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ON DIFFEOLOGIES FOR POWER SETS AND MEASURES

ALIREZA AHMADI AND JEAN-PIERRE MAGNOT

Abstract. We consider a differential geometric setting on power sets and

Borel algebras. Our chosen framework is based on diffeologies, and we make

a link between the various diffeological structures that we propose, having in
mind set-valued maps, relations, set-valued gradients, differentiable measures,

and shape analysis. This work intends to establish rigorous properties on

sample diffeologies that seem of interest to us.
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Introduction

From analysis on shape spaces, smoothness of measures and on spaces of mea-
sures to set-valued analysis, the question of differentiability on the power set of a
smooth space1 remains a difficult problem for which pragmatic approaches are often
used. These techniques have their applications in problems of great importance.
For example, many real world problems can be reformulated as shape optimization
problems constrained by partial differential equations (PDE). A non-exhaustive
list of examples includes: inverse modeling of skin structures [36], electrochemi-
cal machining [20], image restoration and segmentation [21], aerodynamic shape
optimisation [40] and optimization of interfaces in transmission problems [17, 38].
Textbooks on the subjects are, for example, [12, 41]. Often, the shape space is mod-
elled on a vector space, on which one considers landmark positions [10, 23] in most
simple cases. But more refined frameworks, such as morphologies of images [14],
multiphase objects [47], characterictic functions of measurable sets [49], boundary
contours of objects [16, 27, 48] along the lines of [31], plane curves [34, 35] and
surfaces in higher dimensional manifolds [4, 24, 33], are also considered in various
approaches.

From another point of view, and with a field of applications as large as differen-
tiability of shapes, differentiablility of measures on the domain defined by a Borel
algebra, based on and extending the differentiation of functions through their rep-
resentation via Radon measures, various ways to define differentiability of measures
have been defined (see, e.g., [5]). In the same way, differential geometric techniques
are crucial in the optimization of set-valued functions. Although there are sev-
eral notions of smoothness for set-valued maps of Euclidean spaces with different
approaches, the smoothness of set-valued maps has not been developed on more
general smooth spaces such as manifolds.

All these notions are centered on the power set of a smooth space equipped with
a “nice” and “suitable” differential geometric setting that induces, in various ways,
a differentiation-like procedure on the power set in question. This differentiation
remains in applications an important step for the implementation of the resolution
of equations.

The aim of the present work is to provide a suitable systematic framework for
differentiation on the power set of a space, in which the flavor of rigor and adeptness
is comforting enough to enable one to think about a general theory adapted to
applied frameworks. For this purpose, we work in the framework of diffeology,
which was established by J.-M. Souriau [42] in the 1980s and has been developed
by P. Iglesias-Zemmour and others in various directions. Diffeological spaces form
a category for differential calculus and differential geometry, actually one of the
widest categories in which the calculus of variations is well-defined, and for which
the technical problems remain reasonable. The reader can refer to the book [22] for
a comprehensive introduction to diffeologies, while Frölicher spaces [15, 25] form an
interesting subcategory of the category of diffeological spaces. Diffeological spaces
[22, 42] as well as Frölicher spaces [15, 25] define two categories of generalized
frameworks for differential geometry, where the presence of atlases is not needed,
and the necessary properties for the classical calculus of variations are fulfilled.

1By the power set of a space, we mean the set of all subsets of that space.
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The contents of the paper are as follows. We recall basics on diffeologies and
Frölicher spaces, at least those properties that are crucial to understanding the
framework we develop for power sets in Section 1. Diffeologies on a set X are based
on the notion of plots, that is, maps with images in X which are decided to be
smooth. The set of such smooth maps that agree with some minimal properties is
called a diffeology on X.

After that, we provide and study in detail samples of diffeologies on power sets
with desirable properties in Sections 2, 3 and 4. These are new refinements of the
power set diffeology described in Iglesias-Zemmour’s book [22] on the power set
P(X) of a diffeological space X, which we call the weak, the union, and the strong
power set diffeologies, and are derived from the diffeological space X with some
certain properties. Comparing these diffeologies, we get the following inclusions:

Strong diffeology ↪→ Union diffeology ↪→ Weak diffeology

We discuss their geometrical properties, especially we prove that a diffeological
space is “strongly” embedded into its power set endowed with either the union or
the strong power set diffeologies.

Having diffeological structures on power sets, we are easily able to treat smooth
set-valued maps as usual smooth maps in the diffeological setting. From a topolog-
ical perspective, we show that smooth set-valued maps are lower semi-continuous
with respect to the D-topology. Similar to continuous selection problems (see, e.g.,
[32]), we consider the smooth versions of these problems and explore their relation-
ships with the smoothness of a set-valued map. In particular, on a manifold, the
smoothness of a set-valued map is equivalent to solving the smooth selection prob-
lem over an open cover. In the case of Euclidean spaces, this result is compatible
with [43, Theorem 2.2.1]. It is well-known that there is a one-to-one correspondence
between set-valued maps and relations. We suggest notions of smooth relations as
those whose corresponding set-valued maps are smooth. Moreover, we consider the
space of smooth relations between diffeological spaces and compare the induced
diffeologies on it.

In Section 5, we describe so-called projectable diffeologies on power sets, devel-
oped in the same spirit as the Diff−diffeology defined in [30], that is, the plots
are derived from smooth families of functions acting on X. We observe that:

Locally projectable diffeology ↪→ Union diffeology

In these various definitions, which may appear as natural from one viewpoint
or another, we do not find so easily diffeologies for which Boolean operations are
smooth (we call them Boolean diffeologies). In Section 6.1, we prove the existence
of diffeologies on the power set P(X) for which the Boolean operations are smooth.
They will be discussed in more detailed examples in other upcoming sections.

We also show that it is possible to fit with some existing frameworks for differ-
entiation in our setting. In Sections 6.2 and 6.3, we analyze how diffeologies on
a Borel algebra may encode differentiability, or smoothness of measures in it. We
first analyze in Section 6.2 the existence of a Boolean diffeology, which we show to
be always defined, but also not-so natural in the concrete example of measures on
a smooth manifold since we prove (Remark 6.9) that a natural intuitive diffeology
is not a priori Boolean in this framework. Then, we show that we can recover
Fomin differentiability from the viewpoint of a “directional” diffeology in Section
6.3. In Section 6.4, we define a diffeology on the space of measures. This example is
motivated by the counter-example of Remark 6.9 of Section 6.2, and requires more
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deep and more complete investigations that must be developed elsewhere. This
diffeology on measures defined in Section 6.4 is different from the diffeology defined
in [30], and not only on the space of probabilities but on the full space of (positive),
non necessarily finite, measures.

We finish with a possible framework for set-valued maps, and show how Hadamard
derivatives of functionals on shape analysis fit with a directional derivative of the
globally projectable diffeology in Sections 7 and 8.

1. Preliminaries

1.1. On diffeologies. We review here the basics of the theory of diffeological
spaces, especially, their definitions, categorical properties, as well as their induced
topology. The main idea of diffeologies (and Frölicher spaces defined shortly af-
ter) is to replace the atlas of a classical manifold with other intrinsic objects that
enable to define smoothness of mappings in a safe way, considering manifolds as
a restricted class of examples. Many such settings have been developed indepen-
dently [44]. We choose these two settings because they carry nice properties such as
cartesian closedness, the necessary fundamental properties of, e.g., calculus of vari-
ations, and also because they are very easy to use in a differential geometric way of
thinking. The fundamental idea of these two settings is based on defining families
of smooth maps, with mild conditions on them which ensure technical features of
interest.

Definition 1.1 (Diffeology). Let X be a set. A parametrization in X is a map of
sets P : U → X, where U is an open subset of Euclidean space (no fixed dimension).
A diffeology D on X is a set of parametrizations in X satisfying the following three
conditions:

(1) (Covering) For every x ∈ X and every non-negative integer n, the constant
map P : Rn → {x} ⊂ X is in D.

(2) (Locality) Let P : U → X be a parametrization such that for every r ∈ U
there exists an open neighborhood V ⊂ U of r satisfying P |V ∈ D. Then
P ∈ D.

(3) (Smooth Compatibility) Let (P : U → X) ∈ D. Then for every n, every open
subset V ⊂ Rn, and every smooth map F : V → U , we have P ◦ F ∈ D.

A set X equipped with a diffeology D is called a diffeological space, and is denoted
by (X,D). When the diffeology is understood, we will drop the symbol D. The
parametrizations P ∈ D are called plots in the space X.

Definition 1.2. A collection D of parametrizations in a set X satisfying the cov-
ering and smooth compatibility conditions is said to be a prediffeology on X. If
D fulfills the covering condition, it is a parametrized cover of X.

Definition 1.3. Let X be any set, and let D and D′ be diffeologies on X. If
D ⊂ D′, then D is finer that D′, or equivalently, D′ is coarser that D.

Example 1.4. Let X be any set. The set of the locally constant parametrizations in
X is a diffeology on X called the discrete diffeology. The set of all parametriza-
tions in a set X is a diffeology on X called the indiscrete or coarse diffeology.
It is trivial that the discrete diffeology is the finest diffeology and the indiscrete dif-
feology is the coarsest diffeology on X, and any other diffeology on X is between
them.
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Definition 1.5. A family {Pi : Ui → X}i∈J of parametrizations defined on open
subsets of Rn is compatible if Pi|Ui∩Uj = Pj |Ui∩Uj , for all i, j ∈ J . For such a
family, the parametrization P :

⋃
i∈J Ui → X given by P (r) = Pi(r) for r ∈ Ui, is

said to be the supremum of the family.

Remark 1.6. The locality condition of diffeology in Definition 1.1 is equivalent to
saying that the supremum of any compatible family of plots is itself a plot.

Definition 1.7. Let X be a set and let C be a set of parametrizations in X satisfying
the covering condition in Definition 1.1. The diffeology generated by C, denoted
by 〈C〉, is the set of parametrizations P that are the supremum of a compatible
family {Pi}i∈J of parametrizations in X in the form Pi = Qi ◦ Fi, where Qi is an
element of C and F is a smooth map between domains. For a diffeological space
(X,D), a covering generating family is a parametrized cover C of X generating
the diffeology of the space, i.e., 〈C〉 = D. Denote by CGF(X) the collection of all
covering generating families of the space X.

Definition 1.8. The dimension dim(X) of a diffeological space X is a nonnega-
tive integer that is defined by

dim(X) = infG∈CGF(X) dim(G),

where

dim(G) = supP∈G dim
(
dom(P )

)
for each G ∈ CGF(X). If X has no covering generating family with finite dimension,
we write dim(X) =∞.

Definition 1.9 (Diffeologically Smooth Maps). Let (X,DX) and (Y,DY ) be two
diffeological spaces, and let F : X → Y be a map. Then we say that F is diffeo-
logically smooth if for any plot P ∈ DX ,

F ◦ P ∈ DY .
Any smooth map with a smooth inverse is called a diffeomorphisms.

Diffeological spaces with diffeologically smooth maps form a category. This cat-
egory is complete and co-complete, and forms a quasi-topos (see [3]).

Definition 1.10. Let X and Y be diffeological spaces. The functional diffeology
on the set C∞(X,Y ) of all smooth maps from X to Y is given by the following
condition: A parametrization Q : V → C∞(X,Y ) is a plot for the functional
diffeology if and only if for every plot P : U → X, the parametrization Q } P :
V × U → Y with (Q} P )(r, s) = Q(r)

(
P (s)

)
is a plot in Y .

Indeed, the functional diffeology on C∞(X,Y ) is the coarsest diffeology for which
ev : C∞(X,Y )×X → Y defined by ev(f, x) to f(x) is smooth.

Definition 1.11. [42, 22] Let (X ′,D) be a diffeological space, and let X be a set.
Let f : X → X ′ be a map. We define f∗(D) the pull-back diffeology as

f∗(D) = {P : U → X |f ◦ P ∈ D} .
Definition 1.12. Let (X,DX) and (Y,DY ) be two diffeological spaces. An injective
map f : X → Y is called an induction if DY = f∗(DX).

Definition 1.13. [42, 22] Let (X,D) be a diffeological space, and let X ′ be a set.
Let f : X → X ′ be a map. We define f∗(D) the push-forward diffeology as
〈f ◦ D〉, which is the coarsest diffology on X ′ containing f ◦ D = {f ◦ P | P ∈ D}.
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Definition 1.14. Let (X,DX) and (Y,DY ) be two diffeological spaces. A map
f : X → Y is called a subduction if DY = f∗(DX).

In particular, we have the following constructions.

Definition 1.15 (Product Diffeology). Let {(Xi,Di)}i∈I be a family of diffeological
spaces. Then the product diffeology D on X =

∏
i∈I Xi contains a parametriza-

tion P : U → X as a plot if for every i ∈ I, the map πi ◦ P is in Di. Here, πi is
the canonical projection map X → Xi.

In other words, in last definition, D =
⋂
i∈I π

∗
i (Di) and each πi is a subduction.

Definition 1.16 (Subset Diffeology). Let (X,D) be a diffeological space, and let
Y ⊂ X. Then Y comes equipped with the subset diffeology, which is the set of
all plots in D with image in Y .

Definition 1.17. Every diffeological space X has a natural topology called the D-
topology in which a subset of X is D-open if its preimage by any plot is open.

Any smooth map is D-continuous, that is, continuous with respect to the D-
topology [22, §2.9].

Notation 1.18. We recall that N∗ = {n ∈ N |n 6= 0} and that ∀m ∈ N∗,Nm =
{1, ...,m} ⊂ N.

If M is a smooth manifolds, finite or infinite dimensional, modelled on a complete
locally convex topological vector space, we define the nebulae diffeology

D∞(M) =
{
P ∈ C∞(U,M) (in the usual sense) |U is open in Rd, d ∈ N∗

}
.

1.2. Diffeological submersions, immersions, and étale maps. We here briefly
recall the needed definitions and results without proofs from [1].

Definition 1.19. A (not necessarily surjective) smooth map f : X → Y between
diffeological spaces is a weak subduction if for any plot P : U → Y and r0 ∈ U ,
if P (r0) ∈ f(X), then there exists at least one local lift plot L : V → X defined on
an open neighborhood V ⊂ U of r0 with f ◦ L = P |V . In this situation, f(X) is a
D-open subset of Y .

Definition 1.20. We call a smooth map f : X → Y between diffeological spaces a
submersion if for each x0 in X, there exists a smooth local section σ : O → X of
f passing through x0 defined on a D-open subset O ⊆ Y such that f ◦ σ(y) = y for
all y ∈ O. A smooth map f : X → Y is said to be a diffeological submersion
if the pullback of f by every plot in Y is a submersion. A local subduction is a
surjective diffeological submersion.

Definition 1.21. A smooth map f : X → Y between diffeological spaces is an
immersion if for each x0 in X, there exist a D-open neighborhood O ⊆ X of
the point x0, a D-open neighborhood O′ ⊆ Y of the set f(O), and a smooth map
ρ : O′ → X such that ρ ◦ f(x) = x for all x ∈ O. A smooth map f : X → Y is
a diffeological immersion if for any plot P : U → Y in Y , for each (r0, x0) in
P ∗X, there exist a D-open neighborhood O of (r0, x0) in P ∗X, an open neighborhood
V ⊆ U of P ∗f(O) and a smooth map ρ : V → U×X such that ρ◦P ∗f(r, x) = (r, x)
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for all (r, x) ∈ O.

U ×X Pr2

��
P ∗X

OO

P# //

P∗f

��

X

f

��
V ⊆ U

ρ

CC

//P // Y

Proposition 1.22. [1] Suppose we are given a commutative diagram of smooth
maps as the following:

X

g
  

f // Y

h��
Z

If g is a diffeological immersion, then f is a diffeological immersion. In particular,
if f : X → (Y,D) is a diffeological immersion, and id : (Y,D′)→ (Y,D) is smooth,
then f : X → (Y,D′) is a diffeological immersion.

Definition 1.23. A map f : X → Y between diffeological spaces is called a strong
embedding if it is an induction, a diffeological immersion, and a D-embedding
(i.e., a topological embedding with respect to the D-topology).

Definition 1.24. A map f : X → Y between diffeological spaces is étale if for
every x in X, there are D-open neighborhoods O ⊆ X and V ⊆ Y of x and f(x),
respectively, such that f |O : O → O′ is a diffeomorphism. A smooth map f : X → Y
is a diffeological étale map if the pullback P ∗f by every plot P in X is étale.

1.3. On Frölicher spaces.

Definition 1.25. • A Frölicher space is a triple (X,F , C) such that
- C is a set of paths R→ X,
- A function f : X → R is in F if and only if for any c ∈ C, f ◦ c ∈ C∞(R,R);
- A path c : R → X is in C (i.e. is a contour) if and only if for any f ∈ F ,

f ◦ c ∈ C∞(R,R).

• Let (X,F , C) and (X ′,F ′, C′) be two Frölicher spaces, a map f : X → X ′ is
differentiable (=smooth) if and only if one of the following equivalent conditions
is fulfilled:

• F ′ ◦ f ◦ C ⊂ C∞(R,R)
• f ◦ C ⊂ C′
• F ′ ◦ f ⊂ F

Any family of maps Fg from X to R generate a Frölicher structure (X,F , C),
setting [25]:

- C = {c : R→ X such that Fg ◦ c ⊂ C∞(R,R)}
- F = {f : X → R such that f ◦ C ⊂ C∞(R,R)}.
One easily see that Fg ⊂ F . This notion will be useful in the sequel to describe

in a simple way a Frölicher structure. A Frölicher space carries a natural topology,
which is the pull-back topology of R via F . In the case of a finite dimensional
differentiable manifold, the underlying topology of the Frölicher structure is the
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same as the manifold topology. In the infinite dimensional case, these two topologies
differ very often.

Let us now compare Frölicher spaces with diffeological spaces, with the following
diffeology D∞(F) called ”nebulae”: Let U be an open subset of a Euclidean space;

D∞(F)U =
∐
n∈N
{ f : U → X; F ◦ f ⊂ C∞(U,R) (in the usual sense)}

and
D∞(F) =

⋃
U

D∞(F)U ,

where the latter union is extended over all open sets U ⊂ Rn for n ∈ N∗. With
this construction, we get a natural diffeology when X is a Frölicher space. In this
case, one can easily show the following:

Proposition 1.26. [28] Let (X,F , C) and (X ′,F ′, C′) be two Frölicher spaces. A
map f : X → X ′ is smooth in the sense of Frölicher if and only if it is smooth for
the underlying nebulae diffeologies.

Thus, we can also state intuitively:

smooth manifold ⇒ Frölicher space ⇒ Diffeological space

With this construction, any complete locally convex topological vector space is
a diffeological vector space, that is, a vector space for which addition and scalar
multiplication is smooth. The same way, any finite or infinite dimensional mani-
fold X has a nebulae diffeology, which fully determines smooth functions from or
with values in X. We now finish the comparison of the notions of diffeological and
Frölicher space following mostly [28, 45], see, e.g., [30]:

Theorem 1.27. Let (X,D) be a diffeological space. There exists a unique Frölicher
structure (X,FD, CD) on X such that for any Frölicher structure (X,F , C) on X,
these two equivalent conditions are fulfilled:

(i) the canonical inclusion is smooth in the sense of Frölicher (X,FD, CD) →
(X,F , C)

(ii) the canonical inclusion is smooth in the sense of diffeologies (X,D) →
(X,D∞(F)).
Moreover, FD is generated by the family

F0 = {f : X → R smooth for the usual diffeology of R}.
We call Frölicher completion of D the Fr”olicher structure (X,FD, CD).

Definition 1.28. [45] A reflexive diffeological space is a diffeological space (X,D)
such that D = D∞(FD).

Theorem 1.29. [45] The category of Frölicher spaces is exactly the category of
reflexive diffeological spaces.

This last theorem allows us to make no difference between Frölicher spaces and
reflexive diffeological spaces. We shall call them Frölicher spaces, even when work-
ing with their underlying diffeologies.

A deeper analysis of these implications has been given in [45]. The next remark
is inspired on this work and on [28]; it is based on [25, p.26, Boman’s theorem]. For



ON DIFFEOLOGIES FOR POWER SETS AND MEASURES 9

this, we have to define the 1 dimensional diffeology D1(F), also called “spaghetti
diffeology” in [9], made of plots P ∈ D∞(F) which factor smoothly through R :

P : U ⊂ Rn → R→ X.

This is also the diffeology minimal for inclusion which contains the set of contours
C.

Remark 1.30. We notice that the set of contours C of the Frölicher space (X,F , C)
does not give us a diffeology, because a diffelogy needs to be stable under restriction
of domains. In the case of paths in C the domain is always R. However, C defines
a “minimal diffeology” D1(F) whose plots are smooth parameterizations which are
locally of the type c ◦ g, where g ∈ D∞(R) and c ∈ C. Within this setting, a map
f : (X,F , C) → (X ′,F ′, C′) is smooth if and only if it is smooth (X,D∞(F)) →
(X ′,D∞(F ′)) or equivalently smooth .(X,D1(F))→ (X ′,D1(F ′))

We apply the results on product diffeologies to the case of Frölicher spaces and
we derive very easily, (compare with, e.g., [25]) the following:

Proposition 1.31. Let (X,F , C) and (X ′,F ′, C′) be two Frölicher spaces equipped
with their natural diffeologies D and D′ . There is a natural structure of Frölicher
space on X ×X ′ which contours C × C′ are the 1-plots of D ×D′.

We can even state the result above for the case of infinite products; we sim-
ply take cartesian products of the plots or of the contours. We also remark that
given an algebraic structure, we can define a corresponding compatible diffeologi-
cal structure. For example, a R−vector space equipped with a diffeology is called
a diffeological vector space if addition and scalar multiplication are smooth (with
respect to the canonical diffeology on R), see [22]. An analogous definition holds
for Frölicher vector spaces. Other examples will arise in the rest of the text.

Remark 1.32. Frölicher, c∞ and Gâteaux smoothness are the same notion if we
restrict to a Fréchet context, see [25, Theorem 4.11]. Indeed, for a smooth map
f : (F,D1(F )) → R defined on a Fréchet space with its 1-dimensional diffeology,
we have that ∀(x, h) ∈ F 2, the map t 7→ f(x + th) is smooth as a classical map in
C∞(R,R). And hence, it is Gâteaux smooth. The converse is obvious.

1.4. The tangent space of interest for us. The question of tangent spaces
is not yet solved for diffeological spaces. Indeed, even if there exists actually a
shared notion of cotangent space of a diffeological space, the multiple possible
generalizations of the notion of tangent space to a diffeological space appear as
non-equivalent and many of them are well-motivated by their applications. A non-
exhaustive list of tangent spaces is the following:

(1) The tangent cone defined by [26] where tangent elements are germs of paths
on the diffeological space, identified through tangent plots.

(2) The tangent cone defined by [29] for Frölicher spaces and extended in [18]
to any diffeological space, where tangent elements are germs of paths on
the diffeological space, understood as local derivations of smooth R−valued
functions.This tangent cone can be different from the first one.

(3) One can consider linear combinations in each of these tangent cones, along
the line of [8] and [19] respectively for each context.

(4) the Diff-tangent space defined in [30] for Frölicher spaces, where tangent
element are evaluations at one point of tangent vector fields, understood
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as elements of the internal tangent space at the identity of the group of
diffeomorphisms.

For an extensive review of these constructions, we refer to [18]. Since we need to
evaluate differentials on tangent vectors, we choose the definition (1) for the tangent
space. More precisely, we consider the set of all paths that maps 0 to x and identify
two of these paths with each other if they coincide on tangent spaces of plots. The
domain dom(P ) of each plot P of D can be considered as a smooth manifold, and
first objects of interest are tangent vectors in the tangent space Tdom(P ). They

are understood as germs of smooth path dγ
dt |t=0 where γ ∈ C∞(R,dom(P )). Let

x ∈ X and let us consider

Cx = {γ ∈ C∞(R, X) | γ(0) = x} .

For each P ∈ D, we also define

Cx,P = {γ ∈ C∞(R,dom(P )) |P ◦ γ(0) = x} .

This set of smooth paths passing at x enables to define the kinematic set

Kx =
∐
P∈D

{
dγ

dt
|t=0 | γ ∈ Cx,P

}
=
∐
p∈D

∐
x0∈p−1(x)

Tx0
dom(P ).

Therefore, we identify (X1, X2) ∈ K2
x, where X1 = dγ1

dt |t=0 ∈ Tx1
dom(P1) and

X2 = dγ2
dt |t=0 ∈ Tx2

dom(P2) if there exists a P3 ∈ D and (γ3,1, γ3,2) ∈ Cx,P3
such

that

(1)

{
∀i ∈ {1, 2}, Pi ◦ γi = P3,i ◦ γ3,i
dγ3,1
dt |t=0 =

dγ3,2
dt |t=0

This identification is reflexive, symmetric, but not transitive, as is shown in the
following counter-example:

Example 1.33. Let

X = {(x, y, z) ∈ R3 | yz = 0}.
We equip X with its subset diffeology, inherited from the nebulae diffeology of R3.
Let us conside the paths

γ1(t) = (t, t2, 0)

and

γ2(t) = (t, 0, t2).

The natural intuition (which will be shown to have a defect later in the exposition,
for another diffeology on X) says that

dγ1

dt
|t=0 =

dγ2

dt
|t=0 = (1, 0, 0),

but there is no parametrization P3 at x = (0, 0, 0) that fulfills (1). Indeed, the
diffeology of X is generated by the push-forwards of the plots of R2 to X by the
maps (x, y) 7→ (x, y, 0) and (x, y 7→ (x, 0, y). In order to identify the two germs, one
has to consider an intermediate path γ1.5(t) = (t, 0, 0).

Therefore, we define

Definition 1.34. We define the equivalence relation ∼ on Kx as follows: ∀(X1, X2) ∈
Kx, u1 ∼ u2 if and only if one of the two following conditions is fulfilled:
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(1)

∃(γ1, γ2) ∈

(∐
P∈D
Cx,P

)2

,
dγ1

dt
|t=0 = u1 ∈ Tdom(P1),

dγ2

dt
|t=0 = u2 ∈ Tdom(P2)

and also P3 ∈ D and (γ3,1, γ3,2) ∈ Cx,P3
such that condition (1) applies.

(2) there exists a finite sequence (v1, ..., vk) ∈ Kkx such that v1 = u1, vk = u2,
and such that condition (1) applies to vi and vi+1 for each index i ∈ Nk−1.

Definition 1.35. The internal or kinetic tangent cone of X at x ∈ X is defined
by

iTxX = Kx/ ∼,
The space iTxX is endowed by the push-forward of the functional diffeology on Cx.

The elements of iTxX are called germs of paths on X at x.

2. The weak power set diffeology

Let us begin with the first type of diffeologies on the power set of a diffeological
space.

Definition 2.1. Let X be a diffeological space. The set of parametrizations P :
U → P(X) with the following property is a diffeology on P(X), called the weak
power set diffeology:

WPD. For every r0 ∈ U , if P (r0) 6= ∅, there exists an open neighborhood V ⊂ U
of r0 and a plot σ : V → X, called local selection plot, such that σ(r) ∈
P (r), for every r ∈ V .

We denote by Pw(X) the power set P(X) endowed with the weak power set diffe-
ology and call it the weak power space.

Remark 2.2. The weak power set diffeology differs from the “minimal power set
diffeology” given in [22, Exercise 32]. In fact, the minimal power set diffeology is
finer than the weak power set diffeology. For instance, the plot P : R→ Pw(X) in
the weak power space, with r ∈ R− {0} 7→ X and 0 7→ ∅, is not a plot with respect
to the minimal power set diffeology. Because, there is no neighborhood V ⊂ R of 0
such that P |V is constant with the value ∅. But if we restrict ourselves to the set
P?(X) of nonempty subsets of X, these two diffeologies coincide.

Proposition 2.3. Let X be a diffeological space. The canonical map ı : X →
Pw(X) defined by ı(x) = {x} is a diffeological immersion. In particular, dim(X) ≤
dim(Pw(X)).

Proof. It is clear that ı is smooth. Let P : U → Pw(X) be a plot and (r0, x0) ∈
P ∗X, or P (r0) = ı(x0) = {x0}. By WPD, for r0 ∈ U , there exist an open
neighborhood V ⊂ U of r0 and a local selection plot σ : V → X such that σ(r) ∈
P (r), for every r ∈ V . Let O := P ∗X ∩ (V ×X), which is a D-open neighborhood
of (r0, x0) in P ∗X, and define ρ : V → U ×X by ρ(r) = (r, σ(r)). Then for each
(r, x) ∈ O, we have σ(r) ∈ P (r) = ı(x) = {x}, which yields

ρ ◦ P ∗ı(r, x) = ρ(r) = (r, σ(r)) = (r, x).

Therefore, ı is a diffeological immersion. �
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Remark 2.4. Similar to [22, Exercise 32], one can observe that for any equivalence
relation R over X, the inclusion X/R ↪→ Pw(X) is an induction, where X/R is en-
dowed with the quotient diffeology. However, the finest diffeology on P(X) with this
property has the following description. Let EqRel(X) denote the set of all equiv-
alence relations over X. Consider the sum space Y = (

⊔
R∈EqRel(X)X/R)

⊔
{∅},

where X/R is endowed with the quotient diffeology. In this way, one can de-
fine the push-forward diffeology D on P(X) through the map Y → P(X) taking
(R,A) ∈ X/R 7→ A ∈ P(X) and ∅ 7→ ∅. More explicitly, a parametrization
P : U → P(X) is an element of D if and only if

• for each r0 ∈ U , there exists an open neighborhood V ⊂ U of r0 such that
either P |V is constant with the value ∅, or P |V is a plot in P?

w(X) such
that P (r) ∩ P (r′) = ∅ or P (r) = P (r′), for all r 6= r′ ∈ V .

In fact, D is the finest diffeology on P(X) with this feature that for any equivalence
relation R over X, the inclusion X/R ↪→ (P(X),D) is an induction.

From the viewpoint of usual topologies, these versions of the power set diffeolo-
gies may be too coarse, because it seems to make too many functions smooth in
basic contexts as shown in the next example.

Example 2.5. The set-valued map φ : R→ Pw(R) given by

φ(x) =

{
{0, 1} x ∈ Q
{0} x /∈ Q

is smooth. This map is not lower semi-continuous, because for open subset ( 1
2 ,

3
2 ) ⊂

R, one has φ−1(( 1
2 ,

3
2 )) = {x ∈ R | φ(x) ∩ ( 1

2 ,
3
2 ) 6= ∅} = Q, which is not open.

To avoid such pathological behaviors of the weak power set diffeology, in the
next section we introduce and investigate a refinement of this diffeology.

3. The union power set diffeology

In this section, we introduce the second type of diffeologies for the power sets
and investigate its properties and behaviors in various aspects.

Definition 3.1. Let {Pi : Ui → P(X)}i∈J be a family of n-parametrizations in
P(X). The parametrization

⋃
i∈J Pi :

⋃
i∈J Ui → P(X) defined by

(
⋃
i∈J Pi)(r) =

⋃
{Pi(r) | i ∈ J, r ∈ dom(Pi)}, for each r ∈ U ,

is called the union of this family. By convention, the union of the empty family is
the parametrization ∅ → P(X).

One can understand the (not necessarily compatible) family {Pi : Ui → P(X)}i∈J
of n-parametrizations with the compatible family

Πi : Ui → P(X), r 7→
⋃
{Pj(r) | j ∈ J, r ∈ dom(Pj)}.

of n-parametrizations such that the supremum {Πi}i∈J is equal to the union of
{Pi}i∈J .

If {Pi : Ui → X}i∈J is a compatible family of n-parametrizations in X (regarded
as those in P(X)), the union parametrization is equal to the supremum of this
family.

Definition 3.2. Let A be a collection of parametrizations in P(X) such that

(a) A contains 0-parametrizations 0 7→ ∅ and 0 7→ {x}, for all x ∈ X,
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(b) A is stable under the smooth compatibility condition in Definition 1.1, i.e.,
for every element P : U → X of A and every smooth map F : V → U
between domains, the composition P ◦ F belongs to A.

The set of parametrizations P that are the union of a family {Pi}i∈J of parametriza-
tions in P(X) with Pi ∈ A is a diffeology on P(X), called the union diffeology
generated by A.

Let A be an arbitrary collection of parametrizations in P(X). Extended A to
A by adding 0-parametrizations 0 7→ ∅ and 0 7→ {x}, x ∈ X, to A. Composing A
with smooth map F : V → U between domains yields a new collection satisfying
the requirements (a) and (b) of Definition 3.2, which generates a union diffeology.
In particular, a set-valued map φ : X ′ → P(X) defined on a diffeological space X ′

induces a diffeology on P(X) as the union diffeology generated by the collection
{φ ◦ P | P is a plot in X ′}.

Definition 3.3. Let X be a diffeological space. The union power set diffeology
on P(X) is the union diffeology generated by the canonical map ı : X → P(X)
defined by ı(x) = {x}. We denote by Pu(X) the power set P(X) endowed with the
union power set diffeology and call it the union power space.

Proposition 3.4. Let X be a diffeological space. A parametrization P : U → P(X)
is a plot in Pu(X) if and only if

UPD. for every r0 ∈ U and any initial condition x0 ∈ P (r0), there exist an open
neighborhood V ⊂ U of r0 and a plot σ : V → X in X, called local implicit
plot, such that σ(r) ∈ P (r), for every r ∈ V and σ(r0) = x0.

Proof. Suppose that P : U → Pu(X) is a plot. By definition, P is the union of a
collection {ı ◦ Pi | Pi : Ui → X is a plot in X, i ∈ J} and probably, the constant
parametrization with the value ∅ defined on some open subset of U . Let r0 ∈ U
and x0 ∈ P (r0) =

⋃
i∈J ı ◦ Pi(r0). Then x0 ∈ ı ◦ Pi(r0) and r0 ∈ Ui, for some

i ∈ J . Hence Pi : Ui → X is a local implicit plot such that Pi(r) ∈ P (r) for every
r ∈ Ui ⊂ U , and Pi(r0) = x0.

Conversely, suppose that P : U → P(X) is a parametrization with the prop-
erty UPD. Let I be the collection of all implicit plots σ of P and the constant
parametrization defined on some open subset of U with the value ∅. Let Q be the
union parametrization of the family of I. We prove that Q = P . Firstly, the do-
main of definition of Q is exactly U . Now let r0 ∈ U be arbitrary. It is obvious that
Q(r0) ⊂ P (r0). So let x0 ∈ P (r0). Then there exists an implicit plot σ : V → X,
defined on an open neighborhood V ⊂ U of r0 with σ(r0) = x0, which implies
x0 ∈ Q(r0). Hence Q = P . Indeed, P is the union of its local implicit plots and a
plot in Pu(X). �

Corollary 3.5. The identity map id : Pu(X)→ Pw(X) is smooth. In other words,
the union power set diffeology is finer than the weak power set diffeology.

3.1. Smooth set-valued mappings. Let X and Y be diffeological spaces. We
can simply treat a smooth set-valued map φ : X → Pu(Y ) as a usual smooth map,
that is, a map taking the plots in X to the plots in Pu(Y ).

Example 3.6. Suppose that X is a diffeological space and f, g : X → R are two
smooth functions. The map φ : X → Pu(R) defined by

φ(x) = [min{f(x), g(x)},max{f(x), g(x)}]
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is smooth. To verify this, let P : U → X be a plot and let r0 ∈ U , a0 ∈ φ ◦ P (r0).
Then we have two cases:

(i) If f(P (r0)) 6= g(P (r0)): Let t0 =
a0 − g ◦ P (r0)

f ◦ P (r0)− g ◦ P (r0)
, which is a number

belonging to [0, 1]. Define σ : U → R by σ(r) = (t0)f ◦ P (r) + (1 − t0)g ◦ P (r).
Since the sum and the product in R are smooth, σ is also smooth. One can check
that σ(r) ∈ φ ◦ P (r). In particular, σ(r0) = (t0)f ◦ P (r0) + (1− t0)g ◦ P (r0) = a0.

(ii) If f(P (r0)) = g(P (r0)): It is enough to choose σ = f ◦P . Clearly, σ has the
desired properties.

Theorem 3.7. Let X and Y be diffeological spaces. Suppose that φ : X → Pu(Y )
is a smooth set-valued map. Then φ is lower semi-continuous with respect to the
D-topology.

Proof. Assume that O is a D-open subset of Y . Let P : U → X be any plot and
let r0 ∈ P−1

(
φ−1(O)

)
be arbitrary, where φ−1(O) = {x ∈ X | φ(x) ∩ O 6= ∅}. So

there is an element y0 in φ ◦ P (r0) ∩ O. Because φ is smooth, φ ◦ P is a plot in
Pu(Y ). There exist an open neighborhood V ⊂ U of r0 and a plot σ : V → Y
such that σ(r) ∈ φ ◦ P (r), for every r ∈ V , and σ(r0) = y0. If r ∈ σ−1(O), then
σ(r) ∈ φ ◦ P (r) ∩ O 6= ∅ and hence r ∈ (φ ◦ P )−1(O) = P−1

(
φ−1(O)

)
, which

implies σ−1(O) ⊂ P−1
(
φ−1(O)

)
. But σ−1(O) is an open neighborhood of r0 so

that P−1
(
φ−1(O)

)
is open as well. Therefore φ−1(O) is D-open. �

Proposition 3.8. The map ı : X → Pu(X) defined by ı(x) = {x} is a strong
embedding.

Proof. It is easily seen that ı is an induction. Also, since the identity map id :
Pu(X) → Pw(X) is smooth and ı : X → Pw(X) is a diffeological immersion,
ı : X → Pu(X) is a diffeological immersion, by Proposition 1.22. We show ı is a D-
topological embedding, too. Assume that O ⊂ X is D-open. Set O′ = {A ∈ P(X) |
A ∩ O 6= ∅} so that ı(O) = ı(X) ∩ O′. It is sufficient to prove that O′ is D-open.
Let P : U → Pu(X) be a plot. By Theorem 3.7, P is lower semi-continuous with
respect to the D-topology. So

P−1(O′) = {r ∈ U | P (r) ∈ O′} = {r ∈ U | P (r) ∩O 6= ∅}

is open, which means O′ is D-open. Therefore, it is a strong embedding. �

Corollary 3.9. dim(X) ≤ dim(Pu(X)), for any diffeological space X.

Example 3.10. In the above statement, the equality may or may not be true.
As example, the equality holds for X = R0. While for the discrete space Q of
the rational numbers, the equality does not hold. Because, the parametrization
P : R→ Pu(Q) given by P (0) = {0} and P (r) = [−|r|, |r|] ∩Q for r 6= 0, is a plot
in Pu(Q), which is not locally constant. Therefore, dim(Q) = 0 < dim(Pu(Q)).

Proposition 3.11. Let X and Y be diffeological spaces. A set-valued map φ :

X → Pu(Y ) is smooth if and only if the extension φ̃ : Pu(X)→ Pu(Y ) defined by

φ̃(A) =
⋃
x∈A φ(x) for every subset A ⊂ X, is smooth.

Proof. The proof is quite similar to that of [2]. �

Theorem 3.12. The functional diffeology on C∞(X,Pu(Y )) is the coarsest diffe-

ology for which ẽv : C∞(X,Pu(Y ))×Pu(X)→ Pu(Y ) defined by ẽv(φ,A) = φ̃(A)
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is smooth. In particular, the operator ∼: C∞(X,Pu(Y )) → C∞(Pu(X),Pu(Y ))

taking φ to the extension φ̃ is smooth.

Proof. Assume that P : U → C∞(X,Pu(Y )) is a plot with respect to the functional

diffeology and denote by P̃ : U → C∞(Pu(X),Pu(Y )) the map given by P̃ (r) =

P̃ (r). Let Q : V → Pu(X) be a plot in Pu(X), (r0, s0) ∈ U ×V and y0 ∈ ẽv ◦ (P̃ ×
Q)(r0, s0). Then there exists x0 ∈ Q(s0) such that y0 ∈ P (r0)(x0). So we have a
plot σ : V ′ → X defined on an open neighborhood of s0 ∈ V ′ ⊂ V with σ(s0) = x0

and σ(s) ∈ Q(s) for all s ∈ V ′. On the other hand, ev : C∞(X,Pu(Y )) × X →
Pu(Y ) is smooth. So ev ◦ (P × σ) : U × V ′ → Pu(Y ) is a plot in Pu(Y ) that
y0 ∈ ev ◦ (P × σ)(r0, s0). Consequently, we obtain a plot τ : W → Y defined
on an open neighborhood of (r0, s0) ∈ W ⊂ U × V ′ with τ(r0, s0) = y0 and

τ(r, s) ∈ ev ◦ (P ×σ)(r, s) ⊂ ẽv ◦ (P̃ , Q)(r, s) for all (r, s) ∈W . As a result, the way
of proof shows that the map ∼: C∞(X,Pu(Y )) → C∞(Pu(X),Pu(Y )) is smooth
as well.

Finally, if D is any diffeology on C∞(X,Pu(Y )) for which ẽv is smooth, then
obviously the composition

ev : C∞(X,Pu(Y ))×X id×ı−→ C∞(X,Pu(Y ))×Pu(X)
ẽv−→ Pu(Y )

is smooth as well, which is equal to ev : C∞(X,Pu(Y ))×X → Pu(Y ). Therefore,
D is finer than the functional diffeology. �

Proposition 3.13. Let f : X → Y be a map between diffeological spaces and
f? : Pu(X) → Pu(Y ) be the induced hyper-map, taking every subset A ⊂ X to
f(A).

(1) The map f is smooth if and only if f? is smooth.
(2) The map f is an induction if and only if f? is an induction.
(3) The map f is a diffeomorphism if and only if f? is a diffeomorphism.
(4) If f? is a diffeological immersion, f is a diffeological immersion.
(5) If f? is a diffeological submersion, f is a diffeological submersion.
(6) If f? is a diffeological étale map, f is a diffeological étale map.
(7) If f? is a local subduction, f is a local subduction.
(8) If f? is a subduction, f is a subduction.
(9) If f is a local subduction, then f? is a subduction.

Proof. (1) Assume that f is smooth and P : U → Pu(X) is a plot. To show
f?◦P : U → Pu(Y ) is a plot in Pu(Y ), let r0 ∈ U , y0 ∈ f?◦P (r0). Then there is an
element x0 ∈ P (r0) with y0 = f(x0). By UPD, there exist an open neighborhood
V ⊂ U of r0 and a plot σ : V → X such that σ(r0) = x0 and σ(r) ∈ P (r), for
every r ∈ V . But f ◦ σ is a plot in Y with f ◦ σ(r) = f(x0) = y0 and one can
write f ◦ σ(r) ∈ f(P (r)) = f? ◦ P (r), for every r ∈ V . Thus, the parametrization
f? ◦ P : U → Pu(Y ) is a plot in Pu(Y ) and f? is smooth. Conversely, if f? is
smooth, then the composition f? ◦ ı is also smooth. Hence, f is smooth.

(2) Suppose first that f is an induction. To see that f? is injective, let f(A) =
f(B) for subsets A and B of X. Let a ∈ A, then f(a) ∈ f(A) = f(B). There is
some b ∈ B such that f(a) = f(b). Thus, a = b and a belongs to B, that is, A ⊂ B.
Interchanging the roles of elements of A and B, we obtain the equality A = B.
The smoothness of f? is a consequence of (1). So assume that P : U → Pu(X) is
a parametrization such that f? ◦ P is a plot in Pu(Y ). To prove that P is a plot
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in Pu(X), let r0 ∈ U , x0 ∈ P (r0). By UPD, there exist an open neighborhood
V ⊂ U of r0 and a plot σ : V → Y such that σ(r0) = f(x0) and σ(r) ∈ f? ◦ P (r),
for every r ∈ V . Thus, for every r ∈ V , one can choose an element τr ∈ P (r) with
σ(r) = f(τr). In particular, τr0 = x0. Define the parametrization τ : V → X by
r 7→ τr so that f ◦ τ = σ. Since f is an induction, we conclude that τ is a plot in
X and hence P is a plot in Pu(X). Therefore, f? is an induction.

Conversely, let f? be an induction. Obviously, f is injective. Assume that
P : U → X is a parametrization such that f ◦ P is a plot in Y . Then ı ◦ f ◦ P , or
equivalently, f? ◦ ı ◦ P is a plot in Pu(Y ). Since f? ◦ ı is an induction, P is a plot
in X.

(3) By item (2) and this fact that f is surjective if and only if f? is surjective,
the result is achieved.

(4) Smoothness of f is a consequence of (1). We also have the commutative
diagram

Pu(X)
f? // Pu(Y )

X

ı

OO

f
// Y

ı

OO

If f? is a diffeological immersion, then so is f? ◦ ı. Consequently, f is a diffeological
immersion by Proposition 1.22.

(5) Smoothness of f is a consequence of (1). Assume that P : U → Y is a plot
in Y and let r0 ∈ U , x0 ∈ f−1(P (r0)). Then ı ◦ P is a plot in Pu(Y ). As f? is a
diffeological submersion, there exists a plot L : V → Pu(X), where V ⊂ U is an
open neighborhood of r0, such that f? ◦ L = ı ◦ P |V and that P (r0) = {x0}. By
UPD, we get a plot σ : W → X, where W ⊂ V is an open neighborhood of r0,
such that σ(r0) = x0 and σ(r) ∈ L(r), for every r ∈ W . Obviously, f ◦ σ(r) ∈
f? ◦ L(r) = ı ◦ P (r) = {P (r)} for every r ∈W , and so f ◦ σ = P |W .

(6) This is a direct consequence of items (4) and (5).
(7) This is clear by item (5) and this fact that f is surjective if and only if f? is

surjective.
(8) The proof is similar to (5).
(9) Again, the smoothness of f? is a consequence of (1). Also, f is surjective

if and only if f? is surjective. Now consider a plot Q : U → Pu(Y ). Define the
parametrization P : U → Pu(X) by P (r) := f−1(Q(r)). To verify P is a plot,
let r0 ∈ U and x0 ∈ P (r0) so that f(x0) ∈ Q(r0). By PD, there is a plot τ :
V → Y , where V ⊂ U is an open neighborhood of r0, such that τ(r0) = f(x0) and
τ(r) ∈ Q(r), for every r ∈ V . Because f is a local subduction, one can find a plot
σ : W → X, where W ⊂ V is an open neighborhood of r0, such that σ(r0) = x0 and
f ◦ σ = τ , which implies σ(r) ∈ f−1(τ(r)) ⊂ f−1(Q(r)) = P (r), for every r ∈ W .
Thus, P is a plot in Pu(X). Finally, we have f? ◦ P (r) = f?(f

−1(Q(r)) = Q(r).
Therefore, f? is a subduction. �

Denote by Diff the category of diffeological spaces and smooth maps.

Corollary 3.14. The correspondence Pu : Diff → Diff given by X 7→ Pu(X) in
the level of objects and f 7→ f? in the level of morphisms defines a faithful functor.

3.2. Higher order union power spaces.
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Notation 3.15. Let X be a diffeological space. Denote Pu(Pu(X)) by P2
u(X) and

inductively, Pu(Pn−1
u (X)) by Pn

u(X), for every integer n ≥ 2.

Proposition 3.16. Let X be a diffeological space. The map τX : Pu(X)→ P2
u(X)

taking any subset A ⊂ X to the subspace topology on A induced from the D-topology
of X, i.e. τX(A) = {A ∩O | O ⊂ X is D-open }, is a strong embedding.

Proof. To check that τX is smooth, let P : U → Pu(X) be a plot and r0 ∈ U,O0 ∈
τX ◦ P (r0). Then O0 = P (r0) ∩ O′0, for some D-open subset O′0 ⊂ X. Define
Q : U → Pu(X) by Q(r) = P (r) ∩ O′0 for all r ∈ U so that Q(r) ∈ τX ◦ P (r) and
Q(r0) = O0. If we prove that Q is a plot in Pu(X), then τX ◦P is a plot in P2

u(X)
by definition. So let s0 ∈ U and x0 ∈ Q(s0) = P (s0) ∩O′0. As x0 ∈ P (s0) and P is
a plot in Pu(X), we deduce that there exists an implicit plot σ : V → X, defined
on an open neighborhood V ⊂ U of s0 with σ(s0) = x0 and σ(r) ∈ P (r) for all
r ∈ V . Also, since x0 ∈ O′0 and O′0 ⊂ X is a D-open subset, after shrinking V , we
obtain σ(r) ∈ P (r) ∩O′0 = Q(r) on some neighborhood of s0. Thus, Q is a plot in
Pu(X).

On the other hand, consider the map θ : P2
u(X)→ Pu(X) taking any collection

C of the subsets of X to its union, i.e. θ(C) =
⋃
C. To observe that θ is smooth,

let Π : U → P2
u(X) be a plot and r0 ∈ U, x0 ∈ θ ◦ Π(r0) =

⋃
Π(r0). Then x0 ∈ A0

for some A0 ∈ Π(r0), and by UPD, there exists a plot Q : V → Pu(X), defined on
an open neighborhood V ⊂ U of r0 such that Q(r0) = A0 3 x0 and Q(r) ∈ Π(r).
Again by UPD, one can find an implicit plot σ : W → X with σ(r0) = x0 and
σ(r) ∈ Q(r) ⊂

⋃
Π(r) = θ ◦ Π(r). Hence θ ◦ Π is a plot in Pu(X). Finally,

θ ◦ τX(A) = A for all A ∈ Pu(X), so that τX is a strong embedding. �

As a result, for any diffeological space X, one has two infinite sequences

X
ıX−→ Pu(X)

ıPu(X)−→ P2
u(X) −→ · · · −→ Pn

u(X)
ıPnu(X)−→ Pn+1

u (X) −→ · · ·
and

Pu(X)
τX−→ P2

u(X) −→ · · · −→ Pn
u(X)

τ
P
n−1
u (X)−→ Pn+1

u (X) −→ · · ·
of consecutive strong embeddings.

3.3. Smooth selection problem. Here we state smooth selection problem in the
context of diffeology and explore its connections with smoothness of set-valued
maps.

Definition 3.17. Let X and Y be diffeological spaces. Let φ : X → P?(Y ) be
a set-valued map. The smooth selection problem of φ for given x0 ∈ X and
y0 ∈ φ(x0) is finding a smooth selection, i.e., a smooth map σ : X → Y such
that σ(x) ∈ φ(x) for all x ∈ X, and σ(x0) = y0. Furthermore, we call a smooth
map σ : X → Y with σ(x) ∈ φ(x) for all x ∈ X, a weak smooth selection.

Example 3.18. Let φ : R → P?(R) be given by φ(0) = {0} and φ(r) = (−|r|, |r|)
for r 6= 0. To solve the smooth selection problem, for every x0 ∈ R and y0 ∈ φ(x0),

consider the straight line σ : r 7→ (
y0

x0
)r, passing through y0 and 0, as a smooth

selection of φ.

Lemma 3.19. Suppose that φ : X → P?(Y ) is a set-valued map and f : X ′ → X is
a smooth map. If for φ : X → P?(Y ), the smooth selection problem has solutions,
then so is φ ◦ f .
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Proof. The proof is straightforward. �

Proposition 3.20. Let X and Y be diffeological spaces, and let φ : X → P?(Y ) be
a set-valued map. φ is smooth if and only if there exists some covering generating
family C of X such that for all P ∈ C, the smooth selection problem has solutions
for φ ◦ P .

Proof. Assume that φ : X → P?(Y ) is smooth and let P : U → X be any plot in
X. Then φ ◦P is a plot in P?(Y ), and by UPD, there is an open cover {Ui}i∈J of
U such that the smooth selection problem has solutions for φ ◦ P |Ui . Notice that
the collection of such restrictions for all plots in X constitutes a covering generating
family for X. The converse is trivial in view of Lemma 3.19. �

Similarly, the smoothness of a set-valued map φ : X → P?
w(Y ) is equivalent to

solving the weak smooth selection problem over a covering generating family of X.

Proposition 3.21. Let X and Y be diffeological spaces, and let φ : X → P?(Y )
be a set-valued map. If for each x0 ∈ X and y0 ∈ φ(x0), there exist a D-open
neighborhood O ⊂ X of x0 and a smooth map α : O → Y such that α(x0) = y0 and
α(x) ∈ φ(x) for all x ∈ O, then φ : X → P?

u(Y ) is smooth with respect to the union
power set diffeology.

Proof. Let P : U → X be a plot, let r0 ∈ U and y0 ∈ φ ◦ P (r0). By hypothesis,
there exist a D-open subset P (r0) ∈ O of X and a smooth map α : O → Y such
that α(P (r0)) = y0 and α(x) ∈ φ(x) for all x ∈ O. Set V = P−1(O), which is an
open neighborhood of r0 in U . Then α ◦ P |V is a plot in Y with α ◦ P |V (r0) = y0

and α ◦ P |V (r) ∈ φ ◦ P (r) for all r ∈ V . �

In particular, if one can solve smooth selection problem for a set-valued map
φ : X → P?(Y ), then it is smooth with respect to the union power set diffeology.
Thus, smoothness is a necessary, but not a sufficient, condition for smooth selection
problem.

For manifolds, however, the smoothness is equivalent to solving the smooth se-
lection problem over a D-open cover of X.

Proposition 3.22. Let M be a manifold, X be a diffeological space and let φ :
M → P?(X) be a set-valued map. Then φ is smooth with respect to the union
power set diffeology if and only if for each p0 ∈M and x0 ∈ φ(p0), there exist a D-
open neighborhood O ⊂M of p0 and smooth map α : O → X such that α(p0) = x0

and α(p) ∈ φ(p) for all p ∈ O.

Proof. The “if” direction is clear by Proposition 3.21. For “only if”, assume that
φ : M → P?

u(X) is smooth, and let p0 ∈ M and x0 ∈ φ(p0). Choose a chart
ψ : U → U ′ ⊂ M at p0 and let p0 = ψ(r0), for some r0 ∈ U . Since φ ◦ ψ
is a plot in P?

u(X), there exist an open neighborhood V ⊂ U of r0 and a plot
σ : V → Y such that σ(r0) = x0 and σ(r) ∈ φ ◦ ψ(r) for all r ∈ V . Now let
O = ψ(V ) ⊂ U ′ and α = σ ◦ ψ−1|O. Then α(p0) = σ ◦ ψ−1(p0) = σ(r0) = x0 and
α(p) = σ ◦ ψ−1(p) ∈ φ ◦ ψ(ψ−1(p)) = φ(p), for all p ∈ O. �

As a result, we observe that the notion of a smooth set-valued map is compatible
with the classical one between Euclidean spaces (see, e.g., [43, Theorem 2.2.1]).
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3.4. Smooth relations and power set diffeologies. It is well-known that there
is a natural one-to-one correspondence between set-valued maps and relations. In
fact, if φ : X → P(Y ) is a set-valued map, the subset Graph(φ) = {(x, y) | y ∈
φ(x)} of X ×Y is its corresponding relation. On the other hand, a relation R from
X to Y define a set-valued map φ : X → P(Y ) by φ(x) = {y ∈ Y | (x, y) ∈ R},
and we get Graph(φ) = R. According to this one-to-one correspondence, a smooth
relation between diffeological spaces makes sense.

Proposition 3.23. Let X and Y be diffeological spaces. Suppose that φ : X →
P(Y ) is a set-valued map and Graph(φ) is its corresponding relation, as a subspace
of X × Y . Then

(i) φ : X → Pw(Y ) is smooth if and only if the map Pr1 : Graph(φ)→ X is a
weak subduction.

(ii) φ : X → Pu(Y ) is smooth if and only if the map Pr1 : Graph(φ)→ X is a
diffeological submersion.

Proof. The proof is straightforward. �

This suggests to define smooth relation as follows (see also [22, Exercise 62(2)]):

Definition 3.24. Let R be a relation from a diffeological space X to a diffeological
space Y . Consider R as a subspace of X × Y .

(i) R is smooth with respect to the weak power set diffeology if and only if
Pr1 : R→ X is a weak subduction.

(ii) R is smooth with respect to the union power set diffeology if and only if
Pr1 : R→ X is a diffeological submersion.

We denote by Rel∞(X,Y ) the space of smooth (partially defined) relations from X
to Y as a subspace of Pu(X × Y ).

Example 3.25. Any equivalence relation R on a diffeological space X is smooth
with respect to the weak power set diffeology.

Proposition 3.26. Let X and Y be diffeological spaces. The set-valued map
Graph : C∞(X,Pu(Y )) → Rel∞(X,Y ) taking f 7→ Graph(f) is smooth. In other
words, the functional diffeology on C∞(X,Pu(Y )) is finer than the subspace diffe-
ology on it, inherited from the union power space Pu(X × Y ).

Proof. Assume that P : U → C∞(X,Pu(Y )) is a plot with respect to the functional
diffeology and let r0 ∈ U and (x0, y0) ∈ Graph◦P (r0), which means y0 ∈ P (r0)(x0).
For the constant plot cx0

: U → X with the value x0, the map ev(P, cx0
) is a plot

in Pu(Y ). So there is a plot σ : V → Y , where V ⊂ U is an open neighborhood
of r0, such that σ(r0) = y0 and σ(r) ∈ ev(P, cx0)(r) = P (r)(x0), for every r ∈ V .
Now consider the plot τ = (cx0

|V , σ) in X × Y defined on V . Obviously, τ(r) =
(x0, σ(r)) ∈ Graph ◦ P (r) for every r ∈ V , and that τ(r0) = (x0, σ(r0)) = (x0, y0).
Hence Graph ◦ P is a plot in Rel∞(X,Y ) with respect to the union power set
diffeology. �

Proposition 3.27. The maps def : Rel∞(X,Y )→ Pu(X) and Im : Rel∞(X,Y )→
Pu(Y ) are smooth.

Proof. Let P : U → Rel∞(X,Y ) be a plot and let r0 ∈ U, x0 ∈ def ◦ P (r0). Then
there exists an element y0 ∈ Y such that y0 ∈ P (r0)(x0) 6= ∅, or (x0, y0) ∈ P (r0).
There are an open neighborhood V ⊂ U of r0 and a plot σ : V → X × Y with
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σ(r) ∈ P (r) and σ(r0) = (x0, y0). Then Pr1 ◦σ : V → X is a plot such that
Pr1 ◦σ(r) ∈ def ◦ P (r) and Pr1 ◦σ(r0) = x0.

Just as the above argument, one can see that Im : Rel∞(X,Y ) → Pu(Y ) is
smooth. �

Corollary 3.28. If C∞(X,Pu(Y )) is endowed with the functional diffeology, then
def : C∞(X,Pu(Y ))→ Pu(X) and Im : C∞(X,Pu(Y ))→ Pu(Y ) are smooth.

3.5. Smooth family of plots and the union power set diffeology. We here
investigate the relationship between the power set diffeology and the diffeology on
plots as it is defined in [22]. For this, we first recall:

Definition 3.29. [22, §1.63] Let (X,D) be a diffeological space. The diffeological
structure D itself has a natural diffeology called the standard functional diffeol-
ogy. A parametrization ρ : U → D is a plot in D or a smooth family of plots in
X if and only if for all r0 ∈ U , for all s0 ∈ dom(ρ(r0)), there exist an open neigh-
borhood V ⊂ U of r0 and an open neighborhood W of s0 such that W ⊂ dom(ρ(r))
for all r ∈ V , and (r, s) 7→ ρ(r)(s) defined on V ×W is a plot in X.

Proposition 3.30. The map Im : D → Pu(X), P 7→ Im(P ) is smooth.

Proof. Let ρ : U → D be a plot in D, and r0 ∈ U , x0 ∈ Im(ρ(r0)). Thus, there
is an s0 ∈ dom(ρ(r0)) such that ρ(r0)(s0) = x0. By definition, there exist an
open neighborhood V ⊂ U of r0 and an open neighborhood W of s0 such that
W ⊂ dom(ρ(r)) for all r ∈ V , and (r, s) 7→ ρ(r)(s) defined on V ×W is a plot in
X. Define σ : V → X by σ(r) = ρ(r)(s0) ∈ Im(ρ(r)), as the desired local implicit
plot in X. �

Let Dn(X) denote the set of n-plots in X with the subspace diffeology inherited
from D. Consider the set-valued map dom : Dn(X)→ P(Rn) taking any n-plot to
its domain.

Proposition 3.31. The map dom : Dn(X)→ Pu(Rn) is smooth.

Proof. Let ρ : U → Dn(X) be a smooth family of n-plots in X. Let r0 ∈ U
and s0 ∈ dom ◦ ρ(r0). By definition, there exist an open neighborhood V ⊂ U of
r0 and an open neighborhood W of s0 such that W ⊂ dom(ρ(r)) for all r ∈ V ,
and (r, s) 7→ ρ(r)(s) defined on V ×W is a plot in X. Let σ : V → W be the
constant map with the value s0, so that σ(r) ∈ W ⊂ dom ◦ ρ(r) for all r ∈ V and
σ(r0) = s0. �

Consider Γn := {(P, r) | P ∈ Dn(X), r ∈ dom(P )} as a subspace of Dn(X)×Rn.

Proposition 3.32. The map ev : Γn → X defined by ev(P, r) = P (r) is smooth.

Proof. Assume that (ρ, F ) : U → Γn is a plot. That is, ρ : U → Dn(X) is a smooth
family of n-plots in X and F : U → Rn is a smooth map between domains with
F (r) ∈ dom(ρ(r)) for all r ∈ U . Take any r0 ∈ U , so that F (r0) ∈ dom(ρ(r0)). By
definition, there exist an open neighborhood V ⊂ U of r0 and an open neighborhood
W of F (r0) such that W ⊂ dom(ρ(r)) for all r ∈ V , and (r, s) 7→ ρ(r)(s) defined
on V ×W is a plot in X. Set V ′ := V ∩ F−1(W ), which is an open neighborhood
of r0. Thus, the parametrization ev ◦ (ρ, F )|V ′ taking r ∈ V ′ to ρ(r)(F (r)) is a plot
in X. Hence ev ◦ (ρ, F ) itself is a plot in X. �
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Proposition 3.33. Consider ∆ = {(P, F ) | P ∈ Dn(X), F ∈ Dm(Rn), Im(F ) ⊂
dom(P )} as a subspace of Dn(X)×Dm(Rn). The map ◦ : ∆→ Dm(X) taking any
combinable pair (P, F ) to P ◦ F is smooth.

Proof. Assume that (ρ, ν) : U → ∆ be a plot. This means that Im(ν(r)) ⊂
dom(ρ(r)) for all r ∈ U . To see the parametrization r 7→ ρ(r)◦ν(r) on U is a smooth
family of m-plots in X, let r0 ∈ U and s0 ∈ dom(ρ(r0) ◦ ν(r0)) = dom(ν(r0)). By
definition, there exist an open neighborhood V ⊂ U of r0 and an open neighborhood
W of s0 such that W ⊂ dom(ν(r)) for all r ∈ V , and (r, s) 7→ ν(r)(s) defined on
V ×W is a plot in Rn. On the other hand, for ν(r0)(s0) ∈ dom(ρ(r0)), there exist
an open neighborhood V ′ ⊂ V of r0 and an open neighborhood W ′ of ν(r0)(s0)
such that W ′ ⊂ dom(ρ(r)) for all r ∈ V ′, and (r, s) 7→ ρ(r)(s) defined on V ′ ×W ′
is a plot in X. But there exists some open subsets W ′′ ⊂W and V ′′ ⊂ V such that
(r, s) 7→ ν(r)(s) defined on V ′′ ×W ′′ is a plot in W . Since the composition map
◦ : C∞(W ′, X) × C∞(W,W ′) → C∞(W,X) is smooth by [22, §1.59], we conclude
that (r, s) 7→ (ρ(r) ◦ ν(r))(s) defined on V ′ ×W is a plot in X. �

Proposition 3.34. The map Un : Pu(Dn(X)) → Dn(Pu(X)) taking any family
of n-plots to its union is a surjective smooth map.

Proof. By definition 3.3, Un is surjective. Suppose that Π : U → Pu(Dn(X)) is
a plot in Pu(Dn(X)). To prove that Un ◦ Π is a plot in Dn(Pu(X)), let r0 ∈ U
and s0 ∈ dom(Un ◦ Π(r0)). Notice that Π(r0) is a collection of n-plots in X, so
one can find an n-plot P0 ∈ Π(r0) such that s0 ∈ dom(P0). Since Π is a plot in
Pu(Dn(X)), by definition, there exist an open neighborhood U ′ ⊂ U of r0 and a
smooth family σ : U ′ → Dn(X) of plots in X such that σ(r) ∈ Π(r), for every
r ∈ U ′ and σ(r0) = P0. For s0 ∈ dom(σ(r0)), there exist an open neighborhood
V ⊂ U ′ of r0 and an open neighborhood W of s0 such that W ⊂ dom(σ(r))
for all r ∈ V , and (r, s) 7→ σ(r)(s) defined on V × W is a plot in X. Thus
W ⊂ dom(σ(r)) ⊂ dom(Un ◦Π(r)) for all r ∈ V .

Now we show that (r, s) 7→ Un ◦ Π(r)(s) defined on V ×W is a plot in Pu(X).
Let (v0, w0) ∈ V ×W and x0 ∈ Un ◦ Π(v0)(w0). This means that w0 ∈ dom(Un ◦
Π(v0)) and that for some n-plot P0 ∈ Π(v0) we have P0(w0) = x0. Similar to
the above argument, one can find a local implicit plot (r, s) 7→ σ(r)(s) in X with
σ(r)(s) ∈ Un ◦ Π(r)(s) and σ(v0)(w0) = P0(w0) = x0. Therefore, Un ◦ Π is a plot
in Dn(Pu(X)). �

Corollary 3.35. The supremum map Sup : Comp(Pu(Dn(X))) → Dn(X) taking
any compatible family of n-plots to its supremum is smooth.

4. The strong power set diffeology

Hereafter, we have another diffeology on the power set, which we call the strong
power set diffeology.

Definition 4.1. [22, p. 61] Let X be a diffeological space. The set of all parametriza-
tions P : U → P(X) with the following property is a diffeology on P(X), called the
strong power set diffeology:

SPD. for every r0 ∈ U and every plot Q0 in X with Im(Q0) ⊂ P (r0), there exist
an open neighborhood V ⊂ U of r0 and a local smooth family σ : V → D of
plots in X such that Im(σ(r)) ⊂ P (r), for every r ∈ V and σ(r0) = Q0.
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We denote by Ps(X) the power set P(X) endowed with the strong power set diffe-
ology and call it the strong power space.

The strong power set diffeology is indeed the coarsest diffeology on P(X) such
that the map δX : Ps(X) → Pu(D) taking any subset A ⊂ X to the subspace
diffeology on A, i.e. δX(A) = {P ∈ D | Im(P ) ⊂ A}, is smooth (see [22, Exercise
62(2)]). One can see that δX is an induction.

Proposition 4.2. The identity map id : Ps(X)→ Pu(X) is smooth. That is, the
strong power set diffeology is finer than the union power set diffeology.

Proof. Let P : U → Ps(X) be a plot and let r0 ∈ U , x ∈ P (r0). Consider the 0-
plot x for which we get Im(x) ⊂ P (r0). By SPD, we obtain an open neighborhood
V ⊂ U of r0 and a local smooth family σ : V → D of plots in X such that
Im(σ(r)) ⊂ P (r), for every r ∈ V and σ(r0) = x. By definition, there exist an open
neighborhood V ′ ⊂ V of r0 such that σ(r) is a 0-plot for all r ∈ V ′, and r 7→ σ(r)(0)
defined on V ′ is a plot in X. Now define τ : V ′ → X by τ(r) = σ(r)(0) so that
τ(r) ∈ P (r) and τ(r0) = σ(r0)(0) = x. Therefore, P satisfies UPD and it is a plot
in Pu(X). �

Remark 4.3. By Theorem 3.7, and the fact that the identity map id : Ps(X) →
Pu(X) is smooth, any smooth set-valued map φ : Y → Ps(X) is lower semi-
continuous with respect to the D-topology.

In [13], it is shown that the map ı : X → Ps(X) is an embedding. Furthermore,
we can say it is actually a strong embedding.

Proposition 4.4. The map ı : X → Ps(X) defined by ı(x) = {x} is a strong
embedding.

Proof. In view of Proposition 4.2 and Remark 4.3, the proof is quite similar to that
of Proposition 3.8. �

5. Projectable diffeologies on power sets

5.1. The locally projectable parametrizations on P?(X). By contrast with
global projectable parametrizations, we define local projactable parametrizations
at a fixed A ∈ P?(X).

Definition 5.1. Let A ∈ P?(X) and let U be a non-empty open subset of an
Euclidean space. A local projectable parametrization at A with domain U is
a map φ : U → P?(X) such that there exists a smooth map ϕ : U → C∞(A,X)
such that

• ϕ(r0)|A = idA, for some r0 ∈ U,
• φ(r) = ϕ(r)(A), for all r ∈ U .

and we define the locally projectable diffeology Dlp as the diffeology generated
by the family of local projectable parametrizations for each A ∈ P?(X).

Since C∞(A,X) is equipped with the functional diffeology, the family of local
projectable parametrizations has the covering property (1) and the smooth com-
patibility property (3) of Definition 1.1. In fact, it constitutes an example of a
prediffeology (see [11, Definition 2.6]). The locally projectable parametrizations
do not form a diffeology in most case. This explains the formulation for Dlp. The
power set P(X), equipped with Dlp, is denoted by Plp(X).
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Proposition 5.2. The identity map id : P?
lp(X)→ P?

u(X) is smooth, namely, the
locally projectable diffeology is finer than the union power set diffeology.

Proof. It is sufficient to prove that any local projectable parametrization is a plot
in P?

u(X), because then the diffeology generated by the family of local projectable
parametrizations would be contained in P?

u(X). Let A ∈ P?(X) and suppose
that φ : U → P?(X) is a local projectable parametrization at A, s0 ∈ U , and
x0 ∈ φ(s0). By definition, there exists a smooth map ϕ : U → C∞(A,X) such that
φ(r) = ϕ(r)(A) for all r ∈ U . In particular, x0 ∈ φ(s0) = ϕ(s0)(A), so there exists
an element a ∈ A with ϕ(s0)(a) = x0. Define σ : U → X by σ(r) = ϕ(r)(a), which is
smooth. Moreover, σ(r) = ϕ(r)(a) ∈ ϕ(r)(A) = φ(r). And, σ(s0) = ϕ(s0)(a) = x0.
Thus, φ : U → P?(X) is a plot in P?

u(X). �

Analogous to the case of the strong power set diffeology, one can observe that
every smooth set-valued map φ : Y → Plp(X) is lower semi-continuous with respect
to the D-topology. Also, the map ı : X → Plp(X) defined by ı(x) = {x} is a strong
embedding.

5.2. The globally projectable parametrizations on P(X). The monoid of
smooth maps C∞(X,X) equipped with the composition rule has a natural action
on the left on P(X) by

(2)
L : C∞(X,X)×P(X) → P(X)

(f,A) 7→ f(A)

Proposition 5.3. L is smooth when

• C∞(X,X) is equipped with the functional diffeology,
• P(X) is equipped with either the weak power set diffeology, or the strong

power set diffeology.

Proof. Each case follows from the definition of the functional diffeology. �

We note by LD the restriction of L to Diff(X).

Proposition 5.4. LD is smooth when P(X) is equipped with the weak power set,
the union power set or the strong power set diffeology.

Proof. Each case follows from the definition of the functional diffeology. �

Remark 5.5 (C∞(X,X) or Diff(X)?). When X is a smooth compact manifold,
Diff(X) is an open subset of C∞(X,X) for its classical structure of Fréchet mani-
fold, and hence in particular for the D-topology of the functional diffeology. There-
fore one can wonder whether, in the definitions, the choice of the use of the group
Diff(X) would be more accurate than the use of the monoid C∞(X,X). Analyz-
ing, e.g., [37, 39] where projectable symmetries are highlighted, the choice of Diff(X)
may be justified by the definition of symmetries for functions on diffeologies, along
the lines of [30]. However, (diffeologically) projectable transformations must be
generated by (smooth) transformations on X, and the best space for this purpose
is C∞(X,X) in which Diff(X) is not an open subset. Therefore, out of precise
technical statements comparing these two sets, we feel the necessity to consider the
biggest one. However, this third projectable-type maps define a diffeology on power
sets which has stronger properties than others.
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Definition 5.6. We define globally projectable parametrizations of P?(X)
the push-forward parametrization φ such that there exists locally a smooth map
P : U → C∞(X,X) and A ∈ P?(X) such that the restriction of φ to the domain
U can be defined by P (·)(A). These parametrizations define a diffeology that we
denote by Dgp. The same definitions hold changing C∞(X,X) into Diff(X), and
we denote this second diffeology by Dgp,D.

Remark 5.7. When X is a compact finite dimensional manifold, a consequence
of Nash-Moser inverse functions theorem is that Diff(X) is open in C∞(X,X).
However, even when X = S1 = R/Z, Dgp 6= Dgp,D. Indeed, consider the 1-plot

t ∈ (−0.25, 0.25) 7→ [−2|t|, 2|t|].
Then its value at t = 0 shows that this is not the orbit of a diffeomorphism while
this is possible to find a smooth map ϕ : (−0.25, 0.25) × S1 → S1, and hence a
map Φ : (−0.25, 0.25)→ C∞(S1, S1) defined by φ(t) = (x 7→ ϕ(t, x)) which globally
parametrize this plot.

Theorem 5.8. In Dgp,D, (.) is smooth, and ∅ as well as X are isolated.

Proof. The proof follows from the fact that for any g ∈ Diff(X), and for any

A ∈ P(X), g(A) = g(A). �

Remark 5.9. ∪ and ∩ are not smooth in Dgp,D. Let us give a counter-example.
Let X = R, let A = B = {0} and let g1(t) : x 7→ x + t, g2(t) : x 7→ x − t. Let
P1(t) = g1(t)(A) and let P2(t) = g2(t)(A). We have that (P1, P2) ∈ Dgp,D but

P1(t) ∩ P2(t) =

{
∅ if t 6= 0
{0} if t = 0

Since ∅ is isolated in Dgp,D, t 7→ P1(t) ∩ P2(t) /∈ Dgp,D. The same arguments hold

for t 7→ P1(t) ∪ P2(t) /∈ Dgp,D.

6. Diffeologies on Borel algebras and measures

6.1. Boolean diffeologies on a Boolean algebra. Let A ⊂ P(X) be a Boolean
algebra. We denote by A? = A− {∅}.

Definition 6.1. Let D be a diffeology on A?. Then

(1) D is ∪−stable if the map ∪ : (A?)2 → A? is smooth

(2) D is complement-stable if the map (.) : (A? − {X})→ A?(X)− {X} is
smooth.

(3) D is boolean if (1) and (2) are fulfilled.

With such a definition, a superficial reader may think that, as a direct conse-
quence, all boolean operations such as intersection, symmetric difference are smooth
if the diffeology is boolean. We here have to care about ∅ which is not in the basic
target space P?(X) of our plots. Again, we make this distinction because of our
examples produced in next section, on which we may just say naively that ∅ is
disconnected (diffeologically) from P?(X). Let us consider the following example,
which will fit with all our next diffeologies, and which will explain in few words
that this choice is not suitable with the classical intuition.

Example 6.2. Let t ∈ R and let c(t) = [t − 1, t + 1] ∈ P?(R) be a “traveling
interval” path. Let γ(t) = c(t) ∩ c(−t). Then γ(t) = ∅ if t /∈ [−1, 1].
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Therefore, we have to produce diffeologies such that {∅} is not necessarily a
disconnected component of P(X).

Theorem 6.3. Let D be a boolean diffeology on A?. Then D ∪ D generates local
plots of a diffeology Db on A for which boolean operations are smooth. We also call
this diffeology a boolean diffeology (on A).

Proof. Let us first describe the plots at X. These are the maps P : U → A?, where
U is an open subset of an Euclidean space, for which there exists an open cover
{Ui, i ∈ I} of U and a family of plots {φi, ϕi, i ∈ I} such that:

• ∀i ∈ I, dom(φi) = dom(ϕi) = Ui
• ∀i ∈ I, P |Ui = φi ∪ ϕi.

Since D is boolean, then (.)◦φi and (.)◦φi are in D, which shows that (.)◦P defines

a parametrization at {∅} such that, if W =
(

(.) ◦ P
)−1

(P?(X)), W is open in U

and
(

(.) ◦ P
)
|W ∈ D. Therefore, D is the subset diffeology on A? of the diffeology

generated by D ∪ D on A?. Moreover, it is clear that this diffeology Db is now
stable under ∪ and (.), and that these operations are smooth. Therefore, the other
two classical operations, the intersection ∩ and the symmetric difference ∆ are also
smooth. �

Therefore, for any Boolean diffeology on A? in the sense of Definition 6.1 we are
able to build up a diffeology on A such that:

• the Boolean operations ∪,∩, (.) and ∆ are smooth,
• this diffeology coincides with the initial diffeology on P?(X)− {X}
• {∅} is not a priori a disconnected component.

We call it Boolean diffeology on A, vocabulary that also applies to the maximal
Boolean subalgebra P(X). This construction will be discussed more extensively in
section 6.2 but in a more general way, one has to know whether such a Boolean dif-
feology exists, because our construction starts from a Boolean diffeology on P?(X),
which is assume to be at hand.

For this, let us consider not only P(X) but also any boolean algebra A ⊂ P(X).

Lemma 6.4. Let A be a Boolean algebra on X. The indiscrete diffeology, that is,
the diffeology defined by all maps

U → A,
where U is an open subset of an Euclidean space, is a Boolean algebra.

The proof is direct. Therefore, one can wish to “complete” a diffeology to a
Boolean diffeology.

Theorem 6.5. Let A be a Boolean algebra equipped with a diffeology D. Then,
there exists a unique Boolean diffeology, minimal for inclusion, which contains D.

Proof. Let S(D) be the set of Boolean diffeologies that contain D. S(D) 6= ∅ by
Lemma 6.4. Moreover, if a map f : X × X → X is smooth for two different
diffeologies D1 and D2 on X, then it is smooth for D1 ∩D2, then S(D) is stable for
intersection. Therefore, for the partial order ⊂ on S(D), applying Zorn’s Lemma,
we get that S(D) has a unique minimal element for ⊂ . �

Hence, we can state:
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Lemma 6.6. There exists a minimal Boolean diffeology on P(X) that contains
Dgp,D.

A more “concrete” example of a Boolean diffeology on a Boolean algebra, which
is not the minimal one, will be given in section 6.2.

6.2. Diffeologies on a Borel algebra. Let us consider a topology τ on the dif-
feological space (X,DX) such that any plot P ∈ DX is continuous with respect to
τ, and let B(τ) its associated σ−algebra. Let B?(τ) = B(τ)− {∅}. Then, for each
diffeology DP on P(X) (resp. P?(X)), B(τ) (resp. B?(τ)) can be equipped with
the subset diffeology, as well as B?(τ) − {X}. Since this carries no ambiguity in
this section, we note them all by DB.

Definition 6.7. • Let µ be a finite Borel measure on X. Then µ is called
smooth if it is a smooth map for the diffeology DB.
• Let µ be a Borel measure on X. Then µ is smooth if

∀A ∈ B(τ), 0 < µ(A) < +∞ =⇒ µA = µ(· ∩A) is smooth.

Theorem 6.8. Let τ be a topology on a diffeological space (X,DX) such that any
plot P ∈ DX is continuous with respect to τ. Let DB be ∪−stable diffeology on
B(τ). Let Mes(DB) be the space of smooth measures with respect to DB? . Then, if
Mes(DB) 6= ∅,

(1) ∀µ ∈Mes(DB), the maps

(A,B) ∈ B?(τ)2 7→ µ(A ∪B),

A ∈ B?(τ)− {X} 7→ µ(A)

are smooth.
(2) Therefore, DB generates a Boolean diffeology on B(τ) following the proce-

dure from section 6.1, and
(3) The set of finite smooth measures for DB is a generating family for a boolean

Frölicher structure, i.e. a boolean reflexive diffeology, on B(τ).

Proof. If DB is ∪−stable, ∀(P1, P2) ∈ DB, if P1 : U1 → DB , if P2 : U2 → DB,
• P1∪P2 : U1×U2 → B ∈ DB and hence, following Definition 6.7, ∀A ∈ B(τ),

such that 0 < µ(A) < +∞, then µA ◦ (P1 ∪ P2) is smooth.

• The same way, µA ◦ (.) ◦ P1 = µ(A)− µA ◦ P1 is smooth. and this relation
extends to the induced Boolean diffeology on B(τ).
• Since µ is a measure, with the obvious notations, µA ◦ (P1 ∩ P2) = µA ◦
P1 +µA ◦P2−µA ◦ (P1∪P2) is smooth and hence we can prove smoothness
of ∆ by considering µA ◦ (P1∆P2) = µA ◦ (P1 ∪ P2)− µA ◦ (P1 ∩ P2) which
shows that ∆ is smooth.

Thus, Mes(DB) will serve as a generating set of functions for a Frölicher structure
on B(τ) for which each Boolean operation is smooth. �

Hence, we have constructed two other diffeologies from a given ∪−stable one on
B(τ)? : a Boolean diffeology on B(τ) and its reflexive completion. Let us now turn
to a practical example.

Remark 6.9. Let M be a non-compact, smooth Riemannian manifold equipped with
its Riemannian measure λ and let B be its (classical) Borel algebra. Let C∞c (M) be
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the set of smooth, real-valued and compactly supported functions on M. Then the
evaluation maps

evf : A ∈ B 7→
∫
B

fdλ,

for f ∈ C∞c (M), define a Frölicher structure on B. This Frölicher structure is not
∪−stable. Indeed, consider M = R, P1(t) = (−∞, t + 0.5) and P2(t) = (−t +
0.5,+∞), and a test function f which is a mollifier at 0 with support [−1, 1], then
it is easy to check that

• if t > 0, evf (P1(t) ∪ P2(t)) = evf (R) = 1
•

lim
t→0−

evf (t)− evf (0)

t
= f(0, 5) 6= 0,

which shows that the ∪−operation is not smooth. Therefore, it can be completed to
a ∪−stable diffeology, from which we can define a Boolean Frölicher structure on
B(τ), but evaluations via smooth maps in C∞c (M) will no longer all be smooth with
respect with this new diffeology.

In a second approach, consider all the ∪−stable diffeologies on B?(τ) such that
the maps

∀n ∈ N∗, (A1, ...An) ∈ B?(τ)n 7→
∫
∪i∈NnAi

fdλ

are smooth. We know that the discrete diffeology on B?(τ) fulfills this condition, but
we actually have no result to prove the existence of a maximal ∪−stable diffeology
that makes these maps smooth.

Therefore, in order to get a “reasonable” diffeology, one has to adapt the setting,
see section 6.4

6.3. Hadamard and Fomin differentiability on a vector space: the dif-
feological viewpoint. Let us now assume that X is a diffeological vector space,
equipped with a topology τ and associated Borel algebra B(τ) as before. We now
examine differentiation of measures with respect to a non zero vector v ∈ X. Let
< v > be the vector space spanned by v, which we identify with its one-parameter
Diff(X)−subgroup of transformation. We mimic the construction of the globally
projectable diffeology Dgp,D by replacing the group of diffeomorphisms Diff(X) by
< v > .

Theorem 6.10. The family

Dv = {A+ (f ◦ P )v | (A,P, f) ∈ P(X)×D∞(R)× C∞(R,R)}

form a diffeology on P(X)

• which is complement-stable
• for which ∅ and X are isolated.

Definition 6.11. Let A ⊂ P?(X) be a space of sets stable under the < v >
−action on P?(X). Let V be a complete locally convex topological vector space.
The functional Φ : A → V

• is v−smooth if Φ is diffeologically smooth, when V is equipped with its
nebulae diffeology and when A is equipped with its subset diffeology induced
by Dv.
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• is v−differentiable at A ∈ A if

DA,vΦ = lim
t→0+

Φ(A+ tv)− Φ(A)

t

exists in V.

The second item of this definition is a specialization of Definition 7.1 for the
path c(t) = A+ tv, which is smooth in Dv as well as in all the diffeologies defined
in section ??.

Example 6.12. A finite Borel measure µ on X is Fomin-differentiable in the
direction v if and only if for each Borel set A,

lim
t→0

µ(A+ tv)− µ(A)

t

exists (see, e.g., [5]). Then this relation fits the fact that

∀A, DA,vΦ = −Da,−vΦ,

and if the measure µ is infinitely differentiable in the sense of Fomin, then it is easy
to see that the measure µ is v−smooth in our terminology, setting A as the Borel
algebra.

We can extend this last example in the following way. Let D be a diffeology on
a Borel algebra A on a set X.

Definition 6.13. Let k ∈ N ∪ {∞}. We denote by Mk
D(X) the space of measures

µ on A that are k−differentiable maps from A− {∅, X} to R+.

6.4. Diffeology on spaces of measures. Let us now consider M+(X) the space
of (σ−finite) measures on a diffeological space X equipped with a topology τ and
its associated Borel algebra B(τ) as before. In the test space

{evA : µ ∈M+(X) 7→ µ(A) |A ∈ A}

the mappings evA are with values in R+∪{+∞}. Moreover, on R+, all smooth paths
γ passing through 0 have a vanishing Taylor development on γ−1(0). Therefore,
in order to avoid the same problems as in Remark 6.9 we change the considered
diffeology on each interval R+ for another diffeology which is the following:

Definition 6.14. The piecewise smooth diffeology on R is defined by the set
of piecewise smooth parametrizations of R. We note this diffeology by Dp(R). With
the same notations, we also define Dp(I) where I is a closed bounded interval.

Moreover, we define the piecewise smooth diffeology on R ∪ {+∞} by

Dp(R+ ∪ {+∞}) = argth∗ (Dp([0, 1])) .

Definition 6.15. We define

D(M+(X)) =
⋂
A∈A

ev∗A (Dp(R+ ∪ {+∞})) .

This diffeology is difficult to study, but we can remark the following:

Remark 6.16. Following Remark 6.9 and considering the two paths P1 and P2,
P1 ∪ P2 ∈ D(M+(X)) and D1 ∩ D2 ∈ D(M+(X)) are smooth.
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7. Set-valued differentials

The concept of smoothness in diffeology does not imply most classical properties
of derivatives, which highly depend on the underlying diffeology. Indeed, only
the differential of a smooth function, in the sense of differential forms, is actually
well-established and commonly used. Let us give highlights of the problem of the
derivative in diffeology through a generalization of set-valued derivatives.

We fix (X,D) a diffeological space an a functional

Φ : X → V

where V is a complete locally convex vector space. The functional Φ is not a priori
assumed to be smooth.

Definition 7.1. Let x ∈ X and let c ∈ C∞(R, X) such that c(0) = x. Then the
functional Φ is c−differentiable at x if the limit

Dx,cΦ = lim
t→0+

Φ(c(t))− Φ(x)

t

exists in V.

Classical examples show that the definition of the differentiability with respect
to a path c does not only depend on the germ of the path c at x.

Example 7.2. Let X = R2 equipped with its usual diffeology. Let

Φ(x, y) =

{ xy
|y| if y 6= 0

0 if y = 0

Let cα : t ∈ R 7→ cα(t) = (t, αt2) for α ∈ R. All paths cα have the same germ at
t = 0 but D0,cαΦ ∈ {−1, 0, 1} depending on the value of α.

Hence, we define a set-valued version of Hadamard differentiation. We note by
germ(c) the germ of a path c.

Definition 7.3. Let u ∈ iTxX. Then Φ is differentiable at x in the direction v if
∀c ∈ Cx such that v = germ(c), Φ is c−differentiable at x and we define

DuΦ(x) =
⋃

germ(c)=u

Adh
(
n
(
Φ(c(1/n))− Φ(c(0))

))
,

where Adh means the adherence set of the sequence, when n→ +∞.

In this definition, the derivative is a set-valued map and Φ is differentiable in
the classical sense if DuΦ has an unique value in V. This matches with our clas-
sical definition of the derivative of a differentiable function on a smooth manifold.
However, for example, on an open subset U of R2 we have to mention that

• for the nebulae diffeology D∞(U), the space of germs at any point is two-
dimensional, and coincides with the classical tangent space.
• for the spaghetti diffeology D1(U), the tangent space at any point is of

uncountable dimension [9].

In Example 7.2, the family {cα;α ∈ R} has only one germ at t = 0, which confirms
that

D(1,0)Φ(0) ⊂ {−1, 0, 1}
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for D∞(U) but for D1(U), the same notation D(1,0)Φ(0) only considers the path
c0(t) and its reparametrizations and therefore

D(1,0)Φ(0) = {0}.

8. Diffeologies and shapes

For a detailed introduction into shape calculus we refer to [12, 41]. Let E be a
set.

Definition 8.1. Let d ∈ N∗ and D ∈ P?(Rd).
• A shape space is a set A ⊂ P?(D),
• A shape functional is a function J : A → R and an underconstrained

shape optimization problem is given by

min
Ω∈A

J(Ω)

• A constrained shape optimization problem involves a shape functional
J : A × Y → R, where Y is a space of state variables, usually a function
space of solutions satisfying a system of PDEs, depending on Ω ∈ A, and
is given by

min
(Ω,y)∈A×Y

J(Ω, y).

In order to minimize a functional Φ, initial steps of some classical methods can
rely on:

• solving DΦ(x) = 0,
• or defining a gradient ∇Φ.

In both cases, differentiability is the most powerful tool to deal with minimization
procedures. In order to differentiate a shape functional J on a shape space A, we
need to define admissible paths defined as follows: let Ft be a map R→ C0(D,Rd),
with F0 = idD and with a priori no assumption on regularity of the 1-parameter
family {Ft}t∈R. Then, such a map defines a flow

(Ω, t) 7→ Ωt = Ft(Ω)

for Ω ∈ A. In classical practice of shape analysis, the family Ft is defined through
a suitable vector field x ∈ Rd 7→ V (x) by

Ft(x) = x+ tV (x).

Definition 8.2. The Eulerian derivative of the shape functional J at Ω in the
direction V is defined by

DV J(Ω) = lim
t→0+

J(Ωt)− J(Ω)

t
.

Therefore, according the Eulerian derivative reads as

DV J(Ω) = DΩ,vJ

with v(t) =
⋃
x∈Ω{x+ tv(x)}. The map t 7→ (x 7→ x+ tV (x)) defines a smooth path

on C∞(X,X) and hence v ∈ Dgp.
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