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Abstract

Based on recent ideas, stemming from the use of bubbles, we discuss an al-
gorithm for the numerical simulation of the cubic nonlinear Schrédinger equation
with harmonic potential in any dimension, which could be easily extended to other
polynomial nonlinearities. For the linear part of the equation, the algorithm consists
in discretizing the initial function as a sum of modulated complex functions, each
one having its own set of parameters, and then updating the parameters exactly
so that the modulated function remains a solution to the equation. When cubic
interactions are introduced, the Dirac-Frenkel-MacLachlan principle is used to ap-
proximate the time evolution of parameters. We then obtain a grid-free algorithm
in any dimension, and it is compared to a spectral method on numerical examples.
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1 Introduction

We are interested in approximating numerically the solution (¢, z) to the cubic nonlinear
Schrodinger equation with harmonic potential,

iOp + Dt — [zPp = ¥[Y]?, 2 €RY, (cNLS)
where d > 1, | - | denotes the usual Euclidian norm over R%, and A, denotes the Laplace
operator over R%: A, = 2% | 8;_. This equation is also sometimes called time-dependent

Gross-Pitaevskii equation [CCP 00, BIMO3, Wanl7, TTK22]. We focus on a cubic non-
linearity for the sake of clarity, but we emphasize the fact that everything we present is
also applicable to other types of polynomial nonlinearities, mutatis mudandis. Similarly,
the extension to the equation (1.4) — which is (¢NLS) without the harmonic potential —
is also straightforward.

Very recent works [MR18, FR20] suggest to discretize the solution ¢ of (cNLS) as a
sum of N modulated functions, which write as:

Y(t,z) mut,x) =) u(t,x), (1.1)

1
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where

de L 1
Aj 5 dt = L2
u;(t, ) = ﬁe’”jerjﬁfgj_l%‘yﬂgvj(sj,yj), with . _JXA (1.2)
J J
yj = ——,
L

j
and NV € N*. In the cited works, the modulated functions w; are called bubbles. Through-
out this work, we may refer to the variables (s;, y;) as the modulation frame of the bubble
labelled j.

The time dependence of the parameters A;, L;, B;, X;, B;,v; has not been written in
(1.2) for the sake of clarity, but it is one of the main ingredients of the approach. More
precisely, the core idea is to plug the ansatz (1.1) into (cNLS) in order to obtain ODEs
for the parameters.

The idea of relying on time-dependent parameters to represent the solution, or an
approximation, is not new and has been widely studied in the linear case, i.e. when the
cubic nonlinearity is replaced by some multiplication with a potential. When the v; are
chosen as Gaussian functions, it has been called Variational Gaussian wave packets and
extensively analyzed by Lasser and Lubich | |, where they applied the Dirac-Frenkel-
MacLachlan principe (DFMP) to the linear Schrodinger equation with potential.

More generally, this type of method using Gaussian functions is widely used in the
field of Chemical Physics | , , , , |. The different meth-
ods used are variations of the same idea, and possess many names: superposition of
Gaussian Wavepackets, Gaussian beams, Thawed Gaussians, Frozen Gaussian...All of
these algorithms simply consist in applying a Dirac-Frenkel-MacLachlan principle to lin-
ear Schrodinger equations, the difference lying in how the parameters are updated. For
example, the Thawed Gaussian method allows the width matrix to be time-dependent
while the Frozen Gaussian does not.

Let us now explain the main ideas underlying the full modulation (1.2) — developed
in various works, see for instance | , | and the references therein — and why it
is particularly adapted to the nonlinear case.

Consider for instance the case of one bubble, i.e. N = 1. When plugging the ansatz
(1.2) into (cNLS), we obtain an equation of the form

10,0 + Ayv — |y|*v — [v|*v + P(s;y,0,)v =0,

where P(s;y,0,) is a quadratic operator in y and 0,, which depends on time s through
the parameters (A, L, B, X, 3,7) and their time derivatives with respect to s. See (2.5)
for more precise detail. It is then possible to choose the parameters in such a way that
for instance P(s;y,0,)v = —Av for some A € R, and to take v as a soliton solution of the
stationary equation

— Ay + Jy|Pv + [v]*v = A, (1.3)

This yields a differential system to be solved by the parameters (A, L, B, X, 3,~) which
is given below by (2.10). It turns out that these equations form a completely integrable
Poisson system that can be solved, and the solution for a single bubble can be thus taken
as a modulated soliton.

In other words, taking v; = v when N = 1, a solution of the nonlinear equation (1.3)
yields an exact solution u; = w under the form (1.2) of (cNLS).
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This kind of approach has been used successfully in various situations from a the-
oretical point of view, see | , , , | and the references therein.
Typically, when N > 2, several modulated solitons interact and this can produce finite
time blow-up of growth of Sobolev norm phenomena. A large part of the analysis relies
on the ability of calculating nonlinear interactions between two modulated solitons. This
can be done for instance in an integrable situation, e.g. the Szegd equation | ].

Another byproduct of these modulation techniques in 2D is to make a link between
(¢NLS) on a finite time interval and the Schrodinger equation without harmonic potential

i0s) + Mgt = YUY, x € R? (1.4)

on an unbounded time interval. In this case, the modulation equations generate the so-
called lens transform, see for instance | ]. Note that our algorithms could be also be
applied to the latter equation but we will restrict our analysis to the Harmonic case. Let
us note as well that such modulation techniques can also be related with the families of
exact splitting introduced in | ], where the time coefficients can be seen as specific
time changes s in the modulation equations.

Inspired by these successful theoretical works, we retain the idea of approximating
solutions to (cNLS) by modulating the parameters A;, L;, B;, X;, 3;, 7; in such a way
that v;(s;, z) satisfies a smoother in time equation — typically a stationary soliton equation.
However, from the numerical point of view, choosing the v; as stationary solitons would
require first to solve explicitly the nonlinear equation (1.3) and more problematically, to
estimate numerically the nonlinear interactions between the modulated solitons by using
the Dirac-Frenkel-MacLachlan principle. The latter consists essentially in a projection
onto the manifold of modulated solitons, which is in practice very difficult to evaluate
numerically. Moreover, one is naturally interested in using a splitting strategy between
the linear and nonlinear parts, which would typically destroy the soliton structure in the
equation. Following this idea, we split the Schrodinger equation (¢cNLS) into the linear
part

00 + Agtp — a2 =0, (HO)

and the nonlinear part
100 = Y|Y|°. (¢NLS-nonLin.)

The linear equation (HO) is also called the Harmonic Oscillator. Traditional well-known
numerical schemes are based on this abstract decomposition and it is easy to deter-
mine high-order splitting methods obtained by solving alternately the linear and nonlin-
ear parts, like Lie, Strang Splitting or triple jump composition, see for instance | ,

, |. However, the approximation of the solution to each of these two parts
remains to be done using time and space discretizations. They are traditionally solved us-
ing grid-based numerical schemes (see for instance | : : : , D-
The computational complexity of grid-based methods is always an issue due to the bad
scaling with respect to the dimension. Fortunately, using the modulation techniques given
above, the solution to the linear part (HO) can be simulated exactly, in a straightforward
manner, and very efficiently by considering Hermite decomposition of the functions v;.
The computational cost for the simulation of the linear part only is O(N - d) — recall N is
the number of bubbles and d the dimension — to be compared with grid-based complexities
of order O(M?) where M would be the number of discretization points in each dimension.
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To approximate the solution to the nonlinear part (¢cNLS-nonLin.), we use the Dirac-
Frenkel-MacLachlan principle. In theory, when the v; are finite sums of Hermite poly-
nomials, the calculation of the interactions boils down to the computation of integrals of
products of Hermite functions in different modulation frames, which a priori can be done
in a systematic way. In practice, these computations can get heavy and to simplify them
we will give the explicit result of the Gaussian case in this paper.

In the end, we thus obtain an algorithm for modulated Gauss-Hermite functions,
which can be easily implemented numerically, is grid-free, and is also able to capture high
oscillations of the solution.

The paper is organized as follows. Section 2 is devoted to (HO) for a general bubble
decomposition. We recall some conservation laws obtained when considering bubbles in
(cNLS), and exhibit universal modulation equations which have a completely integrable
Hamiltonian structure (see for instance | , | for more details about completely
integrable Hamiltonian structures). Analytical formula for all of the modulation param-
eters can then be made explicit by decomposing the v; into the Hermite basis.

We focus in Section 3 on (¢NLS-nonLin.), which takes into account cubic interactions.
The nonlinearity that is introduced is the core of difficulties arising in the Schrodinger
equation, and it is hopeless to look for exact solutions in the general case. The proposed
approach uses the Dirac-Frenkel-MacLachlan principle to obtain modulation equations in
the case of Gaussian functions v;. The choice of Gaussian functions allows to perform
most computations exactly, and to avoid numerical quadratures or delicate calculations of
integrals of multiple products of Hermite functions. This allows us to take into account as
many bubbles as one desires at the cost of a computational complexity of order O(N*d +
d®N?). Here, N is the total number of bubbles and d the dimension. The fourth power of
N is due to polynomial interactions of order three. This algorithm almost does not suffer
from the well-known “curse of dimensionality” since it is at most polynomial with respect
to the dimension d.

Finally, Section 4 is dedicated to illustrating numerically the fine details that are
obtainable with the Dirac-Frenkel-MacLachlan principle, as well as the long-time behavior,
compared to a FFT-based spectral scheme. Our experiments show that, if the initial data
is discretized “nicely”, the given algorithm yields satisfying results.

2 The Harmonic Oscillator

In this section we focus onto the linear part of the cubic Non Linear Schrodinger equation,
namely the Harmonic Oscillator (HO).

2.1 Conservation Laws

We recall classical laws for the Harmonic oscillator equation (see for instance [ ,
]). Let ¢ be the solution to (HO).

Lemma 2.1 (Conserved quantities in dimension d = 2). We consider a two-parameter
family of equations containing (HO) and (cNLS):

00 + (A — [220) = AP, A € R,
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The (radial) conservation laws are mass ||¢||L2, energy

A
By =5 (HY, ) + 5 (0P ),

where H = —A + |z|* and (f, g) := Jza [§, and momentum
5 N2
My = (B = pllovlfta)” + 2 (S [0 V)

and the same applied to any power (—H ). There also holds the non radial conservation

law
1 N2 2 )
Py= (3 fowd) +u ([alul), j=12
Proof. See Appendix A. m

2.2 Renormalized flow

By linearity of the Harmonic oscillator part, we can reduce the problem to calculating
the evolution of the decomposition (1.2) for only one bubble v;. Recall the expression of
u(t, x):

x—X(t) ds 1

A iLgy—iB
U(t,ﬂi‘) = Zew—HLﬂy EIle”(&Z/)? Yy = L(t) ) a = L(t)2 (21)

We compute, in dimension d > 1:

Ae™
Aygu = I

and

i B B
Oy [ePvi Iy | = eibAu=idl [aku+¢<LBk—2yk) v}, k=1,....d (2.2)

and

o2 [eiL,B-yfi%\ylzv} _ oiLBy=iFly?

B B B B
x |Ofv 4 (Lﬁk - ka) OV — i§U +1 (Lﬁk - 2yk) {akv +1 (Lﬁk - 2%) U”

I B B?
= LBy gl la,zv + i (2LBx — Byy) Opv + (—z’2 — L*B} + LBByyr — 4y,3,> v] :

Hence,

Ayu = éeiw-iLﬁy—i% |y|2v

13
. B 2 012 B*
X |Ayv+1i(2LB — By) - Vv + —Z;d—L|ﬁ| +LBﬁ~y—Z\y! vy .
We have

—|z]Pu = —?e””myif'“ Ly + X|*v
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A L. .
_ ﬁew—HLB-y—z%\yF (—L4|y\2 . 2L3X Ly — L2|X|2> v

thus

(A, — ’I|2)U =

A . . .B 2 d
iy+iLB-y—i< |yl o = 12 2 2
Sebrituifl {Ayv iB (21)—1—/\11) L (I8P + | XP) v

(2.3)
2
+2iL3 - Vv + (LBﬁ - 2L3X) “yv + (—i - L4> |y|2v} :

where we denoted Av := y - Vv. We now compute

dyu = 8, (ez’y-‘rlﬁ'(x—X) 4L2 lz—X|* 42 7 (s,y))

_iiB (o= X)—i-By o XI2A[ A L X ]
e 81}—|—Av L(U—I—Av) 7 Vo

ir+i (o= X)—i By - X PP A

+e L w
X |+ P (z—X)—pB-X; — 4L2\x—X|2
2L, B , 2B
+ 2 e = X + 2o — X) -Xt}
ot 2 A A, L, X,
= XX g St = S 0 Aw) - 22 W}
o A
+ ez’Y-H,B'(:c—X) 4L2 |z— X|2 - v
B 2L.B B X
s L s ° - . XS — 78 2 s - . 8:|
X Vs + LBy —f 4Iyl+ toY T
and hence
o ) 2 A A L, L.
iOpu = X il X {z'asv (Y B X v+ (A N L) o= il

—i& - Vo + ( LB, —

o) e (3 55) )
L yor\y To)WYy

This yields

10+ Agu — |z)°u = éei'yﬂ'w'y’i%y|2 {i&sv + (—”ys + 8- X, — L? (|6|2 + |X|2)) v

L3

A, Ly d\ . L, . . X,
+ (A_L_B2> 1w + <—L—B>1AU+Z<2L5—L) - Vo
4 (—2L3X + LBA — Lj, — f)z) o

+ A+ ﬁs — (i +L4> — SH lyl*v }(S»’y)'
(2.5)

Once we have Equation (2.5), we are free to choose the parameters as we wish. A
natural choice is to conjugate the equation back to the original one in variables (s, y), i.e
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to take
Vo= B X+ L2 (1B + X)) =0

A, L, B
S _d=0
A L 2

L
_ 3 _B=

g (2.6)

X 2.6

2L —=="=0

p L

BX,

— 213X 4+ LBB — Lf, — 57 =0

B, (B BL
e ) A e
4 <4+ ) 2 L

Certain choices may be more convenient than others, and (2.6) is chosen so that v
only has to solve the stationary Harmonic Oscillator in the variables (s, y):

(10, + Ay — |2[P)u(t,z) =0 = (105 + A, — |y)*)v(s,y) = 0. (2.7)

Now we see that if v is decomposed in the Hermite basis, we can solve explicitly the previ-
ous equation in variable (s,y) and obtain the solution wu(¢, ) after solving the differential
system (2.6).

Any function statisfying equation (2.7) can be decomposed in the Hermite basis

{gpn ::Hnl---Hnd:nENd},

where the function Hy(z) denotes the Hermite function of order & € N, which satisfies
the following diffferential equation:

H!(2) + (2k +1 — 2% Hy(2) = 0.
A straightforward calculation shows that
(=Ay + [y*)en = (2[n] + d)pn

where |n| := 3-¢_, nj. Hence from a decomposition

v(0,y) = > vapa(y) (2.8)

neNd

with v, € C, we calculate that

(s, y) = D vpe” CMEDEQ, (y) (2.9)

neNd

is solution of (2.7). It remains to obtain u(t, x) solution of (HO). In order to do this, one
simply needs to integrate (2.6) (which is independent of n in the Hermite decomposition),
and to plug (2.9) into (2.1). In particular, we need to calculate the time s(t) as a function
of the original time t.
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2.3 Integrability of the modulation equations

We rewrite (2.6) as
AB

L, =—BL
_ 4 2
X, =2L*3
Bs = —2L*X
e =L (18P - 1X]?) .

In time ¢, as = = L2 this system is

s

AB
At*ﬁ(d—@
B
4 , B? 2.11
Bi= =5 +AL? = 75 = 2L0E (2.11)
By =—2X = —VxR
v =181 = 1X]%,
with
]_ _B2 2 2 2
EB,L)= 3 |1+ | +17 and R(X,5) =X+ 5"

Let us write explicitly the Darboux-Lie transformation associated with the previous
Poisson system, to obtain canonical Hamiltonian coordinates. We set

1
k= §logL7 L =eé*,

and the system becomes

]{ft - —aBH

Bt - 8kH

Xt - VﬁH

By =—-VxH (2.12)
A = AzB(d —2)e 4

% =81* = |X]%,

with
2

H(k,B,X,B) =E(k,B)+R(X,3) =e (Ejl + 1) + e 1 X124+ |81%
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Lemma 2.2. There ezists a symplectic change of variable (X, B, k, ) — (h,a,&,0) €
R x RY x [0,27] x [0,27]¢, such that the Hamiltonian in these variables is given by

E(h,a,§,0) = 4h + 2|al*, (2.13)

so that the flow in variable (h,a,&,0) is given by

a(t) = a(0),
6(t) = 0(0) + 2t,
h(t) = h(0), (2.14)
§(t) = €(0) — 4t
We have the explicit formulae:

a0 = a0 (£5)

e = L(t)% = 2h(t) — cos(E(t))\/4h(t)? — 1,

B(t) = 2sin((t))/4h(t)? — 1,

X;(t) = sin(6;(t))\/2a:(t), i=1,...,d,

Bi(t) = cos(0;(t))\/2a;(t), i=1,...,d, (2.15)

[sin(26,(t)) — sin(26,(0))]

2
s(t) = —farctan <<2h )+ J2h(0)% — ) tan (5(2@ _ 2t>>
+ ;arctan ((2h(0) + W) tan (5(20)» + mtg,

where, if mg € Z is such that &2 € mor + [ z g} then my € Z 1is defined by %

2
(mo — my)T + {—g, ﬂ .

The proof of this Lemma is given in Appendix B. If one knows the parameters
(A, L, B, X, 3,7), it suffices to apply (2.15) in order to update them. Then we com-
bine these expressions with the decomposition (2.9) and the expression of s(t) to obtain
the expression of u(t, x).

In practice, one knows the bubble’s parameters and needs first to obtain action-angle
variables. We have the following result:

Lemma 2.3. The change of variables (L, B, X, 3) — (h,a,&,0) is explicit, and at time
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t =0 we have

ai(0) = 5 ( (0 + B,
:(0)

6;(0) = arctan (

)

Bl (2.16)

(0) ) v,

h(0) = L(0)* +1;r

AL(0)2

B(0)

£(0) = arctan <4h(0) — 2L(O)2> :

whenever 0;(0) and £(0) are well-defined. When any one of them is ill-defined — which
happens when X;(0) = 5;(0) = 0,7 € {1,...,d} or when L(0) = 1 and B(0) = 0 — any
value can be taken and the time-evolution of A(t), L(t), B(t), X (t), 8(t) and v(t) will not
depend on the value. Moreover, in the cases where a;(0) =0, i € {1,...,d} or h(0) = 3,
the formula (2.16) for 6;(0), i € {1,...,d} or &(0) are ill-defined, but any value can be
taken as a substitution and this will not affect the behavior of the mappings t — ~(t) and
t— s(t).

The proof of Lemma 2.3 is given in Appendix C. Note that to define £(0) we could
also use equation (B.3), but this is not appropriate from a computational point of view.
Some more details are given in Remark 2.1.

Using Lemmata 2.2 and 2.3, we are now able to obtain a straightforward numerical
algorithm which simulates exactly the evolution of bubbles according to the Harmonic
Oscillator on a time interval [0, 7. It is described in Algorithm 1.

Algorithm 1 Solving the Harmonic oscillator with Bubbles

for j=1,...,N do > j denotes a bubble’s index in (1.1)
Use (2.16) to get the action-angle variables (h,a, &, 0) at time 0.
Use (2.14) to update the variables (h,a,,0) up to time 7.
Use (2.15) to get the parameters of bubble u; at time T'.
Use (2.9) to update the Hermite decomposition of the bubble.
end for

Remark 2.1 (Numerical considerations). Here are a few remarks about Algorithm 1:

o When applying equation (2.16) to obtain the action-angle variables from the bub-
bles’ parameters, it is advised to use the function arctan2(y, x) instead of arctan(y/x)
because it allows to obtain an angle lying in (—, 7] instead of (—7 /2, 7/2] by tak-
ing into account the signs of both x and y. This is also the reason why we do
not define £(0) by (B.3). Moreover most numerical implementations of arctan2
return a finite value for arctan2(0,0), which avoids the manual tuning of a nu-
merical threshold to know whether a;(0) or h(0) vanish numerically or not. We
recall that in this case the exact value returned does not impact the behavior of

= (L(1), B(t), X (1), B(2),~(t), s(1)).

o The family {gpn =H, ---H, :n=(ny,...,ng) € Nd} is an orthonormal family of
L2(R%), hence the discretization of any initial condition is done by calculating (or
choosing) the Hermite coefficients of the functions v; in the decomposition (1.1).
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o The algorithm yields an exact solution as soon as the initial data is a sum of bubbles.
If not, then the only error committed is the discretization error when approximating
the initial condition ¢ (¢ = 0) by the ansatz (1.1).

o This numerical algorithm does not need any discretization in time nor in space.

« The solution obtained is the ezact solution of the equation (HO) defined on the
whole space R?, and no numerical boundary conditions are needed.

3 The Dirac-Frenkel-MacLachlan principle

In this section we consider the Schrodinger equation (cNLS). As it has been explained
before, the equation consists in two parts: the linear part (HO), and the nonlinear part
(¢NLS-nonLin.). Section 2 was dedicated to solving the Harmonic oscillator, namely the
linear part. We are interested now in solving the nonlinear part, and as it is usually
done for numerical simulations, we will use a splitting method (see for instance |

, ]). This will allow us to solve (¢cNLS) by solving separately (HO) and
(¢cNLS-nonLin.), one after the other. By doing so, a splitting error is made, which depends
on the timestep At, and the order of the error depends on the specific splitting method.
It is also possible to apply high-order splitting methods.

We focus on approximating numerically the solution to (¢NLS-nonLin.):
0 =[],

We are free to use any method we want, but one has to keep in mind that Algorithm 1
solves (HO) exactly when 1 is expressed under the form (1.1), i.e. as a sum of bubbles.
Therefore we would like the approximate solution to (¢NLS-nonLin.) to keep this par-
ticular form. This naturally calls for the use of the Dirac-Frenkel-MacLachlan principle
(abbreviated DFMP). For more details, see | , Sect. 3.

In theory, the calculation can be performed in a very general situation, when all the
v; involved in (1.1)-(1.2) are given in terms of Hermite polynomials. In essence, the only
difficulty lies in the evaluation of general integrals of products of Hermite functions in
different modulation frames, which can be done using generating functions techniques for
instance. Another alternative would be to use nonlinear solitons and rely on numerical
evaluations of the corresponding integrals.

In the remainder of this paper, we will consider the primary case by considering M
be a manifold of complex-valued Gaussian functions:

. 2+'LB
N A; titib(e—X5)- X2

‘ —
112
u(z) =>» —e i

1 L ’

A;,Bj,v; €R, L e R%, X;, 3 € R

M= {u e L*RY) (3.1)

y)?

Remark 3.1. Note that the functions e™"2~ are simply ¢, 0)(v) = Ho(y1) - Ho(ya),
hence we can use Section 2.3 for the linear part.
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We look for a function u € M that solves (¢cNLS-nonlLin.) on M. More precisely, u is
defined such that its time derivative lies in the tangent space of M at u, 7T,)M, and such
that the residual of equation (¢NLS-nonLin.) is orthogonal to the tangent space. That is,

dwu(t) € TywyM,  such that
(f,i0u(t) — u(t)[u(t)]*) = 0, Vf € TymM.
Remark 3.2. The definition of Oyu(t) via (3.2), initially proposed by Dirac and Frenkel

[ : |, has been later criticized by MacLachlan | |. He proposed an alter-
native approach, which would consist in minimizing the quantity

idyu(t) — [u(t)Pu(t)][".

However, the two formulations are equivalent if the tangent space 7, M is C-linear
[ ]. This is the case here because multiplying by the complex unit i simply
amounts to y; — ; + 5. Therefore, the approaches by Dirac-Frenkel and MacLachlan
are equivalent.

(3.2)

Let By be a basis of Ty)M, then (3.2) is equivalent to
Oyu(t) € TywyM,  such that
(Fi0w(t) = (f u(®) (), V1 € Buy.

A family (which may happen to be linearly dependent) spanning the tangent space 7, )M
is given by

(3.3)

2
lyjl

. y|2 ) ly;1? , ly;1? A
By = {elfj(yj)—z’ (yj)lelfj(yj)—yJT7 — (yj)dezfj(yj)—yJT7 |yj|2ezfj(yj)—7

= {bﬁl,bj’g,. .. 7bj,d+17bj,d+2 j = 1, .. 7]\[},

where we defined B
Ui(y;) ==+ LB -y — Zj|yj|2-
Thus, (3.3) is equivalent to
(iOu(t), b)) = (ulul>,b;,), F=1,....,N, l=1,....d+2 (3.5)

The next step consists in expressing (3.5) as a linear system involving the parameters
of the bubbles and their time derivative. We then solve the linear system, which yields
ODEs on the parameters that we can integrate numerically. The main advantage of this
approach is that it guarantees to keep the approximate solution of (¢cNLS-nonlLin.) as a
sum of N bubbles.

In order to obtain the linear system, we first have to get the expression of i0,u(t) when
ly|?

v(y) = e~ "2 : by summing (2.4) over j = 1,..., N, one has

T ] {W <i<Lj>s _Bi(Lys <Bj>s>

272 L, 2L, 1
~(Xj)s Bj
Ty <—Lj(5j)s T 2Lj(Xj)s> (3.6)
A ,
w5 () - .
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More concisely, we have

Oy =S A ar e () | g0
latU—ZL36 {|yj| (EJ +iF )
j

Jj=1

J J
+ (B +iE?)} (3.7)
N .
=> 7 {bia (B +iE) + by (B +iEY)
j=1"7
ot bjap (B +iBDD) 4 b (B +iE) )
where
) ._ @ _ (A)s  (Lj)s
E] - 6_7 ' (X])S - (7])57 E] — ffj - [/]j 5
B ooy (X))s
BV = —Li((B)0)s — - (X))e BV = SEEE i=1d (38)
J J
B® . (Bj)s  Bj(Lj)s E© . (L;)s
J 4 2L; J L;

and where E](k)(1 """ 9 denotes the vector (Ej(k)(l), ey Ej(k)(d)). We recall the subscript
denotes the derivative with respect to time s.
According to (3.5), we then want to project i0,u(t) against every element of By). We

obtain the following linear system:

AE = 5, (3.9)

where

<b1,1, b1,1> <b1,27 b1,1> ces <bN,d+17 51,1> <bN,d+27 51,1>

A = € Cd+2N,(d+2)N

(b11,bNd+2) (b12,bNa+2) - (bNa+1,0nar2) (On.dto, ONd+2)
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E:= : € RUHAN,

A*N(E](\})—FiE](\?))
N

3)(1 .41
ax (EO0 4 i)

ay ( EO@ 4 Q@)
N
5 . (6
& (BN +iEY)

and
(ulul?,by11)

S = : € CU+2N,
(ulul?, by.a+2)

The matrix A is the Gram matrix of the family B,), which obviously depends on
time. In order to solve the linear system (3.9) we shall use the Moore-Penrose pseudo-
inverse which always exists, and which corresponds to the Least Squares solution if the
matrix A*A is invertible. The matrix A is invertible if and only if B, is a linearly
independent family of IL?(R%). We can already notice that if two bubbles have the same
parameters then the family will be linearly dependent: this is why the Moore-Penrose
pseudo-inverse is used instead of A~!, which is not always well-defined.

Once the linear system (3.9) is solved, we obtain E, from which we can update the
modulation parameters. In order to solve numerically the linear system, we shall rewrite it
under a more convenient form. Let Ag := R(A), Ag := F(A), Ex := R(E), Eg := J(E),
Sy := R(S), and Sg := I(S). Then, (3.9) writes:

AgrEn — AgEg = Sy

A§R —Ag EéR o S?R
“— (Ag Ay ) (E%> = (S%) . (3.10)
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It is more convenient to solve (3.10) than (3.9), because we only have to deal with real
matrices and vectors.

Remark 3.3. We first tried to solve (3.9) using the Moore-Penrose pseudo-inverse, however
it yielded incomprehensible results. After some investigation, we found out that the issue
seems to be the complex numbers involved, and that they do not mix well with the
pseudo-inverse. The linear system (3.10) yields much better results.

Once (3.10) is solved, we have to update the bubbles parameters according to (3.8).
The parameters of the bubble labelled j can be updated with (Eg), and (Eg); for k =

(d+2)(j—1)+1,...,(d+2)j. For the sake of clarity, let F := g% . Then
WM FO
ey (Eg)(a+2)(-1+1 F(a12)(-1)+1 o
, (En)(ar2)G-1)+2 Flata)-1)+2 i
()@ (3)(d)
Ej . (Ex) (d+2)(j—1)+d+1 Flai2)G-1)+dn F; 5
A | E; _ | E)@s2)-1)+d+2 | _ F(d42)(j—1)+d+2 |5
L3 E](-Q) (Es)@+2)(-1)+1 Front@roG-1)+1 Fj@)
EDO (Es)(a+2)(-1)+2 F(ar2)N+(dr2)(-1)+2 FOW
E(A;)(d) (Es)(d42)(j—1)+d+1 F(a42) N4 (d+2)(j-1)+d+1 F(Ai)(d)
é(ﬁ) (Eg)(dt+2)(j-1)+d+2 F(a2)N+(dr2)(j-1)+d+2 ;71(6)
J J
Bi - (X3)s = (75)s a0
—L;(B))s — ﬁ]j(Xj)s F(3)gl ----- d)
Rl N o
= (). _ (L), =3 % 2)
Aj L; J PWJ
(x,). @)
L.
(L))s a0
I, J
Hence
1
B] (X])S - (%)s = F]( )7
B 3)(1,nd (2) | 7(6)
Li(B)s = 57 (Xj)s = EP, (47)s = 4; (B + £,
J
N — 7. F©
(Bj)s _ Bj(Lj)s _ 7 (Ly)s = LiFy™,
4 e, (B))s = 4F” + 2B, 1",
AJ>5 _ (Lj)s _ F(2) <~ (Xj)s _ LjF}M)(l ..... d)7
. i
4 L; (3)) _iF(s)u ..... d) &F@)u ..... d)
(X])s _ F(4)(1 ..... d) 178 L] J 2LJ J ’
L; ! ’ H(1,...d 1
(L (%3)s = LB - F{D — FJY,
J/s F(G)
L, i
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and with respect to time ¢,

4 ), 2 (6)
(Bj)s ﬁFg + ﬁBJFJ )
13 o d)] (3.11)
(Xj)s =_—F; )
L
I 3y, Bj o@)1,..d)
() = g {0 = T 00,
J J
1 H(1,....d I _a
(V)s = fﬁj ' Fj( S _ ﬁF’]‘( ),
J J

3.1 Computing coefficients of the linear system (3.9)

In order to be able to compute A and S, we give the exact expression of the inner products
involved. For j,l=1,..., N, let

2+iB;  2-iB,
z =
4137 4L%
_ XZ+X
ntn (3.12)
B, B, .
— i X, Ty
, 2+1B; 2 —
C:exp{z(%—yj)_w| 2 - 4L2 ’X|2_@5l X +1i8; - X }

Those quantities obviously depend on the indices j and [, but for clarity we do not write

explicitly these dependences since they are pretty clear. Then, for n,m =1,...,d,
(b1, bia) = CF(€)

(bin+1,0j1) g ( ) (&)

(s bin) = I (|:v|2f ~ 2%, 27 + 1XF) (©
(et i) = 7 - [t = (00unf = (] + (40,507 )
(s bymen) = o= [P =20 2] + X ]

(X))l BF 4 20) X0 - f — [ X2 (X)mf | (€)

(bra+2, bjar2) = L,QCL§ [o1f — 2X; - [ePaf + | X, P[e2f - 2X; - alof2f
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d
+4 > (X)a(X; )mxnxmf 21 X2 X - i

n,m=1

HeP X1 = 21X P X - 2 f + | XX ()

Moreover, we recall that A is hermitian, so the above relations allow us to obtain all
We now compute the components of the vector S. For j, k., I,m=1,... N, let

Cs = exp{i (Ve + % — Ym — %)}
xexp{z(ﬁjX]+ﬂme—ﬁle—Bka)}

. ( B B ‘
X exp{—z <4Lg|Xk‘2+4LQ‘Xl’2 4L2 |X |2 L]2|Xj|2>}7
k l J

LAXeP | 1XP Xl | 1X)P
Cg = —= J
R exp{ 2( LI% + le + 73 + L? ,
ALAA,,

C .= 2HTm e o 3.13
LiLiL,, ® (3:13)
B, B B,
== - Mm X X = Xm J X
¢ [ﬁﬁﬁl P = 05+ 2L2 CTon T ot T a1 ]
1(1 1 1 1\ (B B Bu B
2= |-+ + -5+ ) - —
o\z " "Ly I2 AL T AL7 4L, 4L%)°
1 1 1 1
LQXH 7 72X+ o Xm+szxj.

Those quantities obviously depend on the indices 7, k,l and m, but for clarity we do not
write explicitly these dependences since they are pretty clear. Then, for 1 < r < d,

(ulu,0,,) = Y CF(&)

k,l,m

C ,— ~

<u’u|27bjﬂ“+1> = Z f (xrf - (XJ)Tf)
k,ln

(Wl byasz) = 3= 7 (IFFF =257 + X F)
k,l,m
We refer to Appendix D for more details. Moreover, Appendix E contains Table 1 which
gives useful Fourier transforms.

Remark 3.4 (Computational complexity). Throughout this section, we have chosen
vj(s5,95) = e 2l
This choice was made so that the inner products involved in the application of the DFMP
are easily computable in an exact way. Therefore we do not rely on numerical integration
to compute the coefficients of the linear system (3.9). In particular, this shows that the
computational effort required to obtain the linear system is O(N*d + N?(d + 2)?). To
obtain the total complexity, we have to add the cost of computing the pseudo-inverse of
the hermitian matrix A € CUTAN@H2IN "which is O((d + 2)3N?). This yields the overall

18 / 50



computational complexity: O(N%d + d*>N?). In a more general setting, one could use
the Hermite basis decomposition (2.8) and perform all computations exactly. This would
yield more involved computations and we chose the easy way out by experimenting only
with Gaussian functions, but this is completely doable.

We obtain Algorithm 2 which can be used to obtain an approximate solution to (¢NLS)
as a sum of bubbles, using the Strang splitting between the linear and nonlinear parts,
and using an arbitrary explicit time-integrator for the nonlinear part.

Algorithm 2 Approximating a solution to (¢cNLS) as a sum of bubbles.

for Each timestep of size dt do
for y=1,...,N do > j denotes a bubble’s index.
Use Algorithm 1 to update the bubbles over a timestep of size dt/2.
for each stage of a time-integrator do
Compute the coefficients of the linear system (3.9).
Solve the linear system (3.9) to obtain E.
Use (3.11) to update the parameters over a timestep whose length depends
on the stage of the time-integrator.
end for
Use Algorithm 1 to update the bubbles over a timestep of size dt/2.
end for
end for

3.2 Hamiltonian and norm conservation for the interactions

When solving (¢NLS-nonLin.) via the DFMP, i.e. when solving the linear system (3.9), a
Hamiltonian is conserved.

Lemma 3.1. Let u(t) be the approximation to (cNLS-nonlin.) obtained by applying the
Dirac-Frenkel-MacLachlan principle, and define

1 1
Hinteractions(t) = 1<u(t)7u(t)|u<t)’2> - Z<u(t)27u(t)2>
Then Hipteractions %S conserved, i.e.
d
&Hinteractions (t) = 07
and the 1.2 norm of u is also conserved.
Proof. We have
1 1
Hinteractions(t) = 1<u(t)au(t)|u(t)|2> = 1<u(t)2,u(t)2>,

by using the Hermitian property of the inner product (-,-). Then,

d 1d
= H : = —— 2 2
dt interactions (t) 4 dt <U(t> ’ U(t) >
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1

1 (20(000(0), u(t)?) + i (u(t)?, 2u(t)0u(t))
R (u(t)Opu(t), u(t)?)
= R (Dru(t), u(t)|u(t)*).

By definition of dyu(t), we have dyu(t) € Ty M, hence we can take f = dyu(t) in (3.2).
We obtain the following equality:

(Opu(t), u(t) u(t)*) = (Opu(t), i0pu(t)) = —il| Opu(t)||*.

Therefore,

d < 2
&Hinteractions(t) =R (_ZHatu(t)” ) =0.

Using similar ideas, we can easily show the conservation of the IL? norm: we obviously
have u(t) € Ty)M, hence

iI|U(t)H2 = 2R(u(t), dpu(t)) = 2R (u(t), —iu(t)[u(t)|)

= 2R (i(ju(®), ju(t) ) = 0

3.3 Recovering the Harmonic Oscillator equations

Suppose the family B, C L*(RY) defined by (3.4) is linearly independent, and consider
;12

the equation (HO). By summing equation (2.5) over j = 1,..., N with v;(s;,y;) =€ "2,
and letting this sum be equal to zero, we obtain an equation of the form

Z (Cj71bj71 + Cj72bj72 + -+ Cj7d+1bj7d+1 + Cj7d+2bj’d+2) =0. (314)
j=1

N
Thanks to the assumption that B, is a linearly independent family, we know that we
must have

Ck1 = Cr2 =" "= Crd+1 = Ckd+2 = 0, k= 1, ceey (d + 2)N (315)

This yields exactly the system of equations (2.10). In other words, the DFMP approach
gives the same equations as those given in Section 2.3 when B, is a linearly independent
family. However, our approach as described in Section 2.3 allows to solve them exactly
and not only numerically with some numerical time-integrator.

Finally, if the family B, is linearly dependent, then we cannot write equation (3.15)
anymore, hence the DFMP approach in the linear case fails. Our approach avoids this
issue by naturally imposing conditions (3.15) (which are the same as (2.6)).

4 Numerical examples

In this section we will assess the efficiency of the Bubbles approach with the Dirac-Frenkel-
MacLachlan approach against a spectral method in the two-dimensional case.
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4.1 Spectral scheme

We start by discussing the spectral method we shall use to compare with the results
of Algorithm 2. We refer to | ] for a general introduction to spectral methods for
the Schrodinger equation, and to | ] for grid-based schemes applied to the Gross-
Pitaevskii equation.

We now present a method which can be understood as the application of | ] toa
simpler equation, namely the Harmonic Oscillator. We use a splitting method to simulate
the linear part (HO), and thanks to | : | we have:

efit(fA+|:1:\2) 7% tanh(it)|x|2€% sinh(2it) A L tanh(it)|z|?

= e Te 2

_ o stan(lel? 3 sin(2)As ,—§ tan())|f* (4.1)

We can cite | ] which also presents a spectral method based on the Fourier transform
with time splitting, however the above method is different in that (4.1) is exact and hence
we do not have any time-splitting error.

The first and third exponentials on the RHS are straightforward to compute on a
grid. For the second one, we use a Fourier transform: ez (202 ig the propagator of the
following equation:

Ot = 1 cos(2t)A,1).

By using a Fourier transform, we get

OF ()(€) = i cos(2)F (Ay1h) (§) = —icos(2t)[€]F (¥) (€)-

Hence, '
F(h(t, () = ez CIEEF(1(0,))(€).

The RHS exponential is straightforward to compute in the Fourier space. Hence, an exact-
time spectral approximation of the solution to (HO) is given by Algorithm 3. From this,
it is easy to obtain an algorithm which simulates (¢cNLS) with interactions. It consists
in using a Strang splitting method on (cNLS), by splitting the linear part (HO) and the
nonlinear part (¢cNLS-nonLin.). The linear part is approximated via Algorithm 3, and the
computation of interactions is explicit thanks to the fact that |u(t,z)[* does not depend
on time (see e.g. | , Sect. 2.2]). This fully describes Algorithm 4.

Of course, in pratical applications one is not able to define a grid over R?. Hence,
Algorithms 3 and 4 have to be modified by defining GRID as a discretization of a finite-
volume subset of R?, typically a product of intervals in each dimension. For all of our
numerical examples, this will [-15, 15] x [—15,15], discretized using N, x N, points. In
order to have an easily computable FFT, one has to use a spatial uniform grid, which
then defines the FOURIER GRID. Special care has to be paid when choosing the number
of points: if we have Fourier frequencies larger than the Nyquist frequency, then we will
observe a phenomenon known as aliasing. This may not be problematic for the Harmonic
Oscillator (HO) depending on the initial condition, but will eventually become an issue
when simulating (¢cNLS) because it involves interactions and hence an infinite number
of frequencies. Moreover, by using a FFT-based algorithm we implicitly impose periodic
boundary conditions.
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Algorithm 3 Spectral solver for (HO), with an exact time resolution for each splitting
step.

Discretize the initial data 7 on a Grid C R%.
for Each timestep of size At do
for 2 € GRID do , > x € RY.
Multiply 5(z) by e~z tn(A0ll®
end for
Apply a FFT to n. > FFT: Fast Fourier Transform.
for ¢ € FOURIER GRID do > € € RL
Multiply F(n)(£) by e~z 5m2A0IEP,
end for
Apply an inverse FFT to F(n).
for 2 € GrRID do _
Multiply 5(z) by e~z ter(A0kl®,
end for
end for

Algorithm 4 Spectral solver for (cNLS), with a Strang Splitting method.

Discretize the initial data 7 on a Grid C R%.
for Each timestep of size At do
Use Algorithm 3 with a stepsize At/2.
for r € GRID do > Add interactions.
Multiply n(z) by e *&tn@I,
end for
Use Algorithm 3 with a stepsize At/2.
end for
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4.2 Discretization into a sum of Bubbles

We need to decompose any arbitrary function into a finite sum of N bubbles. A solution
to this question has been proposed in | ], but it involves integrals over the whole
phase space, which is something we want to avoid.

We could also use a nonlinear least squares approach, but our experimental results
showed that it tends to yield spread out Gaussians, which may present huge overlaps
between them. The overlaps cause issues with the DEMP, for instance a blow-up of the
conservative quantities. This has been observed during our experiments but the results
are not reported in this paper. The issue of discretizing an arbitrary function into a sum
of bubbles without too much overlap is not the main concern of this paper, hence we will
use a visual trial-and-error discretization. Another possible way of discretizing the initial
data is outlined in | |. Finally, if we do not restrict ourselves to Gaussian functions
and allow general Hermite functions, then the discretization simply consists in projecting
the initial condition onto this basis, and truncating the highest modes if necessary.

4.3 Observables

In order to compare the bubbles scheme against the spectral method, we compare them in
absence of interactions, i.e. on the Harmonic Oscillator (HO), as well as in the presence of
nonlinear interactions, i.e. on (cNLS). We showed in Lemma 2.1 the conservation of some
quantities for (HO) and (cNLS), we will focus on mass, energy and momentum. When
computing the observables for the spectral solution, we noted that the approximation
of the gradient using finite differences with periodic boundary conditions yielded very
rough results while the gradient approximation using the Fast Fourier Transform gave
more accurate results. We use the latter approximation in the Figures of Section 4.4.

In the case of bubbles, we compute every integral by hand thanks to the assumption

2
v(s,y) = 6_%, some details are given in Appendix F. When reporting the results in the

following log-plots, all values with an amplitude smaller than 10716 were set to be equal
to 10716,

For all of the results shown, the spectral scheme is supplied with the exact initial
condition and not a projection on the grid of the bubbles discretization.

4.4 Results

We consider examples adapted from | ]

4.4.1 Test case 1: Zero phase initial data

The initial condition reads

z—up)? _z—ugl?

Yt =0,1)=7me 2 +2 =z , xR’ pu=(0,2), pp=(1,0). (4.2)

The results are displayed in Figure 1. The solution approximated with the DFMP
approach globally outperforms the spectral method on both the Harmonic Oscillator and
the cubic NonLinear Schrodinger equations. On the Harmonic Oscillator, the solution
obtained with the Bubbles scheme is about one order of magnitude better than the spectral
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(a) Approximate solution to the Harmonic Oscillator (HO).
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(b) Approximate solution to the Schrodinger equation (cNLS) using DFMP Algorithm.

Figure 1: Test case 1. Relative evolution of mass, energy and momentum with bubbles
and spectral methods. At = 1073, Time-integrator for the nonlinear part of the
splitting: Runge-Kutta of order 4. Spectral scheme with N, = 128, N, = 129.
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(a) Approximate solution to the Harmonic Oscillator (HO).
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(b) Approximate solution to the Schrodinger equation (cNLS) using DFMP Algorithm.

Figure 2: Test case 2. Relative evolution of mass, energy and momentum with bubbles
and spectral methods. At = 1073, Time-integrator for the nonlinear part of the
splitting: Runge-Kutta of order 4. Spectral scheme with N, = 128, N, = 129.

scheme. When we compare them on (cNLS), i.e. when adding interactions, the IL? norm is
better conserved for the spectral scheme, but the other conservative quantities are better
conserved on a long time for the Bubbles scheme.

The “jumps” in the DFMP approach may be explained by an ill-conditioned Gram
matrix, which would then yield a very rough approximation of the modulation parameters.

4.4.2 Test case 2: Weak interactions
The initial condition reads
Yt = 0,a) = e~ lemleicoshlomnsl 0 e R2 10— (1,1). (4.3)

The approximation of this function as a sum of bubbles is pretty straightforward: we
2
know that for z small, coshx ~ 1 + %, hence

. |zfp‘3\2

Yt =0,z)~ e lemnsl gitit=s , xR

The results are displayed in Figure 2. This example shows the performance of the
DFMP approach in its most efficient setting: it only has one bubble. This explains the
very good conservation results obtained: the Bubbles scheme outperforms the spectral
scheme on both (HO) and (cNLS), except for the energy on (cNLS). However, even
in this case, the error of the DFMP method remains generally less than one order of
magnitude larger than the error from the spectral method.
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Figure 3: Approximation of x — /M2 — |z|? as a sum of bubbles

4.4.3 Test case 3: Strong interactions

The initial condition reads

2 2 _icosh 4/ 2+m2 2 2
Dt =0,2) = {VM [l eP < ME g (4.4)

b
otherwise

We apply the same approximation for the complex exponential as previously explained,
and use a “visual trial-and-error” discretization of the square root. It yields a number of
N = 9 bubbles. We emphasize the fact that this discretization may be far from being the
best one achievable, however the process of discretizing an arbitrary function into a sum
of bubbles is not the main concern of this paper. The discretization of the initial square
root is given in Figure 3.

The results are displayed in Figure 4. This example is by far the most interesting of
the three test cases presented in this paper, because it shows that with the discretization
given in Figure 3 the conservation properties are pretty good for the Bubbles scheme, even
when there are a lot of interactions between bubbles. The spectral scheme is globally out-
performed by the Bubbles scheme, except for the .2 norm in the presence of interactions,
which is better conserved by the spectral scheme. Even in this case, the conservation of
this quantity with the DFMP is relatively correct.

The “jumps” in the relative evolution of conservative quantities may be explained by
an ill-conditioned Gram matrix in DFMP. It also has to be noted that if the discretization
presents too much overlap between the Gaussian functions, then the DFMP approach fails
and the conservative quantities blow up: this has been observed with other discretizations
of the same initial data, and is not reported here.

5 Conclusion

We presented in this work an approach based on recent results from | |. Tt allows to
solve exactly the Harmonic Oscillator (HO) for initial functions that can be represented
as a sum of modulated functions (the bubbles), for a certain kind of modulation.

In this context we focused on a particular subclass of such functions, modulated Her-
mite functions, which have the advantage of allowing explicit computations. This is
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(a) Approximate solution to the Harmonic Oscillator (HO).
L2 norm rel. Energy rel. Momentum rel.
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10-10 10-6 , 1073 Spectral
i —— Bubbles
10-12 1077 7 10-°
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(b) Approximate solution to the Schrodinger equation (cNLS) using DFMP Algorithm.

Figure 4: Test case 3. Relative evolution of mass, energy and momentum with bubbles
and spectral methods. At = 1073, Time-integrator for the nonlinear part of the
splitting: Runge-Kutta of order 4. Spectral scheme with NV, = 128, N, = 129.
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particularly interesting since we do not have to rely on any sort of discretization of the
phase space, which is usually the main computational burden in numerical simulations.
We obtain an algorithm which yields an exact solution as soon as the initial data is a sum
of modulated Hermite functions. If we consider an arbitrary initial function, it suffices to
project it into onto the Hermite basis and to perform analytical time-evolution. More-
over, the algorithm only relies on a small number of parameters whose time-evolution is
explicit, making it very fast and computationally efficient.

We also extended the results from | | by allowing cubic interactions, at the cost
of approximating the solution to (¢cNLS-nonLin.) via the Dirac-Frenkel-MacLachlan prin-
ciple. We then only considered modulated Gaussian functions, because they allowed us
to easily perform explicit computations and to obtain a numerical algorithm whose com-
putational complexity is O(N*d + N3d?). Here d is the dimension and N is the number
of bubbles. The most critical parameter is IV, which corresponds roughly to the precision
of the discretization when considering arbitrary initial data. For any given function, the
higher N, the better we can approximate it as a sum of modulated Gaussian functions.
We then have a clear trade-off between the speed of the algorithm and the precision of the
discretization. The bubble algorithm globally outperforms on the numerical test cases a
spectral method combined with time splitting, where each splitting step is solved exactly.

As a final note, any grid-based method is inherently bound to a finite subset of R? to
which we have to add boundary conditions, while the bubble approach does not have such
restrictions. We emphasize the fact that the algorithm presented extends in a straight-
forward manner when dealing with complex modulated Hermite functions.
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Appendix A Proof of Lemma 2.1

We will need the following result, known as the Pohozaev identity.

Lemma A.1 (Pohozaev Identity). Let x € R, and f € H'(R?) such that xf € L*(R?).
Then

/Af<gf+x-Vf>dx:—/|Vf|2dx. (A1)

Proof. By density, we only need to prove equation (A.1) for f € C>°(R?), where C°(RY)
denotes the space of infinitely smooth functions with compact support in R%. Let

Ax) = AT f(\a),

then
/|ka|2dx - )\2/|Vf|2dx.
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Differentiating this identity with respect to A and evaluating the result at A = 1 yields

d
/Vf v <2f+:z: : Vf)dx :/ny\2dx.
We integrate by parts the LHS, and obtain (A.1).

Now turn to the proof of Lemma 2.1.
Mass conservation:

OlIE = B [ 102 = 2% [ G0 =28 [ —ith (i + ol + A )

= 2R [ =i (i + e Pl + Ao|") = 2% [~y
- z,m/i\vw —0.
Energy conservation:

d

qt Fer =

< pAY + plx)* + = |1/)|21/),¢>

% L\J\»—t [\DM—*

(O, ) =

For the momentum, we compute

2 [ Plof? = 5 S al6,1) = Rllal, 0s) = Rl indo — inal
= uS{Ja 1, AY) = S [ alPvad = =S [ 96V (j2Pw)
- —Ms/w}zm —u%/v@-wm? - —2M%/x-vw
_ zug/x Ve,
and

/ (- VO + x - Vo).

1
TATRE S

An integration by parts gives
[w-Vov == [69 () =~ [o(wd+z- V),

hence

;i%/x-ww: /( o) (Pd + x- V) + 2 - Vo))
S [ (~0wid - de - Vi + b - V1)
3 (-

Qb + 2 [Opa - V) )

M\HL\D\HM\I—‘
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d _ _
— —5%/@@ + %/atw V.
Recall the equation satisfied by :

O = ipAY — ip|z P — NP,

therefore

d
Sos [a Vi = 2 [i [t — el - Al 9

+<3/z —uN + P+ AP o - V.

We have

d _ 4
=58 [ [na — plafy = NpPy| b = 5 [ [WlVUR + plalle + Mel?]
and

3 / i = + plz P+ NPY] 2 Vi = R / [~ A + pla) + Ae*P] - V.
Moreover,
[lalia- Vo == [69 - (alaP) = = [ (dafd + 2ol) + alof - T9)
= [l Vo+ [laPhe- Vo = = [ (daf)+2la)
= R [ o= = [0 (Glati+lafo).
Finally,
S8 [2 g =5 [ WV + plePlof? + Al
+ R [ [~nad + A0 @ Ty~ [ v (;ﬂxl%h W&)
= 0 [+ Nel*) R [ g+ APz Vo — g [ fal P
= S 190 = [Pl + SN [l + R [ [nad A - v
We are in the two-dimensional case d = 2, hence
<3 [a- Vg = [ WVl —u [1aPlol + 3 [ [t + R [ [-pad + P9 o To
9B, + 5/|w|4—2u/|x| W + R [ [-pad + Myl 2 V.

2dt

Moreover,
[16Pde Vo == [0V (jv)
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== [ (2R (0Ve) - do+ WPV o+ dyy)
= — [ (2R (9V0) - [ + GPVE - o+ 20
= 2 [ [fe- Vo = 2R [5V0- ptz -2 [ jul
= & [ e v =1 [l

Finally,

50 [o-vup =283+ 5 10l = 2u [1oPloP — u [ vy =3 [lof
:2EA—2N/|xr [V = R [ Adia -V

2dt

We then use the Pohozaev identity (A.1) in dimension d = 2, which yields

%(/x-wmﬁ):

2dt\s/m V@D@/J—QEM,\—QM/|m| [y,

From the conservation of the energy E) and equation (A.2),

Therefore,

dtpc / vV = —161°S / - V.

Hence, the conservation laws

2
8 (4ol (o fooved)
= (Bua = letle) + (3 [ vd)
For the non radial conservation law:
J/aﬂmp _ —zd/aﬂpaﬂz) _ m/zaﬂwﬂu _ 2,u/|x| R (40,0) = —2u/xj|¢|2
owing to the facts that integrations by parts yield
R [ Ao =% [ ;uAd,

and
2R [ [wPvoss = [Pl = - [[WPoul — ® [ 1wPvos =0,
We also have

1d

oo [ wloF =R [ 2,000 = [aiowd =S [ ~dva =S [ w0,
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Hence the relations q
= [l =208 [ 000
d _
=5 [ o0t = —24 [a;lul?,

which have the conservation law
1 o N\ 2 9 5 2
Pj = — (J/ aji/ﬂgb> —+ u (/ ]|Z/}‘ ) .

Appendix B Proof of Lemma 2.2

For the (X, 3) part, it suffices to check that the change of variable (X, 3) +— (a, 8) defined
by
Xi = 2a,~ sm(@z) and 51 = 2a; COS(QZ‘) 1= ]., R ,d,

is symplectic and that
X; =1/2a;(0)sin(2t + 6;(0)) and  5; = 1/2a;(0) cos(2t + 6;(0)) i=1,...,d,

are solutions.

For the (k, B) part we use the method of generating functions, described e.g. in
[ , Sect. VI.5]. We can express B in terms of k and the Hamiltonian &£, so that on
the set {B > 0} we have:

B =2\/ettg — sk — 1, (B.1)
This equality holds for e** € [e** e?*1] where e e%*1 are the reals roots of the polyno-
mial —22 +Ez — 1,

= (6 VETD), M =_(e+VED). (B2)

In order to obtain a symplectic change of variables, we look for a function S(k, &) such
that 59

We easily obtain S(k, &), by integrating on [ko, k|:
k
S(k,E)=2 | Vet& —e¥ — 1dz.
ko

The variable ¢ which makes the mapping (B, k) — (¢, £) symplectic is defined by

oS k et?
¢ 85( ’ ) ko 64Zg — 682 — ]_ -
We have
@ _ €4kk.t _ —€4k835 _ —6_4k§64k _
dt oAk — o8k — g g
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We now proceed to obtaining an explicit expression for ¥:

k 4z 1 etk 1
o= / < dz = 7/ ———du
ko VetrE —edr — 1 4 Jetko \/Eu —u? — 1

4k
B 1 /e 1 J
_4 /%2_1 etko e 2 u
o Pl
1 -
Ak
1 £, 1
= —du.
s =
4
Recall the definition (B.2) of kg, which yields
4ko § — 572 1.
2 4

Therefore,

We want the angle variable to lie in [0, 27] so the above expression describes an eighth
of a period. But we are only considering the set {B > 0}, thus the angle { we are
looking for must lie only in [0, 7]. Hence we set (§,h) = (4¢,E/4) and let the Hamiltonian
E(&,h) = 4h with a slight abuse of notation. It is then clear that % = 0 and % = —4.
Moreover,

[ et — g T
5 — arcsin 8271 + 5 & [O, 7T] s (B?))
£
and hence £
652_21 = sin <§— 72T> = —cos (§).
£
We obtain

et =17 = g — cos(f)\/é: —1=2h —cos(§)V4h? — 1

=2h (1 —cos(§)4/1 — 41h2) .

With this formula, we have
0<L?<4h=E,
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and (B.1) becomes

B = 2\/€etk — % — 1 = 2,[4hetk — ()2 — 1 = 2,/(4h? — 1) sin?(€)
= 2sin(§)v4h? — 1,

where the last equality holds for £ € [0, 7].
We can now integrate the equations for A, and . The first one is

AB
At = 7<d — 2)6_4k.
2
From the expressions we just obtained we get
i V4ah? — 1
A, = A(d — 2)— (&)

2h — cos(&)V4h2 — 1

The solution to this equation is of the form

t sin(&(0))y/4h(o)? — 1
A(t):A(O)exp{(d—2)/O o (£(9))y4h(o) da}.

o) —cos(&(0))y/4h(0)? =1

Moreover, we know that o +— h(co) is constant, and that (o) = £(0) — 40. Hence we have
to solve

B - t sin(¢(0) — 40)4/4h(0)? — 1 o
A(t) = A(0) exp {(d 2)/0 2h(0) — cos(£(0) — 40)1/4h(0)? — 1d } ‘

One can easily check that we have the following equality:

/t sin(£(0) — 40)4/4h(0)2 — 1
0 2h(0) — cos(£(0) — 40)4/4R(0)%2 — 1

do

1
4

[log <2h(t) — cos(£(t))/4h (1) — 1) ~log <2h(0) ~ cos(£(0))y/4h(0)% — 1)} .

Note that, unless h(0) = 1 or h(t) = 3, these quantities are well-defined since 2h(c) >

4h(0)? — 1,0 € {0,t}. Thus, we obtain

Alt) = A(O)e¥ [bg (2h(t>—cos(g(t))\/m) ~log (2h(0)—c0s(§(0))\/m)}

2—d

4

_cC <2h(0) — cos(£(0) — 41)y/4h(0)% — 1) ,

d—2
where we defined C' := A(0) (2h(0) — c0s(£(0))4/4h(0)? — 1) * . We recognize here the
expressions for L(0)? and L(t)?.

Let us finally turn to the expression for v(¢). We proceed to the direct integration of
¢ We have

10 =2(0) = [ 3ty = [ 18 - X(7)F]ar

34 /50



_/ {ZQ@ICOS (O,(r ZZalsm 0i(7))? }dT

=1

— / 2Zal (608(91(7))2 - Sin(el(T))Q) dr
/ ZQal cos(26,(1))dr

- Z C;l sin(26,(t)) — sin(26,(0))] ,

where the last equality has been obtained using (2.14).
Finally, we calculate the evolution of the time s(¢) in term of the original time ¢.
Owing to the expression of L(t) we obtained earlier,

= et =, 1
L(r)? 0 21(0) — 1/4h(0)2 — 1 cos(£(0) — 47)

S —-
=1 =:c2

dr

dr

- /0 c1 — cgcos(§(0) — 47)
1

S S

4 Jeoy—at ¢1 — cocos(T)

Recall the following trigonometric identity:
1 — tan(7)?

Y e ]R’
1 + tan(7)? !

cos(27) =

hence

t 1
/ 01 — coc0s(€(0) — 47) dr

s d
T
Aoia — e, LIZEEZ?S%

1 1 + tan(7/2)? .
4 / at ¢ (1 + tan(7/2)?) — ca(1 — tan(T/Q)z)d
1 + tan(7/2)?

= dr
4 Je)—at (c1 + co) tan(7/2)2 + ¢1 — co
1 £(0) 1 + tan(7/2)?
= 7/ e 5 dr
4(c1 — e2) Je(0)—ar 22 tan(1/2)% + 1
B 1 2 1 + tan(7)?
© 2(e; — c) JEO oy 2+§2 tan(7)2 + 1
1 € 4 (tan(1))
= T
— c1tc 2
2(c1 — ¢2) JEP 2 E2 tan(7)? + 1
© 4 +
1 1 g (Vasee)

— £(0) 2
2(c1 — ¢2) fater JED o [ g tan(T)] +1
1—C2
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Moreover, (¢; — ¢o)(c1 + ¢2) = &2 — 3 = (2h)> — (4h? — 1) = 1 and ¢; — ¢ > 0, thus

,/—gfg = (c1 + ¢2) and
/ L ((¢; + ) tan(r))
L

L0 2t ((e1 + o) tan(7))2 +1

Now let my € Z such that &2 ¢ moem + ( ”] and m; € Z such that % € (mo —

2772

my) T+ ( 5 2} We recall that £(t) = £(0) — 4t. Then
f L1 L ((e1 + cp) tan(7))
0 L(7)? 2 €9 2t ((¢; + ¢) tan(1))” + 1

=:f(7)

1
f(T)dT—i-"'—i—g/g

(0)
2

0)

:;/m; F(r)dr +

om—2 2 J(mo—1)m—T

1 mon—2%

5 (mo—me)m+3

f(r)dr.

For m € 7Z, we have

Now write %0) = %0) — mom € (—E ’r}, and £ .= £ _ (mo —my)T € (—g, g} Then,

t 1 ;
/OL(T)2T
1

=me- D545 [T far g [ frar

[

1 ) 1
+ ) larctan ((c1 4 ¢2) tan(7))]_% :+ 5 [arctan ((e1 + ¢2) tan(7))]

1 0)
= (my — 1)% + §arctan ( ¢1 + ¢o) tan ({(2) g

T §(t
+ 5 arctan ((01 + co) tan (2)>
- mtg * ;arctan ((Cl + c2) ( (O))> ; arctan ( ¢+ ¢) tan (5(; ))

"

i
My
Nt

m
[N}

Iy
=)

£(0)

— = arctan ( ¢1 + ¢2) tan (2 — 2t>>
— /ot Lé_)QdT = —; arctan ((01 + ¢9) tan <§(20> — 2t>>
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=1m arctan C C
t2 9 1 2

M ‘

Hence



1 Larctan ((er + e) tan [ S22 4 1, T
I 1 1 .
2aca C1 Cy) Ta 9 mt2

Appendix C Proof of Lemma 2.3

Proof. We have a;(0) = £ (X;(0)2 + 3;(0)?),i =1,...,d. If a;(0) > 0 we can define 6;(0)
as 0;(0) = arctan X( )) Otherwise, if a;(0) = 0, then we recall that a(t) = a(0) and
hence — whatever 6(0) — we have X;(t) = 0 and 5;(t) = 0. Therefore, in the case a;(0) = 0,

0)
the exact value of 6;(0) does not change the behavior of ¢t — (X;(t), 5;(t)).
For the (L, B) part,

=

—
o™

L(0)* — 2h(0) = — cos(£(0))4/4h(0)2 — 1,
hence
(L(0)? — 2h(0))* = L(0)* — 4L(0)*h(0) + 4h(0)* = cos(£(0))? (4h(0)2 — 1) :

We also have

<B<0>) = BOP _ ineo))2 (ano - 1).

2 4
Then, )
L(0)* — 4L(0)h(0) 4 4h(0)* + B(f) =4h(0)* -1,
that is )
4L(0)*h(0) = L(0)* + 50O + 1.

We deduce that h(0), L(0) # 0, and therefore

L(0)! = 2L(0)* + 1+ =~ = (L(0)* - 1)2 =20
" B(0)* 2
= L(0)* + 1+ = > 2L(0)
< h(0) > ;
From this we also get that (0) = 3 <= L(0)? =1 and B(0) = 0.
If h(0) > 3, we have
2h(0) — L(0)* = cos(£(0))1/4h(0)2 — 1 B(0)/2
————— =tan(£(0)),
BéO) _ sin(e(0)/an0p —1,  2h(0) —L(0P (€0
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hence B(0)/
0)/2
0) = arctan | ————2" .
€0 = ston 55 )
Otherwise, in the case h(0) = 1, the value of £(0) is not rigourously defined. However
as previously, the exact value of £(0) is not important because h(t) = h(0) = 5, which
means that L(¢)2 = 1 and B(t) = 0. Therefore, in the case h(0) = 3, the mapping
t — (L(t), B(t)) does not depend on the Value of £(0). Finally, since the mapping ¢ +— L()
does not depend on £(0) in the case h(0) = 3, we also have that ¢ — A(t) does not depend

on the exact value of £(0), thanks to the expression of A(t) = A(0) (L (t)/L(O))%
Finally, it remains to show that if a;(0) = 0,4 € {1,...,d} or h(0) = 1, then the
behavior of the mappings ¢ — (t) and t — s(¢) do not depend on the exact value of
0:(0), i € {1,...,d} or £(0). The exact formulae for () and s(t) are:
a,(0

).
d
y(t )+ Z 2 [sin(26,(t)) — sin(26,(0))]

=1

s(t) = ;arctan ((zh(O) + W) tan (5(20) - 275))
- ;arctan <<2h(0) + \/4h(0)72—1> tan <§(20)>> - mtg

It is clear that if a;(0) = 0 then ~(¢) does not depend on 6;(0) nor 6;(t), i € {1,...,d}. If

h(0) = 3, then
2h(0) + \/4h(0)2 — 1 = 1,

so that
}arctan <2h(0) +/4h(0)? — 1) tan JUN 2t
2 2
- 1eurctan <2h(0) +1/4h(0)? — ) tan €01 _ My
2 2 2
1 1
= —arctan | tan @ — —arctan | tan @ — mtz.
2 2 2 2 2
Since arctan : R (—g,g}, we write @ = 5(2—0) — moeT € (—g,g}, and % = ? —
(mog — my)m € (—g, g} Then we have

3

(0 (40)) - Lt (i (2))

_1g) 1g(0)  ow

_2x 7 _2r 7 =

22 22 2

1@_(7”_ )W_1<€(O)_m7r>_m7r

2 2 09 a2 0 !
:1<5<t>_5(0)>:_t

2\ 2 2 ‘

This shows that, in the case h(0) = 3, the mapping ¢ — 7(t) does not depend on the
value chosen for the ill-defined quantity £(0). O
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Appendix D Computing the coefficients of the linear
system (3.9)

D.1 Coefficients of the matrix A

(b1, bj1)-
2
. x—X .B; | z—X 1|x—X
(bi1,051) :ei%—iw‘/demlﬂl' T e ? e
R
) t—X; .Bi|z—X;|? r—X; |2
—iL;B;: L]-J‘HTJ ij 6_% L]-J dr
24iB |o—x, |2  2-iB; |o—X,|?
— otn=5) deiﬁl'(JU*Xl)*iﬁj'(x*Xj)ei ol e e T Lj] dax
R
i)~ R X 2= T X 2 iy X iy X
— l J
2+zBl 2_ _9 X
X /d elBi=Bj)z, 4L} (= 2$Xl) 4L? e )dx
R
i(y=;)— IZ?ZLXLP = |X [*~iB- X +iB;-X
=€
B 2+iB iB
x/ GZ(BZ ﬁ] 2Ll2 QLJ?X]')'Z'G ( le+ X>6 <4Ll21+ 4L?J>x|2dx
]Rd
Let
2418  2—1iDB;
Zi= 7 T 2
4L; 4L]—
X . X;
a:=—=+ =
2 27
bk (D.1)
B; 1
€= gy i+ B = X
24+ 1B, 2 —
C =explily—i) — X2 - X2—z X, +1
p (71 P)/]) 4L12 ‘ l’ 4L2 ‘ | 5l l BJ )

and f(z) := e ##*+@7 Then

<bl 17 5, 1 C/ 7l§xf )dl‘ = Cf(f)

<bl,n+la bj,1>7 1 S n S d.

<bl,d+27 bj,1>



X 2
(brdt2:bja C'/ TR f( l|
8. .

- —i&-x 2 . 2
— 7 /Rde f(z) <|:L’| 2z - X; + | X )dm

O —_— o~ o~
= o (I#FF = 2% 27 +1%F) (6)

i

(bint1, bjme1), 1 <nym < d.

Tn = (Xi)n Tm — (X))
R4 L, L;

J

- LJOLI /Rd(xn - (Xl)n>(xm - (Xj)m)eiié.mf(x)dx

(btnt1,bjmy1) = C Lo f(z)dx

= Lle / [ZL’nl’m — l’n(Xj)m - xm(Xl)n + (Xl)n(X]>m]

IN
S8

(bra+2,bjms1), 1 <m

(br,a+2,bjm+1)

- C e—if-xe—z|x|2+a~x ’$ _ Xl’2 Lm — (X]>md
Rd

L2 L v
¢ —itx  —z|z|?4ax
:L%Lj/Rde Ea ozl + (’$‘2—2x‘Xl+‘Xl’2)(xm—(Xj)m)dac
C [ — —— _
- g7 [FIPT =2X, T T

—

(X mlolF + 20X Xs - 7] = X (X)) ©).

(br.d+2,bjd+2)

r — X;|? |ac—Xj|2

d
L2 rz

_‘ . — 2 .
(basz, biays) = C [ e i€z ,—zlal taz]

C , 2
_ —i&z —z|z|*+ax 2 . 2
= 17 [ e (laf? — 22 - X + | Xi[?)

X (|x|2 —2x - X; + |Xj|2) dx
C —itx _—z|z|?+ax
T L JLeT e (a2l X+ X Plaf
=2z - X))z +4(z - X)) (x - X;) — 2(z - X;)| X))
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Ha? X5 = 2z X)X+ X 2IXG)?) da

[tf = 20X+ X)) - [P f + (1X + | XP) 22

T
+4(x - XWX]')JC -2 (|Xl\2Xj + ]Xj\2Xl) cxf
+ XX, ] (€)

Moreover,
(- X)) (z-X;) = (nz::l an(Xl)n) (Tnzd:lxm(X])m>
= 3 (Ot
Hence |
(o XD X0 = 32 (Xt

D.2 Coeftlicients of the vector of interactions S

(ulul® bj1)

(ulul?,0;1)

2 2 2
A A . . + +|ym .
k44 < zrk+zrl—zrme——‘y’“‘ ‘yg' lym| ’ezrje—;yj|2>

klm LkLl

We recall the previously defined notations:

_.ﬁlﬁ'—Xk
Yk Lk )
By ,
Up(z) = v + B - (2 — Xy) — L2|$—Xk:| :
Then,
L (1l + gl Tl2) = — b = X2 = e — X — e — Xol?
2 \I7K : " 7 202 M or2 : 2L2
— spale = XP
212
1\, , (1 1 1 1
- Xt Xt X+ 15X )
(g ) e (e e g )
1 |ka2 \Xl!2+\Xm!2 Rk
2 o L)

and
(Tp+1T, -1, — Fj)
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By, 9 B 9

B B;
= Ym = B+ (& — Xin) + 4L2|x—X’2 '—BJ'(x—Xj)JrrL]ﬂﬂ?—Xj\Q
J
=(m+v—Ym— )+ (5]"X‘+ﬁm' m— B Xi — By - Xi)
By, B, ;
— | = x 2 7X2 X 2 J X‘Q
(0 + G = 1 = 5P
B . B B, B
: - Mm - m ——5X;
! (B”Bl P = Byt ppa et o= gpa Xm = 5 )

By, n By B, B 2]?
AL? T A4L? 4Lz )l

J

Define

Cs = exp{i ('yk—l—% —’Ym—’Yj)}
x exp{i (8- X;+ Bm - X _Bl‘Xl_Bk'Xk)}

. 2 2 2 2
XeXp{_Z <4L2’X| 4L2‘X” 4L2 5 1 Xl — 4L2‘X | )}

LAXe? | 1XP Xl | 1X)P
Cg = —— ]
% exp{ 5 < L% + L12 + L,zn + L?

AL A A,
C.==""0CsC
Ll L, %
By, B, B, By

11111,BkBleBj
=S+ =4+ — 4 — |+ + — —

2\Ly L} L2 L} ALy AL} 4L2,  4L3
1 1 1 1
LQXkJ + iz — X+ LTXm + ﬁX]’

m j

and f(z) := e ##*+@7 Then

(ulul?,bj0) = > CF(8). (D.2)

(ulu?,bjr41), 7 =1,...,d

(ulul®,bjr41)

AkAlAm eiFk-i-z’Fl—iFme—‘yleHle‘QHyml eirje 2|y]\2 Ty — (Xj)r
LkLlL L;
k,Im

(ulul, bjay2)
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“ -i(z)" g
TmTnf — 5 (z)% (& +ian) (Em + iam)
N
s

(6 + i) [d + 2 — (420 E ]

T\ 2 ntian 2 m+iam 2
x’?nl% 4i2<2)2<1_(£ 22 ))(1_(6 22 ))
d
T\ 2 m+iam 2 m+iam 4
:C%’Lf 4;2 (;)2 |:3_6(£ 2z : + & 422 ) :|
Table 1: Fourier Transform of some polynomials in x = (z1,...,24) € R multiplied by

f(z) = e—z\a:|2+a-a:’ 2eC,R(z)>0,ac R4,

(ulul®, bjat2)

2
2 2 2

_ ApAiAn, <ez‘rk+irz—irm6—'yk" Hu v ey~ Lyl [T T X >
- )

o= LiLiLn L,

@ Yy —~ 97

= % 5 (PF -2, +1X77).

kilm

Appendix E Fourier transforms of Gaussians

Lemma E.1 (Fourier transform of complex Gaussians). Let z € C, £(z) > 0. Then,

4 2
Fle ) ©=(5) %, cert (E.1)
z
More generally, let z = 2y +i20 € C, 21,20 €R, 2 >0, a € R? and

f:xeR — exp (—z|:1:]2 +a- x) eC, (E.2)

then we have the Fourier transforms given by Table 1.
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Proof. For the sake of clarity, for £,a € R? and z € C, let

\fl2+2m-£—!al2}_ {(§+m)-(§+m)}
- 4z P T 4z ’

E,a,z) = exp{

I
We have

a
I‘_i
221

2 za zlal?

—zlzfP+a-x=—2

21 423
Recall the following usual properties on Fourier transform:

o — ~ — -~

flw—a) = f(§e™™,  ferior = f(¢+a).

Let ,
ol
2z
glz)=e t
then .
“ TN 2 €12 ia-g
9(8) = () e
Z
and
iz9 'I+z\a|
2
flx)=g(x)e = ™
Hence,
R z\a\z 29 g z\a|22 1 e 2_ ia ~(§+Z—2a>
f(é') = 4z g (g_’_ a) — () e 4z7 e 4z z1 227 z1
Z1 z
d 2 z2 . L2
<7r> 3 A3 (lepee2aceBlap) - igf - delp
= — e **1 i 1
z
4 _ﬁﬂ O =522 — -1 ) +]al? iz
= <7T> 2 e 4z a 2zz1 221 @ 42% 422% 22%
z
d 2 . . . 2 . . .
(7T> 2 —%—%[zz+z(zl+zzz)]+i:!22 [(zl+zz2)2—z§—2z22(z1+zzg)]
= — (& 1
Z
d
<7r>2 _le? _jae lal?
= — (& 4z 2z 4z
Z
T a
2
= () E(,a,z2)
Z
zf




xan:f,mzl,...,d.

F0©) =0, (a1), = 0, |-i(7) L (e 00

z 2z

1 /m
B 22 (z) [ 2z 2z
4 a,)?
— 212 <Z> [1 _ m J;;am) ] E(¢,a,2).
:v;x\nf, m,n=1,...,d, n#m.
e (6) = i, () =i, [—z‘ (%) &1 ma z)]
1 /m\e _ En + i,
=5 () @rion [‘ % ] Bi&a.2)
— _4; (7;)2 (& +iay) (& +ian) E(&, a, 2).
[’/
2PF(€) = 23 (©) + -+ 22F(€)
:212 (7;) ld_ (51+ia1)2+-2-;+<5d+¢ad>2] E(€.a.2)
1 /m\3% |€12 + 2ia - € — |a]?
~ (%) ld _ = ] E(¢,a,2).
TwlzlPf,m=1,....d
T |2 f(€)

»

_— 4 2 e 2
it [[F7©)] =06, |- (T)" (a- 22

_do(m\® Em + iy, €12 + 2ia - € — |a? Em T iy,

22 (z) [_2 2z + (d B 2z ) <_ 2z )] E(§,a,2)
' 3 2 4 2ia - & — |af?

= —é (D (Em + i) [d+ o I+ Zgzg o 1 E(€,a,2).
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310 =i [r@] =i [ () (1- ) pea.s)]

2\ 2
(e
_ _4; (Dd (€ + i) l?, - W] E(¢,a,7)

_ _4; (Z) [3(@,1 i) — W} E(¢,a,z).

o fomon=1,... d.n#m

7€) = i, (a77) = 0. [ 1 (2) (1= b l) o)
) () s

A fom=1,....d

i f (€)

— 0y, [5,(6)] = id, l_ﬁl; (Z)d (3(5m t i) — W) E(¢,a, z)]

_ 4; (Z) lg - 3W + (3(gm i) — W) (-5’” ;Z“””)] E(¢,a, 2)

i () ool e s

Baf,m=1,.. . dntm

22 22 f(€) = iDe,, (@) = i0, [_2@ <7T)2 (1 (& +zan)2> Em +z’amE<€,a7 2)
1
422

zZ \z 2z 2z
(1= E ) o e +ian) BE )
(



Appendix F Miscellaneous computations

We provide in this section some miscellaneous computations, which hold in dimension
lyjl2

d=2aslong as v,(s;,y;) =e =z, j=1,...,N.

F.1 Conservative quantities in dimension d = 2

We give the explicit expressions for the conservative quantities involved in Lemma 2.1, in
the two-dimensional case.

The L2 norm of a sum of N bubbles is given by

NoAA,

lullfz = >°

k=1 Ly Ly

(bk,1,b11)-
The energy of a sum of bubbles is given by

A
E,u’)\ = H <—Au + |x|2u, U> + Z <|u|2u,u> = E%o + E07/\ = ILLELQ + )\EOJ.

2
We have
N N
2E1 9 = (Hu,u) = (—Au,u) + (|z]*u,u) = > (Vouy, Vour) + > (|o]?uy, ug).
Jik=1 gk=1
Furthermore,
A AL . 2+1B; . 2+ 1By,
<vmuj7 Vouy) = LJ»Lk <<Zﬁj - 2L, ]yj> bj1, (Zﬂk - 2L, yk> bk,1>
,b 44 J Jy29 VR,
LJ {ﬁy Br (bj1, bk.1) 5T — Bk - ((bjg,bk,ﬁ
2By (b
2L, "7 \(bj1,br3)
2+1B;2—1iBy
+ oL, 2L, ((bjg, br2) + <b(j,3, bk,3>)} :
and
A A
(ol o) = L;Lk ((Z3lyil + 2L - X5+ 1X51) by, b))
AjAk 2 <b'2 by, 1) 2
= Li{biyg, b 2L: X - 20 X:|7{b;1,b .
Lij { ]< Ji4 k71> + 205X <<bj,3,bk,1> +| ]| <J717 k,1>
We also have
2 al AJ
Eoy = (ulul?,u) =Y (ulul?,bj,).
J=1 LJ

We now proceed to computing the momentum, given by
2 \2 2 (o \?
M= (E;m - M||93UH]L2) + u \s/x -Vuu | .
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We know how to compute E, , from previously, as well as ||zul?. = (|z|*u,u). It only
remains to compute

N »
B A Ay . 2+ 1iB;
) - Loy + X)) - _ L | b
/x Vuu ;Zl L,Lx <( i+ X;) (Zﬁj oL, %) bj,l,bk,1>

NoAA () bio. b 2+11B;
() - 24

im21 LiLlk (bj3;br1) 2
) 2+1iB; (bj2,br1)
X b b)) 2P B; [ \Y5.2, Ok, '
+if3j - X (bj1, bea) oL, X; ((bj,g,bhﬁ

Note that all the inner products involved have already been computed when creating
the DFMP matrix.
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