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ABOUT THE OPTIMAL ESTIMATION OF A DENSITY WITH INFINITE
SUPPORT UNDER HELLINGER LOSS

MATHIEU SART

ABSTRACT. The aim of this paper is to give a complete description of the optimal estimation rates
for the Hellinger loss when the square root of the density belongs to a Besov ball B5 (R). We
make them explicit without further conditions when p < 2, and under a tail dominance condition
when p is larger.

1. INTRODUCTION

We consider n independent and identically distributed random variables X7, ..., X,, with values
in R. We suppose that their distribution is absolutely continuous with respect to the Lebesgue
measure and denote their density by f.

An important challenge in the density estimation problem is to determine as accurately as possible
the minimax risk. The latter can be defined as follows. Let D(R) be the set of densities on R, #
be a subset of D(R), and £ be a loss function. The minimax risk is

R(Z, %) =ntswE[2(f. )]

I fez

where the infimum is taken over all estimators f . Different choices are possible for .. Among them
are the ¢ powers of the L? distances . = df, or the square of the Hellinger distance . = h?. We
recall that h is defined for all f1, fo € D(R) by

h2(f1, f2) = %/(\/fl(x) - \/f2(33))2 da.

The role of the minimax risk is to give a baseline against which to compare when proposing a
statistical estimation procedure. We are more precisely interested here in the optimal estimation
rate, that is in the sequence (e;,),>1 satisfying

0 < liminf e, 'R(Z, %) < limsupe, 'R(F, L) < +oc.
n—+00 n—+00
An optimal estimation procedure f is therefore a procedure whose risk E[Z(f, f)] converges at
the rate e, under the sole condition that f lies in .%#. This minimax point of view thus makes it
possible to discard certain procedures that are not rate optimal, even in the a priori simple case
where f is a smooth density on R.
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2 MATHIEU SART

To formalize things a little more, we state that f is smooth if f belongs to a ball B¢ . (R) of
a Besov space. In a nutshell, the parameter R is an upper-bound of the (quasi) Besov norm of
the elements f of B  (R). This (quasi) norm measures the variations of f by means of a (quasi)
L norm and according to the smoothness exponent «. The larger p is, the more uniformly the
regularity of f is measured. The latter is therefore likely to have much smaller local variations
if p is large than if p is small. Note also that R induces a constraint on the (quasi) L” norm of f
and hence on its tails when p < 1 (the smaller p is, the lighter they should be). There are several
possible equivalent definitions of R, and we choose one in Section 2.1. For the sake of rigour, we
assume throughout this introduction that R is large enough (B . (R) does not contain densities
with compact support in [0, 1] if R is too small when a > (1/p —1)4).

The minimax rates have been studied by many authors when .# = d. They are now fully known,
up to log factors, when the density is also compactly supported, that is when it belongs to

F ={f €B5 (R), supp f C [0,1]}.

A summary of these rates can be found in [Sar21]. Let us just mention that the case p > ¢ can
be easily solved with linear estimators. This is no longer true when p < ¢, see [DJKP96]. To
be optimal, an estimator must, in some sense, adapt to local variations of the density. When,
moreover, « is allowed to be smaller than 1/p, the statistical estimation procedure must be able to
cope with singularities to be optimal.

In recent years, a special endeavour has been made by statisticians to remove the assumption of
compact support. For the IL? loss, results can be found in [JLL04, RBRTM11, GL11, Lep13, GL14,
LW19, Sar23|. Other statistical frameworks have also been involved in this effort. We may cite the
regression model, the problem of estimating the conditional density, the hazard rate, the intensity
of a Poisson process, or the density in the convolution structure model. For more details, we refer
to [RBR10, LW19, BC21, CGC21, CL23|.

The aim of the present manuscript is to deal with the Hellinger loss . = h?. The latter
naturally appears in the study of maximum likelihood estimators, see [BM98, DW16, KS16] for
some references. This is also true for the T- and p-estimators, the founding references being [Bir06a]
and [BBS17]. In the case of the Hellinger loss, the assumption of regularity is traditionally put
on +/f, and we will also adopt this point of view here. Note that the minimax risk has already been
investigated in [Bir06a] when /f is compactly supported and belongs to a Besov ball. The whole
point of this paper is to understand how the minimax risk evolves when f is no longer assumed to
be compactly supported.

For the IL? losses, the estimation rates remain noticeably the same as in the compact case (within
possible log factors) when the tails of f are light enough, say when f(z) < |z|~? for some large b
and all |z| > 1. This point has been revealed by [GL14]. Actually, there are not even logarithmic
losses when g = 1, see [Sar23]. The situation turns out to be completely different for the Hellinger
loss.

First, the minimax risk for the Hellinger loss does not tend to 0 if the only assumption made
on the density is /f € By (k) with p > 2. A supplementary condition on the tails of f is
required to ensure the convergence of the minimax risk. We propose here to use the one of [Sar23].
This phenomenon can be explained by the importance that the Hellinger distance gives to the
estimation errors in the tails of f. A similar result is true for the ! loss when f € B (R) but
not for the other L7 losses [GL14, Sar23]. We prove that the minimax risk achieves the rate n=7
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where v € (0,2a/(2ac + 1)] depends on the tails of f. But contrary to the L7 losses (including
q = 1), we never have v = 2a/(2a 4 1) if the tail dominance condition allows f(z) < |z|7°, and
this, whatever the value of b > 1.

Second, the optimal rate of convergence is n'~?/2 when p < 2 and no additional assump-
tion is made. This result is valid for all &« > 1/p — 1/2. This rate contrasts with the clas-
sical rate n=2¢/(2o+1) ags0ciated with compactly supported densities. A faster rate can be ob-
tained under the tail dominance condition of [Sar23]. But, as above, it is not possible to recover
the rate n=2¢/(e+1) if the density is allowed to be slightly fat tailed. In the remaining case
a < 1/p—1/2, the minimax risk does not tend to 0 even when the density is compactly supported
on [0,1].

We present our results in the forthcoming section. The proofs are postponed to Section 3.
Throughout this paper, we suppose n > 2. Moreover, c,ci,co,... are terms that may vary from
line to line. To lighten the notations, we define for all class .% of functions,

R(F) =R (Z,h?).

We denote for p > 0 and x = (zy)kez the weak (quasi) 2 norm of x by

1/p
0 = sup ¢ (Z 1|xk>t) -

keZ

When p = oo, we set ||Z||oo,00 = [|2]|oo-

2. MINIMAX RATES

2.1. Assumptions on the density. We present in this section the classes of functions we use to
model the smoothness of f and the size of its tails.

2.1.1. Wavelet basis. A classical way to measure the regularity of a function is to decompose it
in a wavelet basis, and to put conditions on its wavelet coefficients. We deal here with the special
bi-orthogonal basis of [CDF92] where the father wavelet is ¢ = 1/ 1], where the mother wavelet v is
piecewise constant and where their duals ¢ and v are compactly supported and Hélder continuous
with exponent 7 € N*,

In this basis, any square integrable function f can be written as

o0

(1) F= > Bk

j=—1keZ
where for any j > —1, k € Z,
5ia(h) = [ 1) da,
and where for any x € R, j >0, k € Z,
bop(@) = dla — k), dip(x) = 2P x k)
Vork(@) = 0@ — k), Piu(a) = 22 — k).
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It is worthwhile to notice that the coefficients 3;;(f) are well defined if f is only supposed to
be integrable. The decomposition (1) remains valid in this case (see Appendix H of [Sar23] for
instance).

2.1.2. Besov classes. We consider p € [0,+o0], a € ((1/p — 1)1, 7) and introduce the standard
Besov space By . By definition, it is composed of functions f of Lmax{p1H(R) satisfying || f]| By <
oo where

I7lls5... = sup {22218, (1)}
Jj=-

see [DJI7]. The quantity [|f|[sg . refers to the (quasi) Besov norm of f. The Besov ball B (R)
is thus defined for R > 0 by

B oo () = {f € By, | fllsy.. < B}

In the present paper, we pay particular attention to the strong and weak Besov classes BIO,‘,OO(R)
and WBy, . (R). They are defined as follows:

Bioo(B) = { € Bioe, ¥ > 0, 18, (f)lly < R2-7et1/2-1 L,

WBS o (R) = { f € L2 (R), V) > 0, [18),(£) 0 < R2IH271PY

We can classify the above conditions on the wavelet coefficients by order of importance: they are
the weakest for the weak Besov classes, then the strong Besov classes, and finally the Besov balls.

2.1.3. Tail dominance condition. We describe here a supplementary assumption that is in-
tended to control the tails of the density.

We define for j > 0 and k € Z,
277 (k+1/2)
@ B = [ @)
2-3 (k—1/2)
We set for M > 0, and 0 € (0,1),

To(M) = {7 € L'(®), £ >0, %) > 0, || F;.(ly < M2~}
WTo(M) = {f €LI(R), f >0, 2 0,15 (f)lf ., < M1},
The case 6 =0 Corresponds to compactly supported functions:

To(M) =WTo(M) = {f e L"(R), f >0, Vj >0,|{k € Z, Fjx(f) >0} < M27}.

In this formula, |- | denotes the size of the set between the two bars. A density belonging to one
of these classes is therefore a density whose tails are sufficiently light. The smaller 6 is, the lighter
they are.

In line with [Sar23], we say that the “weak tail dominance condition” is fulfilled if f € WTy(M).
The “strong tail dominance condition” is met if f € Ty(M). This terminology “tail dominance
condition” has been initially proposed by Alexander Goldenshluger and Oleg Lepski in [GL14].
Their condition do not exactly match with ours though (our conditions are always implied by
theirs, see [CL20] where the condition f € To(M) also appears).
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We recall — see Proposition 1 of [Sar23| — that a compactly supported density on [—L, L] satisfies
our tail dominance condition with 6 = 0 and M = 2L+2. This bound on M can be a bit pessimistic

though. Think for example about the density f defined for a > 0 and x € R by
1 1
f(l') = 51[—a—1,—a} (Z’) + 51[a,a+1} (‘T)

It belongs to 7o(6) whereas L = a + 1 may be taken arbitrarily large. In the non-compact case, a
density f satisfying f(x) < Ab|2z|7" for all |z| > 1 and some A > 0, b > 1, lies in WT (M) with
6 = 1/b and M only depending on b, A. The (strong) tail dominance condition is automatically
fulfilled with 6 = p when f belongs to a Besov ball By, (R) with p < 1. A variant of this last

claim, that is useful when dealing with a smoothness assumption on \/f, is the following.

Proposition 1. Let p € (0,2), R > 0, a € (1/p —1/2,7) and f € D(R). Then, if \/f belongs
to BY o(R), f belongs to T,/a(c1RP). Conversely, if \/f € By oo(R) and f € T,2(RP), then
Vfe %37OO(C2R). The terms cq, ¢y only depend on the wavelet basis and o, p.

2.2. Minimax risk. We now investigate the minimax risk under the preceding conditions. We
consider p € (0,+oc], a € ((1/p —1/2)1,7), 0 € [0,p/2] N [0,1), R > 0, M > 1. We define when
pF2

Fropo(R, M) = { feDR), Vf e WB2(R), f € WT(;(M)} :

When p = 2, we rather set
Fapo(B.M) = {f € DR), VT € By(R), f € WTo(M)}.

The theorem below gives a non-asymptotic upper-bound of the minimax risk when f belongs
to Fapo(R, M).

Theorem 2. For allp € (0,400, a € ((1/p—1/2)4,7), 0 € [0,p/2]N[0,1), R >0, M >1,
logn}

(3) R(Faps(R M) < 1 [an +

where

e, = R21-60)/(20+1-260/p)  (14+202/p)/(14+20-20/p) j, ~20(1—6)/ (2041-260/p) | p,=(1-6)

and where ¢1 is a positive number only depending on p,a, 0 and the wavelet basis.

This result can be compared with the following lower-bound:

Theorem 3. For allp € (0,40], a € ((1/p—1/2)4+,7), 8 € [0,p/2]N[0,1), there are Ry, My such
that for all R > Rg, M > My and n large enough,
R(’gﬂ (R7 M)) > C En,

a,p,t

where €, is given in the preceding theorem, and where F, , o(R, M) is a subset of Fq pe(R, M).

Moreover, any function f € F/  4(R, M) belongs to To(M) and satisfies 2| fO(x) < esM for all

lz] > 1. We also have /f € By (R) and even \/f € BS (R) if 0 < p/2 of if 0 = p/2 with
M < RP. Above, ¢, c3, My, Ry are positive numbers only depending on p, «, 0 and the wavelet basis.
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When 6 = 0, we recover the usual estimation rate, and this, for all possible values of o and p
satisfying o € ((1/p — 1/2)4+,7). We recall that 7 can be taken arbitrarily large. The case a <
(1/p —1/2)4 is treated below.

We observe that the optimal estimation rate is strongly affected by the parameter 6, i.e, the
tails of f. The larger 0 is, the slower the rate is. However, the choice of the dominance condition
(whether weak or strong) has no influence on the rate. We can also assume, without changing the
results, that the density is fat tailed, i.e. its tails are smaller than the inverse of a power of |z|. As
explained in the introduction, this deterioration of rates when the density is slightly fat tailed does
not occur for the L7 losses (whatever ¢ > 1).

When p > 2, the minimax rate can be made arbitrarily slow by letting 6 tend to 1. Actually,
it is not possible to estimate the density under the sole assumption that \/f belongs to a Besov
ball B9 (R) with R large enough (see the proof of Theorem 3). The situation appears to be quite
different when p < 2. The tail dominance condition is indeed always satisfied in this case with
0 = p/2. More precisely, we derive from the above: for all p € (0,2), a € ((1/p—1/2)+,7), R > Ry,
and n large enough,

e Rin~ (772 < R ({f € DR), V/F € Bjoo(R)}) < e Ron~ 17072,

—2a/(2a+1)

The rate is much slower than the standard rate n we would have had if the density was

compactly supported though.

We will not insist on this point but the preceding rates can be reached by an adaptive estimator
(that is by an estimator whose construction does not involve p, a, 8, R, M). We refer to the proof
of Theorem 2 for more details.

In the previous results, we assumed « > 1/p — 1/2 when p < 2. This condition is necessary to
ensure the convergence of the minimax risk, even when the density is compactly supported. We
may indeed show:

Proposition 4. For allp € (0,2), R>0,7>1/p—1/2 and a =1/p —1/2,
R ({f €D®), VT € By o(R). supp f C[0,1]}) >1/16.

It is interesting to note that the exponent in the optimal rate does not tend to 0 when o —
1/p — 1/2. There is thus a kind of discontinuity at the boundary o = 1/p — 1/2. A similar
phenomenon occurs for the ! distance but not for the other L distances, see [Sar21, Sar23].

3. PROOFS

3.1. Proof of Proposition 1. We only show that if \/f belongs to B  (R), then f € T, /5(c1 RP).
The proof of the converse is straightforward (just apply Cauchy-Schwarz inequality). To simplify
the notations, we omit the square root of f in the wavelets coefficients.

We define

Fegige = O 1B killBiaol Lk o s oo

k1€Z
ko€
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where

279 (k+1/2) B
Ij,k7j17k1,j2,k2 = / _ |¢j17k1¢j27k2‘ .
23 (k—1/2)

Since p <2, || - li < |- l,/2, and hence
(4) ENPP <2 Y7 (Frgp)™”.
Jiz—1
J22j1
We consider a real number L > 0 large enough to ensure that supp 1/71]-/7 g C [2_j,+ (—L+K), 2774 (L+
k')], where ji = max{j,0}, and set
Kjjow = [_E + 2970 (K — L), L+ 2% (K + i)} .
Note that K ;. contains at most

(5) K] < a1 [1 + 2j_j/]

integers. Moreover, ;i\ k1 joks = 0 if k1 & Kj, jo gy, or if ko & Kj, j, k- If L is large enough,
the integral is also zero if k € Kj ;, 1, or it k € Kj ;, ,. The same thing is true if ky € K, j or
ky & Kj, i In any case, we have Iy j, k1 jo ke < C2Tj, j, Where

T s = gmin{ji/2+j2/2—j,—(ja—j1)/2}
We deduce from Cauchy-Schwarz inequality,

1/2

2
Fk7j1,j2 < 2Ty g E : le,hlkeKj,th Z 1k2€Kj27]’1»k1ijva’vk

ki1€Z kocZ
1/2
X E 62 .1 E 1
G2,k K€K jy ky k1€Kjy jo ko MKy g,k
ko€Z ki1€Z
By using the inequality || - [[1 < || - [|,/2 again,
p/2\ /2
. \p/2 p/2 2 : P Z
(Fle’”) S 03Tj17j2 le,’ﬂ 1k€Kj’j1yk1 1k2€KJ’2’j1yk1ij2’j’k
ki1€Z koCZ
o2\ 1/2

D
X Z Bj27k21k€KjJ2’k2 Z Lie €Ky o ko NGy 4k
ko€Z ki1€Z
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A new application of Cauchy-Schwarz leads to

p/2\ /2
o p/2
Z(F’le??) Jl \J2 Z Z Bh k1 kEKJ J1.k1 Z Lisek Jo.d1.k1 Mg 5.k
keZ k€Z k1€Z ko€Z
p/2\ /2
E E B2 1 lkek E Ik er K
Jo, ko TRER 5o ko 1ER G o koM Gy 5k
keZ ko€Z k1€Z

1/2

2 2 1/2—-1 2

< C37“§1/] Rp2~ i) /2 et 2=1/p) (kskup | J]1,k1||Kj2,j17k1 N Kj27j7k|p/ )
1€EZ

1/2
2
X < sup K jy ko [1 K1 o ko ﬁKj17j7k|p/ > :

ko €Z
We now use (5) to get if jo > j and j; > j
Z(Fk’jm)p/? < ¢4 RP2~(P/D(1+52)(a=1/p+1/2)
keZ
If jo > j and j1 <,
Z(F’f i jQ)p/2 < cq RP2I(1=P/2)/29=(p/2)j2(a=1/p+1/2) 9—a(p/2)i1
keZ
If jo < j, and ji1 <7,
Z(ka’h)p/? < ¢y RP21(1-P/2)9=(0/Djra9=(p/2)j20x,
keZ
We conclude thanks to (4). O

3.2. Proof of Theorem 2. Our proof relies on the result below that is due to [Bir06a] (see his
Theorem 6 and Proposition 8).

Proposition 5. Let (Vy,)mem be an at most countable collection of linear spaces of L*(R) with
finite dimension. Let (Ap)mem be a family of non-negative weights such that

Z e Bm <1.

meM

Then, there is an estimator f such that
B [1207.9)] < int, {B(V7.15) +

In the above inequality, c is a universal constant.

dimV,, + A,
— ("

Without loss of generality, we may assume in the sequel that we have another independent
sample X7{,..., X, of X. We set for j > —1 and k € Z,

[ij = {a: S ]R, 1/Jj7k($) 75 0},
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and consider the (random) set
Zi={keZ Jiec{l,. .. ,n}, X cl}.

Let us order the sample X 21) <X 62) < <X én) and define the smallest integer J > 0 satisfying
. / / 1-J
1§rz%1¢?—1 (X(i+1) — X(i)) > 2777 Ly,

In this inequality, Ly, > 1 stands for a real number such that supp ¥ C [— Ly, Ly].

Let K be the collection of all sets of the form K = (K)

ilje{-1,..7} where K denotes a finite

subset of Zj. We define for all such K the linear space

J
Vk =< > > yiwthim Vi = —1, k€ Kj, v, €R
j=—1k)€Kj

The dimension of this linear space is not larger than

J
dimVg < > |K;l.
j=—1
For all K € IE, we set
j ~
AK) = 3 {151+ [ log (elZ;1/115]) —log (1 - ¢7) },
j=—1

where we use the convention 0 x log(e|Zj|/ 0) = 0. It follows from Proposition 2.5 of [Mas07] that

Z o~ AK)

Kekk

We apply Proposition 5 conditionally to the independent sample X7,..., X/ and take the expec-
tation of the result. By cleaning it a little, we get

B[, 7] <ol | BT+ 3 itos, (Bl) + Y,

Kek n.=

where ¢; is universal, where log, (z) = log(e + ), and where 0 x log+(\zj\/0) = 0. To simplify the
notations, we set in the sequel 3; 1 = 3; 1 (\/7) We deduce from the above inequality,

J ~
ER(f ] <eqE| Y nf ¢ 3 527k+|Kj|log+El|Zj|/|Kj|)

j=—1%iC% | kez\K;

E[J i
VL[S vy,

i—J+1k€eZ

§02[A+Rl+R2+T],
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where
E[J] +1
L _El+
n
E[|Z_
5, = ElZ)
n

> K| Z:|/|K;
R2:ZE inf Z 2_k_|_| ]| 0g+(| ]|/| J|)
- K.C7Z: & D n
j=0 I keZ\K;

7 e
T=E|> > Bt X D 5

=1 g7, j=J+1 k€L

This oracle inequality has the same flavour as that obtained by [Sar23] for the L' loss (see his
inequality (14)). We can hence use some of its results to reduce the size of this proof. First, note
that an upper-bound on R; is given by his Lemma 23: Ry < csMn~1=%_ For T, A and R, we
show:

Lemma 1. There exists cy > 0 only depending on p,a and the wavelet basis such that
T < cyep.
Lemma 2. There exist cs5,cq > 0 only depending on p,« and the wavelet basis such that

logn + log(1 + R)
n
logn}

A§C5

< g |:5n +
Lemma 3. There exists c; > 0 only depending on p,a and the wavelet basis such that

Ry < crep.

It then remains to put all these bounds together to conclude. O

Proof of Lemma 1. Define the number 7, of i € {1,...,n} such that X/ € I; ;. We have nj;, <1
if k€ Z; or if j > J + 1. Hence,

T<2 Z Zﬁ%kﬁ” (A < 1].

j=—1keZ

Set

fit = [ 1@ aupn (@) do
Zj = {k €, fj,k > 1/71}
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We have,
o
T<2) Y B[ fi)" +nfipl = fi0)""]
j=—1keZ
< ATy + 4T3,
where

=3 Y B

j:_leZj
o
Ty =n Z Z Bk tin(l— fi)"
j:_lk‘EZj

Define bj; such that 82, = 279/2|b;|. For all j > 0, [[bj ||, < R2277GeF1/2=1@/2) it (/T e
B o (R). This inequality also holds true for the weak P2 (quasi) norm if \/f belongs to the weak

Besov class. We conclude by using Lemma 21 of [Sar23] with his 5 ; replaced by b;x, p by p/2, «
by 2a and R by R?. (]

Proof of Lemma 2. Let £ > 0, ¢ > 1 and suppose that the L? norm of f is finite: ||f]|; < oo.

Lemma 17 of [Sar23] ensures that J < ¢; [1 + log(1 + £)], with probability 1 — n||fllq/€. In this
inequality, c1 is a term only depending on ¢ and . We deduce,

E[J] < ¢ [1 +/°° P (J > ¢ [1+log(1 +§)]) (1 +§)_1d§]
0
o mac{n|flls.1}

eI+ €) e + e / (14 ) lde

0

<c3

Lt el £, /

max{n|| 4,1}
< ¢ [L+log(1 + 7 fllg)] -

It then remains to bound || f||, for some g > 1.

We consider ¢ € (max{l,p/2},p(a + 1/2)) if p is finite and ¢ > 1 if p is infinite. When
> ey 20/2(A=1/9) |18, ||g4 is finite, \/F € L24(R), and

1712 = | V7],

(6) < cs Z 2(]’/2)(1—1/q)”5j7.”2q_

j=—1

Note that [8; x| < c64/fjr < c6 as f is a density and hence ||5j,-‘|§g < erdopenfine < cg. We
moreover have when p is finite and j > 0,

HBj,~H§Z < oo |l |IP o < coRP2—IP(a+1/2=1/p)

p,00 —
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When p = oo and j > 0, we rather have,

185152 < exo (Z m) 18512971

kEZ
< g R2a-D9—ila=1)2a+1)

In both cases,

(7) ZQ(J'/2)(1—1/4) ”ij'”Qq < e R,
§=0
where r = p/(2q) if p is finite, and r = 1 — 1/q if p = co. We conclude by (6). O

Proof of Lemma 3 when p > 2. By choosing K; =0 or K; = Zj,

R2<me E Z szk , ’f i)

keZ;

It follows from Lemma 23 of [Sar23] that

8) E [yijy} < e Mnf290-0),

By using a suitable version of Holder’s inequality — see [CVNRF15] — we get
> B < eallB 2 |2 P,

k‘Eij
When p # 2, we deduce from /f € WB; (R),
Z B?k < C2R22—2j(a+1/2—1/p)’zj’1—2/p.
k‘Eij
This last inequality is also true when p = 2 and /f € By . (R). We deduce from (8) and Jensen’s
inequality,
Ry < c3 Z min {]\4”—(1—9)21(1—9)7 R2M1—2/pn9(1—2/p)2—]’(2a+9(1—2/p))} )
j=0
It remains to compute the right-hand side of this inequality to prove the result. O
Proof of Lemma 3 when p < 2. We set for j > 0,
I?j:{kezj, ]27]621/71}
and observe as \/f € WBy (R),
u}]’ < pP/2 gro—irlat+l/2-1/p)
By using a classical inequality in weak spaces, see (35) of [Sar23],
Z ﬁjk < ¢yn~1=P/2) gpo—ip(a+1/2-1/p)
keZ;\K;
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Therefore,

= | E]z; Flloe. (171/F:
RQSCQme %J@ Z ]2k+’ ; g+§l il /1K)
=0 keZ\K;
By doing as in the preceding proof for the first term, and by using Jensen’s inequality,
Ry < c3 Z min {Mn—(l—e)Qj(l—G) ’ n~(1=p/2) ppo—ir(a+1/2-1/p) log., (MR_png_p/Q2jp(a+l/2_0/p)> } ‘
=0

Elementary computations allows to bound the right-hand side of this inequality from above (see
Lemma 30 of [Sar23]). O

3.3. Proof of Theorem 3. Let £ > 1 be the smallest integer such that (—2¢,2¢) contains the
supports of ¢ and 1. We consider two integers j > —1, jo > 0 such that 270t7=¢ > 12. We
define £ > 1 as the smallest integer satisfying 1 4 2k 2723'0*]' —t=1 and k > 1 as the largest integer
satisfying 4k + 2k + 1 < 29017~¢, We endow D = {0, 1}* with the Hamming distance A defined for
all 6,8 € D by

k
A(8,8") =" |6k — .
k=1

We consider b > 0 and set for § € D,

2 3
hs =b Z Ok} 2041 (k) T Z 1 — Ok 0041 (k)
k=1 k=1

Let go € By . (Ry,) be a compactly supported density on [0,2] satisfying inf,e[/2,1) go(x) > 1/4
and ||golleo < 1. We then consider k = 4max {2'/2||@||o, [|%]|oc } and set for z € R,

g(z) = Kb22go(2770).

Let ¢ be a density, compactly supported on (—1,0), bounded by 1, and such that /¢ € B5  (R/ max{2/7,2}).
We put

1= [ (96a) + hs(2))* i,
and define for z € R,
f3(@) = (1= q)¢(x) + (9(x) + hs(x))?.
We now state:
Lemma 4. There are a1, a9, as,aq such that if
p29do+j < a
p23/29d0(1/p—a) < asR
podo/poila+1/2) 150 < azR
b?0219910 < a4 M
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then, fs is a density belonging to To(M) such that \/fs € BY (R). If b21/2210/P < qoR, \/Ts €
By (R). For all |z > 1,
x| £ (z) < asM,
and for all §,8' € D,
W (f5, f5r) = agb® A(6,4").

The terms aq, as, as, a4, as, ag above are positive and only depend on gg,p,0 and the wavelet basis.

The proof of this lemma is given after the present proof. We define
Fhpo(RM) = {f5, 5 € D}.
It follows from Assouad’s lemma — see [Bir06b] — that if b* = 1/(2agn),
R(g&,p,G(R7 M)) > Con_12j0+j7

where ¢y only depends on the wavelet basis, gg, p, . It then remains to choose j and jg.

We first suppose either 6 < p/2 or § = p/2 and R > MY?. We then define j > 0 as the largest
integer such that
2j(1+2a—29/p) < R2M—2/pn1—29/p'

We then consider ¢; small enough and the largest integer jo > 0 such that
2J0 < can‘gQ_jG.
We may check that the conditions of the lemma are satisfied.

We now suppose § = p/2 and R < M /P We set j = —1, consider ¢y small enough and define
jo > 0 as the largest integer such that 270 < ¢;Mn?. All the conditions of the lemma are met, hence
the result. O

Proof of Lemma 4. First, observe that

g<2 Ug?(x)d:c+/h§(m) dx}

is not larger than 1 if we choose a; appropriately. This entails that fs is a density.

We have supp hs C [2079(2k + 1),279(4k + 2k + 1)] C [2%071,20], supp g C [0,2%F!] and
g(z) > ||hs||so for all x € [270~1 20]. We deduce g + hs > 0 and

Vis(@) = V(1= q)C(x) + g(@) + hs(2).

We also have
hs € BS. (bgl/p2j(a+1/2—1/p)1j>0> NBa (b%l/p2j(a+l/2—l/p)> 7
g€ By <clb2j/22j0(1/p_a)) N8BS . (Clb2j/22j0/p> ,

where ¢; only depends on gy and the wavelet basis. Therefore, we may consider as and a3 so that
Vfs € BS o(R). If the supplementary conditions are fulfilled, \/f5 € B5 . (R).

Note that ¢ belongs to To(M/2) if M is large enough. Besides, h? € Ty(||hs||20(270F! + 1)), see
Lemma 2.1 of [CL20]. A similar result holds true for g2 and hence f5 € Tg(M) if a4 is small enough.



OPTIMAL ESTIMATION UNDER HELLINGER LOSS 15

As to the Hellinger distance, we have
1
W?(fs, fs) = /(ha( ) — he(2))? du,

and we conclude using that the supports of wj722+1 i are disjoint.
Finally, for all |x| > 1,
f(x) <2 (llgllz + 1s113)
< 62522j,

where ¢y only depends on gy and the wavelet basis. Since f5 is compactly supported on [—1,2/0F1],
we get

| fL () < 20T [epb227]°
< 2a4ch.
0

3.4. Sketch of the proof of Proposition 4. Let s be the map defined in the proof of Propo-
sition 4 of [Sar23] with his a replaced by 2« and his p replaced by p/2. In other words,

22] Zékl[

J =jo  kEK;

where the I, C [0,1/2) are disjoint intervals of size 277, where §;;, € {0, 1}, where |K;| = nP/241,
where jo is the smallest integer such that 270 > 4(np/ 2 1 1), where j; > jo is to be specified, and
where D = (j; — jo + 1)(n?/?2 + 1). We define for z € R,

f5(x) = ps(z) + p1-5(x — 1/2).

Note that fs is a compactly supported density on [0, 1] such that \/fs(z) = \/ps(@)++/¢1-s(x — 1/2)

and
Z 2]/2 Z 53 kl[] k

J =Jo keK;

The lemma below is proved as Lemma 36 of [Sar23] (just replace the /!—¢P inequality by Hélder’s
inequality in the first line of his proof when p € (1, 2)).

Lemma 5. For all € > 0, j1 large enough, and 6 = (§; )ik, /Ps belongs to By ().

We deduce that /5 lies in B . (R) if j1 is large enough. Now, for all §, ¢’ of the form & = (),
& = (& )k
7,k/3:k

Ji
R s ) = 5 3 3 Ik~ 8

J=jo k€K

We conclude by using Assouad’s Lemma (see [BirO6b], Lemma 2) and by taking j; large enough. [
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