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Abstract

In this paper, we analyze an eigenvalue problem for a quasi-linear elliptic opera-
tors involving Dirichlet boundary condition in an open smooth bounded set of RN. We
investigate a bifurcation results (from trivial solution and from infinity) of an eigen-
value problem involving the (p,2)-Laplace operator, from the Fucik spectrum of the

Laplacian.
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1 Introduction

Assume QO C RN (N > 2)is an open bounded domain with smooth boundary 0Q). A
classical result in the theory of eigenvalue problems guarantees that the problem

{ —Au = Au in Q), (11)

u=20 on 00}

possesses a nondecreasing sequence of eigenvalues 0 < Ay < A, < ... and a sequence of
corresponding eigenfunctions which define a Hilbert basis in L?(Q)), (see [3]). Moreover,
it is known that the first eigenvalue of problem (1.1) is characterized in the variational

2d

uewl 0oy | Jou?dx

In [7], the authors investigated the asymptotic behavior of the spectrum and the existence

point of view by,

of multiple solutions of the following nonlinear eigenvalue problem

—Apu — Au = Au on (),
(1.2)
u=0 on JQ),
where —A,u = —div(|Vu|P~2Vu) denotes the p-Laplace operator. In [7] it was shown

that for p > 2 there exist eigenvalue branches emanating from (A, 0), and for 1 < p < 2
emanating from (A, o). A nonlinear generalization of the spectrum of problem (1.1) is
the Futik spectrum, given by the values (A;,A_) € R™ x R for which the problem
—Au = Ayut — A_u~ with Dirichlet boundary condition has nontrivial solution. The
values A and A_ which are such that —Au = A,ut — A_u~ has nontrivial solution
u € Wy*(Q) will be called half-eigenvalues, while the corresponding solutions u will be
called half-eigenfunctions. The Fucik spectrum was introduced by S. Fucik [13] and N.
Dancer [10] in the 70’s, mainly motivated by the works of A. Ambrosetti and G. Prodi [2]
in connection with what is known in the literature as “asymmetric problems".
In this paper we consider the following nonlinear eigenvalue problem

(1.3)

—Apu—Au=Ayut —A_u" on Q,
u=0 on 0.

The operator —A, — A appears in quantum field theory (see, [4]), where it arises in the
mathematical description of propagation phenomena of solitary waves. The main pur-
pose of this paper is to study the asymptotic behavior of the spectrum of problem (1.3) for
all p > 2and 1 < p < 2. We intend to study problem (1.3) as a bifurcation in the Fucik
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eigenvalues from trivial solution if p > 2 and a bifurcation from infinity if 1 < p < 2.
In [6], the author has proved that the equation

Au—qu~ = Au+ N(A,u) (1.4)

has global bifurcation branches emanating from the points (A},0) and (A%,0) in R x L?(Q))
for any k > 1. In equation (1.4), the operator A : D(A) C L?(Q) — L*(Q)) is an un-
bounded self-adjoint operator with compact resolvent and with eigenvalues A; < A; <
..., repeated according to their multiplicity, and v € R™ satisfies 0 < 7 < min{A; —
A1, A1 — A} (k> 2) and N(A, u) = o(]|ul|) for u near zero uniformly on bounded A
intervals. The points A} and A? are called split eigenvalues of the operator A — y(-)~ and
their existence was proved by B. Ruf in [5]. Our work is inspired by the work of [6]. In the
present article, the point (A},0) will be a bifurcation point for positive solutions and the
point (AZ,0) will be a bifurcation point for negative solutions of problem (1.3).

A similar structure as (1.4) was proved in [8] concerning bifurcation problems for
Pucci’s operators. More precisely in [8], the authors studied the following problem as
a bifurcation problem from the trivial solution

{MIA(Dz)u =uu+ f(u) on Q, (L5)

u=0 on JQ),

(respectively M ,) where () is a bounded regular domain, and Mf A are the extremal
Pucci’s operators with parameters 0 < A < A. It is shown that bifurcation occurs form the
“half-eigenvalues” y;” and p; .

Our main results are: let v € R" that satisfies 0 < v < min{Ay — Ap_1, A1 — A},
k>2

e For p > 2, we obtain bifurcation branches emanating from the points (A},0) and
(A2,0) in R x L2(Q)) for the operator —A, — A — 7(-)~, where A] and A? are the split
eigenvalues of —A — (-)7,

e For 1 < p < 2, we obtain bifurcation branches emanating from the points (1}, )
and (A?,00) in R x L?(Q)) for the operator —A, — A — ().

This article is organized as follows. In section 2, we present the Fucik spectrum of problem
(1.3) and in section 3 we show that are solutions branches of problem (1.3) that bifurcate
from the Fucik eigenvalues of problem (2.2). In section 3.3, we discuss bifurcation from
infinity of problem (1.3). For a further discussion on this topic, we refer the interested
reader to the work of [8] and the references therein.
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We recall thatif 1 < p < g, then L7(Q)) C LP(Q) and as a consequence, one has Wé’q (Q) C
W&’p(Q). In what follows, we denote by ||.||1,, and ||.||> the norms on W&’p(Q) and L2(Q)
defined respectively by

1 1
P 2
full = ([, 190l )" andt fule= ([ x) "

2 Fucik spectrum and nonlinear spectrum

An eigenvalue A € R of the quasi-linear elliptic operator —A, — A on () is such that the
following problem

(2.1)

—Apu — Au = Au on (),
u=0 on d0

has a nontrivial solution for p € (1,00)\{2}. We denote by X the spectrum of problem
(2.1). The Fucik spectrum of —A on () with Dirichlet boundary conditions is defined as
the set Sy, 1 ) of pairs (A, A_) € IR? such that the problem

(2.2)

—Au=Aut—A_u" on (Q,
u=0 on Q)

has a nontrivial solution. Then, the Fucik spectrum of —A, — A on Q) with Dirichlet bound-
ary conditions is defined as the set £, , ) of pairs (A, A_) € IR? such that the problem

(2.3)

—Apu—Au=Ayut —A_u" on Q,
u=0 on Q)

has a nontrivial solution for p € (1,00)\{2}. Clearly ¥, , ) ) generalizes the notion of the
spectrum of problem (2.1), since X consists of all values A € IR such that problem (2.3) for
A+ = A_ = A has a nontrivial solution. Here we write u* = max{#4u,0} in Q, where
u™ and u~ denote respectively the positive and the negative part of u. We also recall that
u=ut—u".

2.1 Spectrum of problem (2.3)

Definition 2.1. We say that u € Wé’p(Q) (ifp>2)oru € W&’Z(Q) (if1 < p < 2) with
u # 0, A+ € R, is a weak solution of (2.3) if and only if

Vul2Vu-Vods+ [ Vu-Vodr=As [ wtpdr—A- [ ugd 24
/Q|u| u(pru ¢ dx +Qu(px Ou(px (2.4)
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forall g € WyP(Q) (ifp >2), ¢ € WHA(Q) (ifl < p < 2).
The function u is called an half-eigenfunction associated with the pair (A4+,A_) € R?.

Remark 2.2. For A, < Ay and A_ < Ay, equation (2.3) has only zero solution.

2.2 Invertibility property

Lemma 2.3. Let p > 2. Then operator —Ap, — A — «y(-)~ is a global homeomorphism between
Wol’p(()) and its dual space for a fixed v > 0.

For the proof of this lemma, we need the following lemma (see [12] for a proof).

Lemma 2.4. Let p > 2. Then there exist two positive constants cq,cy such that, for all x1,x, €
IR", we have :

(a) (XZ — xl) . (]x2|F’_2x2 — |x1\P_2x1) > C1‘X2 — x1|P
(b) |[xa|P~2x2 — [x1[P2x1| < ea(foea] + |1 ])P 2|22 — x1]

Proof of Lemma 2.3. Define the quasi-linear operator M : Wol'p (Q) — WP (Q) (with
1/p+1/p'=1)by

(Mu,v) = /QVu -Vou dx+/Q|Vu|p_2Vu -Vodx — 'y/Qu_vdx forall u,v € Wg’p(Q).
To show that —A, — A — ¥(-)~ is a homeomorphism, it is enough to show that M is a
continuous strongly monotone operator, (see [9, Corollary 2.5.10]).

Forp > 2, forallu,v e Wg’p(ﬂ), by (a), we get

(Mu — Mo, u —v) :/Q|V(u—v)|2alx+/Q <|Vu|p_2Vu— ]Vv|p_2Vv> -V (u—v)dx
—')//Q(u_—v_)(u—v)dx
2/Q|V(u—v)|2dx+c1/0|V(u—v)|pdx—fy/0(u—v)(u—v)dx

2/ |V(u—v)|2dx—|—c1/ |V (u—0)|Pdx
0 0

> cplju— va,p.

Thus M is a strongly monotone operator. We claim that M is a continuous operator from
W&’p (Q) to W1 (Q). Indeed, assume that u, — u in W&’p (Q)). We have to show that
| Muy, — /\/lu||w,1,p/(0) — 0 as n — oo. Using (b), Holder’s inequality and the Sobolev



embedding theorem, one has
(Mity — Mu,0)| < /Q‘|Vun|p_2Vun—|Vu|’”_2Vu’|sz|dx+/Q|V(un—u)||Vv|dx
+ [ g = |fold
[ i — ol

cz/Q(|Vun]—|—|Vu|)p_2|V(un—u)|\Vv]dx+/Q\V(un—u)||Vv|dx

IN

+ / vluy — u||vldx
Q

“ </Q (IVitu] + |V“|)pdx> (/ |V (1 — u) |’”dx>1/p (/ |VU|de>1/p

+ c3llun — ull12]|7]12
<

ca(llnllp + ullp)? =2 llun — ullypllo

IN

Lp + c5||up —u

1Lpl1911,p-

Thus || Mu, — Mu||w,1,p/(0) — 0,as n — +o0, and hence M is a homeomorphism. [

3 Bifurcation results

Here we show bifurcation results from trivial solutions and from infinity of problem (2.1)
for p > 2and 1 < p < 2 respectively.

3.1 Preliminary results toward the bifurcation results

Let p > 2, then for u Wé’p(Q), we have
—Apu—Au=Aput —A_u" & —Apu—Au— (AL —A_)u” =Aqu
We fix y = AL — A_ > 0 and we consider A := A as a parameter of the equation

—Ayu—Au—yu= = Au on (),
{ P 7 3.1)

u=20 on dQ).
Using Lemma 2.3, we write equation (3.1) in the following form:
u=A=8)"u+ {(=8y = A—7()) " = (=8) 7} (Aw), (32)
where we consider
—\-1.72 1y Lp 2
(=Ap—A—()7) L) CcW P (Q) = W, () CC L(O),

and
(—=A) "1 L2(Q) c W2(Q) = WA(Q) cC LE(Q).
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So, for p > 2 the mapping
(—Ap—A—9()7) = (=8)"1 L2(Q) € WIP(Q) — WP (Q) cc L2(Q)

is a compact mapping thanks to the Rellich-Kondrachov theorem. For simplicity, we write
equation (3.2) as follows
u=Au+T)(u), (3.3)

with Au = (=A)tand Ty (u) = {(=Ap = A — () 7)1 = (=A) 1} (Au).

The L?(Q)) space with norm || - ||, admits the orthogonal decomposition
L(Q) = [ex] © [ex] ™, (3.4)

where ¢ is the normalized k-th eigenfunction associated to a simple eigenvalue Ay of the
Dirichlet Laplace operator (see [5]), and [e] denotes the eigenspace of Ax. In view of (3.4),
we set Hy = [e;]* and E; = [e;] for simplicity. An element of u € L?(Q) in (3.4) will be
seen as U = wey + v, witha € R and v € H;.
The following result was obtained by B. Ruf in [5]. If v > 0 satisfies

0 <9 <min{Ag — Ag_1, A — Ax}, (3.5)
then the following nonlinear eigenvalue problem

—Au —yu~ = Au,

has a unique split eigenvalue (A}, AZ) € [A, Agy1] X [Ag, Agy1] of —=A —7(-)” and uniquely
determined eigenfunctions v}, v% in L*(Q)) such that

—AVL —y(0})” = Alok, i=1,2.

For v = 0 the k-th split eigenvalue reduces to the eigenvalue Ay and v}, v2 to the eigen-
functions ey, —e respectively.

Consider
—Au—yu~ =Au on (),
(3.6)
u=20 on dQ), with ¢ > 0.
We say that u € W&’Z(Q) with u # 0 is a weak solution of (3.6) if and only if
/Vu~Vvdx—'y/ u_vdx:)t/ uv dx, (3.7)
o) 9} 9}

forallv € W&’Z(Q).



Remark 3.1. Suppose that u is an eigenfunction associated to A in (3.7). Then au is also an
eigenfunction associated to A for o > 0.

From this remark, we aim to show that problem (3.1) has bifurcation branches emanat-
ing from the points (A{,0) and (A%,0) in R x L?(Q)) in the direction a > 0 when p > 2.
In what follows, we assume that (3.5) holds. Let 7 :=  min{|(ex, v} (7))2], | (e, v2(7))2|} >
0, and define forp € R, p > 0,

Koy (1) = {(Au) e Rx LH(Q) + [A=Ap()] <p, (ex,u)2 > 7llull2},
Kop (1) = {(Au) e Rx LX(Q) : [A= (] < p, (e u)2 < —llull2},
where (-, -), denotes the L?(Q)) inner product. Let
Bp:={(Au) e Rx L}(Q) : (]A]>+[[ul3)!/? < p}.

We see that both K;,':,I () and K, (7y) are two disjoints convex cones.
For v > 0 fixed, let ¥, denote the closure of the set of nontrivial solutions of problem
(3.1). The following lemma localizes the possible solutions of equation (3.1). We refer to
[11, Lemma 1.24] for similar results.

Lemma 3.2. There exists pg > 0 such that for all 0 < p < po :
(2 (L0} N B, ) € Ky ().

If (Au) € (2,\{(A},0)}NBy), then u = ey + v, where || > 1y|ully, and |A — A}| =
o(1),v = o(a) for a near zero. Moreover a > 0. The same result holds for Ko, (7).

Proof. Suppose by contradiction that there is no pg as in Lemma 3.2. Then there exist
two sequences p, and (A, uy) € (£,\{(A},0)} N B,,) such that p, — 0, [A, — AL < pg,
u, — 0and |(ex, un)2| < n|lun|l2 as n — oo. Since u, # 0, we introduce the following
change of variable i1, = u, /||u,||2 in the following equation

Then it follows that —||un||§_1Apan — Niiy — y(ily)” = Anily, for p > 2. Let u € o(—A)
(the resolvent set of —A), hence

—_ - il 1 - _1 /]
i = (=0 = o) [ = )i+ () ™+ a3 8.

Using the fact that (—A — )~ is compact, then for a subsequence, i, — i in L?(Q)) as
n — oo, and with the continuity of A, we find that

= (=A—pu) (A —w)a+y(a)7],
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since A, — A} and u, — 0 as n — oo. This implies that i = v (or possibly i = v? if
Al = A2). Thus we get 21 < |(ex, )| < 1 since |(ek, 1n)2| < 77]|un||2- This is a contradiction.
Hence there exists py as above and for 0 < p < po, if (A, u) € (£,\{(A},0)} N B,), then
u = aep + v with |a| > 77|ufl2. We have [|v]|z < |a| + [Julla < |a] + |a]/5 and [A — A}] <
p — 0. So, for & near zero, we have [A — A{| = 0(1) and v = o(a). O

Remark 3.3. The pg in Lemma 3.2 can be chosen indepently of v € [0, 7], where ¥ satisfies (3.5)
if we set

1 .
n:=~ inf {|(ex, vi(7))2l, |(ex, vz (7))2l}-
2 yelo4]

We employ a Lyapunov-Schmidt method, that is, we write equation (3.3) as equivalent
system in R x Hy and R x E. We denote by P, and Qj the orthogonal projections onto Hy
and Ej respectively, that is Py (ae +v) = v and Qi (aex + v) = aex. We write equation (3.3)
in R X Hy and R x Ej as

v = AAv + P (T) (e +0)), (3.8)
aep = AaAey + Qr(Th(aeg +0)). '
This is equivalent to
v = AAv + P (Ty(aex + v)) (3.9)
and
A
a = 1 (Qu(Ta(aei +0)), ex)2. (3.10)
We set now, \
o
Ry(a,A,v) = " + (Qi(Thr(xex +v)), )2 —ax + A,
Sy (a,A,0) = (A — A}) Av + Pi(Ty (wex +0)) (3.11)

We then define
Py (a,A,0) := (A —Ry(a,A,0),v— Sy (a,A,0)).

Then the solutions of equation (3.3) are the zeros of ¢, and conversely. The trivial solu-
tions of (3.3) correspond to the solutions (0,4,0), A € R of equations (3.10) and (3.11).
Since ¢, is continuous and compact with respect to (A, v) for fixed « > 0, for fixed « it
has the appropriate form for the use of the theory of Leray-Schauder degree.

3.2 Bifurcation from trivial solutions

Here, we prove our bifurcation result.
Leto(—A—y()7):={A€R: Ju#0inL*(Q): —Au—q(u)" = Au}.



Theorem 3.4. There exists a solution branch C Al in ., such that (A,0) € C AL Then C Al either
(a) meets infinity in R x L2(Q), or
(b) meets (1,0), where y € o(—A — y(-)7)\{AL, A2}

The analogous statement holds for C Pr2

This bifurcation result is explained by Figure 1 below.

1&
aell ,, —
u=avit+o(a)
2
A ! .
0 Agss A
KPJ?
' «— U=avito(@)
V7

Figure 1: Bifurcation from trivial solutions.
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Proof. Let %, = {(A,v) € Rx Hy /|A —AL(7)] < &1, 01 > |||}, where v € [0,7]
with %4 arbitrary but fixed and satisfying 0 < ¥ < Ax;1 — Ag. By Lemma 3.2 all the
nontrivial solutions («, A, v) of equations (3.9) and (3.10) near (0,A},0) satisfy (A,v) €
U, if |a| < wq provided that aj, €1, 01 are sufficiently small and ¢ € [0, ¥]. Therefore
Py (2,A,0) # 0on 0%, for 0 < a < ay and 7 € [0, 7]. Consequently the Leray-Schauder
degree deg (4 (x,A,v), %y, (0,0)) is well defined for 0 < |a| < a;. Since A} is contin-

uously dependent on vy (see [5, Lemma 2.4], U {7y} x %, is a bounded open sets in
0,7]
[0,9] x R x Hg. By the homotopy invariance of the Leray-Schauder degree, one has

deg(y,(a, A, v), %y, (0,0)) = c+, for 0 < |a| < ay.

To evaluate c+, we consider the family of operators @+ defined as

O(a, A, 0) = (A _ (Aik F1)A— Alk(Qk(TA(zxek +0)),e0)2 + a0 — TS, (, /\,v))

for T € [0,1]. As above, we can assume that ©.(a,A,v) # 0 on 0%, for T € [0,1] and
a € (—way,a1). Using again the homotopy invariance of the degree implies that

deg(©+(a, A, v),%,,(0,0)) =c+, for 0 < |a] <a; and T € [0,1]. (3.12)

Therefore to evaluate c4., it suffices to take T = 0, and
Oo(a, A, v) = (A - (Ai F1A+ oc,v) .
k

The only zero that ®g possesses is v = 0, A = A;. We note that ®o(a, A, v) is an isomor-
phism on R x Hy, and hence

c+ = ind(Op(a, A, v), (A, 0)) = £1.
We observe that

ind(® (&, A, v), (A, 0)) = deg(Oo(a, A,v),%,,(0,0)) = deg(®y(a, A, v), %, (—a,0)),
(3.13)
where @y(a, A, v) = (A - (Aik + DA +a, v) , which is the homogeneous (in «) linear oper-

ator corresponding to @ («, A, v). For a # 0, O (a, A, ) is an isomorphism and then
deg(®g(a, A, v), %y, (—a,0)) = ind(Op(a, A,v), (—&,0)) = ind(Og(x, A, v), (0,0)). (3.14)

Since (/\ — 'y(%k + 1A +a, v) has no characteristic values 7 in (0,1) for « < 0 and one
characteristic value in the interval (0,1) for @ > 0, the theorem on change on index and
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relation (3.12) and (3.14) imply that c1+ = £1. On the other hand, by Lemma 3.2 we have
that
(—=Ap — A)(aex +v) — y(aex +v)” = Alae, +0), v € Hy

has no solution for —a; < a < 0and |A — A{(7)| < po. Since this equation is equivalent to
equation (3.9), we infer to

deg(¢y(a, A, v), %,(0,0)) =0, for —a <a <O0.

With this jump in the degree, we obtain the existence of the solution branch C AL The
branch C ¥ is obtained similarly. O

3.3 Bifurcation from infinity

Here, we prove a bifurcation from infinity result. As in [7], we introduce the following

1
change of variable: for u € W&’z(ﬂ), u#0,wesetv = u/||u||i22p foralll < p < 2. We
1

- and
]l 52

have ||v]]12 =

1

2-3p)(p1

|Vo|P2Vo = (
”uHLZ

)|Vu|p_2Vu.

Introducing this change of variable in (2.4), we find that,

(2_%’7)(?7_2)/ \v4 p—Zv Vod / _ / + / _
: + [ Vo-Vedx=A dx — A_ d
e [ Vo2V Vpdr+ [ Vo-Vodr= A, [v gar—A- [ vpdx

(3.15)
for every ¢ € Wy?(Q). But, on the other hand, we have
—4 1 1
ol = s ~ e
[l 5 [ 1,2

Consequently it follows that equation (3.15) is equivalent to
||v||4115p/ IVo|P~2Vo - Ve dx—l—/ Vo-Vedx = A+/ vt dx—A_/ v ¢@dx, (3.16)
< Ja Q Q Q
for every ¢ € Wé’z(Q). This leads to the following nonlinear eigenvalue problem (1 <
p<2)

(3.17)

—||vHi‘,;pApv — A=A 0" —A_v” inQ,
v=0 on dQ).

Remark 3.5. With this transformation, we have that the pair (A,{, o) or (Ai, 0) is a bifurcation
point for the problem (1.3) if and only if the pair (A3, 0) or (AZ,0) is a bifurcation point for the
problem (3.17).
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Forv € W3’2(Q), we have
—||v||;1;pApv —ANv=A0T —A v & —||v||11,;pApv —Av— Ay —A_)v” = Ayo.
We fix y = Ay — A_ > 0 and we consider A := A as a parameter of the equation

—||v\\11;pApv —Av—9v~ =Av on (),

(3.18)
v=0 on dQ).
Let us consider a small ball B, := { w € WS’Z(Q) : |lw|li2 < r }, and consider the
operator
— . w2 -1,
A= H12pAp A—7()7 Wy (Q) = W A(Q).

Proposition 3.6. Let 1 < p < 2. There exists r > 0 such that the mapping
A:B, C W&’Z(Q) — W12(Q)) is invertible, with a continuous inverse.

We first remark that for v > 0, —y(u~ — v~ ,u — v), > 0. Indeed, we have

(u"—v ,u—v) = / (u” —v" ) (u—o)dx

0
= T -0 +—+dx—/ T~ — v |Pdx
/Q(u v )(ut —o") Q|u v |
1 2 2 - _ 2
= 2 [ (ul = [l = lu = 0l| = Ju= o3 <0,
using the definition of u™ and v*.

Proof of Proposition 3.6. In order to prove that the operator A is invertible with a contin-
uous inverse, it is enough to prove that A is continuous strongly monotone operator. We
show that there exists § > 0 such that

(A(n) — A(v),u—0) > 8llu— 0|}, for u,v € B,(0) C Wi2(Q)

with 7 > 0 sufficiently small.
Indeed, using that —A,, is strongly monotone on W& ?(Q)) on the one hand and the Holder
inequality on the other hand, we have

4— 4—
(A(w) = A(),u—0) = [ Vu—Vol+ (llullf;” (~Bp) — o]} (~Bp0), 1 — o)

— vy —v ,u—0v)
4—
[ —ol|F 2+ llully,” ((—Apu) — (=Ap0),u —0),

4— 4— — _
+ (lly5? = l1ol557) (~Apo, 1 —0), = y(u™ = o7,u— )
4 1
> lu =l = [luls! = ol [ IVolly IV —o)ll,
4
> lu— ol = [luls,’ = lol5? [ Clloly u = ol (319)
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Now, we obtain by the Mean Value Theorem that there exists 6 € [0, 1] such that

4 4 2-3p
s = ol | = [ (s o - wlR)" ¥ oo -

i
= |- 30 (lu+ o -wiE) 200+ 00 - )0 w),
< (4= p)lu+ 00— 0|35 u+ 00— )n2llu — vz
= (= p)lu+ 00— u —olhz
< (@ p) (1= 0)ull2 + 0]l .2) 1 — ol
< @—p)PPlu—olha

Hence, continuing with the estimate of equation (3.19), we get
(A(u) = A(v), 1 —v) > [l = 02,1 = (4= )P PCrP ) = [lu—0]3,(1 — C'F2),

and thus the claim, for » > 0 small enough. Hence, the operator A is strongly monotone
on B, and it is continuous, and hence the claim follows. l

Using Proposition 3.6, we write equation (3.18) as the following form:
_ 4- - _
0= A=8) o+ { (= 1578y = A=y () ) = (=8) T} (M0),  (320)
where we consider
4- -
(=l 12" A =8 =9 ()7) 7 L2(Q) = Wy (Q) cC LA(Q),

and
(—=A) 71 L2(Q) c W2(Q) — WA (Q) cC L2(Q).

So, for 1 < p < 2 the mapping
(=l

is a compact mapping thanks to the Rellich-Kondrachov theorem.

— A=y ()) = (=8) T IA(Q) € W) - WEA(Q) cC LA(Q)

For v > 0 fixed, let P, denote the closure of the set of nontrivial solutions of problem
(3.18). The following lemma localizes the possible solutions of equation (3.18).

Lemma 3.7. There exists pg > 0 such that for all 0 < p < po :
(PALAL0)} N By) € Ky (7).

If (Au) € (P,A\{(ALO)}NBy), then u = wep + v, where |a| > nyljullp, and A — Al =
0(1),v = o(1) for a near zero. Moreover a > 0. The same statement hold for K5, (7).
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The proof of this lemma is similar to the proof of Lemma 3.2 and it is left to the reader.
Theorem 3.8. There exists a solution branch S Al in P, such that (A},0) € S AL Then S Al either
(a) meets infinity in R x L2(Q)), or
(b) meets (u,0), where y € o(—A — y(-)7)\{AL, A2}
The analogous statement holds for S Pr2

One can adapt the proof of Theorem 3.4 to this theorem. Theorem 3.8 can be illustrate
as in Figure 1, where the norm ||u||; , in the y-axis has to be replaced by ||u||;,.
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