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Abstract

Based on very recent and promising ideas, stemming from the use of bubbles, we
discuss an algorithm for the numerical simulation of the cubic nonlinear Schrédinger
equation with harmonic potential (¢NLS) in any dimension, that could easily be ex-
tended to other polynomial nonlinearities. This algorithm consists in discretizing
the initial function as a sum of modulated complex gaussian functions (the bub-
bles), each one having its own set of parameters, and then updating the parameters
according to ¢cNLS. Numerically, we solve exactly the linear part of the equation and
use the Dirac-Frenkel-MacLachlan principle to approximate the nonlinear part. We
then obtain a grid-free algorithm in any dimension, and it is compared to a spectral
method on numerical examples.
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1 Introduction

We are interested in approximating numerically the solution ¢ (¢, z) to the cubic nonlinear
Schrodinger equation with harmonic potential,

0 + Agtp — [afy = Y[P?, z e R (cNLS)

where d > 1, | - | denotes the usual Euclidian norm over R% and A, denotes the Laplace
operator over R: A, = 2% | 92 . This equation is also sometimes called time-dependent
Gross-Pitaevskii equation [CCP 00, BIMO3, Wanl7, TTK22]. We focus on a cubic non-
linearity for the sake of clarity, but we emphasize the fact that everything we present
is also applicable to other types of polynomial nonlinearities, mutatis mudandis. The
Schrodinger equation (¢NLS) can be split into two parts, namely the linear and nonlinear
parts:

10 + At — |2 = 0, (HO)

and
10 = Y|y (cNLS-nonLin.)

The linear equation (HO) is also called the Harmonic Oscillator. Traditional well known
numerical schemes are based on this abstract decomposition and it is easy to determine
high order splitting methods obtained by solving alternately the linear and nonlinear part,
like Lie, Strang Splitting or triple jump composition, see for instance [MO)02, HILWOG,
CCENI7]. However, the discretization of each of these two parts remains to be done
using time and space discretization.
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Very recent works | : ] suggest to discretize the solution ¢ of (cNLS) as a
sum of N modulated functions, which write as:

N
Ot z) = ult,z) =Y u(t,x), (1.1)
j=1
where
ds; _ 1
A oo B dt L%
u;(t,x) = —]e”ﬁ’LJﬂf'yj_’Tj‘yfFUj(sj,yj), with ! (1.2)
i y= T X
J L] )

and NV € N*. We shall call each modulated function w; a bubble.

The time dependence of the parameters A;, L;, B;, X;, B;,v; has not been written in
(1.2) for the sake of clarity, but it is one of the main ingredients of the approach. More
precisely, the core idea is to plug the ansatz (1.1) into (¢NLS) in order to obtain ODEs for
the parameters. The idea of relying on time-dependent parameters to represent the solu-
tion, or an approximation, is not new and was formerly called Variational Gaussian wave
packets by Lasser and Lubich | |, where they applied the Dirac-Frenkel-MacLachlan
principe (DFMP) to (HO). The Dirac-Frenkel-MacLachlan is the name given to the Dirac-
Frenkel principle, or the MacLachlan principle, because in this case they are equivalent.

This method is widely used in the field of Chemical Physics | , , ,
: ]. The different methods used are variations of the same idea, and
possess many names: superposition of Gaussian Wavepackets, Gaussian beams, Thawed
Gaussians, Frozen Gaussian... All of these algorithms simply consist in applying a Dirac-
Frenkel-MacLachlan principle to (HO), the difference lying in the the way the parameters
are updated and how. For example, the Thawed Gaussian method allows the width matrix
to be time-dependent while the Frozen Gaussian does not. However, they all produce an
approximate solution, even in the linear case. In general, the chemists’ setting of Gaussian
beams involve correlated components, hence the width matrix. In the present paper we
make the simplifying assumption that our gaussians are not correlated, and that their
width is parametrized by a real positive scalar.

Let us explain the main ideas underlying the full modulation (1.2), and developed in
various works, see for instance | , ] and the references therein.

Consider for instance the case of one bubble, i.e. N = 1. When plugging the Ansatz
(1.2) into (cNLS), we obtain an equation of the form

1050 + Ayv — |y[*v — [v]*v + P(s;y,0,)v =0

where P(s;y,0,) is a quadratic operator in y and 0d, depending on the time through
the parameters (A, L, B, X, 5,7) and their time derivatives with respect to s, see (2.7)
for more precise detail. It is then possible to choose the parameters in such a way that
P(s;y,0,)v = —Av for some A € R, and to take v as a soliton solution of the stationary
equation

— Ay + [y|Pv + [v]*v = A, (1.3)

This yields to a differential system to be solved by the parameters (A, L, B, X, 8, ) which
is given below by the equations (2.8). It turns out that these equations form a completely
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integrable Poisson system that can be solved, and the solution for a single bubble can be
thus taken as a modulated soliton.

This kind of approach has been used successfully in various situations from a the-
oretical point of view, see | , , , | and the references therein.
Typically, when several modulated solitons N > 2 are in interactions, this can produce fi-
nite time blow-up of growth of Sobolev norm phenomena, and a large part of the analysis
relies on the ability of calculating nonlinear interactions between two modulated soli-
tons. This can be done for instance in an integrable situation, e.g. the Szegd equation
[ I

Another byproduct of these modulation technics in 2D is to make a link between
(cNLS) on a finite time interval and the Schrodinger equation without harmonic potential

0 + Aptp = Y[,z eR?

on an unbounded time interval. In this case, the modulation equations generate the so
called lens transform, see for instance | | (note that our algorithms could be also be
applied to the latter equation but we will restrict our analysis to the Harmonic case). Let
us also note that such modulation technics can also be related with the families of exact
splitting introduced in | | where the time coefficients can be seen as specific time
changes s in the modulation equations.

Inspired by these sucessful theoretical works, we retain the idea of approximate solu-
tions to the equations (HO) and (¢cNLS) by modulating the parameters A;, L;, B;, X;, B;,7;
in such a way that v,(s;, z) satisfies a smoother in time equation - typically a stationary
soliton equation. From the numerical point of view, however, chosing the v; as stationary
solitons would require first to solve explicitly the nonlinear equation (1.3) and more prob-
lematically, to estimate numerically the nonlinear interactions between the modulated
solitons by using the Dirac-Frenkel-MacLachlan principle. The latter consists essentially
in a projection on the manifold of modulated solitons, which is in practice very difficult
to evaluate numerically.

Moreover, one is naturally interested in using a splitting strategy between the linear
and nonlinear part which would typically destroy the soliton structure in the equation.

This is why we decide here to use Gaussians for the functions v;. Let us remark that in
the case of small nonlinearities, ground states solitons are close to gaussians which makes
the approximation relevant.

This Gaussian choice has the main following advantages : First we can solve exactly
the linear part by using the classical modulation equations. Second, we can calculate
explicitly the nonlinear interactions obtained by applying the Dirac-Frenkel-MacLachlan
principle on the manifold of modulated gaussians to polynomial interactions. In the end,
we thus obtain a algorithm for modulated Gaussians that can be easily implemented
numerically, grid free, and able to capture high oscillations of the solution.

The paper is organized as follows. Section 2 is devoted to (HO) and can be seen as
a specialization of | ] for a quadratic potential. We recall some conservation laws
and growth estimates when considering bubbles in (cNLS), as well as exhibit modulation
equations which turn to have a completely integrable Hamiltonian structure. Those equa-
tions allow us to obtain an analytical formula for most of the modulation parameters.
By choosing a shape for those bubbles — in our case gaussian — all of the modulation
parameters can be obtained exactly.
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The second part of this work takes into account cubic interactions, which were not
accounted for in | ]. We focus in Section 3 on (cNLS-nonLin.). The nonlinearity
that is introduced is the core of difficulties arising in the Schrédinger equation, and it is
hopeless to look for exact solutions in the general case. The proposed approach uses the
Dirac-Frenkel-MacLachlan principle to obtain modulation equations. This allows us to
take into account as many bubbles as one desires at the cost of a computational complexity
of order O(N*d + d*N?3). Here, N is the total number of bubbles. The fourth power of N
is due to polynomial interactions of order three. This complexity almost does not suffer
from the well-known “curse of dimensionality” since it is at most polynomial with respect
to the dimension d. This relies on the exact computations of all of the integrals involved,
hence we do not need to use numerical integration.

Finally, Section 4 is dedicated to illustrating numerically the fine details that are
obtainable with the Dirac-Frenkel-MacLachlan principle (abbreviated DEMP), as well as
the long-time behavior, compared to a FFT-based spectral scheme. Our experiments
show that, if the initial data is discretized “nicely”, the DFMP yields satisfying results.

2 The Harmonic Oscillator

In this section we focus onto the linear part of the cubic Non Linear Schrodinger equation,
namely the Harmonic Oscillator (HO).

2.1 General case: v = v(s,y)
2.1.1 Conservation Laws

We recall classical laws for the Harmonic oscillator equation (see for instance | :
]). Let ¢ be the solution to (HO). We will need the following result, known as the
Pohozaev identity.

Lemma 2.1 (Pohozaev Identity). Let x € RY, and f € HY(R?) such that zf € L*(R?).
Then

/Af<gf+x~Vf>dx:—/|Vf]2dx. (2.1)

Proof. By density, we only need to prove equation (2.1) for f € C°(R?), where C°(RY)
denotes the space of infinitely smooth functions with compact support in R%. Let

Alx) = AT f(\a),

then
/|ka|2dx — )\2/|Vf|2dx.

Differentiating this identity with respect to A and evaluating the result at A = 1 yields

d
/Vf-v <2f+x-Vf>dx :/|Vf|2dx.
We integrate by parts the LHS, and obtain (2.1). ]
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Lemma 2.2 (Conserved quantities in dimension d = 2). We consider a two-parameter
family of equations containing (HO) and (cNLS):

10 + (DAY — |z*y) = A"y, p A €R.

The (radial) conservation laws are mass ||¢||L2, energy

A
By = 5 (HO ) + 7 ([0P4,v).

where H = —A + |z|* and (f, g) := Jza [g, and momentum

Mon = (Bun = lal2) +1 (3 [ - 90)

and the same applied to any power (—H )%. There also holds the non radial conservation

law
Pi=1 (%/ajwz/?)Q 47 (/:cj!w|2)2, j=12
Proof. Mass conservation:
OllE: = 0 [ 162 = 2R [ Yo = 2% [ —ith (—udsee + plal? + Awf*v)
= 2R [ =i (A + o Pl + Ap|") = 2% [ iy
— zu&e/i\vw —0.
Energy conservation:

d

qt Fer =

< pAY + plz* + = |w|2w,w>

d
i
A
( R 00) + 2R a0 + R 100,00 )
({000,006 =

S@ [\J\»—t L\:)M—t

For the momentum, we compute

S= / @20l = m“ o, ) = R{Ja e, ) = R[>, ind — ipla — i\l *)
= uS{Ja 2, AY) = S [ alPoad = =S [ 96 (j2fw)
- —M%/V@E.zw —us/v@.vmx\? - —2u%/x.vw
- QM%/Q: VP, (2.2)

and

thd/m sz/z—; /(x.vatwﬂx.waﬂz).
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An integration by parts gives

[o-Vov == [69 () == [o(wd+o- V),

hence
Zdt\s/x Vo = ;%/( O (dd+ - V) + - Vo)
; / (~0udd — B - Vi + Oy - V)
_ ;% / (~owdd + 2 [ada - V)
- ;Z%/at¢w+\v/atw vy,

Recall the equation satisfied by :

O = ipAY — ip|z P — NP,

therefore

d.
S8 7 Vg =53 [i[udv — ey ApPy] d

+%/1 —uN + pla )+ AP @ - V.

We have

d 4
=59 [[i[utsy = plafp = AP b = 5 [ [V + el + Al
and

S [i[-nad + pla+ MuPO| @ Vo = R [ [-pAd + pleld + Nwd] o V.
Moreover,
[lafdw -0 = = [ o9 (alo0) = = [0 (dlafd + 20z + alaf? - Vo)
= [1Pde v+ [lepge Vo = [ (dafd+202%0)
= R [lofda- == v (Gl +lafo).
Finally,
S5 S [2 i =5 [ [V + ulaPlol? + Al
+ R [ [~nad + A0 @ Tv — s [ <§|x|2w+ mw)
= & [ (VP = A + R [ [-udd 4 APE) a0 [Pl
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d d _ _
= S [ 190 = [Pl + 53 [l + R [ [-uad + M) o vy
We are in the two-dimensional case d = 2, hence
<3 [a- Vg = [ WVl —u [1aPlol + 3 [ Wt + R [ [-pad + g9 o Ty
2B+ [0l — 2 [Pl + R [ [-udd+ NoPi] 2 Tv.

2dt

Moreover,
[1ePia- v == [69 - (jv)
= — [ (2R ($V) - o + WV - o+ dlof)
= [ (2R (690) - [0 Pa + Gl @+ 20uf?)
e 50— -2m vt -2
= ® [jufie Vo= [l

Finally,

S8 [ovoi =28+ 3 [0~ o [ePlol - uk [ Ade- w0 -3 [ ot
= 2B, — 21 [ ol — u [ Adbw - Ty

2dt

We then use the Pohozaev identity (2.1) in dimension d = 2, which yields

§R(/x~V¢A¢)—

ia\s x-V¢1§=2EH,A—2M/|$|2|¢|2-

From the conservation of the energy E) and equation (2.2),

Therefore,

dtQJ/w Viph = —16u2§/x V).

Hence, the conservation laws

R R
= (B~ i)’ + 0 (3 [ 2 ww0)
For the non radial conservation law:
s [0 = 23 [ 0080 = 2 [ 10000 = 20 [ 1oPR (v850) = 2 [ i
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owing to the facts that integrations by parts yield
R [ 200 =% [ i,
and - B
2 [|oPeo = [1oPolvP =~ [WwPolul — ® [ [wlPeo,s = o.
We also have

1d

Sap [l =R [ w000 = [wjiow = uS [ v = u$ [ 00,

Hence the relations q
= [aslol =208 [ o0
d _
=9 [ o = —2u [ ajlul,

which have the conservation law

Py= (3 o)+ ([aitur?)

2.1.2 Renormalized flow

Recall the expression (1.2) of a bubble:

A il B r— X(t) ds 1
U(t,l’) = Ee THiLgy 4|y|2v(57y)7 Yy = L(t)( )7 a = L(t)2 (23)

We compute, in dimension d > 1:

Ae™ T BiB
and
iLBy—iZ |y, ] _ JiLBy—iZ|y? - B
3k[e 1 v}—e 1 Okv + i Lﬁk—iyk vl, k=1,...,d, (2.4)
and

OF [ePui TPy | = LAy
: B B . B , B
X [8Zv +1 <L6k — ka) OV — ZEU +1 (Lﬁk — 2yk) {&qv +1 (Lﬁk - 2yk> UH

‘ B o B B?
_ iLBy—iZyl laﬁv + 1 (2LB — Byy) Opv + (—i2 — L*B; + LBByys — 4913) v] .

Hence,

A

. . . 7.2 2
Au = 2 ey FilBy—iglyl®,,

L3
9 /49



B B?
Ayv+i(2LB — By) - Vv + (—z‘2d — B>+ LBB -y — 4|y|2> v] :

We have
A .
—|zPu = _Zemzwy—z%ly\? Ly + X|*v
A .
= VLB y—i gyl (—Lﬂy\z —2L3X -y — LQ]XP) v

thus A p
—Hu = ﬁeeriLB-yfi%lyP {Ayv _iB (21] + AU) y: (|m2 + |X|2) v
) (2.5)
. 3 B 4 2
+2iLB - Vv + (LB —2L*X ) - yv + Ll
where we denoted Av := y - Vv. We now compute

o A
atu _ at (ez'y+1[3’.(zX) 4L2 |z— X‘QL (8 y>>
in+iB-(a—X)—iLylo—x|* A [ A L X ]
O + 2V T (v+ Av) — 7 \
|2A

L
By 9
X |+ B (v —X) =B Xy — @| r — X|

°L,B , 2B

+ 173 |z — X(t)]” + —4L2(a: - X) -Xt}
. : > A A, L X

= ew+zﬁ~(m—X) |:z: Xl 8 v+ ZU - f(U + AU) - f VU:|

=€

_’_ei’y—l—zﬂ-(m—X) 4L2‘$ X v

L i o= X)=i g o X2 ;13 i

B, 2L,B B X
x [t Loy = X, = Tl + 2.

and hence

. 7 18- (x— _iix_ A . A Ls . Ls.
iOpu = VT X) il X|2L3{zasv—l—( Ys+ B+ X)v+<A—L)w—LzAv

X, BX, By BLy\,
‘@L'V”( LB, = 2L> yv+<4_2L>|y| }

This yields

A . B, 12

- ez’y+zL,3-y*Zz|y| {z’@sv + <_”Vs +8- X, — 12 (|ﬁ‘2 + ’X|2)) v
A, L, d\ . L, . . X

* <A_L_BQ>W+ (-7 - B)invri(2ns- ) w0

B X,
+<—2L3X+LBB—LBS 5 L) yv
B B2 B L,
wage B (Ban) - 2o o
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2.1.3 Hamiltonian formulation for the free bubble

The one free bubble corresponds to the modulation equations

—Yet B Xo— L2(IBP + [X]?) =0
A, L, B
2L 2470
L
_ 3 _B=
L
X, =218
BX,
B B? BL
=4 ==
4 ( R ) 2 L ’
or equivalently
AB
Ly =—BL
By, = —4+4L" — B? (2.8)
X, =213
By = —2L%X
e =L* (18 = |X]?) .

If the parameters are solutions to system (2.8), the function v then has to solve the

Harmonic Oscillator with respect to time s and space .
In time ¢, as &= = L2, this system is

s

AB
A=2d-2)
B
L, = -7 = —2L0gE
4, B 5
By = —05 +AL* = 5 = 2L0,E (2.9)
X =28=V3R
v =18 — | X%,
with
1 B 2 2 2
E(B,L):ﬁ 1+Z + L7, and R(X,[)=|X|"+ 8"

Then we set 1
k= §logL, L = e,
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and the system becomes

A = A23(d — 2)e

ky = —0pH

By = Oy (2.10)
X, = VsH

By =—-VxH

e =81 — X%,

with
2

H(k,B,X,B) =E(k,B)+R(X,3) =e (i + 1) + e X2+ |81

Lemma 2.3. There exists a symplectic change of variable (X, B, k,3) — (h,a,&,0) €
R x R? x [0,27] x [0,27]¢, such that the Hamiltonian in these variables is given by

E(h,a,€,0) = 4h + 2|al?, (2.11)

so that the flow in variable (h,a,&,0) is given by

a(t) = a(0),
0(t) = 0(0) + 2t,
h(t) = h(0), (2.12)
§(t) =&(0) — 4t
We have the explicit formulae:

a0 =40 (73]

e = L(t)? = 2h(t) — cos(&(t))\/4h(t)? — 1,

B(t) = 2sin(&(t))\/4h(t)? — 1, (2.13)

Proof. For the (X, 3) part, it suffices to check that

are solutions. The expression for y(t) will be computed later within the proof of Lemma
2.5. For the (k, B) part we use the method of generating functions, described e.g. in
[ , Sect. VI.5]. We can express B in terms of k and the Hamiltonian &£, so that on
the set {B > 0} we have:

B =2\/ethe — etk — 1. (2.14)
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This equality holds for e?* € [e**0, e**1] where e, ¢**1 are the reals roots of the polyno-
mial —22 4+ &z — 1,

etho = ; (e-vEr—1), = ; (e +vET—4). (2.15)

In order to obtain a symplectic change of variables, we look for a function S(k,E) such
that 55

B=— .

We easily obtain S(k, £), by integrating on [k, k]:
k
S(k,&)=2 [ Ve¥& —e¥ — 1dz.
ko

The variable ¢ which makes the mapping (B, k) — (¢, ) symplectic is defined by

oS k et
~Pire :/ d
¢ 35( ) ko \/et*E —edr — 1 -
We have
% _ e, _ — MR LE _ _€f4kg64k .
dt ek _ o8k % %

We now proceed to obtaining an explicit expression for :

= AW L e
1
du

T

£2
g2

,/ﬁ, 1
4/ T du.

4k0 £
V1—u2

Recall the definition (2.15) of kg, which yields

Therefore,



We want the angle variable to lie in [0,27] so the above expression describes an eigth
of a period. But we are only considering the set {B > 0}, thus the angle { we are
looking for must lie only in [0, w|. Hence we set (§,h) = (4¢,E/4) and let the Hamiltonian
E(&,h) = 4h with a slight abuse of notation. It is then clear that % = 0 and % = —4.
Moreover,

[ et — g T
6 = arcsin 827 + 5 & [O, 7T] s (216)
< 1
4
and hence £
[ 5 . s
g —in (5— 2) = —cos(§).
4
We obtain

et =17 = (; — cos(f)\léz —1=2h —cos(§)V4h? —1

1
= 2h (1 —cos(é)y/1 — 4h2) :

With this formula, we have
0< L?<4h=E,

and (2.14) becomes

B = 2\/Eetk — e — 1 = 2, [4hetk — (et)2 — 1 = 2,/(4h? — 1) sin2(¢)
— 2sin(§)VaARE — 1,

where the last equality holds for £ € [0, 7).
Finally, it remains to integrate the ODE on A, which is

At = 1423<d — 2)6_4k.

From the expressions we just obtained we get

sin(€)v4h? — 1
2h — cos(&)V4h? — 1

The solution to this equation is of the form

Ay = Ad - 2)

A(t) = A(0) exp {(d— 2) | t_ sinlls))yahls)” - 1 ds}.

2h(s) — cos(&(s))y/4h(s)? — 1

Moreover, we know that s +— h(s) is constant, and that £(s) = £(0) — 4s. Hence we have
to solve

t sin(£(0) — 4s)4/4h(0)2 — 1
A(t):A(O)exp{(d—Z)/O o (£(0) ~ 4s) y4h(0) ds}.

0) — cos(£(0) — 4s)4/4h(0)2 — 1
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One can easily check that we have the following equality:

/t sin(£(0) — 4s)y/4h(0)2 —
0 2h(0) — cos(€(0) — 4s),/4h(0)2 —

_ _i [10g <2h(t) — cos(€(t)y/2h(1)? — 1) —log <2h(0) — cos(£(0))y/4h(0)2 — 1)} :

Note that, unless h(0) = 3 or h(t) = %, these quantities are well-defined since 2h(s) >

4h(s)? —1,s € {0,t}. Thus, we obtain

A(t) _ A(O)QQZJ {10g(2h(t)—coS(§(t))\/4h(t)2—1) —10g(2h 0)—cos(¢ )\/721)}

—C <2h(0) — cos(€(0) — 4t),/4h(0)2 — 1) o

d—2

where we defined C' := A(0) <2h(0) —c0s(£(0))4/4h(0)2 — 1)7. We recognize here the
expressions for L(0)? and L(t)?, hence the claimed result. O

In pratice, one would know the parameters (A, L, B, X, 3,7) and would apply (2.13) in
order to update them. We have the following result, which allows to obtain action-angle
variables from the bubble’s parameters:

Lemma 2.4. The change of variables (L, B, X, ) — (h,a,&,0) is explicit, and at time
t =0 we have

@ (0) = 5 (X0 + 5:(0) ) v,
6;(0) = arctan ( )
L(0)* 4 1 + 2O° (2.17)

h(0) =

0=

B(0)
= t
§(0) = arctan (4h(0) - 2L(O)2> ’

whenever 0(0) and £(0) are well-defined. When any one of them is ill-defined — which
happens when X;(0) = 3;(0) = 0,i € {1,...,d} or when L(0) =1 and B(0) =0 - any
value can be taken and the time-evolution of A(t), L(t), B(t), X (t) and 5(t) will not depend
on the value.

Note that to define £(0) we could also use equation (2.16), but this is not appropriate
from a computational point of view. Some more details are given in Remark 2.1.

Proof. We have a;(0) = % (X;(0)2 + 3;(0)?),i =1,...,d. If a;(0) > 0 we can define 6;(0)

as 0;(0) = arctan (X((g))) Otherwise, if a;(0) = 0, then we recall that a(t) = a(0) and
hence — whatever 6(0) — we have X;(t) = 0 and §;(t) = 0. Therefore, in the case a;(0) = 0,
the exact value of 6;(0) does not change the behavior of ¢t — (X;(t), 5;(t)).

For the (L, B) part,

L(0)? — 2h(0) = — cos(£(0))4/4h(0)2 — 1,
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hence
(L(0)? — 2h(0))* = L(0)* — 4L(0)*h(0) + 4h(0)* = cos(£(0))? (4h(0)2 — 1) :

We also have

(BéO) ) = BOF _ sine(0)? (an(0? 1) .

Then,

L(0)* — 4L(0)*h(0) + 4h(0)* + BOF _ 4h(0)* — 1,

that is

Note that (0) is bounded from below by 1. Indeed,

L0)Y* —2L(0)* + 1 + BOF _ (L(0)> = 1) +

4
Bf) > 2L(0)°

— L(0)* +1+

1
< h(0) > 5
From this we also get that h(0) =1 <= L(0)> =1 and B(0) =0.
If h(0) > 1, we have

(D) = L0 = cos(S(0)) y4h(0)* ~ 1 BO)2
O _ ey —1, 20— LOF - )

hence

§(0):arctan< 5(0)/2 )

21(0) — L(0)?

Otherwise, in the case h(0) = 1, the value of £(0) is not rigourously defined. However,
1

as previously, the exact value of £(0) is not important because h(t) = h(0) = 5, which
means that L(¢)2 = 1 and B(t) = 0. Therefore, in the case h(0) = 3, the mapping
t— (L(t), B(t)) does not depend on the value of £(0). Finally, since the mapping ¢t — L(t)
does not depend on £(0) in the case h(0) = %, we also have that ¢ — A(t) does not depend

29
on the exact value of £(0), thanks to the expression of A(t) = A(0) (L(t)/L(O))¥. O
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2.2 A particular case: v(s,y) = e 2l

When we have chosen the modulation equations (2.9), we chose them so that v is itself
solution to the Harmonic Oscillator in time s and space y. This could maybe ease the
process of finding a solution, but we can do even better: if we consider a particular
expression for the function v we are also able to compute its time derivative and its
laplacian in (2.7). By doing so, we can take into account those operators within new
modulation equations.

We then have to choose a particular shape for the functions v. Note that the treatment
of each bubble j is done separately, hence each function v; can have its own shape different
from the others. For simplicity, we take all the functions v; to be gaussian functions. There
are two main reasons for this choice: the first one is that when the width of a normalized
gaussian function tend to zero, we can assimilate the function to a Dirac mass and hence
view the proposed algorithm as an exact particle algorithm. The second reason is that we
will have to consider the shapes of the functions v; when we will add cubic interactions,
and the gaussian functions allow us to perform most of the computations exactly, which
greatly reduces the computational complexity and improves its accuracy. The gaussian
shape is also motivated by the idea of Gaussian Beams.

From now on, the bubbles will have the following expression:

u;(t,x) = ée’”“LJﬂj'yﬂ'_i?‘yflge_%‘ym, with  y; = ’ ;JX]'. (2.18)
j j

Since equation (HO) is linear with respect to 1, if we use the ansatz (1.1) then we
have to solve the Harmonic Oscillator equation for each bubble j:

0y = —Aguj + |z]*u; (2.19)

2
21

We can reuse equation (2.7) with v;(s;,y;) = e~ 2z , and take advantage of the following

equality: )
_lwl®
Ayu(y) = A, (e 2 > = (|y|2 - d) v

This yields almost the same system of equations as (2.8): only the equation on v, changes,
and we have

(3)s = L2 (1B = |X]?) — d.
With respect to time ¢, we get

d

(i) = 18° = IXP* = 5. (2.20)

If the parameters satisfy the modulation equations (2.9) (where the equation on ~; has
been changed to (2.20)), we have

i@tuj — HU]' = 0,

i.e. the Harmonic oscillator equation is automatically satisfied for the bubble j. Further-
more, we have the following result:
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Lemma 2.5. Equation (2.20) can be integrated explicitely by using equation (2.13), and
we have

A1) = 50) + 3 ™ fin(20,(1) — sin(26,(0))]

(o)) e
_gmn((%<o>+ 07— 1) o (52)) - e

where, if myg € Z s such that @ € mom + {—g, g}, then mp € 7Z is defined by 3]

]

+ (Qi arctan ((Qh(O)

]

(mo —mp)m + {—5, g}

Moreover, in the cases where a;(0) =0, i € {1,...,d} or h(0) = 1, the formula (2.17)
for0;(0), i € {1,...,d} or&(0) are ill-defined, but any value can be taken as a substitution
and this will not affect the behavior of the mapping t — ~(t).

Proof. We now proceed to the direct integration of ;.

(1) =20 = [ 50t = [ 1308 - X0 - 5] .

We have
T

B - 1X(1)] } dt

T d d
Z 2&1 COS 9[ Z 2CLZ Sln 9[ } dt
l =1

Il S—
S— —

Il
—

2
!

T d

Il
S—
3
M=

ar (cos(0(t))? — sin(0y(£))?) dt

Il
—_

Z2(Ll cos(20,(t))dt

1

I
S—

aj

5 [sin(26,(T)) — sin(26,(0))] ,

Il
M=

where the last equality has been obtained using (2.12). Owing to (2.13),
d

L /o 2h(0) — /4h(0)2 — 1 cos(£(0) — 4¢)

_ —
=1 =:cg

dt

= dt

/0 c1 — o c08(£(0) — 4¢)

1

= —dt.

4 Je)—aT ¢ — o cos(t)

Recall the following trig. identity:
1 — tan(7)?
or) = - T) R

cos(27) T tan(r)2 T € R,
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hence

T d
/0 c1 — cacos(€(0) — 4t)dt

/5(0> 1 dt
4 Je0)-a1 ¢; — 02%

B /5(0) 1+ tan(t/2)?
4 Jeo)—ar ¢ (1 4 tan(t/2)?) — cy(1 — tan(t/2)?)
B d/£<0) 1+ tan(t/2)? @
4 ar (1 4 cp) tan(t/2)2 +¢; — ¢y
B d /5(0) 1 + tan(t/2)?
"~ 4(c; — ) Je)—ar At tan(t/2)? + 1
d o L tan(t)®
- 2(e1 — ) JEQ a1 BEE2 an(1)2 4 1
d 0 4 (tan(t))

-t dt
2(c1 — cg) JER o1 2 tan(t)? + 1

d 1 e 4 (/a2 tan(t)
_ £(0) 2
Ao =) \Jota JQar [ [ata an(r)]” + 1

Moreover, (¢; — ¢o)(c1 + ¢3) = &2 — 3 = (2h)*> — (4h* — 1) = 1 and ¢; — ¢ > 0, thus

,/2+g§ (c1 + ¢2) and

dt

L (e + o) tan(t))
L €0 o1 ((¢1 + ¢2) tan(t )) +1

272

myp)T + (—g, g} We recall that E(T) = £(0) —4T. Then

Now let mg € Z such that ( ) € morm + (—E 5}, and my € Z such that @ € (mo —

/T d . d o jt ((e1 + ¢2) tan(t))
o L(t)? 2 JEQ o1 ((¢1 + ¢5) tan(t))? + 1

=:f(t)
d % d [mom—3% d [(mo=mr)m+5
_¢ dt+ % e+ + 5 | £)dt.
2 /mowg 70 2 J(mo—1)n—2 Uy 2 /&9 o7 f@)
For m € 7Z, we have
% mr+Z
/ = [arctan ((¢; + ¢2) tan(t))]mﬂ_é
mm— g
= [arctan ((¢; + ¢2) tan(t))ﬁg = .
Now write ( ) %) — mom € (—g, g}, and % = g(Q—t) — (mo —mp)T € (—g, g} Then,

L2

19 / 49



d % d [mo=mr)m+3
= Smr =D+ 5 /W_g O3 [ O
wd d %03 d (2
= (mr — 1)7 2/ - f(t)dt + 2 Jao f(#)
L ks
= (mp — 1)7T2d + ; [arctan ((c1 + ¢2) tan(t))] o+ (21 arctan ((c; + co) tan(t))]:f(vt)

wd d 7r
= (mr — 1)7 +3 arctan ((cl + ¢9) tan (%) o

md
—l—?—arctan ((01—1—02 tan( ))
— El_l_g t + t & _g t, + )t @
= mr—- + 7 arctan (c1 + ¢2) tan 5 5 arctan (c1 + o) tan 5

— mTﬂl + ;iarctan ((cl + ¢9) ta ( ) - ;larctan ((cl + ¢9) tan <§(20) - 2T>>

2
_/ I arctan <(c1 +¢y) tan <§(20) - 2T>>

— ;Zarctan <(61 + ¢9) tan <€(20)>> - mT7T2d.

f\
O

o
—~
N’o

Hence

Finally, it remains to show that if a;(0) = 0,7 € {1,...,d} or h(0) = 3, then the
behavior of ¢ — ~(t) does not depend on the exact value of 6;(0), i € {1,...,d} or £(0).
The exact formula for v(T) is:

Y(T) = ~(0) + a1 (0) [sin(261(T)) — sin(26,(0))]
+ a(0) [sin(202(T)) — sin(264(0))]

+ ;larctan (<2h(0) + W) tan (6(20) - 2T>>
A asran ((200) + 307 1) an (L2 ) 70

It is clear that if a;(0) = 0 then ~(¢) does not depend on 6;(0) nor 6;(t), i € {1,...,d}. If

h(0) = 3, then
2h(0) + \/4h(0)2 — 1 =1,

so that

;Zarctan <<2h(0) +\/4h(0) — 1 ) tan (5(20) B 2T>>
_ ;Zarctan <<2h(0) + W) tan (5<20)>> B mTW?d
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s (i (E22)) st (s (42)) < 1, 2

Since arctan : R — (—g, g], we have
;jarctan <tan <§<2T)>> — garctan <tan <§<20)>> — mT7T2d
_dg(T) dg0)  wd
T2 9 29 My
_d (D) €0 _ oy
2\ 2 2 ) ’

This shows that, in the case h(0) = %, the mapping t — 7(t) does not depend on the
value chosen for the ill-defined quantity £(0). O

Using Lemmata 2.3 and 2.4, we are now able to obtain an easy numerical algorithm
which simulates the evolution of bubbles according to the Harmonic Oscillator on a time
interval [0, 7. It is described in Algorithm 1.

Algorithm 1 Solving the Harmonic oscillator with Bubbles

for j=1,...,N do > j denotes a bubble’s index
Use (2.17) to get the action-angle variables (h, a,&, 0) at time 0.
Use (2.12) to update the variables (h,a,,0) up to time T
Use (2.13) (with the expression for v(t) replaced by (2.21)) to get the parameters
of bubble u; at time 7.
end for

Remark 2.1 (Numerical considerations). Here are a few remarks about Algorithm 1:

o When applying equation (2.17) to obtain the action-angle variables from the bub-
bles’ parameters, it is advised to use the function arctan2(y, x) instead of arctan(y/x)
because it allows to obtain an angle lying in (—m, 7] instead of (—n/2,7/2] by tak-
ing into account the signs of both z and y. This is also the reason why we do
not define £(0) by (2.16). Moreover most numerical implementations of arctan2
return a finite value for arctan2(0,0), which avoids the manual tuning of a nu-
merical threshold to know whether a;(0) or h(0) vanish numerically or not. We
recall that in this case the exact value returned does not impact the behavior of

t = (L(t), B(t), X(t), B(1),7(1)).

e The algorithm yields an exact solution as soon as the initial data is a sum of bubbles.
If not, then the only error committed is the discretization error when approximating
the initial condition ¢ (¢ = 0) by the ansatz (1.1).

e This numerical algorithm does not need any discretization in time nor in space.

» The solution obtained is the ezact solution of the equation (HO) defined on the
whole space R?, and no numerical boundary conditions are needed.
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3 The Dirac-Frenkel-MacLachlan principle

In this section we consider the Schrodinger equation (cNLS). As it has been explained
before, the equation consists in two parts: the linear part (HO), and the nonlinear part
(cNLS-nonLin.). Section 2 was dedicated to solving the Harmonic oscillator, namely the
linear part. We are interested now in solving the nonlinear part, and as it is usually done
for numerical simulations, we will use a splitting method. This will allow us to solve
(¢NLS) by solving separately (HO) and (¢NLS-nonLin.), one after the other. By doing so,
a splitting error is made, which depends on the timestep At, and the order of the error
depends on the specific splitting method. It is also possible to apply high-order splitting
methods.

We focus on approximating numerically the solution to (¢cNLS-nonLin.):

iat¢ - ¢|¢|2

We are free to use any method we want, but one has to keep in mind that Algorithm 1
solves (HO) exactly when 1 is expressed under the form (1.1), i.e. as a sum of bubbles.
Therefore we would like the approximate solution to (¢cNLS-nonLin.) to keep this par-
ticular form. This naturally calls for the use of the Dirac-Frenkel-MacLachlan principle
(abbreviated DFMP). For more details, see | , Sect. 3]. Let M be a manifold of
complex-valued Gaussian functions:

N ) ) 2+iB, 9
A ivtiB (e —X5)—— =t =X
2 (mod “<x):§:7J€7 B ;

Aj>Bj77j € Ra Lj € R*—H XJ'?ﬂj S R?
We look for a function v € M that solves (¢cNLS-nonLin.) on M. More precisely, u is

defined such that its time derivative lies in the tangent space of M at u, 7T,)M, and such
that the residual of equation (¢NLS-nonLin.) is orthogonal to the tangent space. That is,

Oyu(t) € TuwyM,  such that
(f.i0wu(t) — u()[u(t)[*) = 0, Vf € TupyM.
Remark 3.1. The definition of Jyu(t) via (3.2), initially proposed by Dirac and Frenkel

[ : |, has been later criticized by MacLachlan | |. He proposed an alter-
native approach, which would consist in minimizing the quantity

(3.2)

iDyu(t) — fu(t) Pu(t)|[".

However, the two formulations are equivalent if the tangent space 7,4 M is C-linear
[ ]. This is the case here because multiplying by the complex unit i simply
amounts to ; — v; + 5. Therefore, the approaches by Dirac-Frenkel and MacLachlan
are equivalent.

Let By be a basis of Ty,)M, then (3.2) is equivalent to

Owu(t) € TuwyM,  such that
(f,10u(t)) = (f,u(®)|u(t)?), Vf € Buw.
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A family (which may happen to be linearly dependent) spanning the tangent space 7, )M
is given by

) yl2 . lyj12 , lyj12 A lyj12
Bu(t) - {ezrj(yj)_Qa (yj)lelrj(yj)_ 2 50y, (yj)dezrj(yj)_ 2, |yj|gezrj(yj)_ 2 j = 17 LI N} 3
= {ij, bj,g, C 7bj,d+17 bj,d+2 : j = 1, . 7]\[} s
(3.4)
where we defined B
Uiy;) ==+ LiBj - y; — Zj|yj|2-
Thus, (3.3) is equivalent to
(iOu(t), b)) = (ulul>,b;,), F=1,....,N, l=1,....d+2. (3.5)

The next step consists in expressing (3.5) as a linear system involving the parameters
of the bubbles and their time derivative. We then solve the linear system, which yields
ODEs on the parameters that we can integrate numerically. The main advantage of this
approach is that it guarantees to keep the approximate solution of (cNLS-nonlLin.) as a
sum of N bubbles.

In order to obtain the linear system, we first have to get the expression of i0,u(t) when
ly|?

v(y) = e~ "2 : by summing (2.6) over j = 1,..., N, one has

O — i Yy {ij|2 (i(LJ‘)s _ BilLy)s (Bj)s>

=L L; 2L; 4
-+%-(—Lx@n+w‘§f5—;?;XnQ (36)
+i (X)S - i([gj)s + 8- (X5)s — () } '

More concisely, we have

, NOA; ol ,
iOu=>_ L—ée == {|yj|2 (EJ@ + ZEJ(6)>
j=1*j
+y (E](?’)(l ..... 9 o pO d))
+ (B +iE?)} (3.7)
N
_ ' ORI (1), @)
_;Lg{bﬂ(EJ +iBP) + b (B 4B
7= J
o+ bjam (E](S)(d) + Z’EJ(-A‘)(d)) + b d42 (E](-s) + Z'EJ@)} ;
where
Aj)s (L)
ED = B (X)), — (1), @ . A)s (L)
B+ (X5) (V5)s5 j A L )
3)(l B; oo . ((X5))s
B = = L8 = 5 (s BPY = S0 =1 d (39)
J J
2o ._ (Bis  Bji(Ly)s 2© . (Ljs
g 4 2L; d L’



denotes the derivative with respect to time s.
According to (3.5), we then want to project id,u(t) against every element of B, ). We

obtain the following linear system:
AE =S, (3.9)

where

<b1,17 b1,1> <b1,27 b1,1> HE <bN,d+17 b1,1> <bN,d+27 b1,1>

A = € CAH+2N([d+2)N

(b11,bn,d12) (b12,bngre) .- (Ondt1,0nar2) (bNat2, DN ar2)

& (B +iE?)
4y (EO® 1 @)

E — : c R@+2N

Ay (E}V”:+ iEy)

and
(ulul® by1)

S .— : c CU+2N
(ulul?, by,a+2)

The matrix A is the Gram matrix of the family B,), which obviously depends on
time. In order to solve the linear system (3.9) we shall use the Moore-Penrose pseudo-
inverse which always exists, and which corresponds to the Least Squares solution if the
matrix A*A is invertible. The matrix A is invertible if and only if B, is a linearly
independent family of LL?(R?). We can already notice that if two bubbles have the same
parameters then the family will be linearly dependent: this is why the Moore-Penrose
pseudo-inverse is used instead of A~!, which is not always well-defined.
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Once the linear system (3.9) is solved, we obtain E, from which we can update the
modulation parameters. In order to solve numerically the linear system, we shall rewrite it
under a more convenient form. Let Ag := R(A), Ag := F(A), Ex := R(E), Eg := $(E),
Sy := R(S), and Sg := J(S). Then, (3.9) writes:

ApEgn — AgEq = Sy

Ar —Ag) (Ex) (S
o () (3) oo

It is more convenient to solve (3.10) than (3.9), because we only have to deal with real
matrices and vectors.

Remark 3.2. We first tried to solve (3.9) using the Moore-Penrose pseudo-inverse, however
it yielded incomprehensible results. After some investigation, we found out that the issue
seems to be the complex numbers involved, and that they do not mix well with the
pseudo-inverse. The linear system (3.10) yields much better results.

Once (3.10) is solved, we have to update the bubbles parameters according to (3.8).
The parameters of the bubbles labelled j can be updated with (Eg), and (Eg)s for
Ex

k=(d+2)(j—1)+1,...,(d+2)j. For the sake of clarity, let F := E ] Then
EW 2%
E(g)(l) (Ex)@r2)G-1)+1 Fa2)G-1)+1 F(§)(1)
; (E) (@+2)(-1)+2 Fa+2)-1)+2 i
()@ (3)(d)
E; . (Ex) (@+2)(j—1)+d+1 F(a42)(j—-1)+d+1 I o
i | E; _ | (BEr)@+2)g-1)+at2 | _ F(442)(j—1)+d+2 | F
L EY (Es)(d+2)(-1)+1 Flaro)n+(a+2)G-1)+1 F?
E](-4)(1) (Eg)(d+2)(j—1)+2 F a1 Nt @ar2)(-1)+2 Fj(4)(1)
E(,4.>(d) (Es)(a+2)(j-1)+d+1 F@r2)N+(d+2)(j-1)+d+1 F@)(d)
é((s) (Es)(d+2)(—1)+d+2 FaoNi(dr2)(G-1)+dr2 2—,(6)
J J
B+ (Xj)s ;(73')5 PO
—L;(Bj)s — 375 (X)) F@nd)
(B')s B-(L-)S J
7T L Fj(5)
— (ADs _ (L) = X% (2)
Aj Lj ] F
(X @0
(L) a0
I, j
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Hence

B+ (X))s — (33)s = FLY,
B; 2 6
— L;(6))s le(Xj>s — Fj(3>(L ’d), (A))s = A, (Fj( ) JrFj( ))’
’ _ 7 (6
(Bj)s _ Bj(Lj)s _ F(5) (Lj)s - L]F} )
4 2L, i (By)s = 4F” +2B,F®
(4))s  (Ly)s _ 72 = (x), = Lij(4)(1 ,,,,, a)
A, L,
1l ey B L@)..d)
(X))s PO (Bj)s = _ijj EFJ ;
L J ’
’ (v)s = Ly - VD — PO,
(Lj)s 7
Ly 7
and with respect to time ¢
A ,
(2) (6)
(Aj)s_f%(F} +Fj )7
J
L )
4 60, 2 6
(Bj)s = 72857 + 2Bl
N e d; (3.11)
(X])S - F ..... )
;"
1 B;
(3) (L) (4) (1)
J J
I _wa,.., d I _a
(75)s fjﬁy : ) PFJ( ),
J

3.1 Computing coefficients of the

linear system (3.9)

In order to be able to compute A and S, we give the exact expression of the inner products

involved. For 5,1 =1,..., N, let
2+1B  2—1DB;
z = ,
4132 4L§
X X
a:=—+ =,
Li L? (3.12)
B; By '
5: 2L2X +BJ 2L12Xl_6l7
. 241D 2 —
C:exp {Z(’}/l—’)/j)—élLlQ’XlF— 4L2 ’X |2—Z61 Xl—i—ZBJ }

Those quantities obviously depend on the indice

explicitly these dependences since they are pretty clear. Then, for n,m =

(b1, b;1) = Cf(€)
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Q

(Brnsr, bja) = + (2f, — (XD)uf) (€)

L
C —_— — o~
(uasa,ban) = o (PT = 2X 27 + 1X°T) ©)
C r—— ~
(it bimin) = 77 |2 f = KDanf = (Xmf + (Xu(X)nf] (€)

C —_— —_— —
<bz,d+2, bj,m-‘rl) = ﬁ {Im|$’2f —2X;- Imxf + ‘Xl|2xmf

~(X))mle P +2(X)m X 2f = [XiP (X)) f| (€)

2|t f = 22X - [2Paf + [ X[zl f - 2X; - al22f

C
<bl,d+27 bj,d+2> = ?LJQ

d — —~
+4 Y (X)n(X))mTnzmf — 2|1 X|?X; - 2 f
n,m=1

HaPfIXG1 = 20X X0 - af + XX F| ()

Moreover, we recall that A is hermitian, so the above relations allow us to obtain all
We now compute the components of the vector S. For j, k., I,m =1,... N, let

Cy == exp{i (v + v — ym — )}
x exp{i (85 Xj+ B - Xon — B - Xi = B - Xi) }

B,
. 2 2 2 2
% eXp{_Z <4L2’X’“‘ 4L2‘Xl’ AL2 Xl = 4L2‘X | )}

LAXRP | 1XP Xl | 1X)P
Cg = —— J
% exp{ 5 ( L% + L12 + L?n + L? ,

A A,
C = Mmoo 3.13
LyLiL, > % (3.13)
By B B B
— — B — B+ X Xi— 2 Xy — L X
¢ [Bﬁﬁl P = Byt e et o Xt = gpa Xm = 50 ]
(1 1 1 1\ (B B B. B
===+ +—5+=|+7 - —
2\12 17 12, 12 arz Ay a2, ar?)
1 1 1 1
= Xt X X+ 5 X
R PR R PR

Those quantities obviously depend on the indices j, k,[ and m, but for clarity we do not
write explicitly these dependences since they are pretty clear. Then, for 1 < r < d,

(ulu,0,,) = Y CF(&)

k,l,m

C ,— ~

<u’u|27bjﬂ“+1> = Z f (xrf - (XJ)Tf)
k,ln

(il byasz) = 3= o (IFFF =25 57 + IXEF)

k,l,m
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We refer to Appendix A for more details. Moreover, Appendix B contains Table 1 which
gives the useful Fourier transforms.

Remark 3.3 (Computational complexity). In (2.18) we chose v;(s;,y;) = e~2lul” . This
choice was made so that the inner products involved in the application of the DEFMP are
computable exactly. Therefore we do not rely on numerical integration to compute the
coefficients of the linear system (3.9). In particular, this shows that the computational
effort required to obtain the linear system is O(N*d + N?(d + 2)?). To obtain the total
complexity, we have to add the cost of computing the pseudo-inverse of the hermitian
matrix A € CUT2NEFIN which is O((d+2)>N?). This yields the overall computational
complexity: O(N*d + d*N?).

We obtain Algorithm 2 which can be used to obtain an approximate solution to (¢NLS)
as a sum of bubbles, using the Strang splitting between the linear and nonlinear parts,
and using an arbitrary explicit time-integrator for the nonlinear part.

Algorithm 2 Approximating a solution to (cNLS) as a sum of bubbles.

for Each timestep of size dt do
for y=1,...,N do > j denotes a bubble’s index.
Use Algorithm 1 to update the bubbles over a timestep of size dt/2.
for each stage of a time-integrator do
Compute the coefficients of the linear system (3.9).
Solve the linear system (3.9) to obtain E.
Use (3.11) to update the parameters over a timestep whose length depends
on the stage of the time-integrator.
end for
Use Algorithm 1 to update the bubbles over a timestep of size dt/2.
end for
end for

Remark 3.4. The error term for Algorithm 2 is of order 2 since we are using a Strang
splitting. We emphasize however that the IL? norm may be better preserved: indeed,
algorithm 2 is a composition of two sub-algorithms. The first one is Algorithm 1 and
preserves exactly the L2 norm, and the second sub-algorithm preserves the .2 norm up
to the time-discretization error (for the conservation of L. norm by DFMP, see Section
3.2). In our numerical examples we will use the 4-th order Runge-Kutta method, hence
the L2 norm will be globally preserved up to some error term of order At

3.2 Hamiltonian and norm conservation for the interactions

When solving (¢NLS-nonLin.) via the DFMP, i.e. when solving the linear system (3.9), a
Hamiltonian is conserved.

Lemma 3.1. Let u(t) be the approximation to (cNLS-nonlin.) obtained by applying the
Dirac-Frenkel-MacLachlan principle, and define

1

Hingeractions (t) = 7 (u(t), u(B)]u(t)*) = 7 (u(t)”, u(t)?).
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Then Hiperactions &S conserved, i.e.

d

7Hin eractions (¢ :Ou
iz Hinteractions(?)

and the 1.2 norm of u is also conserved.

Proof. We have
Hinteractions(t) = i<u<t>7u(t)|u(t)’2> = *<U(t)2,U(t)2>,

by using the Hermitian property of the inner product (-,-). Then,

d 1d
— Hinteracti =~ —(u(t)? u(t)’
dt interactions (t) 4 dt <’U,(t) ’ u<t> >

_ i (2u(t)dpu(t), u(t)?) + i (u(t)?, 2u(t)dyult))

— R (u(t)du(t), u(t)®)
= R (Dpu(t), u(t) u(t)?).

By definition of du(t), we have dyu(t) € Tyu)M, hence we can take f = dwu(t) in (3.2).
We obtain the following equality:

(Opu(t), u(t) u(t)*) = (pu(t), i0pu(t)) = —il| Qpu(t)||*.

Therefore,
O rnetons (1) = R (—illBu(d)]2) = 0
dt interactions t .
Using similar ideas, we can easily show the conservation of the IL? norm: we obviously
have u(t) € Tyu)M, hence

()2 = 2R (u(), du(t)) = 2Ru(t), —iu(®)u(®)]?)

= 2R (i(|u(t), u()*)) = 0

3.3 Recovering the Harmonic Oscillator equations

Suppose the family B, C L*(RY) defined by (3.4) is linearly independent, and consider
;12

the equation (HO). By summing equation (2.7) over j = 1,..., N with v;(s;,y;) =€~ "2,
and letting this sum be equal to zero, we obtain an equation of the form

N
Z (Cj,lbj,l + Cj72bj72 + -+ Cj,d+1bj,d+1 + Cj7d+gbj7d+2) = 0. (314)
j=1

Thanks to the assumption that B, is a linearly independent family, we know that we
must have

Ck,1 = Ck72 = = Ck,d+1 = Ck,d+2 = 0, ]{? = 1, ceey (d + 2)N (315)
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This yields exactly the system of equations (2.8), with the v equation replaced by (2.20).
In other words, the DFMP approach gives the same equations as those given in Section
2.2 when B, is a linearly independent family. However, our approach as described in
Section 2.2 allows to solve them exactly and not only numerically with some numerical
time-integrator.

Finally, if the family B, is linearly dependent, then we cannot write equation (3.15)
anymore, hence the DFMP approach fails. Our approach avoids this issue by naturally
imposing conditions (3.15) in all cases.

4 Numerical examples

In this section we will assess the efficiency of the Bubbles approach with the Dirac-Frenkel-
MacLachlan approach against a spectral method in the two-dimensional case.

4.1 Spectral scheme

We start by discussing the spectral method we shall use to compare with the results
of Algorithm 2. We refer to | ] for a general introduction to spectral methods for
the Schrodinger equation, and to | | for grid-based schemes applied to the Gross-
Pitaevskii equation.

We now present a method which can be understood as the application of | ] to a
simpler equation, namely the Harmonic Oscillator. We use a splitting method to simulate
the linear part (HO), and thanks to | : | we have:

; 2 1 N e[2 Lo . 1 Y [ 2
e—zt(—A—H:{:\ ) — 5 tanh(it)|z| ez sinh(2it) Ay e 2 tanh(it)|z|

=€

7% tan(t)|z|? 6% sin(2t) Az

=e 3 el (4.1)
We can cite | | which also presents a spectral method based on the Fourier transform
with time splitting, however our method is different in that (4.1) is exact and hence we
do not have any time-splitting error.

The first and third exponentials on the RHS are straightforward to compute on a
grid. For the second one, we use a Fourier transform: ez s*(?)2+ is the propagator of the
following equation:

O = 1 cos(2t) A, 1p.

By using a Fourier transform, we get

O F ()(€) = i cos(2)F (Ay1h) (§) = —icos(2t)[E]F (¥) (€)-

Hence, '
F(b(t,))(€) = e 2@ F (0, ) (€).

The RHS exponential is straightforward to compute in the Fourier space. Hence, an exact-
time spectral approximation of the solution to (HO) is given by Algorithm 3. From this,
it is easy to obtain an algorithm which simulates (¢cNLS) with interactions. It consists
in using a Strang splitting method on (cNLS), by splitting the linear part (HO) and the
nonlinear part (¢cNLS-nonlin.). The linear part is approximated via Algorithm 3, and the
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Algorithm 3 Spectral solver for (HO), with an exact time resolution for each splitting
step.

Discretize the initial data 7 on a Grid C R%.
for Each timestep of size At do
for 2 € GRID do , > x € RY.
Multiply 5(z) by e~z tn(A0ll®
end for
Apply a FFT to n. > FFT: Fast Fourier Transform.
for ¢ € FOURIER GRID do > € € RL
Multiply F(n)(£) by e~z 5m2A0IEP,
end for
Apply an inverse FFT to F(n).
for 2 € GrRID do _
Multiply 5(z) by e~z ter(A0kl®,
end for
end for

Algorithm 4 Spectral solver for (cNLS), with a Strang Splitting method.

Discretize the initial data 7 on a Grid C R%.
for Each timestep of size At do
Use Algorithm 3 with a stepsize At/2.
for r € GRID do > Add interactions.
Multiply n(z) by e *&tn@I,
end for
Use Algorithm 3 with a stepsize At/2.
end for
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computation of interactions is explicit thanks to the fact that |u(t,z)* does not depend
on time (see e.g. | , Sect. 2.2]). This fully describes Algorithm 4.

Of course, in pratical applications one is not able to define a grid over R?. Hence,
Algorithms 3 and 4 have to be modified by defining GRID as a discretization of a finite-
volume subset of R?, typically a product of intervals in each dimension. For all of our
numerical examples, this will [—15,15] x [—15, 15], discretized using N, x N, points. In
order to have an easily computable FFT, one has to use a spatial uniform grid, which
then defines the FOURIER GRID. Special care has to be paid when choosing the number
of points: if we have Fourier frequencies larger than the Nyquist frequency, then we will
observe a phenomenon known as aliasing. This may not be problematic for the Harmonic
Oscillator (HO) depending on the initial condition, but will eventually become an issue
when simulating (¢NLS) because it involves interactions and hence an infinite number of
frequencies. Moreover, by using a FFT-based algorithm we implicitely impose periodic

boundary conditions.

4.2 Discretization into a sum of Bubbles

We need to decompose any arbitrary function into a finite sum of N bubbles. A solution
to this question has been proposed in | ], but it involves integrals over the whole
phase space, which is something we want to avoid.

We could also use a nonlinear least squares approach, but our experimental results
showed that it tends to yield spread out gaussians, which may present huge overlaps
between them. The overlaps cause issues with the DEFMP, for instance a blow-up of the
conservative quantities. This has been observed during our experiments but the results
are not reported in this paper. The issue of discretizing an arbitrary function into a sum
of bubble without too much overlaps is not the main concern of this paper, hence we will
use a visual trial-and-error discretization. Another possible way of discretizing the initial
data is outlined in | ].

4.3 Observables

In order to compare the bubbles scheme against the spectral method, we compare them in
absence of interactions, i.e. on the Harmonic Oscillator (HO), as well as in the presence of
nonlinear interactions, i.e. on (cNLS). We showed in Lemma 2.2 the conservation of some
quantities for (HO) and (¢NLS), we will focus on mass, energy and momentum. When
computing the observables for the spectral solution, we noted that the approximation
of the gradient using finite differences with periodic boundary conditions yielded very
rough results while the gradient approximation using the Fast Fourier Transform gave
more accurate results. We use the latter approximation in the Figures of Section 4.4.

In the case of bubbles, we compute every integral by hand thanks to the assumption

2
v(s,y) = 6_%, some details are given in Appendix C. When reporting the results in the

following log-plots, all values with an amplitude smaller than 107!6 were set to be equal
to 10716,

For all of the results shown, the spectral scheme is supplied with the exact initial
condition and not a projection on the grid of the bubbles discretization.
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(b) Approximate solution to the Schrodinger equation (cNLS) using DFMP Algorithm.

Figure 1: Test case 1. Relative evolution of mass, energy and momentum with bubbles
and spectral methods. At = 1073, Time-integrator for the nonlinear part of the
splitting: Runge-Kutta of order 4. Spectral scheme with N, = 128, N, = 129.

4.4 Results
We consider examples adapted from [BJN03].

4.4.1 Test case 1: Zero phase initial data

The initial condition reads

Jz—pg|?
é 2

_ lz—pq |2
2

Yt =0,z) =me ., v €R? i =(0,2), pg = (1,0).

The results are displayed in Figure 1. The solution approximated with the DFMP
approach globally outperforms the spectral method on both the Harmonic Oscillator and
the cubic NonLinear Schrodinger equations. On the Harmonic Oscillator, the solution
obtained with the Bubbles scheme is about one order of magnitude better than the spectral
scheme. When we compare them on (cNLS), i.e. when adding interactions, the I.? norm is
better conserved for the spectral scheme, but the other conservative quantities are better
conserved on a long time for the Bubbles scheme.

The “jumps” in the DFMP approach may be explained by an ill-conditioned Gram

matrix, which would then yield a very rough approximation of the modulation parameters.

(4.2)
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(a) Approximate solution to the Harmonic Oscillator (HO).
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(b) Approximate solution to the Schrodinger equation (cNLS) using DFMP Algorithm.

Figure 2: Test case 2. Relative evolution of mass, energy and momentum with bubbles
and spectral methods. At = 1073, Time-integrator for the nonlinear part of the
splitting: Runge-Kutta of order 4. Spectral scheme with N, = 128, N, = 129.

4.4.2 Test case 2: Weak interactions
The initial condition reads
Ot = 0,2) = e lemmPeicohlomnsl 0 e R2 0 — (1,1). (4.3)

The approximation of this function as a sum of bubbles is pretty straightforward: we
know that for x small, coshxz ~ 1 + %2, hence

2
Jz—psg|

Y(t=0,z)~ eTlemmlP i titE e R2

The results are displayed in Figure 2. This example shows the performance of the
DFEMP approach in its most efficient setting: it only has one bubble. This explains the
very good conservation results obtained: the Bubbles scheme outperforms the spectral
scheme on both (HO) and (c¢NLS), except for the energy on (¢NLS). However, even
in this case, the error of the DFMP method remains generally less than one order of
magnitude larger than the error from the spectral method.

4.4.3 Test case 3: Strong interactions

The initial condition reads

2 2 zcosh\/m +z2 2 2
Wt =0,2) = {VM [l e < ME (4.4)

b
otherwise
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Bubbles approximation N =9

0

5
T 5.0.5.0

Figure 3: Approximation of x — /M2 — |z|? as a sum of bubbles

We apply the same approximation for the complex exponential as previously explained,
and use a “visual trial-and-error” discretization of the square root. It yields a number of
N = 9 bubbles. We emphasize the fact that this discretization may be far from being the
best one achievable, however the process of discretizing an arbitrary function into a sum
of bubbles is not the main concern of this paper. The discretization of the initial square
root is given in Figure 3.

The results are displayed in Figure 4. This example is by far the most interesting of
the three test cases presented in this paper, because it shows that with the discretization
given in Figure 3 the conservation properties are pretty good for the Bubbles scheme, even
when there are a lot of interactions between bubbles. The spectral scheme is globally out-
performed by the Bubbles scheme, except for the .2 norm in the presence of interactions,
which is better conserved by the spectral scheme. Even in this case, the conservation of
this quantity with the DFMP is relatively correct.

The “jumps” in the relative evolution of conservative quantities may be explained by
an ill-conditioned Gram matrix in DFMP. It also has to be noted that if the discretization
presents too much overlap between the gaussian functions, then the DFMP approach fails
and the conservative quantities blow up: this has been observed with other discretizations
of the same initial data, and is not reported here.

5 Conclusion

We presented in this work an approach based on recent results from | |. Tt allows to
solve exactly the Harmonic Oscillator (HO) for initial functions that can be represented
as a sum of modulated functions (the bubbles), for a certain kind of modulation.

In this context we focused on a particular subclass of such functions, modulated gaus-
sians, which have the advantage of allowing explicit computations. This is particularly
interesting since we do not have to rely on any sort of discretization of the phase space,
which is usually the main computational burden in numerical simulations. We obtain an
algorithm which yields an exact solution as soon as the initial data is a sum of modulated
gaussians. If we consider an arbitrary function, the only error this algorithm makes is
the initial discretization of said function as a finite sum of modulated gaussians. More-
over, the algorithm only relies on a small number of parameters whose time-evolution is
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(b) Approximate solution to the Schrodinger equation (cNLS) using DFMP Algorithm.

Figure 4: Test case 3. Relative evolution of mass, energy and momentum with bubbles
and spectral methods. At = 1073, Time-integrator for the nonlinear part of the
splitting: Runge-Kutta of order 4. Spectral scheme with NV, = 128, N, = 129.
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explicit, making it very fast and computationally efficient.

We also extended the results from | | by allowing cubic interactions, at the cost
of approximating the solution to (¢cNLS-nonLin.) via the Dirac-Frenkel-MacLachlan prin-
ciple. Once again, considering only modulated gaussian functions allowed us to perform
explicit computations and to obtain a numerical algorithm whose computational complex-
ity writes O(N*d+ N3d?). Here d is the dimension and N is the number of bubbles. The
most critical parameter is N, which corresponds roughly to the precision of the discretiza-
tion when considering arbitrary initial data. For any given function, the higher N, the
better we can approximate it as a sum of modulated gaussian functions. We then have a
clear trade-off between the speed of the algorithm and the precision of the discretization.

Finally, our numerical examples show that the bubbles algorithm globally outperforms
a spectral method combined with time splitting, where each splitting step is solved exactly.

As a final note, we emphasize the fact that any grid-based method is inherently bound
to a finite subset of R? to which we have to add boundary conditions, while the bubble
approach does not have such restrictions.
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Appendix A Computing the coefficients of the linear
system (3.9)

A.1 Coefficients of the matrix A

(b1, bj1)-
ZLZBZ xr— Xl iBl z—X; 2 1|z—=X;
iy EN 2| L
(b1, bj1) = e ”/ vle i h
Rd
2
-X; | Bj|e-X, Ce—X;
—_iL _;'_747] J _1 J
JﬁJ J 7 I S
_24iB) |a—x, |7 2-iBj|e—X; |?
— =) B (x=X1)=if;-(x=X;) ;= 4 L | ¢ 4 Ly | dx
Rd
. +B . .
(=) — = l|X1|2 312 —iB- X +iB;-X;
=€
e g
></ e"\PImPI) e dx
R4
. 24iB 2—
i(v—v5)— 4221| 12— J|X |2—iB- X1 +iB;- X
= e l ]

B, 1 1 2+iB) 2—7.'Bj 2
i(Bi—B;+ 2 JQXj)'fE x'(2Xl+2Xj> < 5+ 2 ||
2L; T 212 L L2 4L 412
X/ e j e t i e ! i dx
Rd
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Let

2+iB,  2-iB,
z =
4z ar
X X
a:=— + —
Ly LY (A1)
B; B, '
5: 2L2X +BJ 2L12Xl_ﬁl7
. 2+1B; 2 —
C':exp{z(w—yj)—éujlz| | = 4L2 |X > —iB- X, +iB - X }7

and f(z) := e #*"+@ Then

(asbja) = C [ e f(a)de = CF(©)

<bl,n+17 bj,1>7 1 S n S d.

(brat2,bj1)

|{L‘—Xl|2

L12 dx

(brat2,bj1) = C/Rd e T f(x)

— O/ efii-xf(x) (|x|2 —2z- X, + |Xl|2) dx

L? Jra
C /—— - N
- <|x|2f —2X,-af + |Xz|2f> (&)

<bl,n+1a bj,m+1>> 1 S n,m S d.

T — (Xi)n Tm — (X))

(btnt1,bjmy1) = C Te % f(z)dx

R4 L L;
N L?Lz /Rd (@n = (X0)n) (@m — (Xj)m)e " f(2)da
= Lle /]Rd [xnxm — Jin(Xj)m - l’m(Xl)n + (Xl)n(XJ>m]
x e T f(x )dﬂf
C

IN
S8

(bra+2,bjms1), 1 <m
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(br,d+2, bjmt1)

T — le|2 Lm — (Xj)md
LZZ L;

J

it — 24 4.
—C e zfa:e zlz|*+a-x T
Rd

C —itx _—z|z|®+ax 2 )

:Lij/Rde Eoe=slal e (132 — 95 - X+ |X02) (2 — (X)) d
C [— — .

= D [T = 2X ] + Xl

o~

(X mlolF + 20X Xs - 7F — X (X)) f] ©).

(br.d+2,bjda+2)

—ix _—z|z|2tax
(brata; bjare) = C/]Rde Gremeld

Moreover,

Hence

|z — X|? |o — X;]?
SR

dx

C . 2

_ —iéx _—z|z|*+azx 2 . 2

= o [ e (l? - 22 - X + | %)
X (|x|2 —2z-X; + |X]~|2> dx

C —itx  —z|z|?+ax 4 2 2

:L;LJZ/M sae sl her (gt 9o’ - X, + | X Jal
—2(z - Xj)|z)* + 4z - X)) (2 - X;) — 2(z - X;)| X2
a1 X[ = 2(2 - X)X + XX ) da

- oo 117 = 20X+ X,) - [aPaf + (1P +1X,7) [oF

J

(e X0 (- X)) f -2 (1X2X + 1X2) - of
XX ] (€)

(o X+ X;) = (Z (X0, (Z X))

m=1

—_— d —_—

(z-Xp)(z- X;)f = Z (X0)n(Xj)mTnZm f-

n,m=1

A.2 Coefficients of the vector of interactions S

(ulul,b;1)
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Ak,‘Al . . \yk\2+\yl|2+|ym\2 a 11,,.12
(ulul®,bj1) < e ne” : selliemzlul >

klm LkLl

We recall the previously defined notations:

. T — Xk
Yk Lk )
— Bk 2
Li(@) =+ Br - (# — X)) — —5 |z — Xy
AL?
Then,
2 (el Tl + 2+ 9512) = — b = X2 = e — X2 — e — Xof?
2 ! 2L} 217 212,
1
- ﬁkﬂ - X7

11 1 1 1\ , (1 1 1 1
==+ =+ —+ = X Xi4+ — X+ —X; | -

2<L2+L%+L%1+L§>'$'+(L2 S PR ) !

1 (| X7 X;? X, |? X ?

(I Xl P

2\ 12 L L2 L2
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Ty +0I, -1y, —1Yy)

B
:%+5k.(a;—xk>—TL’;yx—Xk|2+%+ﬁl-(x—Xl> 4L2]:C—X|2
= (W +% = Ym— ) + (ﬁj‘X'+5m' m— B Xi — Br - Xi)

By, 2 By 2 2 j 2
— | —=|X — X Xm X;
(i +4L%' I b
Bk By B, Bj
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Define

Cs :=exp{i (Ve + % — Ym — %)}
x exp{i (B - Xj+ B Xon — B - Xi — B - Xi)}

[ B B B,, ,
comp { =i ( BEIGP + D1 - X - A1)}
k l J

LXe? 12X X XGP
Cy = ——
§ ex"{ 2<L2 TR T

ALAA,,
C .= Fmeo o
LiliL,, R
B, B, B B,
= — _ X, - mx, - 4y
6 lﬂk + 5l Bm 5] 2L2 + 2L12 l 2[1,271 2L2 ]

(1 1 1 1\ (B B B, B

2= =4+ =+ —=—4+ = i - —

o\22 "I, I A2 4L? ar2, AL’
1 1 1 1

= Xt 5 Xt o X+ 5 X

LR PR 7 R PR

and f(z) := e ?l#’te7  Then

(ulu,b;,) = Y CF

k,l,m

(u|u|2, bj,r+1>, r = ]., S 7d

(ulul®, bjri1)

2 2 — .
_ ALAA,, ATy T, — 1] +lym |2 e Ly, 2 Tr (X)r
klm LkLle

=Y T (- (x).f).
Elm i

(ulul?,bjas2)

(ulul®, bjat2)

2 2 2
ArAiAm €¢Fk+z‘rl—irm€_Lykl o Tt lymlZ 7ez'rje—gyj
LkLlL

‘ 2

[L'—Xj
L

)

J

= Z 12 (FFF =2, 27 +1%,07).
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Appendix B Fourier transforms of Gaussians

41 / 49

(A.2)



“ -i(z)" g
TmTnf — 5 (z)% (& +ian) (Em + iam)
N
s

(6 + i) [d + 2 — (420 E ]

T\ 2 ntian 2 £m+lam 2
T 22 (2)7 (1 gl (1 Gt
g iam)? miam)?
xﬁzf é (5)2 {3—6(57"—22 ) + 3 Lz ) }
Table 1: Fourier Transform of some polynomials in z = (xy,...,z4) € R? multiplied by

f(z) = e—z\a:|2+a-a:’ 2eC,R(z)>0,ac R4,

Lemma B.1 (Fourier transform of complex Gaussians). Let z € C, R(z) > 0. Then,

™

F (e_ZHQ) (&) = (z)g e_lif, ¢ € R

More generally, let z = 2 +i2y €C, 21,29 €ER, 21 >0, a € R? and
f: xERdHexp<—z|x|2+a-$> e C,

then we have the Fourier transforms given by Table 1.

Proof. For the sake of clarity, for £,a € R? and z € C, let

4z 4z

E(&, a,z) = exp{_|§|2+2m-§— |a|2} _ exp{—(§+m> . (f—l—ia)}.

I
We have )

a
x_i
221

Recall the following usual properties on Fourier transform:

2
—z|zP+a-x=—z '@-erZ'a'

21 423

— ~ — ~

flw—a)=f(&e™™,  feior = f(¢+a).
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Let

then

and

Hence,

(€)= iVef = iV [(”)
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z 2z

2. 1(€) =i, (¢f) =id, [_i (Z)d (E+ia)m E(¢,a, z)]

2z
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5 (5) [ - g e
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TmTnf, myn=1,...,d, n#m.

z 2z
. i E % . §m+lam
25 (Z) (£n+2an>[ 2 ]E(f,a,z)
1 g
=2 (5) €+ ia) G+ ian) BE 0, 2),
7.
|22 f(€) = 21f(§) + - + 23 f (&)
_ 1 T g (€1+ia1)2+"'+(€d+iad)2
-5 (5 |- > | £e.0.2
1 /m\% €2 + 2ia - € — |al?
5 (3) |- 5 e
rplzPf,m=1,...,d
— 1 g 24 2a- € — al?
it (7] =06, |- (T)" (a- 202
A 5 Em +iapy, €12 + 2ia - € — |a? Em +iam,
T2z (z) [_2 22 + (d B 2z ) <_ 2z )] E(¢,a,2)
=5 (2) (@ + e ld+ - [ 20 '“'2] B(¢,a,2).
2 f,m=1...,d

22 \ 2z

3716 = 0. [700] =0, | 1 (2) (1- b0 e )

. 7 m g Sm + i&m fm + iam (fm + Z.am)Q
.
. % : 2
— 1 (0) @ian 3= L 0
: )
- (Z) [3(@,1 i) — (@”*2;“’")1 (€ a,7).
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rpaif,mn=1,...,d,n#m
— _ g a,)?
1) = 0, (727) =06, | - () (1= 50 ) preas)
_ i (m\E (6 +ia0)*\ & + iam
-5 (3) (- ) )

— 0y, [#5,£(6)] = id, [—4; (D <3(§m + i) — W) B ,a,z)]

g : 2 ; 3
_ 4; (7;) [3 3<5 +2Z:m) <3(£m +mm) _ <€m _;Zzam) ) < 6m ;‘;am>] E( a, Z)
<o (2)] oo e g
22x2f m=1,....d,n#m

z 2z 2z

<m)n = iafvrz [_Z (7(); (1 - (5" - ian)Q) Sm i ZamE<€7 a, Z)

(6o + da,)” ) Be.. [(em + iam) E(€,, 2)]

- o tian)” m")2> <1 _ Em Fian) Z;am)2> E(&, a, 2).

Appendix C Miscellaneous computations

We provide in this section some miscellaneous computations, which hold in dimension
ly;12

d=2as long as v;(s;,y;) =e 2 , j=1,...,N.

C.1 Conservative quantities in dimension d = 2

We give the explicit expressions for the conservative quantities involved in Lemma 2.2, in
the two-dimensional case.
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The L2 norm of a sum of N bubbles is given by

N

AL A
2 Z k<41
u =

(g1, b))

The energy of a sum of bubbles is given by

A
E,UJ\ < Au + |ZE|2U U> + Z <|U|2U,U> = EMO + E()»\ = ,uELO -+ /\E071.
We have

2F 0 = (Hu,u) = (—Au, u) + {|z]*u,u) =

WMZ

N
(Vau;, Vyug) + Z <]x\2uj,uk>.
k=1

J.k=1

Furthermore,
AA 2 + 1B; 2+4+1B
(V U;av Uk> LJLk << ) 5,15 B — 2L, kyk> bk;,1>
A Ay 2 + 1B; (b2, br1)
b J Jy4) >
J {/8] 6k< 7,15 k1> Bk ((b]37bk,1>
_ i2 — ZBkﬁ‘ (b1, br2)
2L, "7 \(bj1,br3)
2+4+1iB;2 — 1By
T CRUSER AT
and
2 AjAk 2 2 2
(l|"us, un) = LIy ((L21yP +2L595 - X5 + 1) by, b )

Aidr [ (bj2,br.1) 9
L]Lk; { .7< 7,4 k,l) + 74> <<bj,37 bk71> + | J| < i1 k,1>

We also have
N A )
By = (ulul® ) = 3 7 ulul® )
j=1
We now proceed to computing the momentum, given by

2 2
M/L,)\ = (E;L,/\ - MHZEUHEQ) + ,u2 (%/l’ : VU@) .

We know how to compute E,  from previously, as well as |zul|Z. = (|z|?u,u). It only
remains to compute

ol . 2 +iB;
/x Vuu = < iy +X5) - (Zﬁj T oL, %Jj) bj,lvbk,1>
J

J,k=
v .
<j2abk’1> 2+ZB]
A7) bj,b
; L;Ly { Fafli: <<g3,bk1> 2 i)
2+ZB b 7b
—'—Z/B] < jlabk’ 1> 2L Xj (gbj’j,bZEi)} .

Note that all the inner products involved have already been computed when creating
the DFMP matrix.
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