 3.) the tail dominance condition of [Sar23].

The idea of mixing two types of constraints in the density model — one of regularity and one of
unimodality — also appears in [EL00, VDVVDL03, HK05, DL14, LM17, LM19] to cite a few papers.
An overview of what is being done in the literature may be found in [DL18|. Unfortunately, adding
the constraint “f is unimodal” to the assumption “f is smooth” generally has no impact on the
convergence rates. This phenomenon may be due to the losses functions that are used or to the
supplementary assumptions that are made. For instance, no improvement is to be expected for h?
when f is compactly supported (see Theorem 7).

The situation is quite different in the non-compact case. The optimal estimation rates under the
three above points depend on «, p and the tails of f. They are always faster than the classical rate
n=2/3 corresponding to the estimation of a bounded unimodal density with compact support. They
are also always faster than the ones that can be obtained without the unimodality assumption, i.e.
under points 1.) and 3.) only. Mixing a shape and smoothness constraint can therefore lead to
better rates than would have been possible under these constraints taken separately.

We present our results in Sections 2 and 3. The proofs are postponed to Section 4. Throughout
this paper, we suppose n > 2. Moreover, ¢, cq, s, ... are terms that may vary from line to line. To
lighten the notations, we define for all class % of functions,

R(F) =R (F,h?).
We denote for p > 0 and = = (x)rez the weak (quasi) ¢ norm of x by

1/p
0 = sup ¢ (Z 1|xk>t) -

keZ

When p = oo, we set ||Z||oo,00 = [|Z]|oo-
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2. MINIMAX RATES UNDER SMOOTHNESS ASSUMPTIONS

We present in this section the classes of functions we use to model the smoothness of f and the
size of its tails. We then carry out the associated minimax rates.

2.1. Wavelet basis. A classical way to measure the regularity of a function is to decompose it
in a wavelet basis, and to put conditions on its wavelet coefficients. We deal here with the special
bi-orthogonal basis of [CDF92] where the father wavelet is ¢ = Ljo,1), where the mother wavelet 1 is
piecewise constant and where their duals ¢ and v are compactly supported and Hélder continuous
with exponent 7 € N*. The wavelet v is also orthogonal to polynomials of degree 7 — 1.

In this basis, any square integrable function f can be written as

(1) F= anulH)nr+ > > Bin(Hdjn

keZ Jj=Jo kEZ

where Jy € Z is an arbitrary number to be chosen, where

asok(f) = / £ (@) () da,
Bixlf) = / Fla)y () da,

and where for any x € R, j, k € Z,
dik(@) = 2Pz — k), Pin) = 2P e k),
Gin(@) =226 — k), Pjn(x) =222 x — k).

It is worthwhile to notice that the coefficients «; 1 (f), B;k(f) are well defined if f is only supposed
to be integrable. The decomposition (1) remains valid in this case (see Appendix H of [Sar23] for
instance).

2.2. Besov classes. We consider p € (0,+o¢], a € ((1/p — 1)4,7) and introduce the standard
Besov space By . By definition, it is composed of functions f of Lmax{p1H(R) satisfying || f| By <
0o where

11155 ., = llow, (Nl +sup {22211, (1), |
Jj=0

see [DJ97]. The quantity | f[|sg  refers to the (quasi) Besov norm of f. The Besov ball By (R)
is thus defined for R > 0 by

B3 (8) = {7 € B 115 < B}

In the present paper, we pay particular attention to the strong and weak Besov classes BIO,‘,OO(R)
and WBy . (R). They are defined as follows:

Byoo(B) = {f € By, Vi 2 0, [18.(f)ll, < R2-Iet1/2-1m Y

WBG oo (B) = { f € LX(R), Vj 2 0, [18;.(/)lpoo < R2TI T2,
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We can classify the above conditions on the wavelet coefficients by order of importance: they are
the weakest for the weak Besov classes, then the strong Besov classes, and finally the Besov balls.

2.3. Tail dominance condition. We describe here a supplementary assumption that is intended
to control the tails of the density.

We define for j, k € Z,

277 (k+1/2)

(2) Fi(f) = /2 f() da

3 (k=1/2)

We set for M > 0, and 6 € (0,1),
To(M) = {f €L (R), f >0, %) > 0, ||, (/)lly < M0}
WTo(M) = {f €LYR), £ 20, 2 0, | By (Nl < M2,

The case 8 = 0 corresponds to compactly supported functions:

To(M) =WTo(M)
={feL'R), f>0,Vj >0,[{k € Z, Fj(f) >0} < M27}.

In this formula, |- | denotes the size of the set between the two bars. A density belonging to one
of these classes is therefore a density whose tails are sufficiently light. The smaller 6 is, the lighter
they are.

In line with [Sar23], we say that the “weak tail dominance condition” is fulfilled if f € WTy(M).
The “strong tail dominance condition” is met if f € Ty(M). This terminology “tail dominance
condition” has been initially proposed by Alexander Goldenshluger and Oleg Lepski in [GL14].
Their condition do not exactly match with ours though (our conditions are always implied by
theirs, see [CL20] where the condition f € Tyg(M) also appears).

We recall — see Proposition 1 of [Sar23] — that a compactly supported density on [—L, L] satisfies
our tail dominance condition with # = 0 and M = 2L~+2. This bound on M can be a bit pessimistic
though. Think for example about the density f defined for a > 0 and z € R by

1

1
f(l') = 51[—a—1,—a} (.Z') + 51[a,a+1} (‘T)

It belongs to 7o(6) whereas L = a + 1 may be taken arbitrarily large. In the non-compact case, a
density f satisfying f(x) < Ab|xz|7° for all |z| > 1 and some A > 0, b > 1, lies in WT (M) with
6 = 1/b and M only depending on b, A. The (strong) tail dominance condition is automatically
fulfilled with 6 = p when f belongs to a Besov ball By, (R) with p < 1. A variant of this last

claim, that is useful when dealing with a smoothness assumption on \/f, is the following.

Proposition 1. Let p € (0,2), R > 0, a € (1/p —1/2,7) and f € D(R). Then, if \/f belongs
to BY (R), f belongs to T,a(c1RP). Conversely, if \/f € B (R) and f € T,2(RP), then
Ve ’B;"OO(CQR). The terms ¢y, co only depend on the wavelet basis and a, p.
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2.4. Minimax risk. We now investigate the minimax risk under the preceding conditions. We
consider p € (0,4o00], « € (1/p —1/2)4,7), 6 € [0,p/2] N [0,1), R > 0, M > 1. We define when
p#2,

wo(RM) = {f € D(R), VT € WBo(R), f € WTo(M)}.
When p = 2, we rather set

wo(R.M) = {f € DR), /T € B (R), f € WTo(M)}.

The theorem below gives a non-asymptotic upper-bound of the minimax risk when f belongs
to yp‘f‘g(R, M).

Theorem 2. For allp € (0,400, a € ((1/p—1/2)4,7), 0 € [0,p/2]N[0,1), R >0, M >1,
(3) R(F (R, M)) < c1 [en + (logn)n™'],

where

e, — R2(1-0)/(20+1-26/p) ) r(1+20-2/p)/(1+20-20/p) ), ~20(1-0)/(20+1-26/p)
+ Mn_(l_g),

and where ¢1 is a positive number only depending on p, o, 0 and the wavelet basis.

This result can be compared with the following lower-bound:

Theorem 3. For allp € (0,+00], a € (1/p—1/2)1,7), 8 € [0,p/2]N[0,1), there are Ry, My such
that for all R > Ry, M > My and n large enough,

R( :z:?é(R M)) > coep,

where €, is given in the preceding theorem, and where :z;?é(R’ M) is a subset of p‘f‘e(R, M).
Moreover, any function f € #,4(R, M) belongs to To(M) and satisfies lz|f%(x) < csM for all
lz] > 1. We also have /f € By (R) and even \/f € BS (R) if 0 < p/2 of if 0 = p/2 with
M < RP. Above, ca,c3, My, Ry are positive numbers only depending on p,«, 8 and the wavelet basis.

When 6 = 0, we recover the usual estimation rate, and this, for all possible values of o and p
satisfying « € ((1/p — 1/2)4+,7). We recall that 7 can be taken arbitrarily large. The case a <
(1/p —1/2)4 is treated below.

We observe that the optimal estimation rate is strongly affected by the parameter 6, i.e, the
tails of f. The larger 0 is, the slower the rate is. However, the choice of the dominance condition
(whether weak or strong) has no influence on the rate. We can also assume, without changing the
results, that the density is fat tailed, i.e. its tails are smaller than the inverse of a power of |z|. As
explained in the introduction, this deterioration of rates when the density is slightly fat tailed does
not occur for the L7 losses (whatever ¢ > 1, and up to possible log factors).

When p > 2, the minimax rate can be made arbitrarily slow by letting 8 tend to 1. Actually,
it is not possible to estimate the density under the sole assumption that \/f belongs to a Besov
ball B9 (R) with R large enough (see the proof of Theorem 3). The situation appears to be quite
different when p < 2. The tail dominance condition is indeed always satisfied in this case with
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6 = p/2. More precisely, we derive from the above: for all p € (0,2), « € ((1/p—1/2)4,7), R > Ry,
and n large enough,

s RPn=(-P/D) < R ({f cDR), \/f € %;;,OO(R)}) < ¢ RPn~(-p/2),

—20/(20+1)

The rate is much slower than the standard rate n we would have had if the density was

compactly supported though.

We will not insist on this point but the preceding rates can be reached by an adaptive estimator
(that is by an estimator whose construction does not involve p, a, 8, R, M'). We refer to the proof
of Theorem 2 for more details.

In the previous results, we assumed « > 1/p — 1/2 when p < 2. This condition is necessary to
ensure the convergence of the minimax risk, even when the density is compactly supported. We
may indeed show:

Proposition 4. For allp € (0,2), R>0,7>1/p—1/2 and a =1/p —1/2,
R ({f € D(R), /f € B (R), supp f C [0, 1]}) > 1/16.

It is interesting to note that the exponent in the optimal rate does not tend to 0 when o —
1/p — 1/2. There is thus a kind of discontinuity at the boundary o = 1/p — 1/2. A similar
phenomenon occurs for the L! distance but not for the other LY distances, see [Sar21, Sar23).

3. MIXING SHAPE AND SMOOTHNESS CONSTRAINTS

As explained in the previous section, the assumption “f is compactly supported” cannot be
weakened to include densities whose tails are bounded by |z|~'/¢ without this having a substantial
impact on the results. Such a minimax approach is always a little pessimistic though. The target
function may well have properties other than regularity. Many densities, for example, have tails
that tend monotonically to 0. This leads us to wonder whether adding the constraint “f is unimodal
on R” might improve the results. If this is true when a > 1 and 6 # 0, this will indicate that the
estimation errors can be better controlled when the tails are not allowed to oscillate.

Throughout this section, we suppose that f is unimodal with unknown mode, that is f € %
where

% ={f € D(R), there exists m € R such that f is non-decreasing
on (—oo,m| and non-increasing on [m, +00)} .

It turns out that the weak tail dominance condition can be written more simply when f is unimodal.
Consider 6 € (0,1), M > 1 and

LOO(M) = {f € D(R), ¥t >0, [{z € R, f(z) > t}| < Mt‘e} :

When f is unimodal with mode at m € R, f belongs to L%°°(M) implies
M1/O
< -
(1) @) € =

for all  # m. Conversely, if f satisfies (4), f lies in L9*(cM) for all ¢ > 2. This inequality is
most informative when x moves significantly away from m (f(m) may be infinite). It can therefore
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be seen as a condition on the tails of f. In any way, it is equivalent to the weak tail dominance
condition:

Proposition 5. Consider M > 1, 6 € (0,1) and suppose that f € %. If f belongs to LI (M),
then

(5) {k €Z, Fjp(f) >t} <1 |1+ M2j(1‘9)t_9]

for all j € Z and t > 0. In particular, f belongs to WTg(2c1M). Conversely, if f belongs to
WTo(M), then f lies in LO®°(coM). The terms c1 and cy are constants.

We now consider p € (0, +o0], @ € (max(1/p—1/2,1),7), 6 € (0,p/2]N[0,1), R >0 and M > 1.
We study here the minimax risk on
U po(R,M)=UNS (R, M).
It involves the following parameters:
2a+1)(1—0)

= 1+2a+20+4a0 —60/p
(6) v=2ta/2a+1)+2(1—-1)/3
B 2(1 - 0)
b = 1+2a+20+4a0 —60/p
1+2a—-2/p
65

- 14 2a+20+ 400 —66/p
We now state:

Theorem 6. For all p € (0,+00], a € (max(1/p—1/2,1),7), 6 € (0,p/2] N (0,1), R >0, M > 1,
(7) R(U.S% (R, M) < ¢ [RﬁlMﬁzn—V + Un] ,

where ¢ only depends on p, a, 0 and the wavelet basis. The term v, only depends on p,«,0, M, R, n,
and tends to 0 faster than n™7.

In this inequality, v,, is smaller than R MP2n=7 when n > ng for some ng only depending on
p,a,0, M, R. It does, however, appear in (7) as the result is non-asymptotic. Its expression is not
displayed here as it is a little cumbersome. It can be found in the proof in the theorem, see (30)
and (36).

In (6), t is between 0 and 1. The smaller 6 is, the larger ¢ is, and the closer the rate is to the
standard estimation rate n—2¢/2a+1) of a compactly supported density. However, and this is a
major improvement on the previous section, the exponent v gets closer to 2/3 when 6 becomes very
close to 1. Without the additional shape constraint, the rate became arbitrarily slow.

We can check that
v > max {2a(1 — 0)/(2a+ 1 —20/p),2/3} .
We recall that the first term in the maximum refers to the exponent we have when we estimate a fat
tailed density f whose square root is a-smooth. The second is the usual exponent corresponding
to the estimation of a unimodal density. Here, « is larger than these two exponents. Thereby,
associating a smoothness assumption with a shape constraint may lead to faster rates of convergence
than those achievable under these assumptions taken separately.
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This phenomenon occurs even with a very mild smoothness assumption: ours does not even
guarantee the continuity of f when p € (1/7,1) and « € (max(1/p —1/2,1),1/p]. Consider indeed
two sequences (ay)r>1 and (bg)r>1 of non-negative numbers. The first sequence (ay); is assumed
to be non-decreasing, and the second (b )y is non-increasing. We also suppose:

(8) S ap(k(k+ 1))+ b =1/2
k=1 k=1

o0

(9) bZéM
k=

(10) Zap/2 (k + 1))~ 1+pr/2<Rp
k=1

We then define the function f for > 0 by

Zakl[l/(k—i-l ).1/k) ( +Zbk1k 1,k) (
k=1

and extent it to an even function on R. We may check that f is unimodal. Equality (8) ensures that
f is a density, (9) gives an upper-bound on the LY (quasi) norm of f. In particular, f € WT g(c1 M)
for some c1, see Proposition 5. Elementary maths based on (10) lead to /f € B (c2R) for
some cg > 0 only depending on the wavelet basis, p, « when p € (1/7,1) and o € (max(1/p —
1/2,1),1/p]. In conclusion, f € % .} 4(c1R,coM). This function f can admit an infinite number
of discontinuities and not be bounded (and of course not be compactly supported).

Although Theorem 6 only establishes a minimax risk bound, the proof gives an estimator that
achieves this rate adaptively, i.e., without a priori knowledge of p,a, 0, R, M.

We still need to verify that (7) is sharp. This is the aim of the following theorem.

Theorem 7. For allp € (0,+o0], a € (max(1/p—1/2,1),7), 6 € (0,p/2)N(0,1), there are Ry, My
such that for all R > Ry, M > My and n large enough,

R(% S %5(R,M)) > cRP'MPn~7,

where U .S (R, M) is a subset of U (R M). Moreover, any function f € % ;(R, M) is

unimodal at 0 and such that \/f € B o ffe dz < M. Besides, ¢ is a posztwe term only
depending on a,p,0 and the wavelet baszs All the above remains true when 6 = p/2 under the

additional condition M < RP. The lower bound is also true when 8 = 0. In this case, the densities
of %Y '9(R, M) are compactly supported in [—M, M].

4. PROOFS

4.1. Proof of Proposition 1. We only show that if \/f belongs to B  (R), then f € T,,/5(c1 RP).
The proof of the converse is straightforward (just apply Cauchy-Schwarz inequality). To simplify
the notations, we omit the square root of f in the wavelets coefficients.
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We define
Frjige = Z ’lﬁjlykl"ﬂj2,k2‘[j7k7j17k17j27k27
ki1€Z
ko€Z
where

279 (k+1/2) B
Ij,k7j17k1,j2,k2 = / _ |¢j17k1¢j27k2‘ .
2-i (k—1/2)

Since p <2, || - li < |- lp/2, and hence

(11) (Fe())P? <2 )" (B’

J1>—1
J2>j1

We consider a real number L > 0 large enough to ensure that supp zzjgk/ C [Z_j,+ (—L+K), 2774 (L+
k)], where 5, = max{j,0}, and set
Kjjow = [—E + 2979 (K — L) L+ 2% (K + E)} .
Note that Kj ;. contains at most
(12) Kol < o1 [14 277

integers. Moreover, Ik i\ k1iaks = 0 if k1 & Kj, jok, or if ko & Kj, ;i ;. If L is large enough,
the integral is also zero if k € K j i, or if k € K j, ,- The same thing is true if k; € Kj, ;1 or
ky & Kj, k- In any case, we have I j, ki jo ks < C2Tj, j, Where
iy s = gmin{ji/24j2/2—j,—(j2—j1)/2}
We deduce from Cauchy-Schwarz inequality,
1/2

o E 2 E
Fij1,jo < 2T s 5]'1,1@1 ]‘keKj,jl,kl ]‘k2€Kj2,j1,klﬁKj2,j,k
k1€Z ko€Z

1/2

2
X Z ﬁjz,kzlkeKa‘,jz,kQ Z lkleKjlijakzﬂKjlvj»k
ko€Z k1€Z

By using the inequality || - [[1 < || -],/ again,

(Fijr.ja)"
p/2 1/2

p/2 D
< €37 g }: B o Tke K 5y }: Lkae Ky gy by Ky ok
k1€EZ ko€Z

p/2 1/2

g
X Z sz,kz 1k€KJ}J’2J€2 Z 1k1€KJ’1J27k20KJ’1J’k
ko€Z k1€Z
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A new application of Cauchy-Schwarz leads to

E . \p/2
(FleJQ)
kEZ
p/2\ /2
A DIDIY >
S637/‘]'1,]'2 5j17k1 lkEKj»h»h 1k26Kj2»j1,k1ﬂKj2»j»k
k€Z k1 €7 ko€Z
p/2\ /2
X E E B ke § Ik ek K
Jo,ka TRER G g ko Ve Gy g kg MMy 5.k
k€Z ko €Z k1€Z

1/2
< cgrf)? Rr2T Uit 012 )< sup Ky b 1Ko o N K gl 2)

k,k1€Z
1/2
: < Sure)z | K g ko [ K iz ke 0 Kjlvj’k|p/2> .
K2
We now use (12) to get if jo > j and j; > j
Z(Fk,jmz)p/? < ¢y RP2~P/2)(1+72)(a=1/p+1/2)
keZ
If jo > j and j; < j,
Z(F’f i jz)p/2 < ¢, RP2I(1=p/2)/29—(p/2)j2(a=1/p+1/2) 9 —alp/2)i1
keZ
If j2 < j, and j; <7,
Z(ka’h)P/Q < C4Rp2j(1—p/2)2—(17/2)3'10!2—(17/2%2@'
kez

We conclude thanks to (11). O
4.2. Proof of Theorem 2. Our proof relies on the result below that is due to [BirO6a] (see his
Theorem 6 and Proposition 8).

Proposition 8. Let (Vi,)mem be an at most countable collection of linear spaces of L2(R) with
finite dimension. Let (Ap)mem be a family of non-negative weights such that

Z e~ Bm <1.

meM

Then, there is a density estimator f such that
20 F . 2
B [120.0)] < nt {B(V/FV) +

In the above inequality, c is a universal constant.

dim V,, + A,
— ("
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Without loss of generality, we may assume in the sequel that we have another independent
sample X1,..., X/ of X. We set for j > 0 and k € Z,

Ik ={z €R, ¢ x(z) # 0}.
When j = —1, we rather set
Iy ={z €R, ¢ox(x)#0}.

We then consider the (random) set

Z;={keZ Jie{l,...,n}, X, € L}.

We now order the sample Xél) < Xéz) < e < Xén) and define the smallest integer J > 0
satisfying

. / / 1-J
1§I7;I%17I711_1 (X(2+1) — X(Z)) > 2 Ld}

In this inequality, L, > 1 stands for a real number such that supp ¥ C [—Ly, Ly].
Let K be the collection of all sets of the form K = (K )
subset of Zj. We define for all such K the linear space

jef-1,..T} where K denotes a finite

J
Vk =14 > voinbor+ Y D viwim Vi = 1, k€ Kj, yir €R
keK_4 J=0 keK;

The dimension of this linear space is not larger than

J
dim Vg < ) |51,
j=—1
For all K € K, we set
j ~
A= D, {|Kj| + K| log <6|Zj|/|Kj|> —log (1 — e—l)} 7
j=—1

where we use the convention 0 x log(e]zj\/ 0) = 0. It follows from Proposition 2.5 of [Mas07] that

Z e AK < 1.

Kek

We apply Proposition 8 conditionally to the independent sample X7,..., X/ and take the expec-
tation of the result. By cleaning it a little, we get

E[W(f.9)]
; )
< | inf {B(/F) + L D 1K owy (11 1) + TR

Kek =
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where ¢; is universal, where log, () = log(e + x), and where 0 x 10g+(|ij|/0) = 0. To simplify the
notations, we set in the sequel

g = Biw(VF) ifj>0
R N aow(VT) it j= -1

We deduce from the above inequality, and from (1) with Jy = 0,

J 1o 7. )
E [h2(f, f)] < lE Z ian Z (5;,]@)2 + ’Kj‘l g—i—(‘Z]’/’KJD

n

JL[J}erl +E i > B’

_J+1k€Z
§62[A+R1+R2+T],
where
E[J] +1
A E L
n
E[|Z_
= )
> , . K;|log, (1Z;|/|K;
R2:ZE lan Z (ﬁjk)2+‘ ]’ g-i-gl ]’/’ ]’) :
i=0 | | gk,

J oo
T=E| > atet) D B+ > D (5’
k@71 J=0 kg7, j=J+1keZ
This oracle inequality has the same flavour as that obtained by [Sar23] for the L' loss (see his
inequality (14)). We can hence use some of its results to reduce the size of this proof. First, note
that an upper-bound on R; is given by his Lemma 23: Ry < 03Mn_(1_9). For T, A and Ry, we
show:

Lemma 1. There exists cy > 0 only depending on p,«a and the wavelet basis such that
T < cyep.

Lemma 2. There exist c5,cq > 0 only depending on p,a and the wavelet basis such that

logn + log(1 + R)
n
logn}

A§C5

< Ce |:En+

Lemma 3. There exists c; > 0 only depending on p,a and the wavelet basis such that

Ry < crep.

It then remains to put all these bounds together to conclude. O



14 MATHIEU SART

Proof of Lemma 1. Define the number 71, of i € {1,...,n} such that X/ € I; ;. We have nj;, <1
if k€ Z; or if j > J + 1. Hence,

T<2 3 S8 iy < 1.

j=—1keZ
Set
fir = [ @, (o) do
Zj={k€Z fix>1/n}.
We have,
T<2 3 SB[~ fia)" +nfiu— fi)" ]
j=—1kez

< 4T + 415,

where

Ti=> Y (B

I=—1 kg7,
o
To=n) > B fiell = fix)" "
j:_lkezj'

Define bjj, such that (ﬁ;k)z = 279/2|b; x| For all j >0,
16, llp/2 < R29—7(2a+1/2-1/(p/2))
if Vf € By (R). This inequality also holds true for the weak P/? (quasi) norm if \/f belongs to

the weak Besov class. We conclude by using Lemma 21 of [Sar23] with his 3, , replaced by b; s, p
by p/2, a by 2a and R by R2. O

Proof of Lemma 2. Let £ > 0, ¢ > 1 and suppose that the L¢ norm of f is finite: ||f]l; < oo.

Lemma 17 of [Sar23] ensures that J < ¢; [1 + log(1 + £)], with probability 1 — n?| f|,/¢. In this
inequality, c1 is a term only depending on ¢ and . We deduce,

E[J] < ¢ [1 +/Ooo P (i > ¢ [1 4 log(1 +§)]) (1 +§)_1d§]

v+ e fl, [ 1) e

max{n2||f|lq,1}
max{n?||f|lq,1} L
+c1/ (1+&) d¢
0

< cq [1+1og(1+n?||f]lg)] -

<c3

It then remains to bound || f||, for some g > 1.
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We consider ¢ € (max{l,p/2},p(a + 1/2)) if p is finite and ¢ > 1 if p is infinite.

> ey 2(j/2)(1_1/q)\|5;7,||2q is finite, v/f € L?4(R), and

1712 = | V7],

(13) ey 20/ 88 g,
j=—1

Note that |5;k| < c6+/fjr < c6 as fis a density and hence

2
1851158 < 7 > fik < cs.

keZ

We moreover have when p is finite and j > 0,
2q * ||P —jp(a+1/2—1
18515 < col8.1I} o, < coRPaaPlert/2im),
When p = 0o and 5 > 0, we rather have,

152 < (3 g I3

keZ
< Clle(q_l)Q—j(q—l)(za_,_l).

In both cases,

(14) Zg(j/2)(1—1/q) HB;',-ng < e R,
=0

where r = p/(2q) if p is finite, and r = 1 — 1/q if p = co. We conclude by (13).

Proof of Lemma 3 when p > 2. By choosing K; =0 or K; = Zj,

RzSZmin E Z(]*_&)? 7%

j=0 keZ; "

It follows from Lemma 23 of [Sar23] that

(15) E [yzjy} < ¢; Mn2i(1=9),

By using a suitable version of Holder’s inequality — see [CVNRF15] — we get
D (B < ol Bl ol Zs 27

k‘Eij
When p # 2, we deduce from /f € WB; (R),

Z( ]k) < g R?2~%(et1/2=1/p) |Z 11=2/p,
keij

15

When
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This last inequality is also true when p = 2 and /f € By (R). We deduce from (15) and Jensen’s
inequality,

Ry <e¢3) min { Mn~(1-0)9i(1-6) p2 M1—2/pn6<1—2/p>2—j<2a+e(1—2/p>>} ,
j=0

It remains to compute the right-hand side of this inequality to prove the result. O

Proof of Lemma 3 when p < 2. We set for j > 0,

Ky ={keZ; (B2 =1/n}
and observe as v/f € WB; (R),

|f(j| < nP/2 gpo—irlat+l/2=1/p)

By using a classical inequality in weak spaces, see (35) of [Sar23],
Z ( ;k)2 < ¢yn~(1-P/2) ppo—iplatl/2-1/p)
keij\f{j

Therefore,

c- E[Z; K| log. (1Z;]/|K;
Ry <cz» min HnJH,E >« ;k)2+| Jl og+(71 il/1K51)
=0

keij\f{j

By doing as in the preceding proof for the first term, and by using Jensen’s inequality,

Ry <e¢;) min { Mn~(1=0)9i(1=0) |, —~(1-p/2) ppo—jp(a+1/2-1/p)
j=0

log., (MR—:Dn@—P/?QJP(a+1/2—9/p)) } ]

Elementary computations allows to bound the right-hand side of this inequality from above (see
Lemma 30 of [Sar23]). O

4.3. Proof of Theorem 3. Let ¢ > 1 be the smallest integer such that (—2¢,2¢) contains the
supports of ¢ and ¢. We consider two integers j > —1, jo > 0 such that 270t7=¢ > 12, We
define k > 1 as the smallest integer satisfying 1 + 2k 2_2j0+j ~t=1 and k > 1 as the largest integer
satisfying 4k + 2k + 1 < 27017~¢. We endow D = {0, 1}* with the Hamming distance A defined for
all 0,8 € D by

k
A(8,6") =) 16k — 3.
k=1

We consider b > 0 and set for 6 € D,

k k
hs =b Z 5k1/;j72z+1(k+@ + Z(l - 5k)1;j,25+1(k+ﬁ+15)
k=1 k=1
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Let go € B . (Ry,) be a compactly supported density on [0,2] satisfying inf,ec(1/2.1) go(x) > 1/4
and ||gollco < 1. We then consider

Kk = 4max {21/2“@5”007 19|00 }

and set for x € R,
g(x) = kb2 go(2790x).

Let ¢ be a density, compactly supported on (—1,0), bounded by 1, and such that /¢ € B85  (R/ max{2'/P 2}).
Such a density does exist (recall that R is large enough in the proof). We put

0= / (9(x) + hs(2))? da,

and define for z € R,
f5(@) = (1= q)¢(x) + (9(x) + hs(x))”.
We now state:
Lemma 4. There are a1, a9, as,as such that if
p29do+i < a
p23/29d0(1/p—a) < asR
podo/poila+1/2) 1j>0 < azR
b?0219910 < a4 M
then, fs5 is a density belonging to To(M) such that \/fs € BY (R). If b21/2250/P < auR, \/T5 €
By o(R). For all |x| > 1,
2|3 () < asM,
and for all 6,8 € D,
2 (f5, fsr) = agb®A(6, ")

The terms aq,as, as, aq, as, ag above are positive and only depend on gg,p,0 and the wavelet basis.

The proof of this lemma is given after the present proof. We define
"G(R,M) = {fs, 6 € D}.
It follows from Assouad’s lemma — see [Bir06b] — that if b? = 1/(2agn),
R(I)H(R, M)) > con™ 127077,
where ¢y only depends on the wavelet basis, gg,p, 6. It then remains to choose j and jj.

We first suppose either 6 < p/2 or § = p/2 and R > M'/?. We then define j > 0 as the largest
integer such that
2j(1+2a—20/p) < R2M—2/pn1—20/p‘

We then consider ¢; small enough and the largest integer jo > 0 such that
2Jo < can92_j€.

We may check that the conditions of the lemma are satisfied.
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We now suppose § = p/2 and R < M /P, We set j = —1, consider ¢y small enough and define
jo > 0 as the largest integer such that 270 < ¢;Mn?. All the conditions of the lemma are met, hence
the result.

Remark. We can see from this proof why the minimax risk does not tend to 0 when the tail
dominance condition is not fulfilled and p > 2. Formally, this means choosing § = 1 and M = 1.
The proof of Lemma 4 with j = —1 ensures that f5 is a density such that /fs € By o (R) if

b2270ti < g1 and b2i/29i0/P < asR. We then choose b? as above and 270 < ¢yn for some cs. O

Proof of Lemma 4. First, observe that

g<2 [/gz(x)daH-/hg(:n) dx}

is not larger than 1 if we choose a; appropriately. This entails that fs is a density.

We have supp hs C [Zij(ZE + 1),2579(4k + 2k + 1)] C [20071,29] supp g C [0,27°F1] and
g(x) > ||hs|o for all z € [270~1 270]. We deduce g + hs > 0 and

Vis(@) = V(1= q)C(x) + (@) + hs(2).

We also have
hs € BS. <b];1/p2j(a+1/2—1/p)1j>0> NBa <b];1/p2j(a+1/2—l/p)> 7
g€eBs, <clb2j/22j0(l/p_°‘)) NBY (Clej/22jO/p> ,
where ¢; only depends on gy and the wavelet basis. Therefore, we may consider as and ag so that
Vfs € BS o(R). If the supplementary conditions are fulfilled, \/f5 € B5 . (R).

Note that ¢ belongs to Tg(M/2) if M is large enough, which is assumed throughout the proof of
Theorem 3. Besides,
h§ € To(||hs]20 (277! + 1)),
see Lemma 2.1 of [CL20]. A similar result holds true for g2 and hence f5 € To(M) if ay is small
enough.

As to the Hellinger distance, we have
R fo) = 5 [ (hole) o)) d
and we conclude using that the supports of 1[_1j72£+1 i are disjoint.
Finally, for all |z| > 1,
fs(x) <2 (llglZ + lIhsl3)
< pb%2

where ¢z only depends on gy and the wavelet basis. Since f;5 is compactly supported on [—1,2/0F1],
we get

| 2 (z) < 20 [epb?27]"
< 2a4ch M.



OPTIMAL ESTIMATION UNDER HELLINGER LOSS 19

4.4. Sketch of the proof of Proposition 4. Let s be the map defined in the proof of Propo-
sition 4 of [Sar23] with his a replaced by 2« and his p replaced by p/2. In other words,

1 J1 )
(@) =5 D2 Y 0l (@),

J=Jjo kJEKj
where the I;;, C [0,1/2) are disjoint intervals of size 277, where &, € {0,1}, where |K;| = n?/2+1,

where jo is the smallest integer such that 270 > 4(np/ 2 1 1), where j; > jo is to be specified, and
where D = (j; — jo + 1)(n?/? + 1). We define for z € R,

fs(x) = ps(z) + p1-5(x — 1/2).

Note that fs is a compactly supported density on [0, 1] such that \/fs(z) = \/s(@)++/¢1-s(x — 1/2)
and

1 o
Vips(x) = 75 D PN, (@),
J=Jjo kJEKj
The lemma below is proved as Lemma 36 of [Sar23] (just replace the /!-¢P inequality by Hélder’s
inequality in the first line of his proof when p € (1, 2)).

Lemma 5. For all ¢ >0, j1 large enough, and 6 = (0;k)jk, /Ps belongs to By . (e).

We deduce that /5 lies in B . (R) if j1 is large enough. Now, for all §, ¢’ of the form & = ()5,
& = (‘%’,k)jyk’
1 Ji
W2 (f5, fy) = ) SO 185k — 4l
Jj=jo k€K

We conclude by using Assouad’s Lemma (see [BirO6b], Lemma 2) and by taking j; large enough. [

4.5. Proof of Proposition 5. We consider m € R such that f is non-increasing on [m, +00) and
non-decreasing on (—oo, m].

We first assume that f € L% (M). Then, for all j,k € Z such that k > 1/2 + 2/m,

Fii(f) <2727 (k- 1/2)).
If k > 1/2 + 2/m is such that f(277(k — 1/2)) > 27, then 277(k — 1/2) belongs to an interval of
length at most M2779t=%. There are therefore at most ¢[1 + M2/0=9t=9] integers k > 1/2 + 2/m
such that Fj,(f) > t. We can follow a similar line of reasoning to deal with £ not larger than
—1/2 4 29m. This leads to (5).

We now suppose that f € WTy(M). We consider ¢ > 0 and x > m such that f(z) > ¢. Let
J = 0 large enough to ensure that 2177 < Mt=% and x > m + 277. Suppose that there exists
k > 3/2 + 2?m such that > 277(k — 1/2). We then have

fl@) < F27 (k= 1/2)) < P Fipa(f).
Therefore, any k € [3/2 + 2/m,1/2 + 2/z] is such that F;;_1(f) > 277¢t. We deduce from f €

WTo(M), that
3/2 4 29m,1/2 + 27a]| < Mt~ %27,
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and hence 27 (z — m) — 2 < Mt~927. Therefore, = belongs to an interval of length at most 27 +
Mt=% < 2Mt=? We do the same reasoning when = < m to complete the proof. O

4.6. Proof of Theorem 6. As in the proof of Theorem 2, we suppose that we have another
independent sample X{,...,X) of X. We consider an integer Ly, > 1 such that supp ¢p C
[— Lwav, Lwav] and the interval

(16) Lig = [277(k = Lyav), 277 (k 4 Lyay)] -

It contains the supports of ¢;; and ;. We consider some p > 0 whose value is to be specified
later on, set u, = n(2plogn)~!, and introduce the smallest integer 7, > 0 such that 27™ < u !
Note that the integer r, is well defined when u,, > 1, that is when n is large enough, and more
precisely when n/logn > 2p. As the Hellinger distance between two densities is no larger than 1,
we may throughout this proof assume that n fulfils this property (otherwise, the risk bound still
holds up to an increase of the risk of 2p(logn)/n). We define for all j € Z and r > 0,

~ 1 &
L, = {k €Z, 27" <~ > xrer,, < 2‘”1}
i=1

~ 1 <& B
Zj,r’_:{kzeZ, ;;1X$€ijk>2 T}.
1=

Let Jo < 0 and J; > 0. Let, for each j € {Jy,...,J1}, a subset K of Zj,fm_. We put K =
(K;)jo<j<.J, and group together all the possible sets K into a collection Ky, j,. We also set

K= Kinon-
Jo<0
J1>0

Consider K € K and Jo, J1 such that K € K Jo,J1- We associate this set with the linear space

Ji
Vk = > Vh-rkbak+ D D Vikliks Vi k, vk €R
AR j=Jo keK;

Its dimension is not larger than

J1
dim Vi < |Zjy -+ > 1K
J=Jo

The set K; also writes

Tn
Kj= (Kj n ij,rj,—) U U (KJ' a ZW) ’

r=r;+1
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and this, for any choice of ; € {0,...,7,} (the set to the right of the union sign is empty if r; = 7,).
We put

J1 n
A=Y inf > {\Kj NZj,|+|K; N Zjr|log (el Zjr| /| Ky N Zj )
7=Jo J=m r=r;+1

—log (1 — e_l)}
+ {|Kj NZjy, |+ |K; N Zj,. _|log (e|Zj,, —|/|K; N Zjy, ~|)

—log (1 — e_l)}]

+ [Jo| + J1 + (|Jo] + J1 + 2) log(1 + 7,) + log(2(1 — 1/e)™1).

Above, we use the convention 0 x log(e| - |/0) = 0 when necessary. Elementary, albeit cumbersome,
computations using Proposition 2.5 of [Mas07] yield

Z e Ak <1.

Kek

We consider an event A of probability 1 — 1/n not depending on Xj,...,X,, but rather on
X',..., X/ and to be specified later on. We apply Proposition 8 conditionally to X7,..., X, when
A occurs to define an estimator f. When A does not happen, f is any density estimator (as A is
not known by the statistician, we should take the same, but the whole point is that we do not need
any of its properties). We take the expectation of the result and simplify it a bit. This leads to:
for all Jy <0 and J; > 0:

J1

E [h2(f,f)1,4] <E|{S U +T+A4A
Jj=Jo
a7 . \Zgo 7| + (I Jo] + J1 + 1) log(1 + 7,) } 1A] |
n
where

Uj= inf (Ujp—+ > Uj,

0<r;<r
== r=r;+1

| Kl

U= it Y 2+ Bihiog, (12, -1/155))
KiCli,. _ _ n
i<5Grg, ker,T.j,,\Kj

. il e (1
Uip= inf Y Bt T log, (1Z01/1K;)

CZ =
R T/ ¢

Ji
T = Z Z B+ Z ad

3=Jo kGZ\Z]‘jnyf keZ\ZJ(),Fn,*
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A= > 25w
j=J1+1 keZ
where a k= gk (V) Bik = Bjk(Vf), and where log, (z) = log(e + ).
Since f is always a density, R2(f, f) < 1. The triangle inequality then ensures,
E[n2(f, )] <E [B2(f, f)1a] +P (49
(18) <E|R(f, f)1a] +1/n.

Within one residual term, inequality (17) hence gives an upper-bound on the Hellinger risk E[h?(f, f )]
of f. We now need the two following lemmas, to be proven after the present proof.

Lemma 6. There exist p > 0 and an event A meeting the above conditions on which the three
inequalities below hold true. First,

1 1 1-0
T < el (7 o+ DD 4 a2l <_°g “> ] |

n

Second,
A < cR% 9—J1(1-1/g2)

The terms q1 > 0,q2 > 1 only depend on o, p and the wavelet basis. Third, the cardinality of ij_
can be bounded from above for all j € Z and r € {0,...,7,} by

(19) Zjr_| <ec|l+ M2’"92j(1_9)] .
Above, ¢ only depends on «,p, 0 and the wavelet basis.

Lemma 7. The following results hold true on the event A and are written for the value of p given
by Lemma 6. For all j € Z and r < 7,

9—7/2 o1+ M2r02i(1-0)
(20) U < v log., (2 /2 7

1 4+ pforf+i(1-0)
(21) Ujr < e .

We also have when p > 2 and j > 0,
(22) Ujr < cR2M1—2/P9—i(2a—20/p+0)9r0(1-2/p)
When p <2 and 7 >0,

Uj o < csz—jp(a+1/2—l/p)n—(l—p/Q)

(23) x log, (MR72"n/29ine1/2-0/D))

In these inequalities, ¢ only depends on o, p,0 and the wavelet basis.
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We are now in position to prove Theorem 6. We define J; as the smallest integer such that
Rno—1(1-Va) <1 /n where q1, g2 appear in Lemma 6. We define Jj as the largest negative integer
such that

6
M2%0=0) < <log”> .
n

We deduce from (17), (18) some ¢, ca such that

Ji
o s
E[n3(f,f)] < aE Z; Ul
J=Jo
logn + log(1 + R) + log M
+ 2 ”

log(1 + 7).

The factor ¢; only depends on the wavelet basis, whereas co only depends on «, p, # and the wavelet
basis. It then remains to bound

Ji
U=> T

Jj=Jo
on A from above. We treat cases p > 2 and p < 2 separately.

Proof of Theorem 6 when p > 2. Note that

For all j > 0 and r < 7,, Lemma 7 implies:

9—7/2 | Mor(0+1/2)95(1-0)
s T )

R2M1—2/p2—j(2a—29/p+9) 27“9(1—2/;0) ’

Ujr < ¢y min {

Morf9i(1-6)
7”L .

We first compute

v =3 > U
j=0r=j
> 9—7/2-j/2 or(0+1/2)93j/2
<c min{ ——log, [ M=——— |,
rfoj
(24) R2M 1 -2/pg=2jagro(1=2/p) M2702 } .
n

Let us denote by U,gl) the sum in j. We may bound it from above by proceeding as follows. First,
let us assume that

nM~22-7(20+1) < 1.
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Lemma 30 of [Sar23] entails:
) 9—T/2 or(6+1/2)
(25) Uy <cg——=1log, | M——— |.
N NG
In the contrary case, we may consider the largest integer j,. > 0 such that
93Jr < nM 29— T(20+1)
We then have,

rfoj ©  9-7/2—j/2 r(0+1/2)935/2
o n

J=Jjr+1
(26) §C4Ml/3n_2/32 r(l— 6)/3.

To get the last inequality, Lemma 30 of [Sar23] is used once again. By grouping (25) and (26), we
thus have for all » > 0,

U,(l) < s {M1/3n—2/32—r(1—9)/3

(27) 2 2 log (MO 1)

This bound is obtained by using only the minimum between terms 1 and 3 in (24). We can also
make a similar reasoning with terms 2 and 3 only. This leads to

U#l) < cg [R2/(1+2a)M(l+2a—2/p)/(l+2a)n—2o¢/(2o¢+l)27’6(1—2/((1+2a)p))

(28) +R2M1—2/p27‘9(1—2/p)1nR2 M—Q/p§22’r'9/p:| .

If
MY/3-(1420-2/p)/(1420) p=2/(1420) 20/ (2041)-2/3 < |

we sum (27) for all r. Thereby,
v < cr [M1/3n—2/3 +M1/(29+1)n_(9+1)/(29+1)}
< e {M(1+2a—2/p)/(1+2oc)R2/(1+2o¢)n—2a/(2a+1)
+M~1/(26+1)n—((9+1)/(26+1)] .

Otherwise, we define vy > 0 as the largest integer such that
9t0(1+20-+20+4a0—60/p) /(3(20+1))
(29) < M1/3—(1+2a—2/p)/(1+2a)R_2/(1+2a)n2a/(2a+1)—2/3‘
We sum (27) when r > to + 1 and (28) when r < t( to get
U(l) < s RﬁlMﬁzn—’y +Ml/(29+1)n—(9+1)/(29+1)

+R2M1—2/p2t09(1—2/p) (1 + 19 1p=2)1nR2 M—2/p<92t0/p

Observe that
nR2ZM~2/p < 92t00/p
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is possible only if
M—2(2a+1)/pR2(20+1)(2a+1)n(2a+1)(1—26/p+26) <1,

that is if n is small enough. We now study

U@ — i Z Uj.r

71=0r<yj
<cg ) min {R2M1—2/P2—2ﬂa, M—}
=0 "

< ¢10 [RZ/(1+204)M(1+2a—2/p)/(1+2a)n—2a/(2a+1) n Mn_l] .

We finally deal with

0 7y
U =>"N"U,

jZJ() r=0
|Jol 7n _ e o
277/2 14+ M2r09-3i(1=6)\ 1 4 prorfo—i(1-0)
<cn min log [ 2772 7
|Jol 7n
J, 2
<o end 3 L)
j=0 r=0
where
U® — i 27 7/2 ) Mor0+1/2)9—j(1=0) \  prorfo—i(1-0)
7 = min N 0g, 7 7 - '
Note that

|J0| < ci3 log(M(n/ log n)e)
When 2209 < M?2/n (and j > 0), which is possible only if n < M?, we do:

> XUy

225(1-0) SMz/n r=0

<) Zwk& NG

227(1=0) <M2 /p T=0
1 M2770-9)
< ciq Z = 10g+ (7
22i(1=0)< M2 /n \/ﬁ \/ﬁ
log? (M?/n)
<5 Jn .

When 2201-0) > M?/n (and j > 0), we may consider the largest integer r; > 0 such that

9—7/2 <M2r(9+1/2)2—j(1—9))

91 (20+1) <y f—2025(1-0)

25
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We then have,

> XU

22j(179) SM2/TL r=0

‘JOI _ T T
9—T/2 Mor(0+1/2)9—j(1-0) Morfo—i(1-0)
Sclﬁz Z—log+< + —_—
j=0 \\r=r; \/ﬁ \/ﬁ r<rj n
|Jol
< c17 ZMl/(20+l)n—(9+1)/(29+1)2—j(1—0)/(29+1)
=0

< g M/ (204D = (0+1)/(20+1)
In conclusion,
UB < 10 [A11K2&+”7r*9+”/@9+1)+—kgf(ﬂl(n/log709)n‘1
+ logi(M2/n)n_l/21nSMz
It then remains to sum up the different results to get a bound on U and hence (7) where
vy, = R2/(1+20) r(142a-2/p)/(1420) ;, ~20/(2a+1) | pr1/(20+1) ), —(0+1)/(20+1)
+log?(M(n/logn)”)n™ 4 (logn)(log(1 + log n))n "
+ (log M) log(1 + logn)n~" +log(1 + R)log(1 + logn)n™' + Mn™"
+ R2)M ' —2/porof(1=2/p) (14 volp=2)1,-20+20)/p R2(2041)(20-+1) py(20-+1) (1-26/p+20) < 1

(30) + logﬁ_(Mz/n)n_lplngMz

and where vy is given by (29). O

Proof of Theorem 6 when p < 2. We apply Lemma 7: U; satisfies for all j € {0,...,J1}, and r; €
{0,...,7},
U; < Cl{RpQ—jp(aJrl/?—l/p)n—(l—p/2) log_, (MR_I)ZT]‘en_P/22jp(a+1/2_9/p))

I Z 2—7«/271—1/210&r (M2r(9+1/2)2j(1—0)n—1/2)}'
r=r;+1

Note that this inequality also holds true for r; > 7,,. If we choose r; = 7,,, we get (using 2" < con),
(31) U; < c3RP2=IPlet1/2=1/p) p =(1=p/2) 159 (MR—pHG—pD2jp(oc+1/2—9/p))'

We may refine this result when n!=PR~222p(e+1/2-1/p) > 1 In this case, we may define the largest
number 7; > 0 satisfying

2 < nl—PR—2r92jp(at1/2-1/p)
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We then derive from Lemma 30 of [Sar23],
U; < C4{RpQ—jp(aJrl/?—l/p)n—(l—p/2) log_, (MR_I)ZT]‘en_P/22jp(a+1/2_9/p))

19 Ti/2y1/2 log, (M2T’j(9+1/2)2j(1—0)n—1/2)}
< ¢y RP2Ip(e+1/2-1/p) p—(1-p/2)

(32) > 10g+ (MR—p(1+29)n€—p/2—p92j(p/2—39+ap+p€+2ap€)) )
We now have when j > 0,
(33) Uj <Uj4 +Uj—,
with

00 7j—1

Uip =3 Ujp and Uj_=> Uj,.

r=j r=0

We deduce from Lemma 7,

9-r/2-/2 or(6+1/2)935/2 2790
Uj+ <cs Zmln { T log (M n M -

r>0

Elementary computations lead to
U, 7279212 log+(M23j/2n_1/2) if 237 > nM—2
It S\ o /041 93 (1=6)/(2641), —(6+1)/(264+1) (41 o wise.
We also deduce from (21), Uj — < csM2/n~1. Therefore, (33) gives
U, < {09M2jn_1 if 2% > nM—2

0o MY/ 2041 93 (1=0)/(20+1) ) ~(0+1)/(2041) 41 wige,

Suppose that RZM~2/Pn > 1 and consider the smallest integer jo > 0 such that
9do(2a+1) > R2M 2/,
Then,

. U

237 >nM~2
Jo oo
< cio ZMQJ'n—l + Z RPo—ip(e+1/2=1/p) p —(1-p/2)
j=0 j=jo+1
x log, (MR—PnG—p/2gjp(a+1/2—9/p)) }
< ey MOH20=2/0)/(eck) 2/ @act 1) =20/ Cat1) 1o (nof /P RY).
When R2M~%/Pn < 1, we only use (31):

> Uj < crpRPnm P log (MR™Pnf7P/2).
239 >n M 2
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We now deal with smaller values of j. We first suppose

(34) RPn—(1-p/2) > pp1/@041), —(6+1)/(26+1)
and
(35) p20=20/p=1420 p—4(1-0) ) =2(1420-2/p) > 1.

The first inequality allows us to consider the smallest integer j; > 0 such that

07 [(1=0)/ (204 1)+p(act1/2-1/p)] > pppr=1/(2041),,(641)/(204+1)~14p/2,

The second ensures

nl—PR—2r92jr(a+1/2-1/p) > 1
for all j > j;. We may hence use (32):

Ji
Z Uj < 13 ZMl/(29+1)2j(1—9)/(29+1)n—(9+1)/(29+1)

320 Jj=0
237 <nM—2

+ Z Rpo—ipla+1/2-1/p), —(1-p/2)
Jj=ji+1
x log, (MR—p(Hze)ne—p/z—pe2j(p/2—30+ap+pe+2ape)) }

< 014R61M62n_7.
When either (34) or (35) is not true, we merely apply (31):

Z U; < c15RPn~(1-P/2) log (MR_pne_pp).
Jj=>0
237 <n M —2
The above provides an upper-bound on
>_Us
j=0

We still have to work with negative values of j. For this, we use (20) and (21):

|Jol — _i(1— _i(1—
N e 1+ M2r92-30-00\ 14 pforéa—301-0)
< clﬁzZmln{ Tn log, (27’/2 NG , - .

j=0r=0
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We have already found an upper-bound of this term when p > 2. The calculations are the same
here. We now put all these results together to get (7) with
v, = R2/(1+20) p(1+20-2/p)/(1+20) ;, —20/(2a+1) log., (naMl/pR—l)
+ M@0 = O+D/2041) 16620 (n ] Tog n)?)n !
+ RPp~(1-p/2) log., (MR—pnG—p/2) [1as-2/ p2ner
1Ry —(1-p/2) < p1/(2041) = (0+1)/(20+1)
+1,,20-20/p—1+20 R—4(1-6) pp—2(1+20—2/p) <1]
+ logi(M2/n)n_l/21nSM2 +log(1 + R)log(1 + logn)n™*
(36) + (log M) log(1 +logn)n~" + (logn)log(1 + logn)n~".

4.6.1. Proofs of Lemmas 6 and 7: preliminary results

Lemma 8. There is an event A of probability 1 — 1/n on which: for all r > 0 such that 2" < n,
and for all interval I C R such that 27" <P (X € I) < 27"+

<e [ /27" logn n logn] ’
n n

where ¢ is numerical value. In particular, there is some p > 0 such that any interval I satisfying
n~tS " 17(X)) > p(logn)/n is such that:

%Z {17(X)) — B[y (X))}
=1

1 1 & ,
SP(X el < EE;II(XZ') <P (X e1).
1=

Sketch of the proof of Lemma 8. A short way to prove the lemma is to remark that the collection
of functions of the form 1; where [ is an interval is VC subgraph with finite dimension. We then
apply Proposition 6 of [Sar23]. O

Lemma 9. Let m € R such that f is non-increasing on [m,+00) and non-decreasing on (—oo,m].
Then, for all j € Z, ko > Ly + 1+ m27,

1/2
(37) Z 1Bjkl <c j,{co—l’
k>ko
where
27‘7 (k+Lwav)
fik= / f(z)dz = / f(z)dez,
Lix 23 (k= Luay)
and where we recall that I;, 1s given by (16). Moreover, for all j € Z, ko < —Lyqy — 1 + m2J,
1/2
(38) D 1Bkl < efjfoi
k<kg

Above, ¢ only depends on the wavelet basis.
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Proof of Lemma 9. We only show (37), the proof of (38) is similar. Since [¢;(z)dz = 0 for all
4.k € Z, we deduce for all k > Lyay + 1 +m27,

1Bj.k| = / <\/W - \/f(Q_j(k‘ + Lwav))> Vjk(x) dz
<@l [ (V@ 1@ L)) @0

2=3 (k— Lwav)
< 22 ]l (W(w’(k ~ L)) =/ FQ7I (4 Lwav”) |

Therefore,

D 1Bkl < 012_j/2\/f(2_j(k0 = L))

k>ko

'/2 27j(kO_Lwav)
< 92 /2 V f(z)dz

- (kO_Lwav_l)

2-J (kO_Lwav)
<c3 / f(z)dx
277 (ko— Lay —1)
< C3fj1,{f<2)—1'

O

Lemma 10. We consider m € R such that f is non-increasing on [m,+o00) and non-decreasing on
(—o0,m]. We set for all r < 7,

~ , 1 & B
n i:1 1 3
1 n
7 — ' —r+1
Zj,r,+,left = {k SyAR (_007 _Lwav + 777,2]] ’ ; Z; 1X£€Ij’k <2 " }
1=
and

kj,r,right = min Zj,r,—l—,right + 17

Kjreft = max Zj 4 jefr — 1.

Let p > 0 and A be given by Lemma 8. On this event, the above sets are mon-empty. Moreover,
fig <27 forallj € Z, v <7y, k > Kjpright — 1 or k < kjpjere + 1. Moreover,

(39) Z |ﬁj7k| < 27"/ and Z 5]27/6 <277
kzkj,r',m‘ght kzi%j,r,right
(40) S Bkl and Y p<c
kgg:j,r,lcft kSI;j,'r,left

We also have when f € WT (M),
(41) Zr | < ¢ [1+ M202I00]
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In these results, ¢ only depends on 6 and the wavelet basis.

Proof of Lemma 10. We deduce from Lemma 8 that
Zjr—| < |{k €Z, fix>27""1}]

holds true on A. Since

Lwav

fir <D Fiew(f),

kl:_Lwav
we may use Proposition 5 to get (41). Since Zj, _ is finite, Z; , 4 1ot and Z; , 4 1ight are non-empty.

We now prove (39). The proof of (40) is similar. Lemma 8 ensures that

I

1 n
s e |- ) 1y _
fj,manj’r,ﬁ»,right = “l n 4 . XiEIjvmi“Zj,r,Jr,right n
1=

Moreover, as f is non-increasing on (m,+o00), we have for all k£ > ];:j,r,right -1, fir < 27"
Lemma 9 yields

Z 1Bk < C3f.1/~2

< .77kj,r',right_1
kzkj,r',right
<272
For the right part of (39), we merely use Cauchy-Schwarz inequality:
2 1/2
Bl D () 2185l

kzkj,'r,right kzkj,r,right

< 527"/ Z |85,k

kzkj,r,right

4.6.2. Proof of Lemma 6. We deduce from Lemma 10,

logn
2 2 2
E ¢ < E S < BT c .
— /ijk — ~ Jk = ]7kj,F7L,right_1 * 1 n
LSAVAR Sy k>kj 7, right —1
Iszwav"l‘Tﬂz7
Likewise,
logn
2 2
< Y- co—.
Z sk = ]7kjfn,lcft+1+ 2 n
keZ\ijn’*

kS_Lwav+m2j
Cauchy-Schwarz inequality and Lemma 8 lead to 5]2',1@ < fir < c3(logn)/n when k ¢ Zﬁm_. By
putting it all together,

logn
(42) Z sz,k§64 & .

= n
keZ\Zj,Fn»*
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We also have 0430,1{ < frok < es(logn)/n when k ¢ Z]O,,:n,_. Hence,
Yoo ahaks > 2THkeZ fan =27}
IAVANE 2 >cgn/(logn)
By doing as at the beginning of the proof of Lemma 10,
{k€Z, frn 227} < er[1+ M20200-0],
We deduce,

l l 1-6
R GO

kEZ\L 1y 7y~
The upper-bound on T follows from this inequality and (42).
It then remains to bound A from above. The proof of Lemma 2 ensures that there are some
@1 > 0, g2 > 1, such that || f]|g, < coR? for some cy only depending on the wavelet basis, a,p.

Hence,
fir < cloR12~1(0-1/a2),

Let
Zip= {k€Z, 27 < fjr <27},
Zips = {k €L, fj <271},
Zj s yight = {k € ZN [Lyay + m27, +00), fip <277},
Zjy et = {k € ZN (00, —Lyay + m27], fj, <2771},
and
Kjrright = M0 Zj 4 right + 1
E’j,r,left = maxzj,r,_hleft — 1.
We have,

o
2
A< > > B
J=J1+1 2r>c R-012i(0-1/92) k7,
[o¢]

< Z Z Z Jik

j=Ji+1l 2r>ci R—912i(1-1/492) ke[—Lwav-l-m?j,Lwav+m2j}ﬂzj,r

o0
T Z Z fjJ;j,r,right_l + fj,fﬂjm’lcﬁ—l—l + Z 5]27]@
j=J1+1l 2r>ciy R—912i(1—-1/42) k> gt
or kgkj,r,left
[ee)

< ci2 Z Z 2"

j=J1+1 2r>c  R—912i(1-1/42)
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< 613Rq12_‘h(1_1/q2).

O

4.6.3. Proof of Lemma 7. The proof of (21) simply ensues from (41). As to (22), we do the
same reasoning as in the proof of Lemma 3. In short, for all p > 2,

Z B]%k < C2R22—2j(a+1/2—1/p)|Zj7r|1—2/p.
kEZ]‘,r

We then use (41). The same goes for (23): we set
Ky ={k € Zjs o, 1834] > 1/v/n}.
As +/f is smooth, we have:
|K | < cznP/? Rp—ip(et1/2=1/p),

A suitable inequality in weak spaces — see (35) of [Sar23] — leads to

Z B2 < cqyn~(17P/2) gro=iplet1/2=1/p),
kezj,r,f\Kj,'r

We deduce,
Ujp— < csnP/2—1 gpo—ir(a+1/2-1/p) log., (‘Z] . _‘n—p/2R—p2jp(oc+l/2—1/p))
< cgnP/2LRPoIpe+1/2-1/p) 1og | ( M R—pQTGn—P/22jp(a+1/2—9/17)) ,

thanks to (41).

We now show (20). We introduce the integers l;:jmright and l;j77«710ft appearing in Lemma 10. We
then set

K](,IT’) = {k € ZLT’ k< ];:j,r,right or |ﬁj7k| > 1/\/5}

K2 = {k€Zyp > Fyppenor |84l > 1/v}

and
_ @ (2

Kjﬂ" g ij,r'
Now,

1

2
Z Bik < 7n Z Bj.k| + Z 18j.k|
kezj,r\Kj,r kzkj,r',right kgkj,r',left
C7 2—7’/2

= Un
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Moreover,

‘Kj,r’ < ‘{k € Zj,?”a ke [l;j,r,lofty ];j,r,right]}‘

vl DD 1Bkl DD Bkl

kzkj,r',right kgkj,r',left

The elements in the first set are either equal to %j7r7left, lzrj,r,right, ]zfj7r’]eft+ 1, zéj,r,right —lorin [—Lya+
m27 | Lyay + m27]. Hence, using Lemma 10,

Kl < s [14+ vn2 /2]

< cg\/n27"/2,
We then deduce (20) from (41). O

4.7. Proof of Theorem 7. Since the theorem is stated for R and M large enough, we may without
loss of generality replace R by c;R and M by coM, where c¢1,co only depend on «,p,f and the
wavelet basis. In other words, we only need to build a subset %.7 (R, M) of % /5 4(c1 R, c2M).

The densities f in this set may satisfy \/f € By (c1R) and f fg Ydx < oM.

Throughout the proof, we consider r > 1 and denote the elements of {0,1}"*1 by (6;)o<p<,. We
define the Hamming distance A for 6,6’ € {0,1}"+! by

A(5,8) = Z|5k—5k|

We denote the Kullback Leibler divergence between two densities f and g by

K(f9) = [ f@)log (7(2)/g(a)) d
whenever it exists. We use it here for densities f and g that vanish only simultaneously (in which
case the convention 0 X log(0/0) = 0 is applied).

It is convenient to draw on the Varshamov-Gilbert bound to prove the lower bound. The lemma
below is ready to use. It follows from Theorem 2.5 and Lemma 2.9 of [Tsy08] (see also Section E
in the third preprint version of [Sar23] for the constants).

Lemma 11. Consider ¥ > 14 and suppose r = 2F. Then, there is a subset 2 of {0,1}" 1 such

that
Z Op =T
k=0

for all 6 € 9. Moreover,
A(6,8") = 7/4,

for all pair (0,8") € @ composed of distinct elements.
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We now assume that there exists a family of densities F = {fs, 6 € P} indexed by this set and
satisfying
h?(fs, fsr) = nA(6,6")

5
(43) K (f3.19) < T500m

for somen >0 and all 6 £ € 9.
Then, there exists a numerical value ¢ > 0 such that
R(F) > cenr.
We need to construct a suitable family .# of densities satisfying the conditions of the previous

lemma. The two results below are tailored to solve this problem. They are proven after the current
proof.

Lemma 12. We consider ¢ > 2 and two non-negative maps sp,s1 on [0,4+00). We suppose that
these functions are non-increasing, compactly supported on [0,1] and with continuous derivatives

up to order q. Moreover, ¢5(0) = 1, ¢5(1) = 0, and g(gs)(O) = gés)(l) =0 for all 6 € {0,1} and
s €{l,...,q — 1}, where gés) denotes the s derivative of ¢s. We consider a positive integer r,
three positive numbers T,bg, Ly, xo € (0,rly], € = 7/r, and set for all k > 0,
by = bo(1+¢)7"
e = Lo(1+ )™
Tra1 = Tk + Lg.
We then define for all x > 0 and § = (6 )o<r<r € {0,1}"1,

gs(z) = bolpp zy)

(44) + 1%% kZ:O b [1 + <5, (& — @) /i) 1oy p 4 1) (7)-

We extend g5 to an even function on R.

This function gs has the following properties: it is unimodal and such that gs(xy) = by for all k €
{0,...,7}, 6 € {0,1}"*1. Moreover, gs lies in B o(cR) for allp € (0, +00], a € (max{1,1/p—1},q)
and R > 0 satisfying

(45) bor'/P1 < REGTHP
(46) boli/Pri/e < R
Above, ¢ only depends on the wavelet basis, <y, 1, P, q, & and T.

Lemma 13. Consider some q > 2. There exist two functions g, 1 fulfilling the assumptions of
Lemma 12. They satisfy

1 1
(47) /Ogo(:z:)dx:/o ¢i(z)de

and do not coincide almost everywhere on [0, 1].
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Let 7 be the largest integer such that
7 < RO MPpt.

We consider the smallest integer g larger than «, and the set & given in the first part of Lemma 11.
Let then ¢p, ¢; be the maps given by Lemma 13. We consider a > 0 and set

e=1/rF
gg(oc—l/p+1/2) — aR ™2 1,2/p
bg = ar?(nty) L.

Note that (45) holds true. Moreover, boﬁé/ps_l/p tends to 0 when n goes to infinity when 6 < p/2.
Hence (46) is true. When 0 = p/2,

bog(l]/il’e—l/p < 9(2ap=3+p+2/p)/(p+20p=2) ya/ (1+2a=2/p) p r1/p

We thus also have (46) when M < RP and a small enough.

We consider g = rfy, § € Z, and the map g5 defined by (44). Let then I be the value of the
integral in (47), and

1
1072:/ gg(x)da:
0
1
1172:/ ¢2(z) da.
0

Elementary maths lead to:
2ar®  8a(l+2el)(2+¢) 8a(Flia+ (F+1)Ip2)
2 ) 9
dx = + .
/(95($)) . n n(l+¢e)2e3 n(l+¢)?

This integral does not depend on § and tends to 0 when n goes to infinity. Besides,
st az < aior
for all n large enough and some ¢; > 0 only depending on ¢y, <1 and #. In particular,
/(gé(x))2€ dr < cla(1—29/p+2a€)/(1+2a—2/p)M

S ClM7

when a < 1. We also have supp g5 C [—c1 M, c; M| when 6 = 0.

We now apply Lemma 12 with suitable values of parameters to get a unimodal non-negative func-
tion ¢ € By  (c2R), compactly supported on [—1, 1], and such that [(¢(z))?dz > 1, [(¢(x))¥ dz <
M (up to an increase of R, M). We then consider s € (0,1) and set

fs = (g5 + sC).
As xg > 1 for n or M large enough,

/f5(a;) daz = /(95(x))2dx+2sbo/g(a;) dx+s2/(g(x))2dx.

Note that by tends to 0 as n goes to infinity. We may hence find s € (0,1), not depending on §,
such that this integral is 1.
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By putting all these results together, by using Lemma 12 and Proposition 5, we get that fs is
a density lying in % .7} g(c3R, c4M) and such that \/fs € B5 (c3R). Its support is included in
[—c1 M, c1 M) when 6 = 0.

Since g5 is unimodal, we have gs(x) € [byy1,bo] for all & € [—z,41,z,41] that is for all z in
the support of f5. An elementary inequality yields by < e3b,1.We then deduce from Lemma 2.7
of [Tsy08], that for all § # §' € 2,

K(fs.fy) <52 [ (fs(o) = f@))? do
<62, [ (95(0) = 9(2))* (95(2) + g (@) + 25C(@))? do
<671 [ (g5(e) = 9 (@)? (95(0) + g (@))? do
<1¢® [ (g5(2) ~ g (@))? do

8e® -
< 1+ )gazzbiﬁklék - 51«!/(%(33) —si(z))? da
R

< ¢5 bg€0€2r

< cgar/n,

where ¢z, cg only depend on ¢y, ;. We now choose a small enough to ensure that (43) holds true.

Moreover,

W2 (fs, fy) = ﬁ ;biﬁkwk — Op/| /Ol(go(x) —q(2)? da

> crbiloe? A5, ),

> cg(a/n)A(6,8),
for some c7,cg > 0 only depending on ¢, 7.

We may hence apply Lemma 11 with 7 of the order of n~!. This leads to
R(F) > cor/n,

where .# = {fs,0 € Z}. We conclude using the definition of r. O
Proof of Lemma 12. The only delicate point is gs € %;7M(CR) for some c¢. We prove this result

when p < oo. The proof when p = oo is obtained by making slight modifications. We suppose
without loss of generality that ¢ > 2 is the smallest integer larger than «.

The ¢'" order difference operator evaluated in g5 is defined for A > 0 and = € R by

Afgs(z) = (j) (=17 g5(a + jh).

=0
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Section 7 in Chapter 2 of [DL93] gives
Al gg(xr) = hi! / (ALos) T (w + th) M (1) dt,
where M is a compactly supported density function on [0, ¢ — 1] and bounded by 1. Therefore,
(48) Al gs(x) = hq—l/ {géq_l)(a:—i- (t+1)h) — g V(a +th)] M(t) dt.
We consider k € {0,...,r} and the map ¢ 5, defined for x > 0 by

Sk,5, () = [1+ e65, (2 — ) /)] Ly o 1) (T)-

When z < 0, we rather set ¢ 5, () = k.5, (|z]). It is ¢ — 1 times differentiable at all points except
—Xk+1, —Tk, Tk, Tpr1. We nevertheless set

G,g?(;_kl)(—xkﬂ) = C;iq(;_kl)(

—y,)
= c,ﬁ‘i;k”(:vk)
= <1i,5kl)(l’k+1)
=0

so that
@Dy L Ny D
(49) s (‘/E) = 1—_|_€ kzzobkgk’ék (l‘)

holds true on R.

Define now
a=a—(¢—1)€]0,1).
(g—1)

Since S5, 18 compactly supported with a continuous derivative on R,

1 1 @
G ®) - @] < alb—a
for all a,b € R, §; € {0,1}, and some ¢; only depending on ¢y, sy, @, q. Therefore, for all a,b > 0,
(50) 5 0) = 6%V (@)] < eretolp - af®,
The same result holds true when a,b < 0. Suppose now that a,b have opposite signs, say a > 0
and b < 0. Then, g(q 1)(b) =0 if |b|] < x. Otherwise, we use g,g?(;_kl)(xk) =0 to get
1)

‘ = ‘ lgqék (o)) —gk O )(xk)

< el (]b] — xp)”

< crely® (Jb] + a)®

< ciely®|b—al®

‘gk 5k

A similar reasoning applies to ]gliqé 1)( )|. To sum up, (50) holds true for all a,b € R (to within a
multiplication of ¢; by 2).
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Consider now = € R, h > 0 and ¢ € [0,q — 1]. There can only be one non-zero term in the sum
of (49). Therefore,

ggq_l)(m + (t+1)h) — g((;q_l)(a: +th)| < 2c1boe sup{(1 + &) F 1o *}he.
k>0

< 261()0655&]1&.
We deduce from (48) that |Afgs(x)| satisfies
|AY gs(z)] < caboely “h®.

Yet, Algs(-) is compactly supported on [—,41 — gh, zy41]. Observe that

T
Try1 < xo+ Zej
=0
r .
<rly+ £ Z(l + 6)2]
=0
< c3rbyp.

We hence get when h < rfj,

/ |AYgs(2)|P do < eqrly (bogeo—aha)p

—00

< s RPhOP,

where the last inequality relies on (45). When h > rfy, we bound the L (quasi) norm of |Afgs ()|
as follows:

/ AT g5 ()P dz < g / 95(@) P dz

—00 —00

ng() + Z bﬁgk]

k=0

<c7

<er [bﬁréo +bhto Y (1+ s)<2—p>k]
k=0
< 08b€r€0.

We apply (45):

/ |AY gs(x)|P dz < cgRPrPLGP.

Since a > 1, rP < r® and the right-hand side of the last inequality is not larger than cg RPh®P.

We may also use (46) in place of (45) to get || gs|l, < cioR. The conclusion g5 € B , (c11R) then
stems from another (equivalent) definition of Besov balls. See Section 10 in Chapter 2 of [DL93]
for more details. O

Proof of Lemma 13. We introduce for all p > 1 and z € [0, +00),
fo(x) = (1 = 2P)PLp 1) ().
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This map is non-increasing on [0, 1], p — 1 times differentiable, and such that f,(0) =1, f,(1) =0,

fés)(o) = flgs)(l) =0 for all s € {1,...,p — 1}. It fulfils the assumptions of Lemma 12 when
p > q + 2. We define the first function ¢p by o = f4+3-

We then consider ¢ € [0, 1] and set

1 =tfgro+ (1 — 1) fgra.

Since fyro(x) < fors(z) < fera(z) for all z, the integral of ¢; evolves continuously from [ f,12 to
| fq+a as t varies from 0 to 1. There is therefore some ¢ € [0, 1] such that (47) holds true.

We conclude by noticing that ¢ satisfies the assumptions of Lemma 12 and cannot coincide
almost everywhere with ¢y because they are polynomials of different degrees on [0, 1]. O
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