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A SOLUTION TO THE MV-SPECTRUM PROBLEM IN SIZE
ALEPH ONE

MIROSLAV PLOSCICA AND FRIEDRICH WEHRUNG

ABSTRACT. Denote by Idc G the lattice of all principal ¢-ideals of an Abelian
£-group G. Our main result is the following.

Theorem. For every countable Abelian £-group G, every countable com-
pletely normal distributive O-lattice L, and every closed 0-lattice homomor-
phism @: Ide G — L, there are a countable Abelian ¢-group H, an £-homo-
morphism f: G — H, and a lattice isomorphism v: Idc H — L such that
p=1ro0ldc f.

We record the following consequences of that result:

(1) A O-lattice homomorphism ¢: K — L, between countable completely
normal distributive 0-lattices, can be represented, with respect to the
functor Idc, by an £-homomorphism of Abelian ¢-groups iff it is closed.

(2) A distributive O-lattice D of cardinality at most R; is isomorphic to
some Idc G iff D is completely normal and for all a,b € D the set
{zx € D|a <bVz} has a countable coinitial subset. This solves Mundi-
ci’s MV-spectrum Problem for cardinalities up to Rj. The bound X; is
sharp.

Item (1) is extended to commutative diagrams indexed by forests in which
every node has countable height. All our results are stated in terms of vector
lattices over any countable totally ordered division ring.

1. INTRODUCTION

The set SpecG of all prime f-ideals in an Abelian lattice-ordered group (in
short £-group) G with order-unit, endowed with the hull-kernel topology, is a spec-
tral space (as defined in Hochster [7]) called the spectrum of G. The topological
spaces Spec G satisfy an additional property called complete normality, which states
that the specialization order is a root system. The problem of characterizing all
spaces Spec G is stated in the following references:

e In his 1973 paper, Martinez [12, Question II] asks (in an equivalent form)
for a characterization of isomorphic copies of /-ideal lattices of Archimedean
{-groups.

e In his 2011 monograph, Mundici [16, Problem 2] asks “Which topologi-
cal spaces are homeomorphic to Spec A for some MV-algebra A”. Since
an MV-algebra and its associated Abelian ¢-group with unit (through
Mundici’s equivalence [15]) have homeomorphic spectra, this is equivalent
to the corresponding question about ¢-groups with order-unit.
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2 M. PLOSCICA AND F. WEHRUNG

Beginning in Martinez’ paper [12], most known answers to those problems are
stated in terms of the Stone dual of Spec G, which is the lattice Id. G of all principal
l-ideals of G (cf. Keimel [9]). Such lattices will be called ¢-representable. They
are both bounded and distributive. Owing to Monteiro [14], complete normality of
the topological space Spec G translates to a first-order lattice-theoretical property
of Id. G, also called complete normality, namely

(Va,b)(3x,y)(aVb=aVy=xzVband z Ay =0).

Delzell and Madden’s non-¢-representable completely normal lattice from [5] has ¥y
elements. On the other hand, a completely normal bounded distributive lattice D
is ¢-representable provided either D is a dual Heyting algebra (cf. Cignoli et al. [4],
Iberkleid et al. [8]) or D is countable! (cf. Wehrung [21]).

There are also negative results, whose spirit is “/-representability cannot be char-
acterized” [in a logically simpler way than originally defined]. Lenzi and Di Nola
observe in [10] that since the class of all ¢-representable lattices is not closed under
ultraproducts, it is not the class of models of any existential second-order sentence.
In Wehrung [23] it is proved, building on Wehrung [22] and an extension of the
condensate construction initiated in Gillibert and Wehrung [6], that the class of
all /-representable lattices is not the class of all models of any class of sentences
in the infinitary language %5y for fixed® A. The subsequent paper Wehrung [25]
establishes that the class of all /-representable lattices is not the class of models of
any sentence of the form (VX)y where X is a second-order variable with bounded
arity and ¢ is an Zsooo formula (we say co-projective). Those non-representability
results extend to Archimedean {-groups; however, it is still unknown whether they
extend to Archimedean ¢-groups with order-unit (cf. Problem 9.1).

Those negative results also apply to the larger class of all homomorphic images
of U-representable lattices, and in fact to any intermediary class.

A strong necessary condition for ¢-representability was coined, under different
names (“Idw” and “o-Conrad”, respectively), in Cignoli et al. [4] and Iberkleid et
al. [8]; it got renamed again in Wehrung [21] as follows.

Definition 1.1. A lattice L has countably based differences if for all a,b € L there
exists a countable subset C' of L such that for every x € L, a < bV x iff ¢ < x for
some ¢ € C.

Every (-representable lattice has countably based differences. Delzell and Mad-
den’s counterexample from [5] does not have countably based differences. The main
counterexample D in Wehrung [22] has size No; it is completely normal, has count-
ably based differences, but is not what is called there Cevian. Being Cevian is an
existential second-order property. Homomorphic images of ¢-representable lattices
are always Cevian, thus D is not such a lattice. Plos¢ica’s non ¢-representable
counterexample from [17] is completely normal, has countably based differences,
and is Cevian; it has cardinality (2%°)*. Those results show that in some sense,
characterizing £-representability beyond the size Ry is hopeless.

In this note we deal with the remaining gap, that is, the cardinality X;. The main
consequence, pertaining to the MV-spectrum Problem, of our work is the following

1Throughout the paper “countable” will mean “at most countable”.
20ne cannot do better than fixing A, because any class of models closed under isomorphic copy
is the class of all models of its Z~o0 consequences.
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extension, from countable to Ny, of the main result of Wehrung [21], contained in
Corollary 8.5:

Theorem. A distributive 0-lattice of cardinality at most Xy is £-representable iff it
is completely normal and has countably based differences.

Via Stone duality, this result is a full solution of the MV-spectrum Problem for
spaces with at most N; compact open subsets. Due to the main counterexample
from Wehrung [22], the bound X; in this result is sharp (e.g., the theorem above
does not extend to the size Ng).

Our main result, Theorem 8.3, deals with countable structures only. It also
involves the concept of a closed homomorphism between lattices; a lattice homo-
morphism f: K — L is closed if for all a,b € K and all x € L, if f(a) < f(b) Vx
then there exists u € K such that a < bV u whereas f(u) < z. In the context of
Stone duality between distributive 0-lattices with cofinal O-lattice homomorphisms
and generalized spectral spaces with spectral maps (cf. Rump and Yang [19]), it
can be proved that a cofinal 0-lattice homomorphism is closed iff its Stone dual is
closed in the topological sense (i.e., it sends closed sets to closed sets); see Iberkleid
et al. [8, Lemma 1.3.5].

For any /-homomorphism f: G — H between Abelian /-groups, the lattice ho-
momorphism Id. f: Id. G — Id. H is closed (cf. Wehrung [21, Proposition 2.6]).
Our main result implies that conversely, every closed homomorphism between count-
able completely normal distributive 0-lattices can be represented in this way. In fact,
that result extends to commutative diagrams indexed by forests in which every node
has countable height (cf. Theorem 8.4). Our main result, illustrated on Figure 1.1,
states as follows:

Id. G G Id. G
@J{closed AN J{f Id. fl X
L H . H —— L

F1Gure 1.1. Illustrating Theorem 8.3

Theorem 8.3 (restated for /-groups). Let G be a countable Abelian £-group,
let L be a countable completely normal distributive O-lattice, and let : 1d. G — L
be a closed 0-lattice homomorphism. Then there are a countable Abelian £-group H,
an £-homomorphism f: G — H, and a lattice isomorphism v: Id. H — L such that
p=roldc f.

All our results will be formulated in the context of left vector lattices over count-
able totally ordered division rings k (due to Wehrung [24, § 9], the countability
assumption on k cannot be dropped). The canonical embedding from any Abelian
{-group G into its divisible hull Q ® G is, following the terminology of Anderson
and Feil [1], an Archimedean extension, so Id. G = Id.(Q ® G). Conversely, any
vector lattice E over Q (or, more generally, over an Archimedean totally ordered
field) has the same ¢-ideals as an ¢-group as a vector lattice; hence the vector lattice
results entail the £-group results.
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2. STRATEGY OF THE PROOF

Given a countable completely normal distributive O-lattice L, a countable left
vector lattice E over a countable totally ordered division ring k, we wish to prove
that every closed 0-lattice homomorphism ¢: Id. £ — L is, up to isomorphism
(over Id. E), Id. f for some vector lattice homomorphism f: E — F. The initial
step consists of observing that E is a homomorphic image of the free k-vector
lattice Fy(I,k) over any countably infinite set I, thus reducing the problem to the
case where E = Fy(I,k) is a free vector lattice. Then, owing to the Baker-Bernau-
Madden duality for free vector lattices (cf. Lemma 5.5), Id. F¢(I,k) is isomorphic
to the sublattice Op~ k() of the powerset algebra of the free left k-vector space k(1)
generated by all open half-spaces defined by elements of k(1)

The original closed 0-lattice homomorphism ¢: Op~ k) — L is then inductively

enlarged to a chain of closed homomorphisms ¢,,: Op~ kU=) — L, with each

I, U {0,...,m — 1} (where U denotes disjoint union). Each map ¢, is in

turn constructed as the common extension of an ascending chain (¢mn |7 < w)

of maps @, n: Op~ (k(Im) U Dp.n) — L for finite sets Dy, C k(Im+1) Setting

Do def {6,,}, where 8, denotes the mth coordinate projection k) — k, the

value of ¢, ¢ at the positive open half-space defined by d,, is initially set at the
mth element of L (with respect to a given enumeration). The common extension
¢: Op~ kUY) 5 I of the ¢, will then be a closed, surjective homomorphism;
this easily entails the desired solution.

The construction of the ¢,,, follows, to some extent, the strategy initiated
for the countable case in Wehrung [21]. According to the parity of n, the step
from n to n 4+ 1 may either enlarge D, », by one element (“Domain Step”) or solve
a “closedness problem” ., nla] < @mnlb] Ve (“Closure Step”; [a] denotes the
positive open half-space associated to a, see Notation 5.1). The Domain Step relies
on its original version, stated for finite sets of hyperplanes, stated in Wehrung [21,
Lemma 6.6].

However, the original approach to the Closure Step, in the form of Claim 1 from
the proof of Wehrung [21, Lemma 7.1], can be proved to fail in this more general
context; so the argument of Plos¢ica and Wehrung [18] is not sufficient to go from
“homomorphic image” to “isomorphic copy”. (This should be no surprise, because
closed homomorphisms play no role in [18].) It turns out that the Closure Step
requires a far more subtle approach.

Our first technical step, handled in Section 6, consists of stating, for a finite
subset D U {c} of k() where J = I LI {0}, a criterion ensuring that a O-lattice
homomorphism Op~ (k(I ) U D) — L can be extended to a lattice homomorphism
Op (k) UD U {c}) — L sending the pair ([c],[~c]) to a given pair (¢*,c”) of
elements in L. This criterion (cf. Lemma 6.1) is stated in terms of the system of
inequalities (6.1)—(6.7), that should be satisfied by (¢*,c™).

Our second technical step, aimed at handling a given closedness problem
Om.nla] < @mnlb] V e, consists of taking advantage of ¢y, : Op~ kUm) — L be

closed, leading to the satisfiability of (6.1)—(6.7) with D def Dy and ¢ LY
for large enough X € k, together with the additional inequality ¢ < ¢y, ,[—b] V e.
This yields a solution to our closedness problem at the next step ¢, n+1, and thus

the desired conclusion (cf. Section 7).
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3. BASIC CONCEPTS AND TERMINOLOGY

A subset C'in a poset P is coinitial if every element of P lies above some element
of C. We say that P is a forest if every principal ideal of P is well-ordered under
the induced order.

For any structure G with a partially ordered Abelian group reduct (e.g., an

ordered vector space, an ordered field, and so on), we set G* dof {reG|0<z}.

We set 2+ < 2 v 0 and || ECPY (—x) if those elements exist, whenever x € G.
For a totally ordered division ring k, a k-vector lattice is a left k-vector space F
endowed with a translation-invariant lattice structure such that kT ET C E+. A
map f: E — F, between vector lattices, is a k,£-homomorphism if it is both a vector
space homomorphism and a lattice homomorphism. An ¢-ideal of E is a vector sub-
space of E closed under the lattice operations. Principal (equivalently, finitely gen-

erated) (-ideals are the subsets of the form (a) dof {z € E| (3 ek®)(Jz| < Nal|)}
fora € E. Forany a,b € E*, (a)V(b) = (a V b) = (a + b) whereas (a)A(b) = (a A b).

The lattice Id E of all ¢-ideals of E is a distributive algebraic lattice, of which its

semilattice of compact elements, Id. F ef {{z) | x € ET}, is a O-sublattice. Any k(-

homomorphism f: F — F gives rise to a 0-lattice homomorphism Id. f: Id. F —
Id. F, (x)g — (f(z))r. The assignment E +— Id. F, f — Id. f is a functor. This
functor preserves all directed colimits.

4. CONSONANCE AND CLOSED HOMOMORPHISMS

The following two definitions originate in Wehrung [21] and subsequent papers,
where they are widely used. We recall them for convenience.

Definition 4.1. Let K and L be lattices and let f: K — L be a lattice homomor-
phism. We say that f is closed at a pair (a,b) € K x K if for all x € L such that
f(a) < f(b) V x there exists u € K such that a <bVu and f(u) < z.

In particular, f is closed iff it is closed at every pair in K x K.

Definition 4.2. A pair (a,b) of elements in a distributive 0-lattice L is consonant
in L if there is a pair (u,v) € L x L (then called a splitting pair for (a,b)) such
that a Vb = a Vv = vV b whereas u A v = 0; or, equivalently, a = (a A b) V u,
b= (aAb)Vwv,and u Av=0. A subset X of L is consonant in L if every pair of
elements in X is consonant in L.

In particular, L is completely normal iff every pair in L X L is consonant. The
following lemma is a more user-friendly version of Wehrung [21, Lemma 3.7], with
a similar proof.

Lemma 4.3. Let K and L be distributive lattices, such that L has a zero, let
f: K — L be a lattice homomorphism, and let a, a1, az, b, by, ba be elements of K.
The following statements hold:

(1) If f is closed at both (a1,b) and (asz,b), then it is closed at (a1 V ag,b).

(2) If f is closed at both (a,by) and (a,bs), then it is closed at (a,by A ba).

(3) If (f(a1), f(az2)) is consonant in L and f is closed at both (a1,b) and (az,b),
then f is closed at (a1 A az,b).

(4) If (f(b1), f(b2)) is consonant in L and f is closed at both (a,b1) and (a,bs),
then f is closed at (a,by V ba).
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Proof. Ad (1) and (2) are both trivial.

Ad (3). Fix a splitting pair (y1, y2) for (f(a1), f(az2)) in L and let € L such that
fla1 Aaz) < f(b) Va. Then each f(a;) = f(a1 Aaz) Vy; < f(b)VaVy;, so, since f
is closed at (a;,b), there exists ¢; € K such that a; < bV e and f(¢;) < a2V y;.
Setting ¢ def c1 A ca, we get ay Aaz < bV c whereas f(c) lies below each z V y;, thus
below (z V y1) A (x V y2) = .

The proof of (4) is similar to the one of (3). O

The following lemma stems from Wehrung [21, Lemma 3.9], with a similar proof.

Lemma 4.4. Let K and L be distributive lattices such that L has a zero, let 3
be a generating subset of K, and let f: K — L be a lattice homomorphism such
that f[K] is consonant in L. If f is closed at every pair in ¥ x X, then it is closed.

Proof. Owing to Lemma 4.3, for every a € 3, the set

x, ¢ {be K| f is closed at (a,b)}
is a sublattice of K containing ¥; thus X, = K, that is, f is closed at every pair
in 3 x K. By the same token, it follows that for every b € K, the set

Y, & {a € K| f is closed at (a,b)}
is a sublattice of K containing ¥, thus equal to K. ([

5. THE LATTICES Op~ D

In this section we state some required facts about the Op™ D construction intro-
duced in Wehrung [21] for the case of linear functionals and k = Q, and extended
to arbitrary k and affine functionals in Wehrung [24]. Throughout this section we
fix a totally ordered division ring k. Further, for any set I we denote by (6; | i € I)
the canonical basis of the left k-vector space k), and for I C J we identify k()
with its canonical copy in k().

Notation 5.1. Let I be a set and let a € k(). We set
o] € {z ek | (@|2) >0},
whenever a € k) (where (a | 2) dof > icr aiv;). Following Wehrung [21, 24], for

any D C k()| we shall denote by Op~ D the 0O-sublattice of the powerset of k()
generated by {[z] | z € D}.

For a subset I of a set J, we will occasionally identify Op~ k() with its canonical
image in Op~ k() (denoted Op~ (k) k()) in Ploscica and Wehrung [18]).

Notation 5.1 relates to the one from earlier papers such as [18, 21, 24] via the
rule [a] = [a > 0]. Our choice of the simpler notation [a] is motivated by both our
focus on open sets and the complexity of the equations and inequalities intervening
in Sections 6 and 7.

We will be constantly using the obvious properties of the assignment x — [z]
stated in the following lemma.

Lemma 5.2. The following statements hold, for all z,y € k') and all X € kt:

(1) [zl Nyl € [z +y] S ] U fy].
(2) [z]N[-2] = 2.
3) [Az] € [x].
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For any subset C' of k), we denote by conv(C) the convex hull of C' and by
cone(C) the additive submonoid of k() generated by k*C (so 0 € cone(C)). The
following lemma is implicit in Lemma 5.5. Although it is certainly well known we
could not find any reference stating it explicitly. It can also be used to verify that
(1)-(3) from Lemma 5.2 are, actually, defining relations of Op~ k(1.

Lemma 5.3. Let A and B be finite subsets of k). The following are equivalent:
() Naealal € Upeplbl;
(ii) conv(A) N cone(B) # @;
(iii) there are elements &, mp € kT, for a € A and b € B, such that )", 4 aa =
> e b whereas at least one &, is nonzero.

Proof. We may assume that I is finite. Also, the result is trivial in case A = @
(for conv(@) = @ and, thanks to the zero element, the empty intersection is never
contained in (J,¢ 5[b]), so we may assume that A # @.

(iii)=(i). Owing to >, .4 & > 0, for any = € [, 4[a],

0< (Y, Gminala) <Y Glala)=3"  m(b|a),

which, since each 1, > 0, entails that x € (U, p[b]-

(i)=(ii). Suppose that (ii) fails, that is, 0 ¢ conv(A) + (— cone(B)). By the
Decomposition Theorem for convex polyhedra (see for example Schrijver [20, Corol-
lary 7.1.b}%), conv(A) + (— cone(B)) is a convex polyhedron, that is, a finite inter-
section of closed affine half-spaces, of k¥). Since 0 ¢ conv(A) + (— cone(B)), there
must exist € k() such that (¢ | #) > 1 whenever ¢ € conv(A)+(— cone(B)). Since
0 € cone(B), it follows that (a | #) > 0 whenever a € A; so x € [, 4[a]. Moreover,
foralla € A, b € B,and A € k™, (a— b | x) > 0, that is, (a | ) > A\(b | ).
Taking A large enough yields (b | 2) < 0, whence x € (), 4[a] \ U, [0]; that is, (i)
fails.

(if)=>(iif) is trivial. O

Remark 5.4. The case B = @ in Lemma 5.3 states that (), 4[a] = @ iff 0 € conv A.

Denote by Fy(I,k) the free k-vector lattice on a set I. As observed in Baker [2],
Bernau [3], Madden [11, Ch. IIT] (see also Wehrung [24, page 13] for a summary),

F¢(I,k) canonically embeds into k<" . We sum up the corresponding facts that are
relevant to our discussion.

Lemma 5.5 (Folklore).

(1) Fo(1,k) is isomorphic to the sublattice of]kk(” generated by all linear functionals
ZZ—GI a;0; associated to elements a € ]k(l), via the assignment i — 0;.
(2) The assignment (xT) — [z] defines a lattice isomorphism Id. Fo(I,k) — Op~ k().

6. HOMOMORPHISMS ON THE LATTICES Op~ D
Standing hypothesis: k is a totally ordered division ring, J = I U {0} is a set,

and L is a distributive O-lattice.

3The proof stated there for vector spaces over the reals is valid over any totally ordered division
ring (in particular, it involves only [semi]linear algebra).
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A set D of vectors is symmetric if —u € D whenever u € D. An element a € k()
is normalized if a, € {—1,0,1}, and a subset D of k() is normalized if each of its
elements is normalized.

A map ¢: Op™ D — L extends amap f: D — L if plu] = f(u) whenever u € D
(in order to avoid cluttering we are writing ¢[u] instead of ¢([u])).

Lemma 6.1. Let D be a normalized symmetric subset of k) \ k), let ¢ € k(') be
normalized, and let ¢*,c™ € L. A 0-lattice homomorphism ¢: Op~ (kD UD) — L
extends to some O-lattice homomorphism ¢: Op~ (k'DUDU{e, —c}) — L such that
(Y[c),v[—c]) = (ct, ™) iff the following inequalities hold for any u € DN (c+kD):

ctANe™ =0; (6.1)
ct < le—u]v cp[ ] (6.2)

plu] < plu — ] (6.3)
ple —u] < pl-u] Vv (6.4)
¢ <plu— ] [—U] ; (6.5)

o[- ]Scp[c—u]\/c ; (6.6)
plu—d < plu] v (6.7)

Furthermore, if D is finite and the range of ¢ is consonant in L, then such a pair
(¢, e™) always exists.

Proof. The given conditions are obviously necessary (cf. Lemma 5.2). This also
yields the desired equivalence in case ¢ € k) UD (in which case 1 = ).
Thus suppose, from now on, that ¢ ¢ k) UD and that (6.1)—(6.7) all hold. We

need to verify that there exists an extension 1) of ¢ as stated. Set D’ oy {¢,—c}

and define a map g: k) UD’ — L by setting g(z) def ¢[x] whenever z € k() U D,

whereas g(c) 4f ot and g(—c) dﬁf ¢~ . It suffices to verify that g extends to a

0-lattice homomorphism Op~ (k) UD’) — L (for any such homomorphism would
necessarily extend ¢). By Plosc¢ica and Wehrung [18, Lemma 4.4], it suffices to
verify that for any integers £ > 0 and [ > 0, together with elements u,, v, € k(DuD’
for 1 <p<kandl<q<]I, the containment

ﬂlgpgk[up] c Ulgqgl[vq] (6.8)

entails the inequality
Algpgk 9(up) < vlgqglg(UQ)' (6.9)
def

Set U = {uq,...,ux} and V def {v1,...,u}. We argue by induction on the lexico-
graphically ordered pair (k +1,m) where m is the cardinality of (U UV)\ k(). We
may thus assume that no proper subfamily of (u1, ..., uk,v1,...,v;) satisfies (6.8);
we will express this by stating that “k 4 [ is minimal subjected to (6.9)”. Because
of this and since (6.9) trivially holds in case some u, = v4, we may also assume
that uy, ..., ug, v1, ..., v; are pairwise distinct.

Claim. For all z,y € D', z +y € k) implies that g(z) A g(y) < gz +y) <
9(x) V g(y) and g(x) < g(z +y) vV 9(—y).
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Proof of Claim. The inequalities g(z+y) < g(z)Vg(y) and g(z) < g(z+y) Vg(—y)
follow from ¢ being a join-homomorphism, if {z,y} C D, and from (6.1)—(6.7), if
{z,y}N{ec, —c} # @. Since g(y) Ag(—y) = 0 (use our assumption (6.1)), the second
inequality implies that g(z) A g(y) < g(z + y). O Claim.

It follows from Lemma 5.3 that there are a,,8, € kt, for 1 < p < k and
1 < ¢ <1, such that some o, is nonzero and

Zlgpgk aply = Zlgqgl Bqvq - (6.10)

Since k41 is minimal subjected to (6.9), all o, and all 8, are nonzero. If m = 0 then
UUV C k@) and the conclusion (6.9) follows from ¢ being a lattice homomorphism.
If m is nonzero, we separate cases.

Case 1. There are distinct p, q such that {v,,v,} € D' and v, + v, € k).

Up to permutation of the v,., we may assume that {v1, v} C D', v1 + vy € k(D
and 81 < 3. Now (6.10) can be rewritten as

ZlSpSk aptp = P1(v1 +v2) + (B2 — Br)v2 + Z
It follows that ﬂlgpgk[up] C [v1 + w2 U Uzgqu[”q]- By our induction hypothesis

Vg -
3SqSl6q 1

(which applies since v; € D’ whereas v; + vo € kD), we get Ni<p<r 9(up) <
g(v1 + v2) V Vycy<y 9(vg), which, by the Claim above applied to the inequality
g(v1 +v2) < g(v1) V g(v2), entails (6.9).

Case 2. There are distinct p, q such that {u,,u,}y C D’ and u, + u, € k).

Up to permutation of the u,, we may assume that {u1,us} C D', us +us € kD,
and a1 < as. Now (6.10) can be rewritten as

aq(ur + u2) + (ag — aq)ug + Zg<p<k Qapuy, = Z Bqvq -

Since at least one element of {a1, a0 — a1, a3, ..., qx} is positive, it follows from
our induction hypothesis that

gl +u) AN, glu) <N o).

Since, by our Claim, g(u1) A g(uz) < g(u1 + uz), (6.9) follows.

Now suppose that neither Case 1 nor Case 2 occurs. Since D’ is normalized,
all u, from D’ have the same o-coordinate ¢ and all v, from D’ have the same
o-coordinate 1 (so {e,n} C {—1,1}). Since m > 0, there must be at least one such
vector on each side, and further, due to (6.10), we get ¢ = 7. We may thus assume
that {u,v1} C D" and u; — vy € k. Two cases may then occur.

1<q<l

Case 3. a1 > 1.
Rewriting (6.10) as
(a1 = frjus + Zz§pgk aptty = Frvr =) + Zzsm Bava.
our induction hypothesis entails
Algpgkg(up) < g(un _ul)v\/zgqglg(UQ)' (6.11)

Now our Claim entails g(v; — u1) < g(v1) V g(—u1), thus, since the left hand side
of (6.11) lies below g(u1) and g(u1) A g(—uy1) =0, (6.9) holds.
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Case 4. a1 < (1.

Rewriting (6.10) as
a1 (ur — v1) +Zz< Ot = = (1 — ) U1+Z2< i Bava

our induction hypothesis entails

g(ur —v1) A /\2SpSk g(up) < vlgqgg(vq)'

Since, by our Claim, g(u1) < g(u1 —v1) V g(v1), (6.9) follows. This concludes the
proof of the equivalence between the existence of ¥ and the system of inequalities
(6.1)~(6.7).

Now suppose that D is finite and the range of ¢ is consonant in L. Since the
set K ¥ Dy (kD' N ((c+D)U(—c+D))) is finite, it follows from Wehrung [21,
Lemma 6.6] (stated there on Abelian /-groups; the k-vector lattice version, stated in
Wehrung [24, Lemma 4.7], is, mutatis mutandis, identical) that the restriction of ¢
to Op~ X extends to a 0-lattice homomorphism ty: Op™ (XU {¢, —c}) — L. Since
{u, —u,u — ¢,c — u} is contained in K whenever u € D N (¢ + k@), all conditions

(6.1)-(6.7), with ¢ def olc] and e~ of o[—¢], are satisfied. O

7. THE CLOSURE STEP FOR OPEN HALF-SPACES

Standing hypothesis: k is a totally ordered division ring and L is a distributive
0-lattice.

The following preparatory lemma aims at providing a better understanding of a
map be closed at a pair of open half-spaces.

Lemma 7.1. The following statements hold, for every 0-lattice homomorphism

0: Op k) = L and all a,b € kD :

(1) For every A € k' and every e € L, the inequality pla] A pla — \b] < e is
equivalent to the conjunction of pla] < ¢[b] V e and pla — Ab] < ¢[—b] V e.

(2) Suppose that pla] < ¢[b] V e. Then for all \,\ € k such that 0 < X < N,
pla] A pla — Ab] < e implies that la] A pla — N'b] < e

(3) The map ¢ is closed at ([a], [b]) iff for every e € L such that pla] < ¢[b] Ve
there exists X € kT such that @la — \b] < p[—b] V e.

Proof. Ad (1). Suppose first that ¢[a] A pla — Ab] < e. From A > 0 it follows that
[a] C [b] U ([a] N [a — Ab]), thus
pla] < o[b] V (la] A pla — b)) < p[b] Ve.
Moreover, from A > 0 it follows that [a — Ab] C [a] U [—b], so we get
pla — \b] < (¢la] A pla — Ab]) V p[—b] < ¢[-b] Ve.

Suppose, conversely, that pla] < @[b] V e and ¢la — A\b] < ¢[—b] V e. From the
former inequality together with ¢[b] A p[—b] = 0 it follows that ¢[a] A p[—b] < e,
whence
pla] A pla — Ab] < @la] A (p[-b] Ve) <e
Ad (2). Suppose that ¢la] A pla — Ab] < e. By (1) above, this means that
wla — Ab] < ¢[—b] V e. Hence pla — Nb] < ¢la — Ab] V @[(A — N)b] < ¢[-b] V e, so,
by (1) above, pla] A pla — N'b] < e
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Ad (3). Suppose first that ¢ is closed at ([a], [b]). Identifying the lattices Op~ k()
and Id. F¢(I, k) via the isomorphism [z] — () given by Lemma 5.5, any inequality
of the form ¢[a] < ¢[b] V e, where e € L, translates to p(at) < p(b™) V e, thus,
since ¢ is closed at ([a], [b]), there exists e € Fy(I,k)T such that (a™) < (bT) V (e)
whereas p(e) < e. The former inequality means that a™ < A(b* + e) for some
A€kt so(at—=AbH)T < Ae. By virtue of the identity (a™—XoT)t =atA(a—b)*
we thus get

pla®) Aplla—Ab)T) < plde) < ple) <e,
which, owing to the identification given by Op~ k() 2 1d. F,(I,k), can be written

pla] A pla— M) < e.

[

Conversely, if for every e € L such that ¢[a] < ¢[b] V e there exists A € k™ such
that ¢la — Ab] < p[—b] V e, that is, due to (1) above, ¢([a] N [a — Ab]) < e, then,
due to the containment [a] C [b] U ([a] N [a — Ab]), ¢ is closed at ([a], [b]). O
For the remainder of this section let J = I'U{o} with o ¢ I, let D be a symmetric,
normalized subset of k() \ k() let {a,b} Ck() UD, let e € L, and let

¢: Op~ (k) UD) — L be a (V,0)-homomorphism. We also assume that the
restriction of ¢ to Op~ k) is closed and that p[a] < o[b] V e.

Notation 7.2. For all z € k() and u € k() \k(I), we denote by x* the unique

element in k) N (2 4 ku). That is, 2% = = — z,u; 'u.

Observe that z* = z=*%. Also, in all the cases that we will consider, u will be

normalized (i.e., u, € {—1,1}); s0 uy ! = u,.

Lemma 7.3. Assume {a,b} € k) and let uw € D such that either byu, = 1 or
(bo =0 and a,u, = —1). The following statements hold:

(1) pla¥] < p[b%] V p[u] V p[—b] V e.
(2) For all large enough X € kT, pla® — \b*] < p[u] V ¢[—b] V e.

Proof. Ad (1). From a" = a — a,u,u and ¢[a] < ¢[b] V e it follows that
pvla"] < pla] V pl—acuou] < @[b] V pl—asuoul Ve. (7.1)
If b, = 0 and a,u, = —1, then b* = b and (1) follows. Let b,u, = 1; so b* = b — .
Then @[b] < ¢[b"] V @[u] thus, by (7.1),
vla"] < b V plu] V pl—asuoul Ve. (7.2)
Hence, if aou, € {—1,0} then we get (1) right away. If a,u, = 1, then
pl—aouou] = l-u] < @[b*]V ¢[-0],
which, combined with (7.2), yields again (1).
Ad (2). Since ¢ is closed at (a*,b") and by (1) together with Lemma 7.1, there
exists Ao € kT such that

pla" — Ab"] < p[=b"] V ¢[u] V ¢[-b] Ve whenever A > Ag. (7.3)
If b, = 0, then b“ = b and we get (2) right away. If byu, = 1 then b* = b — u, thus
o[—b"] < p[u] V ¢[—b], which, together with (7.3), yields (2) again. O

Lemma 7.4. Assume {a,b} € k') and suppose that either byu, = —1 or (b, = 0
and apu, = 1). Then

ou] < p[Ab* — a"]V @[—b] Ve for all large enough A € k. (7.4)
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Proof. Since —u satisfies the assumptions of Lemma, 7.3, there is Ay € kT such that
pla® = Ab"] < p[—u] V ¢[-b] Ve whenever A > Ag. (7.5)

Let A > Ao; set e %' e[ — a*] vV o[-b] V e and e” ey o[—ul.

We claim that ¢[b*] < e”. Pick X' € k with A\g < X < A. From the containment
[b"] C [Ab* — a™] U [a* — N'b¥] it follows that ¢[b"] < @[Ab™ — a] V p[a® — N'bY],
which, by (7.5) together with the definition of e”, entails p[b*] < €”, as claimed.

We next claim that plu] < e”. If byu, = —1 then b* = b + u, thus

plu] < bV p[-b] <e”,

as desired. Suppose now that b, = 0; so b* = b and a"“ = a — u. From the
containment [—a"] C [Ab" — a¥] U [—b] we get p[—a¥] < p[Ab" — a¥] V ¢[-b] < €/,
thus, since [u] C [a] U [—a"], we get

plu] < pla] v p[—a”]
< la] Ve
< [b] v € (because @la] < ¢[b] V €)
= p[b*] Ve (because b" = b)
<e’,

thus completing the proof of our second claim. Since plu] < e’ =€’ V ¢[—u] and
plu] A p[—u] = 0, it follows that plu] < €' O

Lemma 7.5. Suppose that D is finite and the range of ¢ is consonant in L.
Then for all large enough A € k™, the map ¢ extends to a lattice homomorphism
¢: Op (kD UDU{a— \b,\b— a}) — L such that ¥[a — \b] < p[—b] V e.

Proof. If {a,b} C k() then the desired conclusion follows from the restriction of ¢
to Op~ k) being closed (cf. Lemma 7.1).

Suppose from now on that {a,b} Z k(). Let Ao € kt such that all inequalities
in Lemmas 7.3 and 7.4 are satisfied whenever u € D. We may also assume that
a, — Ab, has constant sign, necessarily nonzero, over A > A\g. Fixing such a A, the
scalar £ def lao — Abo| ™1 is positive, and further, ¢ def & (a — Ab) is a normalized
element of k() \k(l). For any u € D, two cases may occur.

Case 1. u, +c¢, =0 (i.e., u+c € kD).
It follows that either b,u, = 1 or (b, = 0 and a,u, = —1). Then u+ ¢ = c* =
& (a* — \b*), whence, applying Lemma 7.3,
plu+ ¢ = pla™ — Ab"] < plu] V ¢o[-b] Ve. (7.6)
Case 2. u, = ¢, (i.e., u —c k),
It follows that either b,u, = —1 or (b, = 0 and a,u, =1). Then u —c = —c* =
&+ (A" — a*), whence p[u — ¢] = p[Ab* — a"], and so, by Lemma 7.4,
olu] < Pl — 0¥V o[—b] v e = plu— ] v p[-b] Ve. (7.7)

Since D is finite and the range of ¢ is consonant in L, it follows from the last

statement of Lemma 6.1 that the system of inequalities (6.1)—(6.7) has a solution

(ct,e™). Set ¢* P (p[—b] V e). We claim that the pair (¢*,c™) also satisfies

the system of inequalities (6.1)-(6.7): indeed, since (¢, c™) already satisfies that
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system and ¢* < ¢T, the only inequalities that need to be taken care of are (6.3)
and (6.4), which then follow from (7.6) and (7.7) above.

By Lemma 6.1, the homomorphism ¢ extends to a lattice homomorphism
¢: Op~ (k) U DU {¢,—c}) — L such that 9[c] = ¢* and ¥[—c] = ¢~. In par-
ticular, [a — Ab] = ¥lc] < ¢[-b] V e. O

8. PROOF OF THE MAIN RESULT

Theorem 8.1 (The Closure Step). Let J LTy {0} be a countable set, let k be

a countable totally ordered division ring, let L be a countable completely normal
distributive 0-lattice, and let dy,dy € L such that dy A dy = 0. Then every closed
0-lattice homomorphism ¢: Op~ k) — L extends to a closed 0-lattice homomor-
phism 1p: Op~ k) — L such that ¥[6,] = do and 1[—d,] = d;.

Proof. Denote by N the set of all normalized elements of k() \ k(). Since k()
and L are both countable, we can write N = {¢,, | n < w} and L = {e,, | n < w}.

Define inductively finite symmetric subsets D,, of N and 0-lattice homomor-

phisms ¢,,: Op~ (k) UD,,) — L, for n < w, as follows. Set Dy def {5, —0o}. By

the argument of Wehrung [21, Lemma 8.3] (alternatively, apply Lemma 6.1 with

p & @), there is a unique O-lattice homomorphism ¢g: Op~ (k) UDy) — L such
that 900[50] = do and @0[—50] = dl.

Suppose D,, and ¢,, defined.

If nis even, set D, 11 def Dnu{cn/g, —Cny2 } By the last statement of Lemma 6.1,
pn extends to a lattice homomorphism @,,11: Op™ (]k(l) UDpt1) — L.

If n is odd, then a straightforward finite iteration of Lemma 7.5 yields a fi-
nite symmetric subset D, 11 of N containing D,, and a 0-lattice homomorphism
Yn+1: Op~ (]k(l) UDp41) — L such that for all a,b € D,, and all k < n,

onla] < pnlb] Ver = (3N €k (a— b€ Dyyy and ppy1]a — Ab] < p,[-b] V ex) .

(8.1)
By construction, N = J,,.,, D and the union of Un<w ¢n is a O-lattice ho-
momorphism from Op~ (k) UN) = Op~ k() to L. Moreover, owing to (8.1)
together with Lemma 7.1, ¢ is closed at every pair ([a], [b]) where a,b € k(”). Since
{[z] | = € k) } generates Op~ k() as a sublattice, it follows from Lemma 4.4 that ¢
is closed. 0

Theorem 8.2. Let J = I Uw be a countable set, let k be a countable totally
ordered division ring, and let L be a countable completely normal distributive 0-
lattice. Then every closed 0-lattice homomorphism o: Op~ k) — L extends to a
surjective closed 0-lattice homomorphism v: Op~ k(') — L.

Proof. Set I, e 1y {0,1,...,n — 1}, whenever n < w. Moreover, let L =

{en | n <w}. By a repeated use of Theorem 8.1 we obtain a sequence of closed
0-lattice homomorphisms 1, : Op~ k=) — L, each 1, extending the previous one,
and satisfying 1, 4+1[0n] = €, and ¥,11[—0d,] = 0. Define ¢ as the common exten-
sion of all ,. (I

Theorem 8.3 (Main Theorem). Let k be a countable totally ordered division ring,
let E be a countable k-vector lattice, let L be a countable completely normal dis-
tributive 0-lattice, and let p: Id. E — L be a closed 0-lattice homomorphism. Then
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there are a countable k-vector lattice F, a k,(-homomorphism f: E — F, and a
lattice isomorphism v: Idc FF — L such that ¢ =1 o1d. f.

Proof. Throughout the proof let us fix a countably infinite set I, disjoint from w,
and set J < 1w

Since F is countable, there exists a surjective k,{-homomorphism p: Fy(I,k) — E.
By Wehrung [21, Proposition 2.6] (also valid for k-vector lattices, with the same
proof), Id. p is a surjective closed 0-lattice homomorphism from Id. F,(7, k) onto Id. E.
The map g def pold. p is a closed 0-lattice homomorphism from Id. F¢(Io,k) to L.
By Theorem 8.2, together with the canonical isomorphism Id. F(I,k) = Op~ k(!
given by Lemma 5.5, 19 can be extended to a surjective closed 0-lattice homomor-
phism from Id. Fy(J, k) onto L. (Here we identify Id. F,(I,k) with its canonical
image into Id. Fy¢(J, k).)

Then Q % {z € Fy(J,k) | ({(z)) = 0} is an f-ideal of F¢(J,k), and further,
denoting by ¢ the canonical projection from F,(J,k) onto F def Fo(J,k)/Q, there
exists a unique isomorphism ¢: Id. F' — L such that ) = toId. ¢ (cf. Wehrung [21,
Lemma 2.5]). The argument can be followed on Figure 8.1.

Id. Fo(I, k) —— Id.Fe(J, k)

s
Id. E Id. F

closed

IR|=

FI1GURE 8.1. Illustrating the proof of Theorem 8.3

Now observe the following implications, for any x € F,(I,k):
p(r) =0 < (Idep)((2)) =0

= YPo({x)) =0 (because 1y = ¢ o Id. p)

< Y((x) =

< q(z)=0.
Hence, by the First Isomorphism Theorem (for k-vector lattices), there exists a
unique k,l~-homomorphism f: E — F such that fop = qu,;(I K)- 1t follows that

volde foldep=10 IdC(quZ(I,k)) =Yla, Fox) = ¢oldep.

Since the map Id. p is surjective, it follows that ¢ = ¢ oId. f. (]

It is then an easy matter to extend Theorem 8.3 to its following diagram version.

Theorem 8.4. Letk be a countable totally ordered division ring and let T be a forest
in which every element has countable height. Then every T-indexed commutative
diagram L def (Ls,ps | s <t inT) of countable completely normal distributive 0-
lattices, with closed 0-lattice homomorphisms, is isomorphic to Id. E for some T-
indexed commutative diagram E of k-vector lattices with k,£-homomorphisms.

We illustrate Theorem 8.4 on Figure 8.2, with o a minimal element of T" and p
an atom of 7.
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1de fo,
1. B, =2 1d. By — --- i T By —— -+
%’J{Xc gJ{X]) %’J{Xﬁ
Po,p
Lo closed P closed o o closed Lt closed

FIGURrE 8.2. Illustrating Theorem 8.4

Outline of proof. An inductive argument within 7', similar, mutatis mutandis, to
the one of Plos¢ica and Wehrung [18, Theorem 7.3], with Theorem 8.3 used instead
of [18, Theorem 7.1], E, instead of Fy(Is, k), fs, instead of 7y, 1,, and all maps x;
now being isomorphisms. At successor stages we apply Theorem 8.3, while at limit
stages we apply the preservation of directed colimits by the functor Id.. O

The above argument yields in fact that every partial lifting of E, defined on a
lower subset of T', can be extended to a full lifting of L.

Corollary 8.5. The following are equivalent, for any countable totally ordered
division ring k and any distributive 0-lattice L of cardinality at most Ny :

(i) There exists a k-vector lattice E such that L 2 1d. E.
(ii) There exists an Abelian (-group G such that L = 1d. G.
(iii) The lattice L is completely normal and it has countably based differences.

Proof. (ii)=-(iii) is well known (and easy), see Cignoli et al. [4, Thm. 2.2]; see also
Iberkleid et al. [8, Prop. 4.1.2], Wehrung [21, Lemma 10.1]. A similar argument
also yields the implication (i)=-(iii) (the countability assumption on k can there be
weakened by just saying that k has a countable cofinal sequence).

(iii)=-(i). Let L be a completely normal distributive 0-lattice with countably
based differences, of cardinality at most R;. Let us write L = {e¢ | { <w1}. The
assumption that L has countably based differences means that there exists a se-
quence (N, | n < w) of binary operations on L such that for all a,b,c € L, a <bVe
iff there exists n < w such that a ~,, b < ¢. For each o < w1, the closure L, of
{0} U {e¢ | € < a} under the lattice operations together with all ~,, is a countable
completely normal O-sublattice of L, and L is the ascending union of the L.

Moreover, due to all L¢ be closed under all operations ., the inclusion map
from L, into Lg is a closed 0-lattice embedding whenever o < 8 < wy. Hence, by

applying Theorem 8.4 to the well-ordered chain L def (Lo | & < wy) of sublattices
of L, with the inclusion maps as transition maps (and T def w1), we obtain an wi-
indexed commutative diagram E = (Eq, fo,8 | @ < f < w1) of k-vector lattices such

that Id. E~TL. Setting E def hg E , the preservation of all directed colimits by the

functor Id., together with the universal property of the colimit, yields Id. E = L.

(iif)=(ii) is just (iii)=>(i) with k % Q. O

Recall from Wehrung [24, § 9] that the direction (iii)=>(i) from Corollary 8.5 fails
at every uncountable k, even for countable lattices L.

9. OPEN PROBLEMS

Martinez asks in [12, Question II] for a characterization of all lattices Id. G

-,

for G an Archimedean ¢-group. Since all members of the class A(6, A) introduced
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in Wehrung [23, Notation 12.2] are Archimedean ¢-groups whenever 6 > w (see
the comments following Notation 12.2 in [23]), [23, Theorem 12.3] already yields a
negative answer to Martinez’ question: the class of all isomorphic copies of 1d. G,
for G Archimedean, is not the class of models of any class of L sentences for
any A; nor is it co-projective (as defined on page 2).

However, the lattices in A(G,/_f) have no top element, because the arrows in
the cube diagram A from Wehrung [22] are not unit-preserving. This suggests the

following problem, already hinted at in the comments following [23, Corollary 12.9].

Problem 9.1. Is the class of all isomorphic copies of Id. G, for G an Archimedean
L-group with order-unit, the class of all models of some %, sentence?

Complete normality is a first-order sentence, while “countably based differences”
is an %, sentence. The following problem asks for an extension of Corollary 8.5
to real spectra of commutative unital rings.

Problem 9.2. Denote by ®(A) the Stone dual of the real spectrum Spec, A of any
commutative unital ring A. Can the isomorphic copies of the ®(A), with cardinality
at most Ny, be characterized (within structures of size < N;) by an %,,,.,, sentence?

In more detail: it is well known that every ®(A) is a completely normal bounded
distributive lattice. The main result of Wehrung [24] states that every countable
completely normal bounded distributive lattice can be obtained in this way. As
observed in Wehrung [26], this fails in a strong sense for lattices of cardinality N;:
there exists an Abelian £-group G of size ¥y such that Id. G is not a homomor-
phic image of any ®(A). It is also observed in [26] that a homomorphic image of
some ®(A) of cardinality 8y need not be isomorphic to any ®(A").

The cardinality assumption in Problem 9.2 cannot be omitted: by Mellor and
Tressl [13], the class R of isomorphic copies of all ®(A) is not the class of models
of any class of £, sentences for fixed A. This result is extended in Wehrung [25],
by proving that R is not co-projective.

For any chain T, denote by O(T') the sublattice of the powerset of T' generated
by all open intervals {x € T | z < a} and {x € T | z > a} for a € T. Tt is not hard
to verify that O(T') is a completely normal bounded distributive lattice.

Problem 9.3. Let T be a chain such that O(7T') has countably based differences.
Does there exist an Abelian ¢-group G such that O(T) =2 1d. G?

By Corollary 8.5, the answer to Problem 9.3 is positive for card T < N;.
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