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Abstract

Based on very recent and promising ideas, stemming from the use of bubbles, we
discuss an algorithm for the numerical simulation of the cubic nonlinear Schrédinger
equation with harmonic potential (¢NLS) in any dimension, that could easily be ex-
tended to other polynomial nonlinearities. This algorithm consists in discretizing
the initial function as a sum of modulated complex gaussian functions (the bub-
bles), each one having its own set of parameters, and then updating the parameters
according to cNLS. Numerically, we solve exactly the linear part of the equation
and use the Dirac-Frenkel-MacLachlan principle to approximate the nonlinear part.
We then obtain a grid free algorithm in any dimension whose efficiency compared
with spectral methods is illustrated by numerical examples.
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1 Introduction

We are interested in approximating numerically the solution ¢ (t, z) to the cubic nonlinear
Schrodinger equation with harmonic potential,

0 + Apth — |2 = YlY)?, x €eRY, (cNLS)
where d > 1, | - | denotes the usual Euclidian norm over R?, and A, denotes the Laplace
operator over R: A, = 3% | 92 . This equation is also sometimes called time-dependent

Gross-Pitaevskii equation [CCP 00, BINMO3, Wanl7, TTK22]. We focus on a cubic non-
linearity for the sake of clarity, but we emphasize the fact that everything we present
is also applicable to other types of polynomial nonlinearities, mutatis mudandis. The
Schrodinger equation (¢NLS) can be split into two parts, namely the linear and nonlinear
parts:

10 + Atp — |2y = 0, (HO)

and

10 = Y|y (¢NLS-nonLin.)

The linear equation (HO) is also called the Harmonic Oscillator. Traditional well known
numerical schemes are based on this abstract decomposition and it is easy to determine
high order splitting methods obtained by solving alternately the linear and nonlinear part,
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like Lie, Strang Splitting or triple jump composition, see for instance | , ,
|. However, the discretization of each of these two parts remain to be done using
time and space discretization.
Very recent works | : ] suggest to discretize the solution ¢ of (cNLS) as a
sum of N modulated functions, which write as:

N
UVt ) 2 ult,z) =Y u(t,x), (1.1)
)
where
ds; 1
A B; dt L%
u;(t,z) == —]ve“Lfﬂf'yj_’Tj‘yfFUj(sj,yj), with ! (1.2)
j y= T X;
j = )
L;

and N € N*. We shall call each modulated function u; a bubble.

The time dependence of the parameters A;, L;, B;, X;, 5;,7; has not been written in
(1.2) for the sake of clarity, but it is one of the main ingredients of the approach. More
precisely, the core idea is to plug the ansatz (1.1) into (¢NLS) in order to obtain ODEs for
the parameters. The idea of relying on time-dependent parameters to represent the solu-
tion, or an approximation, is not new and was formerly called Variational Gaussian wave
packets by Lasser and Lubich | |, where they applied the Dirac-Frenkel-MacLachlan
principe (DFMP) to (HO). The Dirac-Frenkel-MacLachlan is the name given to the Dirac-
Frenkel principle, or the MacLachlan principle, because in this case they are equivalent.

This method is widely used in the field of Chemical Physics | , , ,
, ]. The different methods used are variations of the same idea, and
possess many names: superposition of Gaussian Wavepackets, Gaussian beams, Thawed
Gaussians, Frozen Gaussian... All of these algorithms simply consist in applying a Dirac-
Frenkel-MacLachlan principle to (HO), the difference lying in the the way the parameters
are updated and how. For example, the Thawed Gaussian method allows the width matrix
to be time-dependent while the Frozen Gaussian does not. However, they all produce an
approximate solution, even in the linear case. In general, the chemists’ setting of Gaussian
beams involve correlated components, hence the width matrix. In the present paper we
make the simplifying assumption that our gaussians are not correlated, and that their
width is parametrized by a real positive scalar.

Let us explain the main ideas underlying the full modulation (1.2), and developed in
various works, see for instance | : ] and the references therein.

Consider for instance the case of one bubble, i.e. N = 1. When plugging the Ansatz
(1.2) into (cNLS), we obtain an equation of the form

10,0 + Ayv — |y[>v — [v]*v + P(s;y,0,)v =0

where P(s;y,0,) is a quadratic operator in y and 0d, depending on the time through
the parameters (A, L, B, X, 3,~) and their time derivatives with respect to s, see (2.6)
for more precise detail. It is then possible to choose the parameters in such a way that
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P(s;y,0,)v = —Av for some A € R, and to take v as a soliton solution of the stationary
equation
— Ao+ Jy|*v + [v]*v = A, (1.3)

This yields to a differential system to be solved by the parameters (A, L, B, X, 8,) which
is given below by the equations (2.7). It turns that these equations form a completely
integrable Poisson system that can be solved, and the solution for a single bubble can be
thus taken as a modulated soliton.

This kind of approach has been used successfully in various situations from a the-
oretical point of view, see | , , , | and the references therein.
Typically, when several modulated solitons N > 2 are in interactions, this can produce fi-
nite time blow-up of growth of Sobolev norm phenomena, and a large part of the analysis
relies on the ability of calculating nonlinear interactions between two modulated soli-
tons. This can be done for instance in an integrable situation, e.g. the Szegd equation
[ )

Another byproduct of these modulation technics in 2D is to make a link between
(¢NLS) on a finite time interval and the Schrodinger equation without harmonic potential

0 + Ay = p|Y)?, x e R

on an unbounded time interval. In this case, the modulation equations generate the so
called lens transform, see for instance | | (note that our algorithms could be also be
applied to the latter equation but we will restrict our analysis to the Harmonic case). Let
us also note that such modulation technics can also be related with the families of exact
splitting introduced in | | where the time coefficients can be seen as specific time
changes s in the modulation equations.

Inspired by these sucessful theoretical works, we retain the idea of approximate solu-
tions to the equations (HO) and (¢cNLS) by modulating the parameters A;, L;, B;, X;, B;,7;
in such a way that v;(s;,x) satisfies a smoother in time equation - typically a stationary
soliton equation. From the numerical point of view, however, chosing the v; as stationary
solitons would require first to solve explicitly the nonlinear equation (1.3) and more prob-
lematically, to estimate numerically the nonlinear interactions between the modulated
solitons by using the Dirac-Frenkel-MacLachlan principle. The latter consists essentially
in a projection on the manifold of modulated solitons, which is in practice very difficult
to evaluate numerically.

Moreover, one is naturally interested in using a splitting strategy between the linear
and nonlinear part which would typically destroy the soliton structure in the equation.

This is why we decide here to use Gaussians for the functions v;. Let us remark that in
the case of small nonlinearities, ground states solitons are close to gaussians which makes
the approximation relevant.

This Gaussian choice has the main following advantages : First we can solve exactly
the linear part by using the classical modulation equations. Second, we can calculate
explicitly the nonlinear interactions obtained by applying the Dirac-Frenkel-MacLachlan
principle on the manifold of modulated gaussians to polynomial interactions. In the end,
we thus obtain a algorithm for modulated Gaussians that can be easily implemented
numerically, grid free, and able to capture high oscillations of the solution.

The paper is organized as follows. Section 2 is devoted to (HO) and can be seen as
a specialization of | ] for a quadratic potential. We recall some conservation laws
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and growth estimates when considering bubbles in (cNLS), as well as exhibit modulation
equations which turn to have a completely integrable Hamiltonian structure. Those equa-
tions allow us to obtain an analytical formula for most of the modulation parameters.
By choosing a shape for those bubbles — in our case gaussian — all of the modulation
parameters can be obtained exactly.

The second part of this work takes into account cubic interactions, which were not
accounted for in | ]. We focus in Section 3 on (cNLS-nonLin.). The nonlinearity
that is introduced is the core of difficulties arising in the Schrédinger equation, and it is
hopeless to look for exact solutions in the general case. The proposed approach uses the
Dirac-Frenkel-MacLachlan principle to obtain modulation equations. This allows us to
take into account as many bubbles as one desires at the cost of a computational complexity
of order O(N*d + d*N?). Here, N is the total number of bubbles. The fourth power of N
is due to polynomial interactions of order three. This complexity almost does not suffer
from the well-known “curse of dimensionality” since it is at most polynomial with respect
to the dimension d. This relies on the exact computations of all of the integrals involved,
hence we do not need to use numerical integration.

Finally, Section 4 is dedicated to illustrating numerically the fine details that are
obtainable with the Dirac-Frenkel-MacLachlan principle (abbreviated DEMP), as well as
the long-time behavior, compared to a FFT-based spectral scheme. Our experiments
show that, if the initial data is discretized “nicely”, the DFMP yields satisfying results.

2 The Harmonic Oscillator

In this section we focus onto the linear part of the cubic Non Linear Schrodinger equation,
namely the Harmonic Oscillator (HO).

2.1 General case: v = v(s,y)
2.1.1 Conservation Laws

We recall classical laws for the Harmonic oscillator equation (see for instance | ,
]). Let ¢ be the solution to (HO). We will need the following result, known as the
Pohozaev identity.

Lemma 2.1 (Pohozaev Identity). Let x € RY, and f € HY(R?) such that xf € L*(R?).
Then

/Af<gf+x~Vf>dx:—/|Vf]2da:. (2.1)

Proof. By density, we only need to prove equation (2.1) for f € C®(R?), where C>°(R?)
denotes the space of infinitely smooth functions with compact support in R%. Let

Alx) = AT f(\a),

then
/|ka|2dx — )\2/|Vf|2dx.
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Derivating this identity with respect to A and evaluating the result at A = 1 yields

/Vf-v <Zf+x-Vf>dx:/|Vf|2dx.

We integrate by parts the LHS, and obtain (2.1). O

Lemma 2.2 (Conserved quantities in dimension d = 2). The (radial) conservation laws
are mass ||ul|Lz, energy

1
= §<Hw’w>’ where H = —A + |z)?,
and momentum
_ 2
My = —2Eo|le |2 + atb||*s + (%/x . w(;v)zp(x)dx) ,
and the same applied to any power (—H)%y. There also holds the non radial conservation
law
N\ 2 2
_ (3/@@) + (/ xj|¢(:t)|2dm) =12
Proof. For the momentum, we compute

s et =23 [z vuy,

and

S5 o vei = [P = [lepiop +w ([ 2 voad).
We then use the Pohozaev identity (2.1), which yields

3% [ = Vo0 = [196F = [laPor =28 -2 [lap

From this we obtain
dtzd/x Vi = —166/93 V.

Hence, the conservation laws

i ([0 w]) + (2w
= (Bo~llele)" + (3 o vy

2
— B3 = 2Bl + owlia + (3 [ 2 Vo)

Then
ig/ajww = 23 [ 000 = 2 [ 050 = 2R [ o000 = =2 [ ;0"
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and

S [ aloP =R [ w000 = [wiowi =3 [ ~avep =3 [ o0

Hence the relations d
= Jailvr =23 [ o0
d _
=S [ =2 [a,ul

which have the conservation law

Py= (s [owi) +([abr)

2.1.2 Renormalized flow

Recall the expression (1.2) of a bubble:

A ivai LBy —i B r— X(t ds 1
/U/(t,x) — Z€Z'Y+1L,By 4 |y|2v(s7y), y — I/(t)()’ a = W (22)

We compute, in dimension d > 1:

Ae™ -
and
. . . . B
B, {ezw'y_"%wv] — piLBy—iZyl? [8kv Yy (Lﬁk _ ka) U} . k=1,....d, (2.3)
and

o2 [eiLﬂ-y—i%IyFU} — iLBy—iFly)?
B B B B
ok i (20— ] oo =50 i (26— S ) ok + (26— ) o] )]

o B B
= eLBy=iglyl? [8,31) +i (2LBy — Byg) Opv + (—z’Q — L?B; + LBByyy, — yi) U] :

4
Hence,
A . B 2
Agu= el IR,
. B 21 512 B*
X |Ayv+i (2LB = By) - Vo + | —id = LB + LB -y — —-[yl* | v| .
We have

—|z]Pu = _ZewﬂLﬂ-y%%Iy\Q 1Ly + X (1) v
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— éewﬂ'wy—i?\ylg (_L4|y\2 — 23X -y — L2|X|2) v

I3
thus A J
—Hu = ﬁeMiLﬁ'y*f%ly‘? {Ayv —iB <2v + Av) ~ L2 (18 + |1X[*) v
B (2.4)
+2iL53 - Vv + (LBB — 2L3X) Syv + (—4 — L4> |y\20} ,
where we denoted Av := y - Vv. We now compute
Dyt @( i (2= X)—i o~ X“g (s, y)>
L A A Ly X
= b e=X)— zle-xP L2 7 [8 v+ jv — f(U + Av) — T VU]
+ eiw-l—iﬂ(x—X)—iu%\x—XF éiv
L
By 2
x [%Jrﬁt-(a:—X)—ﬂXt—W _ x|
2L;B , 2B
+TL3’$ — X(t)‘ + @(l‘ — X) -Xt:|
_ it e—X)—iyla-xP A As L X }
e ar 8v+Av L(U+Av) 7 Vv
L+ B = X) iR e X2 ; i
B 2L B B X
LB.-y—B-X.— =2yl + 24 = S]
><[%+ﬁsy6 s= g WP =W Sy
and hence
. Y418 (x— 7 r— A . A Ls . Ls.
iOpu = TS = X) =i X|2L3 {285114—( vs+ 0 Xs)v + (A — L) v — szv
X BX, B;, BL
_is L. s Dhsy e }
"I VH( B - 2L> “+<4 2L>‘y|” .
2.5
This yields
A . . 2
0 = Hu = 256004 (19,0 4 (<5, + 8- X, — I (|3 + X)) o
As Ly dy . Ly . . X
+ <A—L—B2>w+ (—L—B>2Av+z<2Lﬁ—L> -V
(2.6)

BX,
n (—2L3X + LBS — L, — QL) o

B, (B> _\ BL,], ,
+Ayv+[4—<4+L>—2L] || }(s,y)-
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2.1.3 Hamiltonian formulation for the free bubble

The one free bubble corresponds to the modulation equations

—Yet B Xo— L2(IBP + [X]?) =0
A, L, B
2L 2470
L
_ 3 _B=
L
X, =218
BX,
B B? BL
= (=) - =E =
4 ( i ) 2 L ’
or equivalently
AB
L,=—BL
B, = —4 4+ 4L* — B? (2.7)
X, =213
By = —2L°X
e =L* (18 = |X]?) .

If the parameters are solutions to system (2.7), the function v then has to solve the

Harmonic Oscillator with respect to time s and space .
In time ¢, as &= = L2, this system is

s

AB
A=2d-2)
B
L, = -7 = —2L0gE
4, B 5
By = —05 +AL* = 5 = 2L0,E (2.8)
X =28=V3R
v =18 — | X%,
with
1 B 2 2 2
E(B,L):ﬁ 1+Z + L7, and R(X,[)=|X|"+ 8"

Then we set 1
k= §logL, L = e,
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and the system becomes

A = A23(d — 2)e

ky = —0pH

By = Oy (2.9)
X, = VsH

By =—-VxH

e =81 — X%,

with
2

H(k,B,X,B) =E(k,B)+R(X,3) =e (i + 1) + e X2+ |81

Lemma 2.3. There exists a symplectic change of variable (X, B, k,3) — (h,a,&,0) €
R x R? x [0,27] x [0,27]¢, such that the Hamiltonian in these variables is given by

E(h,a,€,0) = 4h + 2|al?, (2.10)

so that the flow in variable (h,a,&,0) is given by

a(t) = a(0),
0(t) = 0(0) + 2t,
h(t) = h(0), (2.11)
§(t) =&(0) — 4t
We have the explicit formulae:

a0 =40 (73]

e = L(t)? = 2h(t) — cos(&(t))\/4h(t)? — 1,

B(t) = 2sin(&(t))\/4h(t)? — 1, (2.12)

Proof. For the (X, 3) part, it suffices to check that

are solutions. The expression for y(t) will be computed later within the proof of Lemma
2.5. For the (k, B) part we use the method of generating functions, described e.g. in
[ , Sect. VI.5]. We can express B in terms of k and the Hamiltonian &£, so that on
the set {B > 0} we have:

B =2\/ethe — etk — 1. (2.13)
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This equality holds for e?* € [e**0, e**1] where e, ¢**1 are the reals roots of the polyno-
mial —22 4+ &z — 1,

Mo — ; (€-vET—1), o - ; (6+VET—1). (2.14)

In order to obtain a symplectic change of variables, we look for a function S(k,E) such
that 55

B=— .

We easily obtain S(k, £), by integrating on [k, k]:
k
S(k,&)=2 [ Ve¥& —e¥ — 1dz.
ko

The variable ¢ which makes the mapping (B, k) — (¢, ) symplectic is defined by

oS k et
~Pire :/ d
¢ 35( ) ko \/et*E —edr — 1 -
We have
% _ e, _ — MR LE _ _€f4kg64k .
dt ek _ o8k % %

We now proceed to obtaining an explicit expression for :

= AW L e
1
du

T

£2
g2

,/ﬁ, 1
4/ T du.

4k0 £
V1—u2

Recall the definition (2.14) of kg, which yields

Therefore,



We want the angle variable to lie in [0,27] so the above expression describes an eigth
of a period. But we are only considering the set {B > 0}, thus the angle { we are
looking for must lie only in [0, w|. Hence we set (§,h) = (4¢,E/4) and let the Hamiltonian
E(&,h) = 4h with a slight abuse of notation. It is then clear that % = 0 and % = —4.
Moreover,

[ et — g T
6 = arcsin 827 + 5 & [O, 7T] s (215)
< 1
4
and hence £
[ 5 . s
g —in (5— 2) = —cos(§).
4
We obtain

et =17 = (; — cos(f)\léz —1=2h —cos(§)V4h? —1

1
= 2h (1 —cos(é)y/1 — 4h2) :

With this formula, we have
0< L?<4h=E,

and (2.13) becomes

B = 2\/Eetk — e — 1 = 2, [4hetk — (et)2 — 1 = 2,/(4h? — 1) sin2(¢)
— 2sin(§)VaARE — 1,

where the last equality holds for £ € [0, 7).
Finally, it remains to integrate the ODE on A, which is

At = 1423<d — 2)6_4k.

From the expressions we just obtained we get

sin(€)v4h? — 1
2h — cos(&)V4h? — 1

The solution to this equation is of the form

Ay = Ad - 2)

A(t) = A(0) exp {(d— 2) | t_ sinlls))yahls)” - 1 ds}.

2h(s) — cos(&(s))y/4h(s)? — 1

Moreover, we know that s +— h(s) is constant, and that £(s) = £(0) — 4s. Hence we have
to solve

t sin(£(0) — 4s)4/4h(0)2 — 1
A(t):A(O)exp{(d—Z)/O o (£(0) ~ 4s) y4h(0) ds}.

0) — cos(£(0) — 4s)4/4h(0)2 — 1
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One can easily check that we have the following equality:

/t sin(£(0) — 4s)y/4h(0)2 —
0 2h(0) — cos(€(0) — 4s),/4h(0)2 —

_ _i [10g <2h(t) — cos(€(t)y/2h(1)? — 1) —log <2h(0) — cos(£(0))y/4h(0)2 — 1)} :

Note that, unless h(0) = 3 or h(t) = %, these quantities are well-defined since 2h(s) >

4h(s)? —1,s € {0,t}. Thus, we obtain

A(t) _ A(O)QQZJ {10g(2h(t)—coS(§(t))\/4h(t)2—1) —10g(2h 0)—cos(¢ )\/721)}

—C <2h(0) — cos(€(0) — 4t),/4h(0)2 — 1) o

d—2

where we defined C' := A(0) <2h(0) —c0s(£(0))4/4h(0)2 — 1)7. We recognize here the
expressions for L(0)? and L(t)?, hence the claimed result. O

In pratice, one would know the parameters (A, L, B, X, /3,) and would apply equation
(2.12) in order to update them. We have the following result, which allows to obtain
action-angle variables from the bubble’s parameters:

Lemma 2.4. The change of variables (L, B, X, ) — (h,a,&,0) is explicit, and at time
t =0 we have

6;(0) = arctan (

)

L(0)* +1 + 22

AL(0)2

B(0)

= t
£(0) = arctan <4h(0) — 2L(O)2> :
whenever 0(0) and £(0) are well-defined. When any one of them is ill-defined — which
happens when X;(0) = 3;(0) = 0,i € {1,...,d} or when L(0) =1 and B(0) =0 - any
value can be taken and the time-evolution of A(t), L(t), B(t), X (t) and 5(t) will not depend
on the value.

ai(0) = 5 ( <>+@<0>)z—1 d,
(2.16)

h(0) =

Note that to define £(0) we could also use equation (2.15), but this is not appropriate
from a computational point of view. Some more details are given in Remark 2.1.

Proof. We have a;(0) = % (X;(0)2 + 3;(0)?),i =1,...,d. If a;(0) > 0 we can define 6;(0)

as 0;(0) = arctan (X((g))) Otherwise, if a;(0) = 0, then we recall that a(t) = a(0) and
hence — whatever 6(0) — we have X;(t) = 0 and §;(t) = 0. Therefore, in the case a;(0) = 0,
the exact value of 6;(0) does not change the behavior of ¢t — (X;(t), 5;(t)).

For the (L, B) part,

L(0)? — 2h(0) = — cos(£(0))4/4h(0)2 — 1,
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hence
(L(0)? — 2h(0))* = L(0)* — 4L(0)*h(0) + 4h(0)* = cos(£(0))? (4h(0)2 — 1) :

We also have

(BéO) ) = BOF _ sine(0)? (an(0? 1) .

Then,

L(0)* — 4L(0)*h(0) + 4h(0)* + BOF _ 4h(0)* — 1,

that is

Note that (0) is bounded from below by 1. Indeed,

L0)Y* —2L(0)* + 1 + BOF _ (L(0)> = 1) +

4
Bf) > 2L(0)°

— L(0)* +1+

1
< h(0) > 5
From this we also get that h(0) =1 <= L(0)> =1 and B(0) =0.
If h(0) > 1, we have

(D) = L0 = cos(S(0)) y4h(0)* ~ 1 BO)2
O _ ey —1, 20— LOF - )

hence

§(0):arctan< 5(0)/2 )

21(0) — L(0)?

Otherwise, in the case h(0) = 1, the value of £(0) is not rigourously defined. However,
1

as previously, the exact value of £(0) is not important because h(t) = h(0) = 5, which
means that L(¢)2 = 1 and B(t) = 0. Therefore, in the case h(0) = 3, the mapping
t— (L(t), B(t)) does not depend on the value of £(0). Finally, since the mapping ¢t — L(t)
does not depend on £(0) in the case h(0) = %, we also have that ¢ — A(t) does not depend

29
on the exact value of £(0), thanks to the expression of A(t) = A(0) (L(t)/L(O))¥. O
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2.2 A particular case: v(s,y) = e 2l

When we have chosen the modulation equations (2.8), we chose them so that v is itself
solution to the Harmonic Oscillator in time s and space y. This could maybe ease the
process of finding a solution, but we can do even better: if we consider a particular
expression for the function v we are also able to compute its time derivative and its
laplacian in (2.6). By doing so, we can take into account those operators within new
modulation equations.

We then have to choose a particular shape for the functions v. Note that the treatment
of each bubble j is done separately, hence each function v; can have its own shape different
from the others. For simplicity, we take all the functions v; to be gaussian functions. There
are two main reasons for this choice: the first one is that when the width of a normalized
gaussian function tend to zero, we can assimilate the function to a Dirac mass and hence
view the proposed algorithm as an exact particle algorithm. The second reason is that we
will have to consider the shapes of the functions v; when we will add cubic interactions,
and the gaussian functions allow us to perform most of the computations exactly, which
greatly reduces the computational complexity and improves its accuracy. The gaussian
shape is also motivated by the idea of Gaussian Beams.

From now on, the bubbles will have the following expression:

u;(t,x) = ée’”“LJﬂj'yﬂ'_i?‘yflge_%‘ym, with  y; = ’ ;JX]'. (2.17)
j j

Since equation (HO) is linear with respect to 1, if we use the ansatz (1.1) then we
have to solve the Harmonic Oscillator equation for each bubble j:

0y = —Aguj + |z]*u; (2.18)

2
21

We can reuse equation (2.6) with v;(s;,y;) = e~ 2z , and take advantage of the following

equality: )
_lwl®
Ayu(y) = A, (e 2 > = (|y|2 - d) v

This yields almost the same system of equations as (2.7): only the equation on v, changes,
and we have

(3)s = L2 (1B = |X]?) — d.
With respect to time ¢, we get

d

(i) = 18° = IXP* = 5. (2.19)

If the parameters satisfy the modulation equations (2.8) (where the equation on ~; has
been changed to (2.19)), we have

i@tuj — HU]' = 0,

i.e. the Harmonic oscillator equation is automatically satisfied for the bubble j. Further-
more, we have the following result:
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Lemma 2.5. Equation (2.19) can be integrated explicitely by using equation (2.12), and
we have
d

YT) = 7(0) + Y a(0) [sin(26,(T)) — sin(26,(0))]

+ ;l z:r_cltan ((Qh(o) ) tan (5(20 - 2T>> (2.20)
— ;iarctan <(2h(0) +1/4h(0 ) tan ( §0) )) ngd,

where, if mg € Z is such that @ € mom + {—g, g}, then mr € Z is defined by ]

1]

(mo —mp)m + {—5, g}

Moreover, in the cases where a;(0) =0, i € {1,...,d} or h(0) = 1, the formula (2.16)
for0;(0), i € {1,...,d} or&(0) are ill-defined, but any value can be taken as a substitution
and this will not affect the behavior of the mapping t — ~(t).

Proof. We now proceed to the direct integration of ;.

(1) =20 = [ 50t = [ 1308 - X0 - 5] .

We have
T

B2 - |}dt
T d d
/ Z 2&1 COS 9[ Z 2CLZ Sln 9[ } dt
0 :

=1

S—

S
a

/0 zlzal cos(6,(t))* — sin(6y(1))?) dt

/ll

= a[sin(26,(T)) — sin(26,(0))]

=1

!

M&

2a; cos(26,(t))dt

o

1

~

and owing to (2.12):
d

L /o 2h(0) — /4h(0)2 — 1 cos(£(0) — 4¢)

_ —
=1 =:cg

dt

= dt

/0 c1 — o c08(£(0) — 4¢)

1

= —dt.

4 Je)—aT ¢ — o cos(t)

Recall the following trig. identity:
1 — tan(7)?
or) = - T) R

cos(27) T tan(r)2 T € R,
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hence

T d
/0 c1 — cacos(€(0) — 4t)dt

/5(0> 1 dt
4 Je0)-a1 ¢; — 02%

B /5(0) 1+ tan(t/2)?
4 Jeo)—ar ¢ (1 4 tan(t/2)?) — cy(1 — tan(t/2)?)
B d/£<0) 1+ tan(t/2)? @
4 ar (1 4 cp) tan(t/2)2 +¢; — ¢y
B d /5(0) 1 + tan(t/2)?
"~ 4(c; — ) Je)—ar At tan(t/2)? + 1
d o L tan(t)®
- 2(e1 — ) JEQ a1 BEE2 an(1)2 4 1
d 0 4 (tan(t))

-t dt
2(c1 — cg) JER o1 2 tan(t)? + 1

d 1 e 4 (/a2 tan(t)
_ £(0) 2
Ao =) \Jota JQar [ [ata an(r)]” + 1

Moreover, (¢; — ¢o)(c1 + ¢3) = &2 — 3 = (2h)*> — (4h* — 1) = 1 and ¢; — ¢ > 0, thus

,/2+g§ (c1 + ¢2) and

dt

L (e + o) tan(t))
L €0 o1 ((¢1 + ¢2) tan(t )) +1

272

myp)T + (—g, g} We recall that E(T) = £(0) —4T. Then

Now let mg € Z such that ( ) € morm + (—E 5}, and my € Z such that @ € (mo —

/T d . d o jt ((e1 + ¢2) tan(t))
o L(t)? 2 JEQ o1 ((¢1 + ¢5) tan(t))? + 1

=:f(t)
d % d [mom—3% d [(mo=mr)m+5
_¢ dt+ % e+ + 5 | £)dt.
2 /mowg 70 2 J(mo—1)n—2 Uy 2 /&9 o7 f@)
For m € 7Z, we have
% mr+Z
/ = [arctan ((¢; + ¢2) tan(t))]mﬂ_é
mm— g
= [arctan ((¢; + ¢2) tan(t))ﬁg = .
Now write ( ) %) — mom € (—g, g}, and % = g(Q—t) — (mo —mp)T € (—g, g} Then,

L2
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d % d [mo=mr)m+3
= Smr =D+ 5 /W_g O3 [ O
wd d %03 d (2
= (mr — 1)7 2/ - f(t)dt + 2 Jao f(#)
L ks
= (mp — 1)7T2d + ; [arctan ((c1 + ¢2) tan(t))] o+ (21 arctan ((c; + co) tan(t))]:f(vt)

wd d 7r
= (mr — 1)7 +3 arctan ((cl + ¢9) tan (%) o

md
—l—?—arctan ((01—1—02 tan( ))
— El_l_g t + t & _g t, + )t @
= mr—- + 7 arctan (c1 + ¢2) tan 5 5 arctan (c1 + o) tan 5

— mTﬂl + ;iarctan ((cl + ¢9) ta ( ) - ;larctan ((cl + ¢9) tan <§(20) - 2T>>

2
_/ I arctan <(c1 +¢y) tan <§(20) - 2T>>

— ;Zarctan <(61 + ¢9) tan <€(20)>> - mT7T2d.

f\
O

o
—~
N’o

Hence

Finally, it remains to show that if a;(0) = 0,7 € {1,...,d} or h(0) = 3, then the
behavior of ¢ — ~(t) does not depend on the exact value of 6;(0), i € {1,...,d} or £(0).
The exact formula for v(T) is:

Y(T) = ~(0) + a1 (0) [sin(261(T)) — sin(26,(0))]
+ a(0) [sin(202(T)) — sin(264(0))]

+ ;larctan (<2h(0) + W) tan (6(20) - 2T>>
A asran ((200) + 307 1) an (L2 ) 70

It is clear that if a;(0) = 0 then ~(¢) does not depend on 6;(0) nor 6;(t), i € {1,...,d}. If

h(0) = 3, then
2h(0) + \/4h(0)2 — 1 =1,

so that

;Zarctan <<2h(0) +\/4h(0) — 1 ) tan (5(20) B 2T>>
_ ;Zarctan <<2h(0) + W) tan (5<20)>> B mTW?d
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s (i (E22)) st (s (42)) < 1, 2

Since arctan : R — (—g, g], we have
;jarctan <tan <§<2T)>> — garctan <tan <§<20)>> — mT7T2d
_dg(T) dg0)  wd
T2 9 29 My
_d (D) €0 _ oy
2\ 2 2 ) ’

This shows that, in the case h(0) = %, the mapping t — 7(t) does not depend on the
value chosen for the ill-defined quantity £(0). O

Using Lemmata 2.3 and 2.4, we are now able to obtain an easy numerical algorithm
which simulates the evolution of bubbles according to the Harmonic Oscillator on a time
interval [0, 7. It is described in Algorithm 1.

Algorithm 1 Solving the Harmonic oscillator with Bubbles

for j=1,...,N do > j denotes a bubble’s index
Use (2.16) to get the action-angle variables (h, a,&, 0) at time 0.
Use (2.11) to update the variables (h,a,,0) up to time T
Use (2.12) (with the expression for v(t) replaced by (2.20)) to get the parameters
of bubble u; at time 7.
end for

Remark 2.1 (Numerical considerations). Here are a few remarks about Algorithm 1:

o When applying equation (2.16) to obtain the action-angle variables from the bub-
bles’ parameters, it is advised to use the function arctan2(y, x) instead of arctan(y/x)
because it allows to obtain an angle lying in (—m, 7] instead of (—n/2,7/2] by tak-
ing into account the signs of both z and y. This is also the reason why we do
not define £(0) by (2.15). Moreover most numerical implementations of arctan2
return a finite value for arctan2(0,0), which avoids the manual tuning of a nu-
merical threshold to know whether a;(0) or h(0) vanish numerically or not. We
recall that in this case the exact value returned does not impact the behavior of

t = (L(t), B(t), X(t), B(1),7(1)).

e The algorithm yields an exact solution as soon as the initial data is a sum of bubbles.
If not, then the only error committed is the discretization error when approximating
the initial condition ¢ (¢ = 0) by the ansatz (1.1).

e This numerical algorithm does not need any discretization in time nor in space.

» The solution obtained is the ezact solution of the equation (HO) defined on the
whole space R?, and no numerical boundary conditions are needed.
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3 The Dirac-Frenkel-MacLachlan principle

In this section we consider the Schrodinger equation (cNLS). As it has been explained
before, the equation consists in two parts: the linear part (HO), and the nonlinear part
(cNLS-nonLin.). Section 2 was dedicated to solving the Harmonic oscillator, namely the
linear part. We are interested now in solving the nonlinear part, and as it is usually done
for numerical simulations, we will use a splitting method. This will allow us to solve
(¢NLS) by solving separately (HO) and (¢NLS-nonLin.), one after the other. By doing so,
a splitting error is made, which depends on the timestep At, and the order of the error
depends on the specific splitting method. It is also possible to apply high-order splitting
methods.

We focus on approximating numerically the solution to (¢cNLS-nonLin.):

iat¢ - ¢|¢|2

We are free to use any method we want, but one has to keep in mind that Algorithm 1
solves (HO) exactly when 1 is expressed under the form (1.1), i.e. as a sum of bubbles.
Therefore we would like the approximate solution to (¢cNLS-nonLin.) to keep this par-
ticular form. This naturally calls for the use of the Dirac-Frenkel-MacLachlan principle
(abbreviated DFMP). For more details, see | , Sect. 3]. Let M be a manifold of
complex-valued Gaussian functions:

N ) ) 2+iB, 9
A ivtiB (e —X5)—— =t =X
2 (mod “<x):§:7J€7 B ;

Aj>Bj77j € Ra Lj € R*—H XJ'?ﬂj S R?
We look for a function v € M that solves (¢cNLS-nonLin.) on M. More precisely, u is

defined such that its time derivative lies in the tangent space of M at u, 7T,)M, and such
that the residual of equation (¢NLS-nonLin.) is orthogonal to the tangent space. That is,

Oyu(t) € TuwyM,  such that
(f.i0wu(t) — u()[u(t)[*) = 0, Vf € TupyM.
Remark 3.1. The definition of Jyu(t) via (3.2), initially proposed by Dirac and Frenkel

[ : |, has been later criticized by MacLachlan | |. He proposed an alter-
native approach, which would consist in minimizing the quantity

(3.2)

iDyu(t) — fu(t) Pu(t)|[".

However, the two formulations are equivalent if the tangent space 7,4 M is C-linear
[ ]. This is the case here because multiplying by the complex unit i simply
amounts to ; — v; + 5. Therefore, the approaches by Dirac-Frenkel and MacLachlan
are equivalent.

Let By be a basis of Ty,)M, then (3.2) is equivalent to

Oyu(t) € TuwyM,  such that
(f,i0u(t)) = (f,u(®)|u(t)|*) = 0, Vf € Buyg.
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A family (which may happen to be linearly dependent) spanning the tangent space 7, )M
is given by

. 2 oyl oyl oyl

Bug = {ezrf_y?, (yj)lezrj_ij, o (yj)dezrj_ij, |yj|2611“j_yjT cg=1,..., N} ,

(3.4)
=: {b(d+2)(j71)+1,b(d+2)(j71)+2, by —1)4ar1s by I =1, N}7
where we defined B
Ui(y;) ==+ LB -y — Zj|yj|2-
Thus, (3.3) is equivalent to
(i@tu(t), b(d+2)(j—1)+l> = (u|u|2, b(d+2)(j—1)+l>7 Vj = 1, . ,N, = O, . ,d + 1. (35)

The next step consists in expressing (3.5) as a linear system involving the parameters
of the bubbles and their time derivative. We then solve the linear system to obtain ODEs
on the parameters, and be able to integrate them numerically.

The main advantage of this approach is that it guarantees to keep the approximate
solution of (¢cNLS-nonLin.) as a sum of N bubbles, for which we know the value of the
parameters.

In order to obtain the linear system, we first have to recall the expression of i0,u(t)

(2.5):
L (Lj)s  Bj(Ly)s | (Bj)
O — uj g2 [ \Hg)s  Pilg)s jls
o jZlL?{WJ' (l Lj 2L, )
(X))s Bj
+yj'<—Lj(5j)s+Z ij _Tl-jj(X]')S (3.6)
-(A'>s '(L')s
+i Ajj —1i ij + 8- (Xj)s — ()s ¢ -
More concisely, we have
S T TR (6)
z@tu—zﬁe iT {|yj| (E] + ik )
j=1"J
+y, (Ej(:s)a ..... d)+ZEJ(4)(1 ..... d))
1), (2
1 (BD +i®))
-4 W, 5@
=Z§{b(d+2)(j—1)+l (Ej +1iE; ) (3.7)

3)(1 . 4)(1
+ baszyg-nra (B +iEDW)

+ bar2)G-rrars (B +imy" )
+ baray (B +iE) ),
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W ._ @ ._ (A)s (L)
Ej _BJ (Xj)s_(7j>sa E] - Aj - LJ )
I B (1 ((X))0)s
E®O ._ ((B;)0)s — 2LJ‘ (X;)1)s, E]( . _ L] ’ l=1,....d, (3.8)
J j
E(S) (BJ)S Bj(Lj)s E(G) _ (Lj)s
/ 4 2L; J L;
and where E](k)(1 """ 9 denotes the vector (Ej(k)(l), VN Ej(k)(d)). We recall the subscript

denotes the derivative with respect to time s.
According to (3.5), we then want to project id;u(t) against every element of B, ). We
obtain the following linear system:
AE = 8, (3.9)

where

(b1,b1) i(by, b1) e (bea+2)n, b1) i(bata2)n, b1)

A = € Cd+2N2(d+2)N

(b1, baroyn) (b1 baron) - (b2 baron)  i{b@ar2)n: b))

1
%}3;3)0)
1
%E§4)(1)

4y B
Ay p(4)(d)
Ay 1(6)

i (uulul?, by)
E — : c Rz(d+2)N7 and S = : c Cd+2)N
?TZE](\}) (ulul?, bgs2)n)

3)(1

Ay pOW

Ay (®)(1)
AN
L}”V EN

Ay EO)

N
Ay FO)

N

A (6)

The matrix A is the Gram matrix of the family B, whose columns have been dupli-
cated, which obviously depends on time. In order to solve the linear system (3.9) we shall
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use the Moore-Penrose pseudo-inverse, which corresponds to the Least Squares solution
if the matrix A*A is invertible. The pseudo-inverse is invertible if and only if B, is a
linearly independent family of L.2(R9).

We can already notice that if two bubbles have the same parameters then the family
will be linearly dependent.

Once the linear system (3.9) is solved, we obtain E, from which we can update the

modulation parameters. Using the definitions (3.8) we have, for j =1,... N,
(1)
Lj
E
E(g)(1 ..... d) Eo(at2)j+1 Ej.
3 | pa..d
’ 70 Eo(at2)(+1) Ejo(d+2)
j
(6)
Lj
Bj - (Xj)s - ('7])5
(A5)s _ (Ly)s
A B E.
—L;i(B))s — 575(X;)s -
= (X;)s =R :
Lj
(Bj)s _ Bj(Ly)s Ej2(a+2)
1 2L,
(Lj)s
Lj
Hence
Bi - (Xj)s — (v5)s = R (Eja1)
(Aj)s  (Ly)s
_ — R(E.
Aj Lj ( 372)7
B, Fia
_Lj(ﬁj)s - Ti(XJ>S =R )
J E
j,d+2
Ejats
(Xj)s — R j:
L] . )
Ej2q12
(B )S B(L )s
T ar s~ R(Ejaare),
J
L),
(L]> =R (Ej2d14) -
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Therefore
(Aj)s = AR (Bj2) + AR (Ej2a44) .

(Lj)s = Ljé)[E (Ej72d+4) )
(

(Bj)s = 4R (Ej24+4) + 2B;R (Ej 2a14) ,
Ej a3
(Xj)s = LJER : )
E;oa0
1 Ej,3 BJ Ej,d+3
(Bj)s = —fj : - E : ;
J,d+2 E;2d12
E;;
(i)s =LiB; - R |+ | = R(Ej),
| DY

and with respect to time ¢,

A
(4j)s = f; (R (Ej2) + R (Ej2dta))
J
1
(Lj)s = f%(Ej,2d+4) :
j
4 2B,
(B]>S = ﬁ% (Ej,2d+4) + TQJ% (Ej,2d+4) ,
J J
1 Ej,d+3
E;2440
1 Ejs B Ejas
) _ 25 .
(8)s LgﬁR % ,
5,d+2 5,2d+-2
| DF .
(s =70 R0 | = RR(EL).
’ j,d+2 J
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3.1 Computing coefficients of the linear system (3.9)

In order to be able to compute A and S, we give the exact expression of the inner products

involved. For j,l=1,..., N, let

2+iB, 2—iB;
zZ = 5
AL AL
X, X
a.=—+ =,
Li 1 (3.11)
B, B '
— X VX, —
§ E it B YRR O,
_ 2 +1iB 2 — iB; _ :
C_eXp{Z(”yl—”}/j)—ZlLlQ’ l|2_ 4LJZ]|Xj‘2_zﬂl'Xl+Zﬁj'Xj}'

Those quantities obviously depend on the indices 7 and [, but for clarity we do not write

explicitly these dependences since they are pretty clear. Then, for n,m = 1,.

<b(d+2)(l—1)+1a b(d+2)(j71)+1> =

(bld+2)(1—1)+n+1> ba+2)j—-1)+1) =
(ba+2)ts bia+2)(j-1)+1) =
(D(a+2)t—1)tnt1s O(dr2)—1)tm1) =

(bea+2)1, b(dt2)(i—1)4m+1) =

(biar2)t; biara)j) =

-,
CF(&)
E (w1, = (xX0aF) ©
Ll n l)n
oo _ R
r (|m|2f —2X;-af + \lezf) 9
C

= [entf = (X0 utmf — (X + (X)X f] ()
L2CL- [x,,jx?f —2X; ﬂw\f + |Xl|2w/m\f
[V

~(XlaPT + 2060 X; - 2F = XX f| )

C —_— —_— —_— —_—
o |[aF = 2X - [aPaf + |XiPal’F - 2X; - alol?f
1=

d —_— —~
+4 Z (XD)n (X)) mTnTm f — 2|Xl|2Xj cxf
n,m=1

FePF1XG1% = 21X P X0 - 2 f + [ XX 1R (6)
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We now compute the components of the vector S. For j,k,l,m=1,..., N, let

Cq = exp {i (v + 7 — ¥ — %)}
xexp{i (8- X;+ Bm- X —BZ'Xl—ﬁk'Xk)}

—i Xil? + = 1X> - Xon|? X,
coxp =i (I + eI~ X~ Tl

LX) 1P Xl | 1XP
Cyp = —— J
R exp{ 2( L% + le + L%n + L? ,

ArAiAn,
C = oo 3.12
LiLiLy, > (3.12)
By, B, B, B,
= — — Pm — P4 —X X Xm ! 75X
: [B”Bl b = B + 212 T o T o2 212 ]
_lf(r, 1 1 1) (B B B, B
“To\m T oy Trz) Tt \arp arz T oare, T oarz)
1 1 1 1
—X X+ — X+ =X
2 A 7R PR h

Those quantities obviously depend on the indices 7, k,l and m, but for clarity we do not
write explicitly these dependences since they are pretty clear. Then, for 1 < r <d,

(ulul?, baszy-1y+1) = > CF(&

k,l,m

C ,— ~
<U’U‘27b(d+2)(j—1)+r+1> - Z L. (fo N <Xj>7"f)
J

k,l,n

C — o~ —~
<u|u|27b(d+2)j> = Z 72 (|5B|2f —2X;-af + |Xj|2f> .
J

k,l,m

We refer to Appendix A for more details. Moreover, Appendix B contains Table 1 which
sums up the useful Fourier transforms.

Remark 3.2 (Computational complexity). In (2.17) we chose v;(s;,y;) = e~2lwl” This
choice was made so that the inner products involved in the application of the DFMP are
computable exactly. Therefore we do not rely on numerical integration to compute the
coefficients of the linear system (3.9). In particular, this shows that the computational
effort required to obtain the linear system is O(N*d + N?(d + 2)?). To obtain the total
complexity, we have to add the cost computing the pseudo-inverse of the hermitian ma-
trix A € CUrINEFIN wwhich is O((d + 2)>N?). This yields the overall computational
complexity: O(N*d + d>N?).

We obtain Algorithm 2 which can be used to obtain an approximate solution to (¢cNLS)
as a sum of bubbles, using the Strang splitting.

3.2 Hamiltonian and norm conservation for the interactions

When solving (¢NLS-nonLin.) via the DFMP, i.e. when solving the linear system (3.9), a
Hamiltonian is conserved.
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Algorithm 2 Approximating a solution to (¢cNLS) as a sum of bubbles.

for Each timestep of size dt do
for y=1,...,N do > j denotes a bubble’s index
Use Algorithm 1 to update the bubbles over a timestep of size dt/2.
Compute the coefficients of the linear system (3.9).
Solve the linear system (3.9) to obtain E.
Use (3.10) to update the parameters over a timestep of size dt.
Use Algorithm 1 to update the bubbles over a timestep of size dt/2.
end for
end for

Lemma 3.1. Let u(t) be the approzimation to (¢cNLS-nonLin.) obtained by applying the
Dirac-Frenkel-MacLachlan principle, and define

Hinteractions(t) = i<u<t>7 u(t)|u(t)]2> = i<u<t)2,U(t)2>

Then Hiperactions %S conserved, i.e.
d
dt
and the L2 norm of u is also conserved.

Proof. We have

Hinteractions (t) = Oa

1 1
Hinteractions(t) = Z<u(t)7 u(t)|u<t)’2> = Z<u(t)27u(t)2>>
by using the Hermitian property of the inner product (-,-). Then,
d 1d
—H. ) - - 2 2
dt 1nteract10ns(t) 4dt <U(t) ,U(t) >

_ i (2u(t)Byu(t), u()®) + (u(t)”, 2u(t)dyu(t))
= R (u(t)u(t), u(t)?)
=R (Du(t), u(®)u(t)]).

By definition of d,u(t), we have dyu(t) € Tyw)M, hence we can take f = dyu(t) in (3.2).
We obtain the following equality:
(Gpu(t), u(®)|u(t)]*) = (Opu(t), i0pu(t)) = —il| Qpu(t)||*.
Therefore,
L peactions(t) = R (—illou(®)2) = 0
dt interactions t .

Using similar ideas, we can easily show the conservation of the IL? norm: we obviously
have u(t) € Ty)M, hence

d .

3 O = 2R (u(?), dru(t)) = 2R (u(t), —iu(t)lu(t)]*)

= 2R (i(lu(t), lu(t)*)) = 0
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3.3 Recovering the Harmonic Oscillator equations

Suppose the family B, C L*(R?) defined by (3.4) is linearly independent, and consider

ij\

the equation (HO). By summing equation (2.6) over j = 1,..., N with v;(s;,y;) =€~ "2,
and letting this sum be equal to zero, we obtain an equation of the form

=z

c b +c b +.
JX;: (d+2)(G=D)+10(d+2)(=1)+1 T Ad+2)(G-1)+20(d+2) (G- 1)+2 (3.13)

‘|’C(d+2)(j71)+d+1b(d+2)(j71)+d+1 + C(d+2)jb(d+2)j =0.

Thanks to the assumption that B, is a linearly independent family, we know that we
must have

=0, k=1,...,(d+2)N. (3.14)

This yields exactly the system of equations (2.7), with the v equation replaced by (2.19).
In other words, the DFMP approach gives the same equations as those given in Section
2.2 when B, is a linearly independent family. However, our approach as described in
Section 2.2 allows to solve them exactly and not only numerically with some numerical
time-integrator.

Finally, if the family B, is linearly dependent, then we cannot write equation (3.14)
anymore, hence the DFMP approach fails. Our approach allows to circumvent this issue
by naturally imposing conditions (3.14) in all cases.

3.4 Imposing conservation of L? norm

Our numerical experiments have shown that the DFMP approach does not always yield
a nice conservation of the IL? norm, even though it should be conserved. This section is
dedicated to finding a way of imposing it explicitely.

By using (3.7), the conservation of the L? norm writes

0=0, / u(t, 2)|? = 2R(Dyu, )

= 22 < { (d+2) (k—1)+1 (Ezg ) +ZE(2))

+ baspp-nse (BOY +iB)

+ b k-nan (BO +iEPY)
+ D(a+2)k (E,(f) + Z'E,E;G))} ,u> _

Under matrix form, this yields

0 =23 [((by, u), ifbr, u), ..., (basyn, u), i(baszyn, u)) B
Since E € R2+2N we obtain

(S(br,u), Ribr,u), -, Sbaszyn, w), R{baszy, u)) E = 0.
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In order to impose the conservation of the IL.? norm, we have to add this line to the linear
system (3.9). Moreover, this line has already been computed: indeed, we have

N
Aj
U= > —=b2)(j—1)+1
j=1 Lj !
hence
N A
(b, u)y =Y i<bk7b(d+2)(j—l)+l>v k=1,....(d+2)N.
= L

The idea motivating the addition of this line to the linear system is the following:
whenever the pseudo-inverse of the matrix A is well-conditioned the conservation of 12
norm is automatically satisfied, so the new line doesn’t change anything. When the
pseudo-inverse is ill-conditioned, it may happen that the .2 norm isn’t preserved anymore.
Hence, at each time step we compute the solution to the initial system of size (d+ 2)N x
2(d + 2)N, and if the variation of the L norm of u is too high (e.g. larger than some
numerical threshold) then we solve again the augmented linear system.

4 Numerical examples

In this section we will assess the efficiency of the Bubbles approach with the Dirac-Frenkel-
MacLachlan approach against a spectral method in the two-dimensional case.

4.1 Spectral scheme

We start by discussing the spectral method we shall use to compare with the results
of Algorithm 2. We refer to | ] for a general introduction to spectral methods for
the Schrodinger equation, and to | ] for grid-based schemes applied to the Gross-
Pitaevskii equation.

We now present a method which can be understood as the application of | ] toa
simpler equation, namely the Harmonic Oscillator. We use a splitting method to simulate
the linear part (HO), and thanks to [ : | we have:

—it(—A+]z]?) f%tanh(t)|x|2€%sinh(2t)Az

e =e ¢~ 3 tanh(O)lel? (4.1)

We can cite | | which also presents a spectral method based on the Fourier transform
with time splitting, however our method is different in that (4.1) is exact and hence we
do not have any time-splitting error.

The first and third exponentials on the RHS are straightforward to compute on a
grid. For the second one, we use a Fourier transform: ez5"P2)4= is the propagator of the
following equation:

Op = i cosh(2t)A1.

By using a Fourier transform, we get

OF (6)(€) = i cosh(26)F (A,00) () = —i cosh(20)|E[2F (1) (€).

Hence,

F(@)(&) = e 3@l
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The RHS exponential is straightforward to compute in the Fourier space. Hence, an exact-
time spectral approximation of the solution to (HO) is given by Algorithm 3. From this,
it is easy to obtain an algorithm which simulates (¢cNLS) with interactions. It consists in
using a Strang method on (¢NLS), by splitting the linear part (HO) and the nonlinear part
(cNLS-nonLin.). The linear part is approximated via Algorithm 3, and the computation
of interactions is explicit thanks to the fact that |u(t,z)|? does not depend on time (see
e.g. | , Sect. 2.2]). This fully describes Algorithm 4.

Algorithm 3 Spectral solver for (HO), with an exact time resolution for each splitting
step.

Discretize the initial data 7 on a Grid C R%
for Each timestep of size At do
for x € GRID do _ >z € R
Multiply n(z) by e~ 3 tnh(ADk,
end for
Apply a FET to n. > FFT: Fast Fourier Transform
for ¢ € FOURIER GRID do > € e R4
Multiply F(n)(€) by ez 5mhRADIEP,
end for
Apply an inverse FFT to F(n).
for x € GRID do _
Multiply n(z) by ¢~z tanh(Ab)[z]?
end for
end for

Algorithm 4 Spectral solver for (¢NLS), with a Strang Splitting method.

Discretize the initial data 7 on a Grid C R%.
for Each timestep of size At do
Use Algorithm 3 with a stepsize At/2.
for x € GRID do > Add interactions.
Multiply n(z) by e~ *2th@I,
end for
Use Algorithm 3 with a stepsize At/2.
end for

Of course, in pratical applications one is not able to define a grid over R?. Hence,
Algorithms 3 and 4 have to be modified by defining GRID as a discretization of a finite-
volume subset of R?, typically a product of intervals in each dimension. For all of our
numerical examples, this will [-8, 8] x [—8, 8] discretized using N, x N, points. In order
to have an easily computable FFT, one has to use a spatial uniform grid, which then
defines the FOURIER GRID. Special care has to be paid when choosing the number of
points: if we have Fourier frequencies larger than the Nyquist frequency, then we will
observe a phenomenon known as aliasing. This may not be problematic for the Harmonic
Oscillator (HO) depending on the initial condition, but will eventually become an issue
when simulating (cNLS) because it involves interactions and hence an infinite number of
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frequencies. Moreover, by using a FFT-based algorithm we implicitely impose periodic
boundary conditions.

4.2 Discretization into a sum of Bubbles

We need to decompose any arbitrary function into a finite sum of N bubbles. A solution
to this question has been proposed in | ], but it involves integrals over the whole
phase space, which is something we want to avoid.

We could also use a nonlinear least squares approach, but our experimental results
showed that it tends to yield spread out gaussians, which may present huge overlaps
between them. The overlaps cause issues with the DFMP, for instance a blow-up of the
conservative quantities. This has been observed during our experiments but the results
are not reported in this paper. The issue of discretizing an arbitrary function into a sum
of bubble without too much overlaps is not the main concern of this paper, hence we will
use a visual trial-and-error discretization. Another possible way of discretizing the initial
data is outlined in | ].

4.3 Observables

In order to compare the bubbles scheme againt the spectral method, we first compare them
in absence of interactions, i.e. on the Harmonic Oscillator (HO). We already showed in
Lemma 2.2 the conservation of some quantities, these will be the ones we use for the

comparisons. In the case of bubbles, we compute every integral by hand thanks to the
2
assumption v(s,y) = e’%, some details are given in Appendix C. When reporting the
results in the following log-plots, all values with an amplitude smaller than 10716 were set
to be equal to 10716,
For all of the results, the spectral scheme is supplied with the exact initial condition

and not the bubbles discretization.

4.4 Results

We consider examples adapted from | ].

4.4.1 Test case 1: Zero phase initial data
The initial condition reads

ey )2 lz—pa|?

Yt =02)=7me 2 +2 =2 , xR’ pu=(0,2), pp=(1,0). (4.2)

The results are displayed in Figure 1. The solution approximated with the DFMP
outperforms the spectral method on both the Harmonic Oscillator and the cubic NonLin-
ear Schrodinger equations. The conservative quantities are not exactly preserved in the
latter equation, and exhibit some drift after some time. It is however about two orders of
magnitude better for the DEMP approach when not imposing the conservation of the L2
norm. The “jumps” may be explained by an ill-conditioned Gram matrix, which would
then yield a very rough approximation of the modulation parameters.
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(a) Approximate solution to the Harmonic Oscillator (HO).
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(b) Approximate solution to the Schrodinger equation (¢cNLS). DEMP approach with no
enforcement of L2 norm.
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(c) Approximate solution to the Schrodinger equation (cNLS). DFMP approach by imposing
the conservation of the L2 norm.

Figure 1: Test case 1. Relative evolution of mass, energy and momentum with bubbles
and spectral methods. At = 5-1073. Time-integrator for the nonlinear part of the
splitting: Runge-Kutta of order 4. Spectral scheme with N, = 128, N, = 128. Numerical
tolerance on the variation of L2 norm: 1078,
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We can note thaf if we impose the conservation of the .2 norm there are two phe-
nomena occuring: the L2 norm is not preserved exactly even though we impose it, and
the other conservative quantities exhibit a worse conservation. The first one can be ex-
plained by the fact that we only solve the linear system (3.9) with the Moore-Penrose
pseudo-inverse, which amounts to solving least squares as long as bubbles do not overlap.
Moreover, the least squares solution cannot yield a zero error since we are projecting on
a low dimensional manifold and we lose information in this process: this is precisely what
allows us to keep a solution which can be expressed as a sum of modulated gaussian func-
tions. This means that the .2 norm cannot be exactly preserved even though we imposed
it. We can however note that its conservation is better once that constraint is added into
the linear system. The second phenomeon can be explained by the fact that the linear
system obtained when imposing the conservation of the I.? norm is overdetermined.

4.4.2 Test case 2: Weak interactions

The initial condition reads
Ut =0,z) = e lomsleicoshlomnsl e @2 0 — (1,1). (4.3)

The approximation of this function as a sum of bubbles is pretty straightforward: we
2
know that for z small, coshx ~ 1 + %, hence

2
Jz—psg|

Y(t=0,z)~ eTlemmalPititE e R2,

The results are displayed in Figure 2. This example shows the performance of the
DFMP approach in its most efficient setting: it only has one bubble. This explains the
very good conservation results obtained.

In this example, the variation of the L? norm is smaller than the numerical threshold
we chose, hence the solution obtained when imposing the conservation of the I.? norm is
the same solution as when it is not imposed.

4.4.3 Test case 3: Strong interactions

The initial condition reads

2 QZcoshw/x—‘r:c 2 2
Wt =0,7) = {VM [P Sl ME (4.4)

)
otherwise

We apply the same approximation for the complex exponential as previously explained,
and use a “visual trial-and-error” discretization of the square root. It yields a number
of N = 9 bubbles. We emphasize the fact that this discretization is far from being the
best one achievable, however the process of discretizing an arbitrary function into a sum
of bubbles is not the main concern of this paper. The discretization of the initial square
root is given in Figure 3.

The results are displayed in Figure 4. This example is by far the most interesting of the
three test cases presented in this paper, because it shows that with the discretization given
in Figure 3 the conservation properties are pretty good with DFMP even when there are
a lot of interactions between bubbles. Once again, the “jumps” in the relative evolution
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(a) Approximate solution to the Harmonic Oscillator (HO).
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(b) Approximate solution to the Schrodinger equation (¢cNLS). DFMP approach with no
enforcement of L2 norm.
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(c) Approximate solution to the Schrodinger equation (cNLS). DFMP approach by imposing
the conservation of the L2 norm.

Figure 2: Test case 2. Relative evolution of mass, energy and momentum with bubbles
and spectral methods. At = 5-1073. Time-integrator for the nonlinear part of the
splitting: Runge-Kutta of order 4. Spectral scheme with N, = 128, N, = 128. Numerical
tolerance on the variation of > norm: 1078,
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Bubbles approximation N =9

0

5
T 5.0.5.0

Figure 3: Approximation of x — /M2 — |z|? as a sum of bubbles

of conservative quantities may be explained by an ill-conditioned Gram matrix in DFMP.
It also has to be noted that if the discretization presents too much overlap between the
gaussian functions, then the DFMP approach fails and the conservative quantities blow
up: this has been observed with other discretizations of the same initial data, and is not
reported here.

We can make here the same remarks about the solution obtained when imposing the
conservation of the L2 norm as we made for test case 1.

5 Conclusion

We presented in this work an approach based on recent results | |. Tt allows to solve
exactly the Harmonic Oscillator (HO) for initial functions that can be represented as a
sum of modulated functions (the bubbles), for a certain kind of modulation.

In this context we focused on a particular subclass of such functions, modulated gaus-
sians, which have the advantage of allowing explicit computations. This is particularly
interesting since we do not have to rely on any sort of discretization of the phase space,
which is usually the main computational burden in numerical simulations. We obtain an
algorithm which yields an exact solution as soon as the initial data is a sum of modulated
gaussians. If we consider an arbitrary function, the only error this algorithm makes is the
initial discretization of said function as a finite sum of modulated gaussians.

We also extended the results from | | by allowing polynomial interactions, at the
cost of approximating the solution to (¢NLS-nonLin.) via the Dirac-Frenkel-MacLachlan
principle. Once again, considering only modulated gaussian functions allowed us to per-
form explicit computations and to obtain a numerical algorithm whose computational
complexity writes O(N*d + N3d®). Here d is the dimension and N is the number of
bubbles. The most critical parameter is /N, which corresponds roughly to the precision
of the discretization when considering arbitrary initial data. For any given function, the
higher N, the better we can approximate it as a sum of modulated gaussian functions.
We then have a clear trade-off between the speed of the algorithm and the precision of
the discretization.

Finally, our numerical examples show that the bubbles algorithm outperforms a spec-
tral method combined with time splitting, where each splitting step is solved exactly. We
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(b) Approximate solution to the Schrodinger equation (¢cNLS). DEMP approach with no
enforcement of L2 norm.
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(c) Approximate solution to the Schrodinger equation (cNLS). DFMP approach by imposing
the conservation of the L2 norm.

Figure 4: Test case 3. Relative evolution of mass, energy and momentum with bubbles
and spectral methods. At = 5-1073. Time-integrator for the nonlinear part of the
splitting: Runge-Kutta of order 4. Spectral scheme with N, = 128, N, = 128. Numerical
tolerance on the variation of > norm: 1078,
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compared the results obtained when solving the Dirac-Frenkel-MacLachlan linear system,
with and without imposing the conservation of the .2 norm: as expected, imposing the
conservation of the IL? norm worsens the conservation of the energy and momentum.

As a final note, we emphasize the fact that any grid-based method is inherently bound
to a finite subset of R? to which we have to add boundary conditions, while the bubble
approach does not have such restrictions.

Appendix A Computing the coefficients of the linear
system (3.9)

A.1 Coefficients of the matrix A

(b(a+2)t-1)+1, ba+2)-1)+1)-

(bla+2)1-1)+1, b(d+2)(i—1)+1

2
X .Bj |x—X z—X
) ) LB 5= z By L _1 I
= e’L’n*’L"{j/ el B 4 L e 2 L
R4
2 2
_iLJ'BJ"ZLi-J'H‘T IL-J _% ZL-J
e i ile il dx
2 ) 2
X- 2+iBl z—X; sz ’D—Xj
; A leBl —’LL ﬁ y ’ - "
:el(yl ’7.7)/ J e 4 L e 4 L] dx
Rd
. 2+iB 2—
i(yi—5)— 4L121|X1|2 j|X |2—if- X1 +iB;- X
= € J
2+iB; 2 _ X
(B —B: ) 7+ (|| QJBXZ) 4L2 (|z| 22-X5)
></ =By ze AL dx
R4
. 244B 2—
i(vi—5)— 4221|Xl|2 |X [~iBy- Xi+iB;- X
=€

B, 1 1 2—’L'Bj 2+iB; 2
i(B1—Bi+ oy Xi— 5 X))@ I'(szl+L2Xj) < 2 Tz | 1el
X/ e 5 *E e L J e i t dx
R4

Let
24iB; | 2-iB,
z =
a7 Az o
XX
a = L2 + LQ’
A1)
B Bi (
= —5X, ;
St g
. 2+ 1B 2 —
C = exp {z(w — ;) — Tle|Xl|2 _ 4L2 |X > —iB - X, +iB - X }7

and f(z) := e ##*t@¢ Then
(D(dr2)i—d—1, b(dr2)j—d—1) = C/Rd e € f(z)dx = Cf(€)
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<b(d+2)(l71)+n+1a b(d+2)(j71)+1>> 1<n<d.

(ZL‘ - Xl)n —itx
Te $0 f(x)da

= & (- (X0f) ©

(bat+2)(1-1)+14n> Dd+2)j-1)+1) = C -

<b(d+2)l> b(d+2)(jfl)+1>

.T—X 2
(b(a+2)1s biat2)(i—1)+1) C/ e "7 f(x) lz=%F l|
le/ e (o >(|a:|2—2m X+ 1Xi[?) do
C /2\ - 27
= o (177 = 2% 7 + 17 (¢)
l

(bldt2)(1=1)tn+1, O(@+2)(j-1)+m+1), 1 <nym < d.

T — (X)n Tm — (X))

e f(x)da

(b(a+2)(1=1)+n+1> O(a+2) - 1)+m+1) = C

Rd L L,
= 2 o= () = (e )
- LSYLZ /Rd ["L‘”xm - xn(Xj)m - xm(Xl)n + (Xl)n(X])m]

&

(blat2ys bia+2)(—1)4mt1), 1 <m <

(bea+2)1, b(dt2)(i—1)+m+1)

T —Xl’2 Tm — (X]
L7 L,

J

it — 244
=C e zﬁ:ve z|z| +a$| )mdl'
d

_C
- LIQLJ R4

e—ii'ﬂﬁe—z|$\2+a"’3 (’$‘2 —2x- X+ ‘Xl’2) (xm - (Xj)m) dx

~ o [T 2% + 1

(X mlolF + 20X s 7 — X (X)) F] ©).

(bea+2)1, b(a+2);)

—itx —z|z|? a-x|‘r—Xl|2 |‘T—Xj|2
<b(d+2)l7b(d+2)j>:C Rde 3 e =%+ LZQ L? dx
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C , 2
o —i&x ,—z|z|*+ax 2 . 2
a7y /Rde e (|a7] 2z - X + | X )

X (|x|2 — 2z - X; + \Xj|2) dx

O i 2
_ —i&x —z|z|*+ax 4 2 2,.. X X 20,.12
o e (Iel* = 20l - Xi + 1 X1

—2(z - Xj)|z]? 4+ 4(x - X)) (z - X;) — 2(z - X;)| X
Ha2IXG 2 — 202 - X)X P + [ X X 2) da

|2|*f = 2Xi - [alaf + [ X[l f

%
—2X; - z|af + 4w - X)) (@ X)) f - 2 XX - o f
HaP T2 = 21X af + X1 €)

Moreover,
(- X))(x- X;) = (é xn(Xl)n> (élxm(Xj)m)
S CORES
Hence |
(o XD X0 = 32 (Ot

A.2 Coefficients of the vector of interactions S

<U‘U|2, b(d+2)(j71)+1>

Ak,‘Al . . \yk\2+\yl|2+|ym\2 a 11,,.12
(ulul?, basa); < e : selliemzlul >

i LyLiLy,

We recall the previously defined notations:

ZL'—Xk
Ly,

Ti(w) =+ B (w = Xi) —

Y, =
4L2|x =Xl

Then,
2 2 2 2 1 2 1 2 1 2
lyl™ 4 |9l” + |ym|” + [y;] :ﬁ|x—Xk| +ﬁ|$—Xl| +LT|$—Xm|
k l m

1
+ v — X[
L;
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1 1 1 1 9 1 1 1 1
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m J
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X2 12X N | Xml? | 1X]?
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J
=+ —Tm—)+ (5j'X‘+5m' m — B Xi — By - Xy)
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Bk + Bl Bm B | |2
AL? T 47 42 2 )

J
Define
Cs =exp{i (Ve +% — Ym — )}
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and f(z) := e ##*t@r Then

(ulul®, bara)(j-1y+1) Z (A.2)

k,l,m

(ulul?, bar2)-14r1), T =1,...,d

<U|U|27 b(d+2)(j—1)+r+1>
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Appendix B Fourier transforms of Gaussians

Lemma B.1 (Fourier transform of complex Gaussians). Let z € C, R(z) > 0. Then,

z
More generally, let z = 2y +i20 €C, 21,20 €R, 2 >0, a € R? and
f:xeR = exp (—z|x!2+a~x) eC, (B.2)

then we have the Fourier transforms given by Table 1.

Proof. For the sake of clarity, for £,a € R? and z € C, let

\£|2+2m'£—!al2}_ {(£+w)~(£+w)}
B 4z - P T 4z '

E,a,z) = eXp{

~

/-
We have

a |2

220 z|al?
w —_— — .

—zlzfP+a-x=—2 - e

Recall the following usual properties on Fourier transform:

— ~ ~

flx—a) = f(&)e ™, fear = f(¢ +a).

Let ,
gloy=¢ 1
then
o) = (1) e



f (=)
of ~i(z)" g
TmTnf — 5 (5)g (& +ian) (Em + iam)
onf £ (2)F 1 - oioa
=S L (5)* [a- Kezmeter]

laPf =tz (2)? (€ +day,) [d +2 — B2l

T\ 2 ntian 2 £m+lam 2
T 22 (2)7 (1 gl (1 Gt
g iam)? miam)?
xﬁzf é (5)2 {3—6(5"‘—;2 ) + 3 LQ ) }
Table 1: Fourier Transform of some polynomials in z = (xy,...,z4) € R? multiplied by

f(z) = e—z\:c|2+a-a:’ 2eC,R(z)>0,ac R4,

and

Hence,

2
-3 (e+24)

§+z—ia

2
W%Z\fﬂ _ 1
422 iz
e 1 e

2 2 ) a2
£ zla]® 1 2,922 ¢ 2 12 _ia€ _ila]®zg
2 127 s (|€‘ +2z1a§+z%\a| ) 5o 72%

4 g2 2 of = 2 i
? = +(a§) _QZZI_QZI +|a‘ 42%_422%_222

2229 zz%

Il
TN N N N /N

RN v N Ry Ry

>§ —%— @l [22+i(z1+z‘z2)]+i“—'2[(z1+z‘z2)2—z§_2z’22(z1+i32)]
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g a,)>
— 212 (Z) [1 _ ;;am) ] E(,a,2).
W, m,n=1,....,d, n #m.
€)= 0, (aF), =0, [ (7)1 pe.a, )
1 5 m + iy,
-5 (5) G +ia) [—5 o ] B(€,0,2)
= —422 (Z)Q (& +ian) (Em + tam) E(E, a, 2).
2.
@PF(E) = a3/ (©) + - + 22 ()
_ 212 (7;-)2 [d _ (51 + ial)Q + 22 + (gd + ’iCLd)Q] E(f, a, Z)
g 2 e a2
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Appendix C Miscellaneous computations

We provide in this section some miscellaneous computations, which hold as long as
o

vi(sj,y;) =e "z, j=1,...,N.

C.1 Conservative quantities in dimension d = 2

We give the explicit expressions for the conservative quantities involved in Lemma 2.2, in
the two-dimensional case.
The L2 norm of a sum of N bubbles is given by

2 N AkAl
Jullfz = > Tl (b(as2)(k—1)+15 ba+2)—1)+1)-
k=1

The energy of a sum of bubbles is given by

260 = (

WE

Huj<x>,iuk<x>>

1

.
I

(Huj (), u())

((Vaus (@), Vour(@)) + ([ u(x), up(x)))

We have
2
A 1 7. 2+1Bx — X, T _LE X
Vz _r = |: L _ :| (A 2 Ly,
uy () oL | kO 5 T
~ 2

Ak . 2+ ZBk i _ Lz X

7 Y “”‘X’“)] e
2

Ak . 2+18y, 24 1By T Y .S
= — X, — il 2| "Ly

Lo |0 op ST v e

=y,

45 / 19



2+1By 2+1By,
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=
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\Vau(z)|* = Vou(z) - Vou(x)
i [ 2+ By, ] [ 2 —iB ] (o))
= Me — Tl |\ — —F79 T|U(Z)W X
Kz L 213 2L7
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>
I
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Finally, to obtain (V,u(z), Vou(z)) it suffices to integrate |V u(z)|> over R?. We then
recognize integrals that have already been computed in Appendix B.
We now proceed to computing the momentum, given by

2
Mo = —2Eo|lab||22 + |loullls + (% / z- Vu(:v)u(x)dx) .

We know how to compute Fj from the previous computations. The norm [|z¢)||2, has also
already been computed in Appendix B. Thus, it only remains to compute the integral

2+1By

/ z - Vu(z)a(z)de = /R u(x) kilx : [nk - QLI%Q;] () d

N 2+ 1B
= ,;/Rd u(z) lnk N — 2 |x|21 ug(x)dx.

Once again, this integral is computable thanks to the results of Appendix B.
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