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Francesco Bonaldi - Daniele Antonio Di Pietro - Jérdme Droniou -
Kaibo Hu

An exterior calculus framework for polytopal methods

Abstract. We develop in this work the first polytopal complexes of differential forms. These com-
plexes, inspired by the Discrete De Rham and the Virtual Element approaches, are discrete versions
of the de Rham complex of differential forms built on meshes made of general polytopal elements.
Both constructions benefit from the high-level approach of polytopal methods, which leads, on certain
meshes, to leaner constructions than the finite element method. We establish commutation properties
between the interpolators and the discrete and continuous exterior derivatives, prove key polyno-
mial consistency results for the complexes, and show that their cohomologies are isomorphic to the
cohomology of the continuous de Rham complex.

Keywords: Discrete de Rham Method, Virtual Element Method, differential forms, exterior
calculus, polytopal methods.

1. Introduction

This work is a first step towards merging two extremely successful avenues of research in
numerical analysis: finite element differential forms and arbitrary-order polytopal methods.
The well-posedness of important classes of partial differential equations (PDEs), and
the development of stable approximations thereof, hinges on the properties of underlying
Hilbert complexes [23]. The best-known example is provided by the de Rham complex

which, for an open connected polyhedral domain Q c R?, reads

{0} — H'(Q) % H(curkQ) - H(div:Q) — L2(Q) — {0},

(1.1)

Francesco Bonaldi: LAMPS, Université de Perpignan Via Domitia, Perpignan, France;
francesco.bonaldi@univ-perp.fr

Daniele Antonio Di Pietro: IMAG, Univ. Montpellier, CNRS, Montpellier, France;
daniele.di-pietro@umontpellier.fr

Jérdme Droniou: IMAG, Univ. Montpellier, CNRS, Montpellier, France; School of Mathematics,
Monash University, Melbourne, Australia; jerome.droniou @umontpellier.fr

Kaibo Hu: School of Mathematics, University of Edinburgh, Edinburgh, UK; kaibo.hu@ed.ac.uk
Mathematics Subject Classification 2020: 65N30, 65N99, 14F40.


mailto:francesco.bonaldi@univ-perp.fr
mailto:daniele.di-pietro@umontpellier.fr
mailto:jerome.droniou@umontpellier.fr
mailto:kaibo.hu@ed.ac.uk

2 F. Bonaldi, D. A. Di Pietro, J. Droniou, K. Hu

where H'(Q) is the space of scalar-valued functions over Q that are square-integrable
along with their gradient, while H (curl; Q) and H (div; Q) are the spaces of vector-valued
functions over Q that are square-integrable along with their curl and divergence, respect-
ively. Using the framework of differential forms (see Appendix A), the de Rham complex
(1.1) can be generalised to a domain Q of any dimension » as:

(0} —— HAYQ) — . 2 gak@) —%5 L @ gAn Q) —— (o).
(1.2)
In what follows, we shall possibly omit the index k from exterior derivatives and spaces in
(1.2) when no ambiguity can arise.

The de Rham complex enters the well-posedness analysis of PDEs through its cohomo-
logy spaces Kerd® /Imd*~!. A classical result links these spaces to the topological features
of the domain and their dimensions to its Betti numbers. Preserving such homological
structures at the discrete level leads to compatible methods and is key to the design of
stable numerical schemes.

The compatible finite element approximation of the vector-valued spaces appearing
in the de Rham complex (1.1) arose as a research subject in the late 70s [59, 60]. In the
late 80s, links with Whitney forms were identified [17]. More recently, the development
of Finite Element Exterior Calculus (FEEC) [2, 4, 5] has provided a unified perspective
on the generation and analysis of finite element approximations of the de Rham complex
(1.2). Finite Element Systems (FES) are a generalisation of FEEC covering spaces which
are not necessarily piecewise polynomial inside mesh elements (but can be, for example,
piecewise polynomial on subdivisions of these elements); see [28,29,31]. FEEC and FES
led to the unification of several families of finite elements and heavily hinge on the notion
of subcomplex, which makes them naturally geared towards conforming approximations.

While conforming methods are still widely used, their construction relies on polyno-
mial basis functions that can be globally and conformally glued, and can therefore only be
carried out on conforming meshes, composed of elements of simple shape (e.g., tetrahedra
or hexahedra); extensions to more general meshes, such as the barycentric dual of a sim-
plicial mesh, have been considered, e.g., in [26]. In recent years, significant efforts have
been made to develop and analyse numerical methods that support more general meshes
including, e.g., general polytopal elements and non-matching interfaces; a representat-
ive but by no means exhaustive list of contributions includes [1, 6,7, 13, 16, 18, 21, 22,
24,34,36,39-43,50, 51, 54]. Polytopal technologies typically introduce some degree of
non-conformity, either because they are formulated in a fully discrete setting (like Hybrid
High-Order [34,43] or Discrete de Rham — DDR methods [36,39]) or through the use of
projections (as in Virtual Element Methods — VEM [7]).

Despite their non-conformity, polytopal technologies can be used to develop com-
patible frameworks. Polytopal discretisations of the de Rham complex (1.1) have been
proposed, e.g., in [10, 36, 39], and applied to a variety of models, such as magnetostat-
ics [8,35], the Stokes equations [11], and the Yang—Mills equations [53]; they have also
inspired further developments, based on the same principles, for other complexes of interest
such as variants of the de Rham complex with increased regularity [32,62], elasticity com-
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plexes [19,46], and the Stokes complex [12,14,56]. Polytopal complexes have additionally
been used to construct methods that are robust with respect to the variations of physical
parameters, in particular for the Stokes [11], Reissner—Mindlin [45] and Brinkman [36]
problems. Many of these models have also been tackled using finite element complexes and
related methods (see, e.g., [2,3,27,29]). However, due to their higher-level design, which
does not require the existence and computability of globally conforming piecewise polyno-
mial basis functions, polytopal methods offer distinctive advantages over finite elements.
These include, in addition to the support of general meshes, the possibility to reduce the
dimension of discrete spaces, sometimes below their finite element counterparts [37, Table
3], through systematic processes such as enhancement or serendipity [9,37]. Such added
flexibility comes at a minor (especially when using homogeneous numerical integration
[25]) additional cost with respect to standard finite elements, namely the need to solve
local problems to reconstruct discrete counterparts of the exterior derivative and of the
corresponding potentials. As for finite elements, the size of the algebraic systems corres-
ponding to the polytopal discretisation of a given problem can be reduced through static
condensation and hybridisation.

The purpose of the present work is to take one step further and show how exterior
calculus can be used to generalise the construction and analysis of polytopal complexes.
More specifically, we present two discrete de Rham complexes in arbitrary dimension and
with arbitrary approximation degree that generalise those introduced in [36] (DDR) and [8]
(VEM). Three key features set these constructions apart from Finite Element complexes:

e Noexplicit spaces of globally conforming differential forms (i.e., subspaces of HA(Q))
are needed. Instead, we work with fully discrete spaces made of vectors of polynomial
components on the mesh cells (of various dimensions). The meaning of these compon-
ents is provided by the interpolators on the fully discrete spaces.

e Due to the absence of explicit underlying conforming spaces, the differential operator
of the complex cannot be the exterior derivative. Instead, a discrete exterior derivative
is constructed combining the polynomial components to mimic the Stokes formula.

e Discrete potentials are also designed, again mimicking the Stokes formula. They are
piecewise (discontinuous) polynomial forms on the mesh used, in particular, to define
an L-structure on the discrete spaces (an essential tool to discretise PDEs written in
weak form).

The choice of the polynomial components in the spaces and the design of discrete exter-
ior derivatives and potentials revolve around two key properties: polynomial consistency,
which is related to the ability to reproduce exactly polynomial differential forms up to a
selected polynomial degree, and compatibility, linked to the existence of an isomorphism
between the cohomology of the discrete and continuous de Rham complexes. Notice that,
in the finite element framework, polynomial consistency simply corresponds to the fact that
suitable polynomial spaces are contained in the (local) finite element space. While both
the DDR- and VEM-inspired constructions heavily rely on discrete versions of the Stokes
formula, they do so in a radically different spirit: in the DDR construction, the choice of
components in the discrete spaces is inspired by the formula to reconstruct a discrete exter-
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ior derivative, which is then used to construct discrete potentials. In the VEM construction,
on the other hand, the space components (and, in particular, those associated with differen-
tials) are chosen based on the formula used to define a discrete potential. While the choice in
the DDR construction leads to leaner spaces, the study of its properties is more elaborated.
Notice that, at this early stage, we haven’t tried to identify the virtual (conforming) spaces
that underlie the VEM-inspired construction, and we have made no effort whatsoever in
trying to reduce the dimension of the discrete spaces through serendipity.

The rest of this work is organised as follows. In Section 2 we establish the setting. In
Section 3 we present and analyse the discrete complex generalising the DDR construction
of [36]. Section 4 contains the definition and analysis of the complex generalising the VEM
construction of [8]. In Section 5, we discuss in greater detail similarities and differences
with respect to the FEEC, FES, and Distributional Differential Forms frameworks.

Differential forms of any degree in dimensions 2 and 3 have interpretations in terms
of vector fields. To make the exposition self-contained and improve the legibility for the
reader not accustomed to differential forms, we recall some facts on these so-called vector
proxies in Appendix A, and we include throughout the exposition a series of examples
to illustrate the development in the differential forms framework through vector calculus
operators.

2. Setting

We present here the main notions used in the construction of the polytopal complexes of
differential forms. For the reader not used to the framework of differential forms, we recall
in Appendix A some basic concepts and definitions.

2.1. Spaces of differential forms

Let M denote an n-dimensional manifold. In what follows, M will typically be a cell of a
polytopal mesh (see Section 2.5 below), and thus a relatively open set in a subspace of R
for some m > n. For any natural number £ such that 0 < £ < n, we will denote by A’ (M) the
space of differential £-forms (often just called £-forms) on M without explicit regularity
requirements. When relevant, regularity is made explicit by prepending the appropriate
space (e.g., LAY (M) stands for square-integrable £-forms).

2.2. Integration by parts

We recall the following integration by parts (Stokes) formula:

/ dw A p= (—1)“1/ a)/\dy+/ trop w A trop 1
M M oM
Y(w, p) € C'AC (M) x C'A™ (M), (2.1)
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where, for any form degree m, trgps : COA™ (M) — COA™(OM) is the trace operator, i.e.,
the pullback of the inclusion M C M, and dM is oriented with respect to M. Formula
(2.1) will provide the starting point to define discrete counterparts of the exterior derivative
and of the corresponding potentials on mesh cells. It will also drive the choice of the
components in the discrete spaces, geared at ensuring that the reconstructions preserve
certain polynomial differential forms.

2.3. Hodge star

Assume now that M is an open set in a subspace of R™. We denote by * : A‘(M) —
A""t(M) the Hodge star operator, and we set

* 1= (21)00 (2.2)

a notation justified observing that, for any w € Alt/ (V) (with Alt’ (V) denoting the set of
alternating ¢-linear forms on R"), *~! % w = w (see (A.3) in the appendix). Notice that,
while the Hodge star operator depends on M, we won’t need to make this dependence
explicit as it will be clear from the context.

2.4. L?-orthogonal projectors

Integrating the inner product of Alt’ (V) over M yields the inner product of L2A¢(M). For
any closed subspace X of L2A¢(M), we therefore have an L’-orthogonal projector 7 :
L>AY(M) — X on X, defined by the following relation: For all w € L?AY(M), nxw € X
satisfies

/nxw/\*usz/\*u Yu e X. 2.3)
M M

To improve legibility, in the next sections we also introduce specific notations for L2-
orthogonal projectors on polynomial subspaces X that are particularly relevant to our
construction.

2.5. Polytopal mesh

From this point on, Q will denote a polytopal domain of R". We let M}, denote a polytopal
mesh of Q, i.e., a collection of disjoint polytopal sets (mesh entities) of dimensions in
[0, n], relatively open in their spanned affine space, such that the boundary of each d-cell
(polytopal set of dimension d) is the union of mesh entities of dimension < d, and such that
any d-cell for d < nis contained in the boundary of some (d + 1)-cell. For any d € [0, n], the
set collecting all d-cells of My, is denoted by A;(M,). Notice that this notion of polytopal
mesh essentially coincides with that of CW-complex in algebraic topology. Thus, when Q
is adomain in dimension n = 3, M, gathers the vertices collected in the set V;, := Ag(Mpy,),
the edges collected in the set &, = A1 (M},), the faces collected in the set 7, = Ay (My,),
and the elements collected in the set 7, := A3(My,). For all f € M, we select a point
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x s € f which, when M}, belongs to a refined mesh sequence, is assumed at a distance
from the boundary of f comparable to the meshsize.

If f e Ay(My) and d’ < d is an integer, we denote by Ay (f) the set of subcells of
f of dimension d’. Hence, if n = d = 3, so that f =T € 7}, is a polyhedral element of the
mesh, f € Ay (T) is a vertex of T if d’ = 0, an edge of T if d’ = 1, a polygonal face of T
ifd =2,orTitselfif d’ = 3.

For future use, we note the following property.

Lemma 1 (Projectors on subspaces of differential forms). Let (k,d) be integers such that
k<d<n, feAg(My), and X be a closed subspace of L>*A?=¥(f). Then, it holds: For
allw e L>A*(f) and all u € X,

/*_lnx(*w)Auzqu*nx(*w)=/w/\,u. 24
! ! !

Proof. The first relation in (2.4) follows from (A.4). To prove the second relation, we write

/fﬂA*nx(*w)=/f%(*w)/\*ﬂ=/fﬂ/\(**w)=/fw/\u,

where the first equality follows from (A.4) (with (w, u) « (7x(*w), u)), the cancellation
of the projector is justified by its definition (2.3), the second equality is obtained using
(A.4) again, and the conclusion follows from (A.3) and the anticommutativity (A.1) of
A. u

2.6. Local polynomial spaces of differential forms

Let f € Ay(My), 0 < d < n. For any integer r > 0, we denote by P, A’(f) the space
of polynomial ¢-forms of total degree < r on f. We also adopt the standard convention
P_ A'(f) = {0}. We denote by ﬂf’f : L2AY(f) — P, AL(f) the L*-orthogonal projector
onto P, A’(f), defined by (2.3) with X = P, A’ (f).

The Koszul differential on f (translated by x ) is denoted by « so that, for all w € AL(S),
kw € A7L(f) satisfies (kw)y (01, ..., 00-1) = wx(x =X, 01, ...,0,-1) for all vectors
vi,...,0¢_ tangentto f. Forany f € Ay(My), 1 < d < n, any integer £ € [0, d], and any
polynomial degree » > 0, we define the Koszul complement space as

KE(f) = kP, A(f). 2.5)

The indices 7 and ¢ in this notation serve as a reminder that elements in K ( f) are polyno-
mial ¢-forms of polynomial degree r. Note also that, since SD_IAf (f) = {0} and A%*1(f) =
{0}, we have

‘Kg(f) = ‘K,d(f) = {0} for all € and all r, respectively. (2.6)

Moreover, since kA%( f) = {0}, we adopt the convention K- () := {0} for all 7. We denote
by ﬂz(}[ the L?-orthogonal projector L?A¢(f) — K (f), defined by (2.3) with X = KL (f).
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For all integers r > 0 and ¢ € [0, d], the following direct decomposition holds (see
[4, Eq. (3.11)] for £ > 1, the case £ = 0 can be directly checked):

PA(f) = PN () @ KL (), (2.7a)
P.A(S) =dP, AT (P @KI(f) ife>1. (2.7b)

Sincedod =0 and dPOAO( f) = {0} (since the coefficients of the form are constant), this
shows that
AP, AL (f) = dK(f). (2.8)

Applying this relation to (r + 1, £ — 1) instead of (r, £) and recalling that d is one-to-one
on ‘Kf;ll (f) (see [4, Theorem 3.2]), this shows that, for £ > 1, the following mapping is

an isomorphism:

KLL) X KL(f) = PAS),

2.9

(u,v) > du+v.
Example 2 (Interpretation in terms of vector proxies). In the case n =3, thanks to the links
between differential forms and vector proxies (see Appendix A), we can associate to each
space of polynomial differential forms a space of (vector- or scalar-valued) polynomial
fields. Let us consider decomposition (2.7b). We denote by fy a d-cell of My, and we use
a notation analogous to that of [36] for polynomial spaces and vector calculus differential
operators (with the exception that polynomial degrees are in subscripts instead of super-
scripts). Then, by definition (2.5) of the Koszul space, when f3 =T € T, = As(My,) is a
mesh element, we have

AP, A°(f3) © G, (T) =grad P, (T), K} (f3) & Go(T) = (x —x7) x P,_(T),
AP, A'(f3) & R(T) = curl P, (T), KE(f3) & RE(T) = (x —x7)P,_,(T),
AP, A*(f3) © dive,,,(T) = P,.(T), %K (f3) = {0},

r+l

where the first identity in the last line results from the surjectivity of the divergence operator.
On the other hand, when f, = F € F, = Ay (My,) is a mesh face, we obtain the following
pair of possible correspondences:

AP, A°(f2) © G, (F) = grad; P, (F),

1 e ; 2.10)
K (f2) & G (F) = (x —xp)"P,_(F)

or

AP, A°(f2) © R, (F) =rotp P, (F),

' e Q2.11)
KL(f) & RE(F) = (x —xp)P,,, (F),

where, for any v € R?, v+ = o_, 20 is the clockwise rotation of v with respect to the ori-
entation of F. The existence of two possible correspondences between polynomial 1-forms
and polynomial vector fields is to due to the fact that, when d = 2, one can identify a 1-
form either with a vector field v = (vy, vy) or with its rotation through a right angle (cf. [2,
Chapter 6)); in particular, we choose to identify it with the clockwise rotation v = (v3, —v1)
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(see Appendix A for further details). By (2.6), we have K>(f) = {0} and, according to
whether we consider the vector proxy leading to (2.10) or (2.11),

dP

r+l

A(f) e rotp P, (F) = P.(F) or dP,, A'(fr) < dive P,, (F) =P, (F).

Hence, since both 1-forms and 2-forms in R can be identified with vector fields, and
accounting for the two-fold identification of 1-forms in R?, the decomposition (2.7b) reads,
in terms of proxies,

P.(fa) = G- (fa) ® Gy (fa) = R-(fa) ® Ry (fa), de{2,3},

i.e., the same expressions as [36, Eqs. (2.4) and (2.6)]. On the other hand, concerning
0-forms, the decomposition (2.72) reads, in terms of proxies,

P, (fa) = Po(fa) @ P} (fa). d€{0.....3},
where we have introduced the notation P° () = (x — xp)-P,._(f)forany f € Ag(Mp).

2.7. Trimmed local polynomial spaces

We recall the following local trimmed polynomial spaces (see e.g. [4, Theorem 3.5]): For
any f € Ag(My), 1 <d <n,

PrAY(f) = PAY(S), (2.12a)
PAN(S) =dP, AT (e Ki(f)  forl> 1. (2.12b)

In (2.12b), comparing with the decompositions (2.7), we have decreased by one the poly-
nomial degree of the first space in the direct sum. Note that this definition leads to the
choice
PAY ) =P A(f) =R VfeA(My). (2.13)
The L2-orthogonal projector L>A¢(f) — P AL(f) is denoted by nr_j , and is defined by
(2.3) with X = PTAL(f).
Let us note a few properties of trimmed polynomial spaces. For r = 0, only the space
(2.12a) is non-trivial, that is, SDO‘A‘)(f) ={0}if £ € [1,d]. Applying, if r > 1 and € > 1,
(2.7b) with r — 1 instead of r and noticing that K*_, (f) € K¢ (f), we obtain the equality

PIA(Sf) = P A+ KE(F). (2.14)

This equality, which obviously also holds for £ = 0 (see (2.7a)), shows that trimmed poly-
nomial spaces sit between full polynomial spaces:

P _ AN (f) c PIAY(S) € PAS).

Recalling that K¢ (f) = {0} and that dP, AY"'(f) = P__ A(f) (by exactness of the
tail of the polynomial de Rham sequence [2, Corollary 7.3]), it holds

PrAN(f) =P AY(S). (2.15)
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Applying (2.8) with £ — 1 instead of £, we moreover have
PANS) =dKETN() +KE(f)  forf > 1. (2.16)
Since d is one-to-one on K ~!( f), this gives the following isomorphism, whenever £ > 1:

KLF) < KE(F) = PrA),
(u,v) » du+v.

2.17)

Example 3 (Interpretation of (2.12b) in terms of vector proxies). Letn =3. Ford € {2,3},
denoting again by fg a d-cell, we define the (local) Nédélec and Raviart—Thomas spaces

N (fa) = G,_1(fa) + G (fa), RT(fa) = Rr-1(fa) + R (fa)-

Notice that, when d = 3, the Nédélec and Raviart-Thomas spaces can be obtained as
polynomial spaces of vector proxies of (2.12b) for € = 1 and € = 2, respectively. On the
other hand, when considering d = 2, both spaces can be obtained by taking the same value
€ =1 in (2.12b). Again, this is linked to the two-fold interpretation of 1-forms in terms
of vector proxies in R?, discussed in Example 2, and corresponds to the well-known fact
that two-dimensional Nédélec elements coincide with two-dimensional Raviart-Thomas
elements rotated by a right angle.

The following result generalises [36, Proposition 8].

Lemma 4 (Traces of trimmed polynomial spaces). The trace preserves trimmed spaces:
Forallintegersd € [0,n], d’ € [0,d] and € € [0,d’], all f € Aq(Mp,), and all f" € Ay (f),
we have

trp PrAN(S) € PIAYS).

Proof. We first notice that the case ¢ = 0 is obvious since, in this case, trimmed spaces are
full polynomial spaces (see (2.12a)), and the trace preserves full polynomial spaces. We
therefore assume in the rest of the proof that £ > 1. As the Koszul operators on differential
forms on f and f’ are not the same (due to the translation by x s and x s+, respectively),
we temporarily denote them in this proof by s and x ¢.

The trace is a pullback, so it commutes with d, and we thus have

try (AP, AL () = d(tep PLAT(f)) € AP A (),

where the inclusion holds since the trace preserves full polynomial spaces. Given the defin-
ition (2.12b) of the trimmed spaces, the lemma follows if we show that

_ 7 (2.14) ’ ’
wp K (f) CPrA(S) = P A + K (f). (2.18)
Letw € Pr_lA[“(f). The definitions of try and « ¢ give, for any x € f" and vy,...,v,
tangent to f,
trfr(wa)x(vl, coUp) = we(x —Xf£00,. .. ,07)
=wx(Xp —Xf,01,...,00) +Wx(X —Xp,01,...,0¢)

=ax(v1,...,00) + (kg trp ) (V1,5 .., 07),
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where we have used the linearity of w, with respect to its first argument to obtain the second
equality, and introduced the differential form a = w(x s — x, -) in the third equality.
Hence, try (« fw) = @ + k4 try» w, which proves (2.18) since & € Pr_lAf (f)(asxp —xgp
is constant) and trp» w € SDr_lA”l (f)- L]

3. Discrete de Rham complex

We define in this section a discrete counterpart of the de Rham complex of differential
forms (1.2) in the spirit of [36, 39]. Let, from this point on, an integer r > 0 be fixed,
corresponding to the polynomial degree of the discrete sequence. The general idea is, for
each form degree k € [0, n], to select the polynomial components of the discrete spaces in
order to reconstruct, on each d-cell f and iteratively on the dimension d:

e A discrete exterior derivative in P,A**1(f) that can reproduce exactly the exterior

derivative of differential forms in P | AR (f);

e Based on this discrete exterior derivative and on traces on (d — 1)-cells (either directly
available or reconstructed), a discrete potential in P, A¥ ( f) that can reproduce exactly
differential forms belonging to this same space.

3.1. Definition

3.1.1. Discrete spaces. The discrete counterpart X' ’r‘ , of the space HAK(Q),0 <k <n,

is defined as .

Xin= XX PR, 3.1)

d=k feAa(Mn)

with X denoting the Cartesian product. We define the restrictions of the global space (3.1)
to a mesh entity or its boundary as follows: For all integers k and d suchthat0 < k <d <n
and all f € Ag(Mp),

d d-1
xE= X X PrATE (M and XF = X XK PIATTR(f) ifd 2 1
d'=k freAy (f) d'=k freAy (f)

We shall use the notation w;, = (W) rea,(My), de[k,n] € Xf,h for a generic element of the
global discrete space of k-forms and Wy = (W) freay (f), arelk,d] € X’r"f (resp., Wy =
(Wg) preny (), drelk,d-1] € Xl;,ﬁf) for its restriction to f (resp., d f), obtained collecting
the components on the mesh entities [’ € Ay (f), d’ € [k,d] (resp., d’ € [k,d — 1]). As
a generic convention in this article, underlined letters denote spaces or vectors made of
polynomial components on mesh entities. Table 1 gives an overview of the polynomial
unknowns in X' Ir‘ # along with their vector proxies, in dimensions O to 3.

Remark 5 (Choice of polynomial components). The choice of using in (3.1) component
spaces spanned by (d — k)-forms instead of k-forms is motivated by the desire to recover
the DDR sequence of [36] through vector proxies; see Example 13 below. Applying the
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d
0 1 2 3
k
0 [ R=PA%f0) P,_ A () P._ AL P NH)
1 PN PrAN L) PEANS)
2 PA(f)  PrANS)
3 PN (f3)
d 0 1 2 3
k
0 R:Pr(fo) Pr_l(fl) Pr_l(fZ) Pr—l(f?’)
1 P, (f1) RT+(f2) RT+(f3)
2 P, (f2) N (f3)
3 Pr(f3)
Tab. 1. Polynomial components attached to each mesh entity f; of dimension d € {0, ..., 3} for the

space X' lr‘ , fork e {0, ..., 3} (top) and counterpart through vector proxies (bottom).

Hodge-star operator to these components could, in the Euclidean setting at least, enable
us to consider components in P;” A ( £) (the situation is however different when designing
the method on manifolds [52]).

Notice that it is by no means clear that full polynomial spaces could be used instead
of trimmed spaces while ensuring that the discrete cohomology is isomorphic to the con-
tinuous one (cf. Theorem 14 below). As a matter of fact, as noticed in [39, Section 4.2],
this cannot hold in dimension n = 2 on a simply connected polygon. In dimension n = 3,
it has been shown in [61] that, in the lowest-order case, the dimension of the kernel of the
discrete gradient depends on the number of edges of the polygon, which clearly prevents
one from establishing an isomorphism with the de Rham cohomology.

Remark 6 (Virtual spaces). It is possible to identify virtual spaces underlying X ’r‘ , and
its restrictions to mesh faces f in the spirit of [7]. These spaces, however, play no role
in the following discussion, so we do not present them here to avoid confusion. In the
present framework, the connections between polynomial components attached to a mesh
cell and its boundary are not realised by a virtual function, but rather by the reconstructions
presented in Section 3.1.3 below.

Remark 7 (Comparison with trimmed finite element sequences). A detailed comparison
between the number of degrees of freedom for the DDR and classical trimmed finite ele-
ment sequences for n = 3 has been made in [37, Table 3]. This comparison shows that
the DDR complex without serendipity reduction has slightly more degrees of freedom
than trimmed finite elements on tetrahedra, but fewer on hexahedra. This table also shows
that the difference on tetrahedra can be slimmed down (and the advantage on hexahedra
increased) using serendipity to reduce face and element degrees of freedom.
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3.1.2. Interpolators and interpretation of the polynomial components. The precise mean-
ing of the components in each DDR space is provided by the corresponding interpolator.
For f € Ayj(My,) and k < d, the interpolator fr‘f : CONK(f) - Kff is defined by: For
all w € COAK(f),

Iy jw = (”r_,’;l' Tktrp ) preag (), aretiod)- (32)

In other words, a discrete k-form on the mesh is made of polynomial forms attached to
each mesh entity of dimension d > k; on each entity, the form is of degree d — k as it
corresponds to the Hodge star of an underlying k-form. The Hodge star operator is used
in the definition of the polynomial components to ensure that the full space P, A°(f) (see
(2.12a)) is attached to the lowest-dimensional cells f € Ax(Mp).

3.1.3. Local discrete potentials and discrete exterior derivative. Let 0 < k < n be a fixed

integer. For all f € Ay;(M},) with d > k, we define the discrete potential Pf X ’r‘ P

P _AK(f) and, if d > k + 1, the discrete exterior derivative df E X]r‘f — P.AL(f)
recursively on the dimension d as follows: ‘

e If d = k, then the discrete potential on f is directly given by the component of w ¢ on
f:

Pf’fgf =x"lwr e PAYS). (3.3)
o Ifk+1<d<n:

(1) First, the discrete exterior derivative is defined by: For all w r€X lr‘ e

‘/f'dl:’fgf/\/,[:(_])k+1\/fi*lwf/\d,u+‘/a‘fpf’afgaf/\tr5f/.t

Ve PATKTN(f), (34

where we have introduced the piecewise polynomial boundary potential P’rc af
Xf,af — AK(8£) such that (Pl;,af)lf’ = Pf’f, forall f" € Ag_1(f) (Pf,f/ being
the discrete potential on the (d — 1)-cell f” defined at the previous step).

(2) Then, the discrete potential on the d-cell f is given by: For all w ;€ X ’; e

(—1)’<+1/fpf,fng (du +v)

:/d’r"fgf/\y—/ PfﬁfgafAtrafy+(—l)k+1/*_1wav
f of f

V(u,v) € KT x KR (3.5)

r+l

Some remarks are in order.

Remark 8 (Boundary integration and orientation). Above and in the rest of the paper, any
integral fa ¢ on the boundary a cell f is considered according to the orientation induced
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by the cell f. As a consequence, if £y € {—1, 1} denotes the orientation of f” € Ag_1(f)

relative to f, we have
/ = Y gff,/ .. (3.6)
o  predi(f) ’

Remark 9 (Definitions (3.4) and (3.5)). The fact that condition (3.4) defines df’ oy uniquely
is an immediate consequence of the Riesz representation theorem for P, AX*1( f) equipped

with the L?-product (p, ) 3 LZA*1(f) x L2AM1(f) /fp A %[ € R, after observing

that (3.4) can be equivalently reformulated as follows (notice the change in the degree of
the test differential form, with 8 below corresponding to x !y in (3.4)):

/f df jwp AxB= (=1 /f Wy A*dx f+ /a ; P¥ o pwar Nrap % VB € P AI(f),

where we have additionally used (A.4) for the first term in the right-hand side. Similar
considerations apply to the definition (3.5) of Pf = applying the isomorphism (2.9) with
(=d-k>1. ’

Notice that one cannot substitute (3.4) into (3.5), as the polynomial degree of the test
function u in this second relation is one unit higher. In view of (3.37) below, the poten-
tial reconstruction can be regarded as a higher-order enhancement of *w s exploiting the
additional information provided by the components on the boundary of the subcells.

Remark 10 (Validity of (3.5)). For k + 1 < d < n, equation (3.5) actually holds for all €
P A*71(f). To prove this assertion, since (3.5) holds for u € K4 K71(f), it suffices
to show that it also holds for v = 0 and y belonging to SDOAO( f)ifd=k+1 (see (2.12a)
and (2.72)) or P, [ A4"K"2(f) if d > k +2 (see (2.12b)). In both cases, we have du = 0,
so that the left-hand side of (3.5) vanishes; since u € P, A?=k=1(f), the right-hand side
of (3.5) also vanishes due to the definition (3.4) of the discrete exterior derivative, which

concludes the argument.

Remark 11 (Potential for k = 0). In the case k = 0, we can define an improved potential

P(r) RE X ->P., A (f) of polynomial degree r + 1 (instead of r) as follows: For all

0
wp € X, p
o Ifd=0, thenPSH fgf:*‘la)f eP, A(f) =R = SDH]AO(f) (since f has dimension
0);
o Ifl<dc<n,

0 0 0 d—1
—/fPr+1,f9fAdi“:‘/fdr,fﬂf/\”_‘/f)fPHl,anaf/\trafﬂ Yue Koo (f).
3.7)

This definition is justified by the isomorphism (2.9) with £ = d and r + 1 instead of r
(recalhng that ‘Kd 1( f) ={0}), and it can easily be checked, testing (3.5) and (3.7) with
e K1), thatﬂrf pal fWr = Pr’f i Wew111moreoversee1nRemark26thatP0+1f
enJoys optimal consistency properties.
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Remark 12 (Space of DDR potentials). The space of DDR reconstructed potentials, that
is,

{(Pf ;@) fena(My). delkn] = @, € X5 4}
cannot be considered as a space of differential forms with global regularity, as the recon-

structed polynomials do not have any compatibility condition of the traces; they are inher-
ently piecewise discontinuous polynomials.

Example 13 (Interpretation in terms of vector proxies). We start by considering k = 0.
In this case, formula (3.3) means that (constant) real values are attached to the vertices
Jo=V € Vi = Ag(Mp) of the mesh, so that an iterative procedure can be initialised to
reconstruct discrete gradients and related traces/potentials over higher-dimensional cells.
Indeed, formula (3.4) reconstructs a (scalar) gradient over edges fi = E € &, = A{(My,)
(i.e., the derivative along the direction given by the orientation of E ) based on the values at
the vertices and the value on the edge itself. This edge gradient, in turn, enters (3.5) to define
a scalar edge trace over E. When d takes the values 2 and 3, the successive application
of formulas (3.4)—(3.5) defines, respectively, the pairs (face gradient, scalar face trace) on
mesh faces f» = F € Fj, = Ay(My), and (element gradient, scalar element potential) on
mesh elements fz =T € T, = A3(My,).

Let us now turn to the case k = 1, for which we provide more details. The vector proxy
for the space X! 5, 18 the space
A,

Xeurtn = >< P, (E) X >< RT(F) >< RT,(T)
Ee&y Fe%, TeT,

and, with standard DDR notation, we denote by X’ X,
or face Y € T, U Fp. By (3.3) with d = k = 1, the reconstruction process is initialised

y its restriction to a mesh element

by 1-forms, whose vector proxies are scalar-valued polynomials of degree r over edges
fi = E € &, that play the role of edge tangential traces.

Then, for each mesh face f, = F € Fy,, we sequentially reconstruct a scalar face curl
Cr: Xeunr — Pr(F) by (3.4) with d = k + 1 =2 and a vector face tangential trace
Yir: : Xean r — P (F) by 3.5). Specifically, Cy. is such that, for allv . = ((vE)Ece, vF) €
Xr

—curl,F’
/C;qu:/vF-roth+ Z 8FE/vK Vq € P.(F),
F F EESF E

where, for all E € Ef (the set of edges of F), epg € {—1, +1} denotes the orientation of E

relative to F, while 7{  satisfies, for all v, € &url o

/yCFQF-(roth+w)=/C;QFq 8FE/UEQ+/UF w,
F F Eec&p

Vg, w) € P, (F) x RE(F).
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The alternative interpretation of 1-forms in dimension d = 2 results in a rotation of X zurl, F
by a right angle. Correspondingly, (3.4) yields a face divergence (see (A.9) and (A.10) in
Appendix A.2).

Next, for each mesh element f3 =T € Ty, (3.4) defines the element curl C. : X{ 1y 7 —

Ly
P, (T) such that, for all v = ((vE)Ecer (VF)Fer> 1) € Xy 1o

/TC’TQT~w:/TvT~curlw+ Z ETF/F?’tr,FQF'(wX”F) Vw e P,.(T),

FeFr

where, for all F € Fr (the set of faces of T), err € {—1,+1} denotes the orientation of F

relative to T, while (3.5) defines the vector potential P 1 X¢yq 7 — P (T) such that,
forallv, € guﬂj,
P v - (curlw+z)= | Clu,. -w— Z err | v gV - (wXnp)+ | vr-z
T curl, 7=T T T=T r t,F=F T

Fe¥r
V(w,z) € G5, (T) x RE(T).

r+l1

When k = 2, (3.4) reconstructs on mesh elements f3 =T € Ty, a discrete divergence of
order r based on the polynomial scalar trace defined by (3.3), which plays the role of a
normal trace on the face f, = F € Fr. Then, (3.5) defines a vector potential of degree r
overT.

Finally, in the case k = 3, (3.3) simply yields a polynomial over mesh elements f5 =
T € .

3.1.4. Global discrete exterior derivative and DDR complex. To arrange the spaces X' ’r‘ A
into a sequence that mimics the continuous de Rham complex, for any form degree k such
that 0 < k < n — 1, we introduce the global discrete exterior derivative glf X Ir‘ X ]r”hl
defined as follows:

k — —,d—k-1 k
& @y = (17T 6 0 0) feny (M), deirt g (3.8)

In what follows, given a d-cell f € Ay(My,) with d € [k + 1, n], we denote by Q’r‘ P the
local discrete exterior derivative collecting the components of er(, ,, on f and its boundary.
The DDR sequence reads

0 n-1

d d
DDR(r) = {0} — X0, — X!, — - — X1} =% x" —— {0},
(3.9)

The main results concerning this sequence are stated hereafter.

Theorem 14 (Cohomology of the Discrete de Rham complex). The DDR sequence (3.9)
is a complex and its cohomology is isomorphic to the cohomology of the continuous de
Rham complex (1.2).

Proof. See Section 3.6. ]
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Theorem 15 (Polynomial consistency of the discrete potential and exterior derivative).
For all integers 0 < k <d < nandall f € Ag(My), it holds

PX fIr jw=w  Voe P _AK(f), (3.10)

and, ifd > k + 1,
df If jw=do Vo e P A(S). (3.11)
Proof. See Section 3.5. ]

Remark 16 (Consistency of traces). The above theorem actually implies that, for any d-face
feAi(My),d e [k,n], any w € P, AF(f), and any integer d’ € [k, d],

Pf oIk pw=trpw V€ Aa(f).
This can be easily seen noticing that ’r‘ pw= I’r‘ plupw and trp w € P, AK(f7), and
invoking (3.10) with (f, w) « (f’,trp w).

To state the consistency properties of the potential reconstruction and of the discrete
exterior derivative we introduce, for any real number p € [1, o] and any integer s > 0, the
following scaled seminorm on W™maX(r+1.5).p Ak ( £):

|6L)|Wr+1,pAk(f) ifs<r+ 1,

S
w r+l,s), = .
| |W( 1 )PAk(f) Z h;7r7]|Q)|Wt,1)Ak(f) lfS >r+1.

t=r+1

(3.12)

Corollary 17 (Consistency of the discrete potential and exterior derivative on smooth
forms). Let 0 < k < d < n be integers, let f € Ay(My), and take 0 > 0 such that f is
connected by star-shaped sets with parameter 0, see [34, Definition 1.41] (in particular, f
satisfies this assumption if it is star-shaped with respect to a ball of diameter Ohy). Then,
forall p € [1,] and all integer s such that sp > d, there exists C > 0 depending only on
0, d, k, s and r such that, for all integer 0 < m <r + 1,

|Pr 7L f(u — Wlwmppk(p) < Ch;+l_m|a)|w<r+|,s),p/\k(f) Y € Whaxr+Ls).p Ak gy
(.13)
and, ifd > k + 1,

|d]: fI’If f(l.) - d(/.)|Wm,pAk+] f) < Ch;+1_m|dw|W(r+l,S),pAk+] f)

Yw € C'AX(F) s.t. dw € WmXT+L)p AR+ (1) (3 14)

Proof. See Section 3.5. ]
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3.1.5. Discrete Lz-products. Using the potentials built in Section 3.1.3, we can define, for
all k € [0,n], an inner product (-, -)x.p : K’r‘ n X Xk — R that induces an L2-structure on

X’r‘,h. Specifically, we set: For all (gh,;_zh) € X >< X’r‘ o

(Wpo 1, i = Z (Wt Dy

feAn(Mh)

: o k k
with (Qf’ﬁf)k’f = /fPr,fo A *Pr,fﬁf + sk,f(gf,ﬁf) forall f € A,(Mp),

(3.15)
where s, 7 : X}, x X} . — Ris the stabilisation bilinear form such that
Sk,f(gf,,u )
= (trf/ @ = Py pw ) Ak(trp rrH r,f’ﬁf/)’
=k fredar (f)

with Ay denoting the diameter of f. The first term in the right-hand side of (-, -)x, s is
responsible for consistency, while the second one ensures the positivity and definiteness
of this bilinear form (required for (-, -) , to define an inner product). More specifically,
by Theorem 15 and Remark 16 it holds, for all f € A, (Mp,),

k k
B, Vo PN Vu, e XS (3.16)

(!lpf,fwvﬁf)k,f = /fa) A *Plr(,f#
Additionally, by (3.37) below, the mapping X* 2wy lwplles = (gf,gf);(/zf eR
defines a norm on X' 'r‘ - Numerical schemes for linear PDEs related to the de Rham com-

plex are typically obtained replacing continuous spaces and L?-products with their discrete
counterparts, according to the principles illustrated in the next section; see also [36, Sec-
tion 7].

Remark 18 (Stabilisation). A more general expression for the local L?-product in (3.15)
is obtained replacing sy s with

$8ks(@po bt ) = Byl Prywp —wp Iy (Prpp = g1 ),

with B¢ : X7 ko x X k' — R denoting a symmetric positive definite bilinear form inducing
a norm that scales in hy as ||-||k, s defined above. Crucmlly, sg ks depends on its argu-
ments only throygh tl'le difference operator X T I* I fPr W Wy € Xk rof? Whl.Ch
guarantees that it vanishes whenever one of its arguments is the interpolate of a differential
form in P, A¥(f) as a result of (3.10).

The stabilisation bilinear form not only vanishes on interpolate of polynomials, it also
enjoys some consistency property on interpolate of smooth forms. Extending the notation
for Sobolev spaces, the H"*+!-%) _seminorm corresponds to the W "*!-%)-2_seminorm.
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Lemma 19 (Consistency of the stabilisation bilinear form). Under the assumptions on k,
d, and f in Corollary 17, for all integer s such that 2s > d there exists C > 0 depending
onlyon 0, d, k, s and r such that

sk.p (I} o, 1Y, fa))l/z < CHMwlgeasneyy Yo e H™X L) Ak(py - (3.17)

Proof. See Section 3.5. ]

3.2. Application to the Hodge Laplacian

In this section we write a DDR scheme for the Hodge Laplacian and use this model problem
to showcase the relevant properties for the analysis.

3.2.1. DDR scheme. In view of Remark 21 below, to keep the exposition as simple as
possible, we assume that Q C R" has trivial topology, so that the spaces of harmonic forms
are trivial. Given a form degree k > 0 and a form g € A*(Q) smooth enough, we focus on
the following mixed formulation: Find (o, u) € HA¥~1(Q) x HA¥(Q) such that

(o, Th-1 — (., d* ') =0 Vr e HAFH(Q),
(@ oo+ (@ u, d e = (gode Vo e HAN(Q),
where (w, p)r = fQ w A xu denotes the L?-product of £-forms. Let a polynomial degree

r > 0 be fixed. Assuming g smooth enough for / 'r‘ & to be well-defined, the DDR scheme
is obtained with obvious substitutions, and reads: Find (o), u;) € X lr“hl x X ’r‘ ,, such that

(T Tpk-1,1n — (Zh,gf;,lzh)k,h =0 V1, € Klr(,_hl,
k-1 k k k k
(Qr,h Qh’Eh)k,h + (Qr,hﬂh’glr,hyh)kﬂ,h = (!r,hgayh)k,h Vyh € Xr,h’

or, equivalently,
An((@puy). (T.0)) = U g0k V() e X xxk, o (38)

where the bilinear form Ay : [ X1 x X* h]2 — R is such that
ﬂh((gh’ﬂh)a (Ih’yh))
= (gh’Ih)k—l,h - (zh,f_llﬁ}llzh)k,h + @l:,_hlghvﬁh)k,h + (gf,hﬂhvgf,hgh)kﬂ,h- (3.19)

Remark 20 (Regularity requirement on g). The regularity requirements on g can be lowered
replacing ([’r‘ n& Upk.n With X een (M) ff g A *Pf L The changes to the following
discussion are straightforward, and we leave them to the reader.

Remark 21 (Extension to domains with non-trivial topology). The extension to domains
with non-trivial topology requires to additionally enforce the L?-orthogonality of u to har-
monic forms. The discrete space of harmonic forms is non-conforming (i.e. it is not a
subspace of the continuous harmonic forms) also when conforming finite element approx-
imations of HA*~1(Q) and HA*(Q) are used. We therefore refer to [2] for further discus-
sion on this subject.
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3.2.2. Existence and uniqueness of a discrete solution and stability analysis. We equip
the product space X ’r“hl x X ’r‘ ,, With the following norm:

2 2\
Iz o)l = (|||Ih|||k_1,h + |||Qh|||k,h) ,

where, for all ¢ > 0 and all w,, € X!,

1
My llen = (e, + 15w, 17,,) " with |1l = (. Vo

From here on, we will assume that the mesh satisfies regularity properties generalising to
the dimension d those of [34, Definition 1.9] and use a < b as a shortcut for a < Cb with
C > 0 independent of the meshsize (dependencies will be specified more precisely when
needed). The following Poincaré-type result has been proved for n = 3 in [44] using vector
proxies: For all form degrees £ > 0 and all w,, € Xf’ ,» there exists H, € X f _ such that

dfpp, =dlw, and g lle s 1145 0, lles- (3.20)

Based on this relation, we can prove the following inf-sup condition on A}, proceeding
along the lines of [44, Section 5]: For all (v, w,,) € X*! x X* |

An((v,,w,), (t,,v
@y w)lln < sup (0 ), (e 2y)
(2.0,) €X53 XX \(0) ”l(lh’yh)mh

=r.,h

(3.21)

3.2.3. Convergence analysis. For { > 0, we define the global potential reconstruction
Pf N Xf = L>AY(Q) and discrete differential df N Xf n = L>A“1(Q) obtained patch-
ing the corresponding local counterparts on the mesh n-faces: For all w,, € X f e

(Pl awy)if = Pl pw, and (& w,) 7 = df jw, forall f € Ay(My).

To establish the convergence of the solution to the discrete problem (3.18), we let, for
the sake of brevity, (&,,1,,) = ([’r“hla', [’r‘ ,4) (assuming o~ and u smooth enough for the
interpolation to be possible) and define the following errors:

(Sﬂ’eﬂ) (0- th U-h,u—Pf’th),
(€d,zr€d.z) = (d o - dk h O'h,d u-— dlr‘ pily,),
(&)-ep) = (g = Ty, — 1) -
The approximation properties stated in Corollary 17 and Lemma 19 (withm =0, p = 2,
and s = r + 1) and the commutation property (3.40) below yield the following estimate:
llexllizac-1(q) + €a,nll2ar @) + llexllL2ax @) + lled,zll L2ar (@)
+16 k-1 + 1487 Gl + ity e + 155y lern < A7 (3.22)

where, for all £ > 0, we introduced the stabilisation seminorm

e = sen ()"
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Notice that the terms involving this seminorm can be interpreted as a measure of the
“jumps” between the traces of the potential reconstruction in the highest-dimensional cells
and the potential reconstructions on their subcells.

Bounding the discrete components (g, e;,) of the error requires the following adjoint
consistency results that, for n = 3, follow from the analysis done in [36, Section 6.2] using
vector proxies. Defining, for any form degree £ > 0, any w € A“*'(Q) smooth enough for
the interpolators to make sense, and any u, € X f’ e

E p(wip,) = (IL 60,1 )en = (L5, df p ewtns (3.23)

(where ¢ is the co-differential) it holds, under additional piecewise regularity assumptions
on w,

&L (@i ) s W e e Ya, € X0, (3.24)
Then, letting, for all (Ih’ﬁh) € X’r‘;} X K’r‘,h,
En(T),0,) = (IX,8.0,) = Ap((6). 1), (T 0,)), (3.25)
we write
(3:21) An((&,.€,), (T1,0,)) (3.18), (3.25)
ey e)lln < sup PZh ke = NERC e
(2,00, €XE5 1 xXE  \ {0} |||(Zh,2h)|”h
(3.26)

with ||| ||| n. denoting the norm dual to |||-|||,. Recalling that g = do- + §du almost everywhere
and expanding the bilinear form Aj, according to its definition (3.19), we next observe
that, for all (z,,, Eh) ex Ithl x X ’r‘ 4> and provided do- and 6du are smooth enough for their
interpolation to make sense,

En(Tyop,) = (!k, U ) kh + (llr(,h(Sd“’Eh)k,h
- (Qh’zh)k—l,h + (Qh’éf:hlzh)k,h
- Qk_lgh’_h k,h — (gf,hﬁh’gf,hgh)kﬂ,h
= (L5 ,6du, )i — (105 du, dF o iern

- (lf,_h15u,zh)k—1,h + (lf,hu,éf}lllh)k,h
(3.23)

(3.27)

gf,h (du; Qh) - 85# (u; Ih),

where the cancellation in the first step is a consequence of the commutation property (3.40)
below, while, in the second step, we have used again this commutation property to write
df i, = I¥*1du and &, = 1% !0 = 1% '6u. Combining (3.26) and (3.27), and using the
adjoint consistency (3.24), we finally get

(e, e)llln < BH. (3.28)
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Finally, using triangle inequalities, invoking (3.22) and (3.28), and using the |||-|| ,-boundedness
of the L?-norm of the potential (resulting from the defintion of this norm), we arrive at the
following error estimate:

k-1 k-1
lo = Py apllieac-1(q) +lldo = d. 7 oy ll 2 ak @)
k k
+lu = Py uylloar ) + 1du = dp juy ll2a0 (o)

+o,lk-1,n + |(_ll:,_h1£h|k,h + g e + 1457wy lesrn < B

Notice that, as in the finite element framework, improved error estimates for certain com-
ponents of the above error can be obtained using the Aubin—Nitsche trick, which has been
extended to the fully discrete in [33, Section 2.3]. This topic will be explored in a future
work.

3.2.4. Summary of the relevant results. In summary, to carry out the error analysis above
we have used the following relevant results:

e The isomorphism in cohomology between the discrete and continuous de Rham com-
plexes stated in Theorem 14 below to infer the existence and uniqueness of a solution
to the discrete problem (3.18);

e The uniform Poincaré-type inequalities (3.20) to prove an inf-sup condition on the
bilinear form Aj. Such inequalities have been proved for n = 3 in [44] using vector
proxies, with arguments that lend themselves to an adaptation to the framework of
differential forms;

o The approximation properties stated in Corollary 17 and Lemma 19, consequences of
the polynomial consistency properties of Theorem 15;

o The adjoint consistency estimates (3.24) to bound the discrete components of the error.
Adjoint consistency results have been proved for n = 3 in [36, Section 6.2] using vector
proxies. The proofs therein, however, use different arguments for each form degree.
Devising a unified proof valid for all form degrees is still an open problem, which we
leave for a future work.

3.3. Complex property

We denote by A**1(d f) the space X e, ,(s) A**'(f7), which can be intuitively under-
stood as a space of piecewise (k + 1)-forms on df. For all integers d € [k + 2, n], the
piecewise polynomial boundary exterior derivative df’ af X ’r‘ of = A1 f) is defined
such that (df I = df pforall f" € Ag-1(f) ;. f being the discrete exterior derivative
on the (d — 1)-cell f’ defined by (3.4)). The following lemma generalises the links between
element gradients (resp., curls) and face gradients (resp., curls) proved in [36, Propositions
1 and 4] using vector proxies.
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Lemma 22 (Link between discrete exterior derivatives on subcells). It holds, for all d >

k+2 all f € Ag(My), and all w € X} |,

/d’r‘fgf/\da:(—l)k”/ dy or@ar ANigpa VYa € PLIATR2(F). (3.29)
r af

Proof. Take p = da € P, AY*=1(f) in(3.4)and use dod = 0 and tryr d = d tray (since
the trace is a pullback, it commutes with the exterior derivative) to get

/fd’;,fgf Ada = /W Pl opwap Adirgs a. (3.30)

For each " € Ay_1(f) forming 0 f, by Lemma 4 we have try o € P;l/\d_k_z(f’) so, by
(3.5) applied to f” instead of f with test function (u, v) = (trs @, 0) (see Remark 10), we
have, additionally using the fact that trg s (tr o @) = trg s a,

(~1)k+t /f Pf’f,gf, Adtrp a = / d'r"f,gf, Atrpra — /af' Pfﬁf/gaf, Altrgy a.
Multiplying the first term in the right-hand side by the relative orientation & s¢ and sum-

ming over f’ € Ag_1(f), we have

(3.6)
Sff, /, df,f/gf' A trf/ a :) / df’afﬂaf A U'af a.
frerai(f) f of

Proceeding similarly for the second term in the right-hand side, we have

k
Z Sff'/ Propwap Nrop o
F1ehg 1 (f) o

(.6) L
= Z Sj:f’( Z gprpr /” Pr,f”gf” A trgn CY)

freda-1(f) fredaa(f")

Eff/ gf/f//

( / Py g Apr =0,
b2 (f) \ feba-1(f) St FeBaa(f) !

=0
Thus, f5f Pf,afgaf Adtrgpa=(=1)k! fo df,afﬂaf A trg s a which, plugged into (3.30),

gives the desired result. ]

Theorem 23 (Link between discrete potentials and exterior derivatives, complex property).
It holds, for all integers k € [1,n] and d > k, all f € Ay(My,), and all w, € K’r‘_fl,

P& wy) =diwp, (3.31)

and, ifd > k + 1,
dy f(g’;jgf) =0. (3.32)

As a consequence, the sequence (3.9) defines a complex.
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Proof. The proof is done by induction on p = d — k.
If p =0 (i.e., d = k), by the definitions (3.3) of the discrete potential and (3.8) of
the global discrete exterior derivative with k — 1 instead of k, we have Pf, P (Q’:’_flg f) =
*(xd) lw ) = }1 w; (notice that, in the first passage, we can omit the projector in
front of *dk 'w . since this quantity sits in P, A(f) = P- A°(f), and is therefore left

FLf
unchanged by 7 f). This proves (3.31), and the relation (3.32) is irrelevant here since

d=k.

Let us now assume that (3.31) and (3.32) hold for a given p > 0, and let us consider
d and k such that d — k = p + 1. We start by considering (3.32) (which we need to prove
since d > k + 1 in the present case). Let us take f € Ayz(M,). Applying (3.4) with c_l’r"_flg /
instead of w y and a generic u € P, A"k=1(f), we have, expanding the local discrete

exterior derivative (_1’; _fl wr according to its definition (i.e., the restriction to f of (3.8) with
k — 1 instead of k),

/f A p(difwp) Ap= (=D /f w7 (dh w ) A dp

+ /W Pf’af(g’;;;f%f) Atrgru. (3.33)

By the induction hypothesis, (3.31) holds on each f" € Ay_1(f) (since (d — 1) — k = p),
and thus

N op(dwy ) =i w, . (3.34)
Invoking then (2.4) with (X, w, u) « (P7AY*(f), dk r f,d,u),noticingthatd,u eSDrflAd‘k(f) C

P-AK(f) (by (2.14) with £ = d — k) to handle the first term in the right-hand side of
(3.33), we infer

'/fdlrif(gf’_flgf)/\pz(—l)k”‘/dffl f/\du+/afdf;;fgaf/\trafu=0, (3.35)

where the conclusion follows from the link (3.29) between discrete exterior derivatives on
subcells applied with k — 1 instead of k and @ = u € P, AY*71(f) c P, A-*=D=2().
Since y is arbitrary in P, A=k=1( f), (3.35) proves (3.32).

We next prove (3.31). For any (u,v) € Wfﬂk Y(f) x K4=¥( f), the definition (3.5) of
the potential applied to g’r‘_fl oy gives

(—1)F! /f P} (5w ) A(du+y) = /f & p (& w) A

—/(Sfp’;ﬁf(gf;b;%f)Atraf,,t+(—1)’<+1/f* T df ) Ay,

where we have additionally used, in the last term, the definition of the local discrete exter-
ior derivative dk Wy, corresponding to the restriction to f of (3.8) with k — 1 instead of

k. Using the complex property (3.32) that we have just proved, we have df f(g’; 1_ f) 0.
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Moreover, the induction hypothesis (3.34) yields Pf, P f(df 61f Wy f) = d’r‘blfg of Hence,
invoking (3.29) with k — I instead of k and @ = ut (notice that 1 € K9 %=1 (f) c P AT~ K=D=2(f)
by (2.12)) and applying (2.4) with (X, w, u) < (P, A4K(f), d’r‘_flgf, v), which is valid

since v € K47%(f) ¢ P7AYK(f) by (2.12b) with £ = d — k > 1, we obtain

1 [ P @)

=_(-1)’</d’;f1 W, Adu+ (= 1)k+1/dk 'w, Av.

Simplifying by (—1)%*! and recalling the isomorphism (2.9) concludes the proof of (3.31).
|

3.4. Commutation

The following lemma shows that the reconstructed potential Pf fwyona d-cell f is built

by adding a high-order enhancement to *~'w ¢; this enhancement is designed to obtain a
polynomial consistency unachievable by the component alone (see (3.10)).

Lemma 24 (Links between component and potential reconstruction). For all integers d €
[0,n] and k < d, if f € Ag(Mp,) and w, € K’r‘ P then it holds

(—1)k+1‘/fPf’fgf/\(d/,t+v) = (—1)k+1/f* top A )+ )

+/fdrf f/\(p nd k= lﬂ)_/fpraf‘“af/\tr@f(:“ 7rd k=10

V(u,v) € KT x KEH(f). (3.36)

r+1
As a consequence,

n;”}f"‘(*P’;, F0p) =0y (3.37)

Proof. 1f d = k, the relation (3.36) follows from K %=1 (f) =K} (f) = {O}andPrf W=

r+l

*lw (see (3.3)), which also establishes (3.37) since nr”f =Idon P, A°(f) = P A°(f).
Consider now d > k + 1 and take (y, v) € K951 (f) x K2=*(f). Inserting J_rnf’}k’l/,z
into the definition (3.5) of Pk s, we have

(—1)’<+1/f Y jwp A (du+y)

:./fdf’f f/\ﬂ';lfk 1/1+‘/fdrf f/\(,u ndkl/,t) / raf‘”af/\tr@f/"

+(=1)k /*_1wf Av.
f
(3.38)
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On the other hand, the definition (3.4) of d* s applied to nd-k=1 1 yields

f
k d-k-1
/dr,fﬂf/\”r,f K
f
:(—1)k+1/f* 10),( /\d(nd k= I'U)+./6fPf’af f/\traf(ﬂd k=1,

Substituting this relation into (3.38) yields (3.36).
To prove (3.37) we apply (3.36) with (u, v) € KI=k=1(f) x K4~k (f) and notice that
U= ﬂffk Ly since K4=k=1(f) ¢ P, A*=1(f), to get

/fPlr"fo A(du+v) = /f*_la)f A (du+v). (3.39)

The isomorphism (2.17) with £ = d — k > 1 shows that du + v spans " A?~%(f) when
(i, v) span KI=k=1( ) x K=k ( £). Hence, (3.39) gives

/f*_lwf/\a:/j;Pf’fo/\(l(zél)‘/f*_lﬂ_d k(*Pk fwf)/\cx VaEP,_Ad_k(f),

proving (3.37) since x 'wy € PTAYK(f) and %! is an isomorphism. |

Theorem 25 (Commutation property for the local discrete exterior derivative). For all
integers d € [1,n] and k < d — 1, and for all f € Ay(My,), recalling the definition (3.2)
of the interpolators, it holds

dr f(gr w) =% (dw) VYo e C'A(S), (3.40)

expressing the commutativity of the following diagram:

CIAR(F) —Ls COAK*L(F)

k k+1
L2 2
dk

i k+1
Xt —= X

Proof. Given the definitions (3.2) of the interpolator and (3.8) of the discrete exterior deriv-

ative, we have to prove that, forall f’ € Ay (f) withd’ € [k +1,d], ﬂ_;l, k= 1(*dr 1 rf,w)—
—d —k-1

T (xtryr (dw)). Recalling the definition of the projector 7, ’fd, k=1 (ie., (2.3) with
X = P7AY*1(f7)), we need to prove that, for any u € P7AY~K=1(f")

_/, *df . f,w A*u = /f *tr g (dw) A *p.

Applying (A.4), this amounts to proving that

‘/fdf’f,if’f,w/\psztrf/(dw)/\y. (3.41)
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Using the definitions (3.4) of the discrete exterior derivative on f” and (3.2) of [ Ir‘ 1o WE
have

k 7k
/, dr,f’lr,f'w Au
try w

:(_1)k+1/WAdu+/a P opdy opw Atrgp p, (3.42)
’ fl

where the substitution is justified by (2.4) with (X, w, u) « (P7AL=K(f"), trp w, du),
since du € dP7AY*1(f7) c AP, AL K1) € PrAYK(F') (see (2.12b)). For all
€ Aar—1(f7) we have trpr € PrAY1=K(f) (see Lemma 4), so

k k @24 -1_—d'-1-k k k
/ P Iy g A= / TR I ) At p
3.37), (3.2 1 —d—1-
G )/ * lnr’fd,, ! k(*trfuw)/\trfu,u

(24)
= tren w ANtrer W

Summing this relation over /"' € Az 1 (f’) and substituting the result into (3.42) we obtain

/ df’f,[f’f,w Ap=(=Dk! / trp w Adu +/ trop w Atrgp .

’ f/ af/

The proof of (3.41) is concluded invoking the integration by part formula (2.1) and writing
dtryg = try d (since the trace is a pullback). [ ]

3.5. Consistency

Proof of Theorem 15. The proof is made, as in Theorem 23, by induction on p = d — k.

If p = 0, then d = k and the definitions (3.3) of the discrete potential and (3.2) of the
interpolator give Pf aL lr‘ 0= *_lnr_ ’?(*w) =%~ % w = w, where, to remove the projector,
we have used the fact that xw € P, A’(f) = P A(f) (cf. (2.12a)).

Let us now assume that the lemma holds for a given p > 0, and let us consider d and k
such that d — k = p + 1. We first consider(3.11). By relation (3.31) applied to £ + 1 instead
of k and the commutation property (3.40), we have, for w € P Ak ),

r+l

k gk _ pk+l
d¥ I° .w=P" Y s

rfirf rf S fhry
We have dw € AP~ AX(f) € P, A**1(f), and the pair (d, k + 1) satisfies d — (k + 1) = p.

r+l
We can therefore apply the induction hypothesis to see that (3.10) holds for this pair and
dw instead of w; this gives dlr‘ flf 0= dw and proves (3.11).
We now turn to (3.10). For w € P, A*(f), applying the property (3.11) that we have

just proved to w and recalling the definitions (3.5) and (3.2) of the potential and of the
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interpolator, we find, for all (u, v) € K< k=1(f) x KI=k(f),

r+l

(—1)k+! /Pf L o A (du+v)

w
:/dw/\,u—/ P]:affr‘aftrafw/\trafp+(—1)k+l/W/\v,
f af =’ ’ S ’

the replacement being justified by (2.4) and v € P AdR( f) (see (2.12)). We can then
apply the polynomial consistency (3.10) on each f" € Ay_1(f) (as (d —1) —k =p) to
write PX o fI lr‘ o Moy @ = Wap w, and then integrate by parts to conclude, since u, v are

generic elements, that PX flk 0= ]

Remark 26 (Consistency property of the improved potential for kK = 0). In the case k =0,
the improved potential defined in Remark 11 satisfies the following consistency property:

P?Hdcfr),fw:w Vo e P, A(f).

r+l

To see this, first notice that when d = k = 0 we have P(r) Lf= P?,f since P, +1AO( f) =

#,A(f) = R, and then, for d > k + 1, invoke the definition (3.7) of P flg‘fw, apply
(3.11) (since P~ A°(f) = P . A°(f)) and a recursion argument on d.

r+l r+l

Proof of Corollary 17. Since sp > d, the Sobolev embedding give WS-? AK(f) c CO(f)
and thus the mapping Pk o Ik : WSPAK(f) — P, A*(f) is well defined. Introducing
my w=Pf L k’ 7k Fw (the equahty coming from (3.10) applied to 7* ro instead of w)
we write, with hldden constants in < having the same dependencies as C in (3.13),

|Prf rf(x) a)ImeAk(f) < |Prf r f(a) 7T U))lwmp/\k(f) +|7l'r fU) U)|Wm P AK(f)

< Z HMw = 78 ol (p), (3.43)

t=m

where the second inequality follows from the boundedness [47, Eq. (A.21)] of Pk I K rf
(the last term in the first line has been included in the sum for t = m). If t < r + 1 the
approximation properties of polynomial L2-projector ([34, Theorem 1.45] applied to each
component of a fixed basis of alternate forms) yield

k 1-
|(,U - ﬂ-r"fwlwt,pAk(f) < I’l?. t|a)|Wr+l,pAk(f).

If7 > r + 1, since derivatives of order > r + 1 of 7% ) vanish, we have |w — 7r w| WP AK(f) =
|wlwe.pak(f)- Splitting the sum in the right- hand side of (3.43) between ¢ < mln(r +1,s)
and > min(r + 1, s) + 1 and applying the results above yields

S

|Pr f rfw (,L)|Wm [)Ak(f) ]’l Fl-m |w|Wr+1 PAK(f) + Z h}im|w|wt,p/\k(f).

t=min(r+1,s)+1
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(the second sum is actually absent if s < r + 1). Writing in the last sum h’f‘m = h}“_mhtf_r -1
and recalling the definition (3.12) of ||y ¢-+1,9).p p% ) concludes the pfoof of (3.13).

To prove (3.14), use the link (3.31) between discrete potential and exterior derivative
(with k + 1 instead of k) together with the commutation property (3.40) to write

k gk k+1 4k 7k k+1 yk+1
d; oI, jw =P pd oIy =P [ (dw)
and conclude by applying (3.13) to dw instead of w and with k + 1 instead of k. ]

Proof of Lemma 19. Notice first that w € H™*("+1.5) AK( £) is continuous over f (by Sobolev
embedding since 2s > d), and therefore that I* D) is well-defined. It is easily deduced from
the polynomial consistency (3.10) that the stablhsatlon bilinear form vanishes whenever
one of its arguments is the interpolate of a polynomial of degree < r. Hence,

Sk,f(!f,fwsllr(,fw) = Sk,f(llr(,f(w - ﬂlr(,fw)’llr(,f(w - ”Ir(,fw))

We then invoke [47, Lemmas 10 and 11] (with r « s and s < 2) to infer
2

S
sk,f(ﬁ’fw,!f,fw) < Z htf|u) - nf’fu)|H,Ak f)
1=0
with hidden constant having the same dependencies as C in (3.17). The conclusion follows
as in the proof of (3.13): for# < r + 1, we invoke the approximation properties [34, Theorem
1.45] of ﬂf’f to write |w — nf’flezAk(f) < h;+1_t|w|Hr+lAk(f) while, for t > r + 1, we

eliminate ﬂ'/r‘ W from the semi-norms since its derivatives of degree > r + 1 vanish. =

3.6. Cohomology

A strategy to establish the exactness of the de Rham complex (for a domain with trivial
topology) is to design a Poincaré operator p : C'AK(Q) — C'A*¥~1(Q), that satisfies dp +
pd = 1d. The Poincaré operator is built integrating a certain flow of contracted differential
forms; see [29, 57] for details and applications to the design of finite element complexes.
Extending such a construction to the context of fully discrete spaces is not trivial, as it is
not clear how the discrete polynomial components on cells should evolve with such a flow.
We therefore select an alternative approach, more suited to hierarchical discrete spaces.

The starting point is the following idea: if n € C' A¥(Q) satisfies dy = 0 and we have
w € C2A*~1(Q) such that dw = 1, then (2.1) shows that, for any d-cell f,

(—1)’</fw/\dﬂ=/anM—[9ftrafwAtrafy Yue C'AR Q). (3.44)

In the discrete setting, w is built starting from the lowest-dimensional cells, and (3.44) thus
gives a condition on w over f based on the already constructed try r w. To start this process,
we must fix the values of w on the lowest-dimensional cells, which is not an easy task in
general. Actually, from the point of view of differential forms, the lowest-dimensional cells
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encode the topology of the domain, and thus the cohomology of the complex; for a generic
7, the recursive construction of w can therefore only be fully complete if the complex is
exact, and thus the topology trivial.

This limitation is circumvented by using the following idea: if  has zero average on k-
cells, then w can be set to zero on (k — 1)-cells, which completes the construction above (see
Lemma 27 below). This result is then exploited, through the extension/reduction strategy
developed in [37,38], to compare the cohomology of the arbitrary-order DDR(r) complex
to that of the lowest-order DDR(0) complex, which is trivially isomorphic to the CW
complex based on the mesh.

We therefore start by considering the subspace X' f b of X' ]: ,, made of vectors of dif-
ferential forms whose integrals over cells of dimension d = k vanish:

X, = {ﬂh = (W) Fera(Mn), delkon) /f*_lwf =0 Vfe Ak(Mh)}-

Lemma 27 (Exactness property for X* rh. b) For any integer k € [0,n], if n, € Xk r . Satis-
fies dr Wi, = =0, then there exists w;, € X such that n,= dr PO where in accordance
with (3.9), we have set d, I = dr, =0

Remark 28 (Exact sub-complex). It can easily be checked that d Xk . 'r”hl b AS

a consequence, the previous lemma shows that (X K hp 4 h) & 1s an exact sub-complex of
DDR(r) (even if the latter complex is not exact).

Proof of Lemma 27. We first notice that the case » = 0 is trivial since, for all k, X| —0 b =
{(0) feA, (My,) }- This comes from the fact that the space X _0’ , only has non-zero components
(which are moreover constant) on cells of dimension d = k; to check this, notice that the
spaces (2.12b) are all trivial since the first component vanishes for k-forms with constant
coeflicients, while the second is zero by (2.6). We can therefore assume that » > 1. The

cases k = 0 and k > 1 have to be handled separately.

Case k = 0. We prove that, ifgh € K?,h,b and g‘j,hgh =0,thenny =0forall f € Ay(Mp),
d € [0, n]. This is done by induction on d. The case d = 0 follows immediately from the
definition of K(r)’ b which shows that the value of x ' r on any vertex f € Ag(My) is
zero. Assuming that all components of 1, on cells of dimension d — 1 > 0 vanish, we now
prove that 7 = 0 for all f € Ag(Mp). Note first that, by (3.31), the property dr = 0
implies d0 M= 0. Enforcing then Nor = 0 (by induction hypothesis) in the definition (3.4)

ofdofn glves
/*f‘nf Adu=0  VueP A(f).
p

By definition (2.12b) of the trimmed space with £ = d, and accounting for (2.6), we have
dP,A1(f) = P7AY(f), so the relation above and (A.4) with (w, u) < (ny,du) and
p = du show that /f ng A*p =0forall p € P-A4(f). Since ny belongs to this same
space, we conclude that 777 = 0.
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Case k > 1. Let n, € Xk , be such that dk Wl = 0, and let us construct w,, € e xk hlb such

that dk 1wh =1 . ThlS constructlon of w,, is done by increasing dimension d € [k — 1, n]
of the cells. For all f € Ax_1(My), we set wy = 0 (which ensures, in particular, that the
zero-average condition embedded in the space X ’r‘ hl is fulfilled). Assume now that the
components of w, have been constructed up to célis of dimension d — 1 > k — 1, and
consider f € Ag(My). We choose wy € PAY1(f) such that the following relation
holds:

(-1)* A*_lwf- Adu = /fPlr"fo Ap— [9,‘ P’; aFWar Nor pt Vu € K4k (f).
(3.45)
Notice that, since the construction is recursive on the dimension of the cells, w, . has
already been constructed at this stage. Owing to the isomorphism (2.17) with £ =d — k +
1 > 1, this relation completely defines the projection of w r on dKIH(f) c PrATR(f).
The projection of wy on the remaining component KAL) of P7AYF(f) is not
relevant to the rest of the proof and can be set to 0.

Let us now prove that d b Lw w, = It suffices to show that

& Hw f_P s, Vf€Da(Mn), d € [k,n]. (3.46)
Indeed, applying 7 ’}1 * to this relation and using (3.37) yields 77_;1 Fxdtlw fl PELTS
using this relation for all cells f, and recalling the definition (3.8) of the global discrete
exterior derivative (with k — 1 instead of k), then gives d dk Wy =11, 88 claimed.

The relation (3.46) is a direct consequence of the followmg property:

/d’; Jw W Ap= /fpf,fgf Au YueP ANTR(F). (3.47)

Owing to (2.7), we only need to prove this relation first for u € K¢=%(f), and then u €
PN (f)ifd=korpedP  ATK(f)ifd > k+1.

If u € K4*(f), the definition (3.4) of d’r“flg  together with the property (3.45)
immediately give (3.47).

Let us consider the case d = k and u € POAO( f). Then du = 0, so the definition (3.4) of
(_if_fl wpand w,, =0 (by construction, w,, vanishes on cells of dimensiond — 1 =k — 1)
show that the left-hand side of (3.47) vanishes. Since P* M, = *Ins (see (3.3)) and

/f *~In r=0as n,€ Xk b’ the right-hand side of (3.47) vanishes as well, and this relation
holds.

Finally, we turn to the case d > k + 1 and u € dSDrJrlAd_k‘l (f), which is proved by
induction on d (the base case d = k having already been covered). By (2.8) with (£,r) «
(d-—k—-1,r+1), we have u € d?(d k=1(f), and we can therefore write u = da with
a e KN ) cPr AR (see (2.12)). Invoking the link (3.29) between discrete

r+l
exterior derlvatlves on subcells (notice that d > (k — 1) + 2), we obtain

/d’:fl f/\,u_( I)k/a dfaf_af/\trafa—( 1)* / ,6fr]af/\trafa
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where the second equality follows from the induction hypothesis that (3.47) holds on sub-
cells of f. We have er‘ My = Oand d > k + 1, so we can apply (3.31) with k + 1 instead of
k to get d’r‘ fnf = 0; the definition (3.5) of Pf fnf (with (u, v) <« (a,0), see Remark 10

for the validity of this choice of w) allows us to continue with
Ao Ap=—(=1)F x (=) /P’; n. Ada.
/f S =f P SLy

Recalling that da = u concludes the proof of (3.47). ]

Proof of Theorem 14. Asin [38, Lemma 4], it is straightforward to see that the (discrete) de
Rham map establishes a chain isomorphism between the lowest-degree complex DDR (0)
and the CW complex defined by M},. Since this CW complex has the same cohomology
as the de Rham complex (1.2), the proof is complete if we show that the cohomology of
DDR(r) is isomorphic to the cohomology of DDR(0). This obviously means that we can
assume r > 1 in the following.

Step 1: Reductions and extensions. With the goal of applying [37, Proposition 2], we define
reduction and extension maps between DDR(r) and DDR(0) as in (3.48).

k

K dn K+l
DDR(r) : . > Xr,h > Kr,h H .
EX RE Ek REH (3.48)
k ggh k+1
DDR(O): >§0,h > >§02—>

The reduction R} : X¥, — Xk is defined taking the average of components on the cells
of dimension k (recall that vectors in X{; ,, only have components on these cells): For all

wy, € Xlr(,h’

Ryw;, = (15 ) penc(My)- (3.49)
The extension E’Z : X{j’h - X ’r"h is defined by induction on the cell dimension: For all
n, € XG0 Eﬁﬂh = (Ejﬁgf)feAd(Mh),de[k,n], where

o Ifd=k,
Efn, =ny € Py A (f) € PTA(S); (3.50a)

o Ifd>k+1, E]’sgf € PTAYK(f) satisfies
(=1)k*! /rlEjﬁnf A (du +v)
; n

_ k _ k k , 1Ykl k
_/de,foA“ /é’fPr’afEanaf/\traf,u+( 1) /fPO,fo/\v

V(. v) € KEF() x KITR(f), (3.50b)
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where EX Loy = (E ;,77 f') freaq (f) gathers the extensions already built at previous
steps on the subcells of dimension d — 1 of f. The isomorphism Q1T7)ywithf=d -k >
1 ensures that the relation above fully and properly defines EX P

Extensions are designed in such a way that, for all f € Ay(Mj) withd > k+1,
k pk _ k d—k-1
/d,fEfnf/\u—/fdo,foAﬂ Yu e K5 (),

as can be checked combining the definitions (3.4) of dk fn ~and (3.50b) of E kr] ; (with

v = 0). Since d0 A= P’(;J}l(_lg’fzf by (3.31), using the deﬁmtion of Ek+ldk d (namely,
(3.50a)if d = k + 1, or (3.50b) with (u,v) « (0, u) if d = k +2) we deduce that
/d’;f f”f“‘sz *EfdG A H Vu € K9KL(f). (3.51)

Step 2: Proof of the theorem. To apply [37, Proposition 2], we need to prove that

dg, = R;Y'df LE) (3.52)

and that [37, Assumption 1] holds, that is:
(Cl) RfEF =IdonKerdy ,:
(C2) (EfR} —1d)(Kerdt ) c ImdS )
(C3) The graded maps E; and R; are cochain maps.

We start by noticing that, since DDR(0) is already known to be a complex, (C1) and
(C3) imply (3.52). Indeed, (C3) gives Ri*'dY  EX = Rf*'EX*1df | and, by the complex

property, Im g’g n C Ker d’gJ'hl, so (C1) applied to k + 1 instead of k yields (3.52).

1. Proof of (C1). The definitions (3.49) and (3.50a) of the reduction and the extension com-

ponents on the lowest dimensional cells directly shows that Rk E, k= 1d on X , which
establishes a stronger result than (C1).

2. Proof of (C3) for the extension. We now turn to (C3), considering first the case of the

extension. We have to show that, for all n, € X, , itholds dk nE kr] =E, kel d Wl Given
the definitions (3.8) of the global discrete exterlor derlvatlve and of t the extenswn th1s boils
down to showing that

. ﬂ d k- 1(*dk fE;(ch) - *715],5”&1]5,]0@' VieAs(Mp) withd > k +1,
which, testing against p € - A9"k=1(f) and recalling the relation (2.4), can be recast as

/dffEf‘"f np= /f*_lE?lég,fﬂf ne

VI e Ag(Myp) withd > k+1,Vp € PrATRL(f). (3.53)
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We start by noticing that, by (3.51), the relation (3.53) holds for p € K4~%~1(f). The
decompositions (2.7a) of P, AY(f) = P7A(f) (if d = k + 1) and (2.16) of P A4~*=1( f)
(if d > k +2) then show that we only have to prove (3.53) for p € POAO(f) (ifd=k+1)
or p € dK4=*=2(f) (if d > k + 2). This fact is proved by induction on d:

e Letus first consider d = k + 1 and take p € POAO( f). We can use this polynomial form
as a test function in the definition (3.4) of d](; fr]f to get

/a ; Poafly, NTasp = /f dopn, AP = /f*lE.]fc'H‘—lg,fo AP P e P(R).

‘ (3.54)
where the second equality follows from (3.50a) with (k, nf) — (k+ l,g'& f’7f)' For all
f’ € Ar(f), by definition (3.3) of P(’)"f, and (3.50a) of EX,, we have Pg‘f’gf' - *Inp =

* ! E;i n, = Pf P E ji My where the last relation follows applying the definition (3.3)

of P v~ We infer from this equality and (3.54) that

/0f Pf,afggfﬂaf AUarp = /f*‘lEﬁ”g’g’fgf Ap o Vp e PN

Applying the definition (3.4) of df fgfcnaf with u = p (which satisfies dp = 0) to the
left-hand side then concludes the proof of (3.53).

e Wenowtaked > k +2and p € dK9"%=2( f), which we write p = da witha € K¢k=2(f) c
P~ A9"k=2(f). Applying the link (3.29) between discrete exterior derivatives on f and
df, we have

k pk _(_1\k+l k k
/fdr,fngpr_( 1) /afd,ﬂfgafgafmrafa. (3.55)

By Lemma 4, forall f' € Ay_1(f), trpra € P A9"k=2(f7), so we can apply (3.53) on
S’ (by the induction hypothesis) to get

k gk _ ~1 k41 gk _ ket ks gk
/f,dr’f,gf,gf//\trf»a_//* E gloyf,gf//\trf/a—/f,Pr},EfT do g, Ny,

the second equality being justified by (3.37) and (2.4) (with (X, f,d, k) « (P Ad=D=(+D (1) 7 d
1, k + 1)) and the fact that trp @ € P A@=D=(R+D (/) Plugging this relation into
(3.55) yields

k k _ k+1 k+1 k+1 gk
/fdr’fgfgf/\p_(—l) + ‘/QfPr:afga}go’anHf/\trafa.

Invoking then the definition (3.50b) oiji”c_lg,fo with (k, u, V,Qf) —(k+1,a, O’QU,fo)’

and using the property d§+fl o c_llg = 0 (consequence of (3.32) with k + 1 instead of k)
we infer

d* EXp /\p:/*_lEk-”glg n Ada
/f rrEpn, B o,

and (3.53) follows by recalling that p = da.
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3. Proof of (C3) for the reduction. To conclude the proof of (C3), it remains to show that
RS w, =df , Rfw, forall , € X . Since vectors in X! only have constant com-

ponents on cells of dimension k + 1, and since Eg” is defined by (3.49), we only have to
show that

/f a0, Ap = /f d Rw, Ap V€A (M), Vp e PAYS).  (3.56)

Let p as above and apply the definition (3.4) of df Wy topu=p; accounting for dp =0,
we obtain

'/fdlr"fgf Ap= /af P) 5r@ar ANiaf p. (3.57)

For each f’ € Ax(f), by definition (3.3) of Pf o We can write

/ Pf g At p =/ *_lwf Atrgr p =/ *_1718 fwr N p =/ ng,ﬂiﬁ,gf/ Atry p,
’ > f’ f/ ’ f’ ’

(3.58)
where we have used the fact that try p € 7’0/\0( f’) to insert the projector in the second
equality and the definitions (3.49) of Ek, and (3.3) of P’g 7 to conclude. Combining (3.57)
and (3.58), we find

k k k
/fdr,fﬁfAP:/ngo,afBafﬂanfﬁfP-

Applying the definition (3.4) of d& fggzg f then concludes the proof of (3.56).

4. Proof of (C2). Finally, to prove (C2), we notice that if w, € X If,h* then by (3.49) and
(3.502) the components of Ef Rrw, on the lowest dimensional cells f € Ax(Mj) are
just the averages of the components of w,, on these cells; hence, E' ﬁ g,’jgh —w,€X ’r‘ hb*
Moreover, by the cochain map property (C3),c_i'r"h (E’Z&ﬁgh -w,) =§ﬁ£ﬁgf’hgh - c_l'r‘,hgh =
0 whenever w;, € Ker Q,:,h' We can thus, for such an w),, apply Lemma 27 with w, «
E ﬁﬁﬁgh — w, to see that this element belongs to Im Q’r"_hl, establishing (C2). |

4. A VEM-inspired complex

In this section we consider an alternative construction inspired by the Virtual Element
complex of [8]. This complex hinges on Koszul complements, unlike the one of [10],
which was based on orthogonal complements (as noticed in [36], the latter are less natural
to prove analytical properties). Notice that we make here no effort to reduce the polynomial
degree of certain components of the discrete spaces, which is known to be possible; see,
e.g., [9] and also [37] for a general framework with application to DDR methods. Notice
also that we work in a fully discrete spirit, without attempting to identify the underlying
virtual spaces (which are not needed for the purposes of the present work).
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Let again a polynomial degree » > 0 be fixed. The general principle to design the VEM-
inspired sequence is to select polynomial components that make it possible to reconstruct,
for each d-cell and inductively on the dimension d, a discrete potential capable of repro-
ducing polynomial forms in SDr‘HAk (f). The main difference with respect to the DDR
approach illustrated in Section 3 is that, with the exception of (k + 1)-cells, the required
information on the discrete exterior derivative is directly encoded in the discrete spaces.

Adopting this approach has several, far-reaching, consequences. The first one is that
the discrete spaces contain a mix of both traces and exterior derivatives (which, in passing,
requires higher regularity on the domains of the interpolators). The components on k-
and (k + 1)-cells in the discrete space of k-forms play a slightly different role than the
others (and are, as a result, treated separately in the definition of the space). The second
consequence is that the proofs of key properties (polynomial consistency, cohomology,
etc.) are carried out by induction on the dimension (and not on the difference between
the dimension and the form degree, as in Theorems 15 and 23). This leads to somewhat
simpler arguments, at the cost of larger discrete spaces. Also, the commutation property is
essentially obtained by definition of the local discrete exterior derivative (with the exception
of lowest-dimensional cells).

4.1. Definition

4.1.1. Discrete spaces. We define the following discrete counterpart of HAK (Q),0 < k <
n:

vi,= X P (Dx X (KL (D xIR0)
SeA(Mp) S €Dk (Mpy)

x XX (KD x K ) @

d=k+2 feAg(My)

Notice that, on (k + 1)-cells, the second component has polynomial degree reduced by one
compared to d-cells with d > k +2, i.e., we have K(f) instead of ’KSH (f). A generic
element of Z];, ,, Will be denoted by

W, = ((WF) reac Mu)s (@F, Do £) Fena(My), delk+1,n])- 4.2)

The notation D, s is reminiscent of the fact that these polynomial components are inter-
preted as Hodge stars of exterior derivatives. We refer to Table 2 for an overview of the
polynomial unknowns in Z’r‘ P in dimensions 0 to 3, as well as their vector proxies.

4.1.2. Interpolators. For all integers 0 < k < d <nandany f € Ay(Mp), the local inter-
polator is such that, for all w € C'A*(f),

k 0
I jw = ((”r g ety w))f’GAk(f)’

(% (e @), w0 Grtrgr ) e, ) (4.3)
K.d'—k Kod' —k—1
(mp1 - (ktrp w), o g Okt dw))f’eAd/(f),d’e[k+2,d])'
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d
0 1 2 3
k
0 | R=PAYNf) {0O}xK(f)  {0}xKL (f) {0} x K2, (f3)
1 PN KL () XK K () XKL (f3)
2 P, A%(f>) KL (f3) x K2(f3)
3 P,A(f3)
d
0 1 2 3
k
0 R=P,(fo) {0}xPf) {0} xRE, (f) {0} x RC_, (f3)
1 P, (f1) RE, (K XPL() RS (F3) %G, (f3)
2 P, (f2) G, (f3) X P2(f3)
3 Pr (f3)

Tab. 2. Polynomial components attached to each mesh entity f,; of dimension d € {0, ..., 3} for the
space Z]; h for k € {0, ..., 3} (top) and counterparts through vector proxies (bottom).

Remark 29 (Domain of the interpolator). Owing to the presence of polynomial components
that are interpreted as exterior derivatives (compare (3.2) with (4.3)), the interpolator in the
VEM-inspired construction requires higher regularity of the interpolated functions com-
pared to the DDR complex presented in Section 3, namely C'A*(f) instead of COAK ().

4.1.3. Global discrete exterior derivative and VEM complex. For all f € Agy1(My), we
define the discrete exterior derivative d’r‘ IE Zf e P, A1 () such that, for all w ;€ Z’; Iz

/d’r"fgf/\(u+v):‘/ *_lwaf/\traf,u+/*_1Dw,f/\v
f of f
V(p,v) € PoA () X KL(f), (4.4)

where, as before, wyy is defined by (wgr) ;= wy € P _AO(f) forall f” € Ar(f). Notice
that the above equation defines d];, W uniquely since, by (2.7a), u + v spans P, A%(f)
as (u,v) spans P A°(f) X KP(f). Moreover, taking u = 0 and letting v span KP(f), we
infer, using (2.4) with (X, w, u) «— (K°(f), d’:,fgf, v),

Dy y=ml P (kdf jw)  Vf €A (My). 4.5)

Unlike the DDR complex, the construction of a global discrete exterior derivative for
the VEM complex does not require to first reconstruct traces on lower-dimensional cells, as
all the necessary information is encoded in the polynomial components (D, ) fea, (My), de[k+2.n]
supplemented by (df’ @ f) feArs (M;,)- More specifically, for all integers k € [0,n — 1], we
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k. yk k+l k
letd, , -V, , — V7 besuchthat, forall w, € V',

df @), = ((kdy @) renr (Mu)> (Do, £ 0) reng(My). delks2.n) (4.6)

(compare with (4.2) and notice the different positioning, compared to w,, of the polynomial
components D, ¢). As for the DDR complex, we will denote by (_1':,  the restriction of Slf, h
to f € Ag(My,) withd € [0,n] such that k < d — 1.

The VEM sequence of spaces and operators then reads

0 n-1

d
VEM(r) = {0} — V0, —5 V1,

~
-
<
S
|
~
<
=

4.1.4. Local discrete potentials and discrete exterior derivatives. Given a form degree
k € [0,n], for all f € Ag(Mp), k < d < n, we define the local discrete potential Pf I

VE(f) = P, A*(f) by induction on d as follows: For all ws € vk

r+l —r,f’
o Ifd =k, wesimply set
P}y =x"wp e PAYS) = PN, (4.8)

r r+l1

where the last equality follows from (2.13) if d = 0 (after noticing that P, A%(f) =R =
P~ AL(f)) and from (2.15) if d > 1;

r+l
o Ifk+1 <d < n,using the isomorphism (2.17) with £ = d — k > 1 and r replaced by
r+ 1, we define Pf W€ Pr_+1Ak (f) as the unique solution of the following equation:

(=1)k*! LPf’fgf A (du+v)

:‘/‘*_lﬁwnf/\/,l—/ Pl:,afi)af/\traf/,l+(—l)k+l/*_1wf'AV
f of ' f

Vp,v) € KN x KK (), (4.9)

r+l

where

r,

_ *dk w, ifd=k+1,
Dyyi= S=r (4.10)
D, f ifd > k+2,

and we have introduced the piecewise polynomial boundary potential Pf’ of Zf’ o =
A¥(8f) such that (P i = Pk o forall f7 € Ag-1(f).

Leveraging the above-defined discrete potentials, we can define the discrete exterior deriv-
ative d’r"f : K’r"f — P AI(f) forall f € Ag(My), k+2 <d <n-1,setting:
k — pk+l gk k
dr’fgf = Pr’fgr’fgf Vo, eV, ;. 4.11)

These discrete exterior derivatives, which were previously only defined for d = k + 1 (see
(4.4)), are not relevant in the definition of the VEM complex, but may be useful in practical
applications.
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4.2. Main properties of the VEM complex
The main results for the VEM complex are stated below.

Theorem 30 (Cohomology of the VEM complex). The VEM sequence (4.7) is a complex
and its cohomology is isomorphic to the cohomology of the continuous de Rham complex
(1.2).

Proof. See Section 4.6. ]

Theorem 31 (Polynomial consistency of the discrete potential and exterior derivative).
For all integers 0 < k <d < nandall f € Ag(Mp), it holds

Pl IS jw=0w  VoeP, A, (4.12)
and, ifd > k + 1,

A Ifjw=do Yo P A(f). (4.13)
Proof. See Section 4.5. [ ]

4.3. Complex property
Lemma 32 (Complex property). The sequence (4.7) defines a complex, i.e., for all integers
ke[l,n-1]andall w, € Kf’hl,

dip(dyy @) =0.

Proof. Applying the definition (4.6) of the global discrete exterior derivative for k — 1, we
obtain

a5 ey = (4! 0 ) reacmt (Do O)fEAd(Mh)’de[k‘H,”J) €Vip (14

which shows that, for all d € [k + 1,n] and all f € A ;(M,), the exterior derivative com-
ponents of g’; _hl w,, are zero, and thus that

k k-1 k k-1 k+1
(_1,,;1 (Qr,h Qh) = (( * dr,f(ér,f Qf))fEAkH (M)’ (0, O)feAd(Mn),de[k+2,n]) € Zr;l .

The assertion is therefore proved if we show that d’r‘ f(c_lf’_fl w f) =0forall f € Age1 (Mp).
Applying the definition of the local discrete exterior derivative (see (4.4)) with w P replaced

by c_i’r‘_flgf obtained by restricting (4.14) to f, we get: For all (u,v) € POAO(f) X K2(f),

/fd’r"f(glr"_flgf) A(u+v) = ./6f d]r(,_alfﬂaf Atrgru =0,
where the conclusion follows using the definition (4.4) of d'r‘ _fl, Wy with (i, v) < (try p1,0)
for all f” € Ax(f) and noticing, as at the end of the proof of Lemma 22, that the sum over
f" of the integrals over d f” is zero. =
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4.4. Commutation

Proposition 33 (Commutation property for the discrete exterior derivative in dimension
d=k+1). Forall f € Ape1(My), it holds
df Y jw=*""m (kdw) Yo e C'AK(S), (4.15)

expressing the commutativity of the following diagram:

CIAR(F) —= COAR1(F)

k =10
\Llr,f l* T g

VE() 2L p AR ().

Proof. Plugging the definition (4.3) of the interpolator into (4.4) we get, for all (u,v) €
PN () X K (f),

/d’r‘fg’;fw/\(u+v):/ *_lﬂ'?af(*trafw)/\tl'af/.l'l‘/*_lﬂ'z(}o(*da))/\v,
£ of ’ f ’

where 71'9’ of denotes the piecewise L-orthogonal projector obtained patching together the
n(r),f,, f € Ar(f). Using (2.4) with (X, w, u) < (K°(f"),dw, v) for the second term and,
foreach f’ € Ar(f), (X.d, f) « (P, A°(f"),k, f’) for the first term, the projectors can be
removed. The Stokes formula (2.1) along with du = 0 (since u has constant coefficients)
then yields

st goniwen= faonus faony= [0 (00 5 G,
gl s r f ’

where the conclusion follows from (2.4) with (X, w, ) < (P, A°(f),dw, u + v). Since,
by (2.7a), u + v spans P,A°(f) as (u, v) spans POAO(f) x KY(f), this concludes the
proof. ]

Proposition 34 (Commutation property for the local discrete exterior derivative). For all
integersd € [1,n] and k < d -1, and all f € Ag(My,), it holds

Qf,f(!lrc,fw) = [f? (dw) Yw € CPAR(f), (4.16)

expressing the commutativity of the following diagram:

CENK(F) —= CIARI(F)

k k+1
llr.f llrff
k

VE(f) —L oy yRe (),

Proof. Immediate consequence of (4.15) along with the definition (4.3) of the interpolator,
and the property dod = 0. ]
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4.5. Polynomial consistency

Proof of Theorem 31. The proof proceeds by induction on the dimension d. When d = k,
(4.12) is a direct consequence of the definitions (4.8) of the potential and (4.3) of the
interpolator, which give Pf’ fl f W= *_lﬂ'?, f(*a)) = w, where, to remove the projector,
we have used the fact that xw € P, A%(f), since w € P, AY(f) = P.AY(f) (by (2.15)

with r + 1 instead of r).

We next prove (4.12) for d > k + 1 assuming that it holds for d — 1. Writing the definition
(4.9) of the potential for w , = Ik pw, we get, for all (i, v) € Kk f)y x KK (f),

r+l r+l

81 [P o (@)

:./f*_lﬁw’f Aﬂ_LfPf,af(if,aftrﬁfw)/\trﬂfﬂ

+(=1)k+! /f*‘(nfj’ff]:k *w) AV

Z/*_lﬁw,f /\/J—/ trafw/\trafy+(—1)k+]/w/\v,
f of f

where we have used the induction hypothesis for the second term in the right-hand side
after noticing that, by Lemma 4 with £ = k, trp w € P, AR(f) for all £ € Ag_1(f),

r+l ,_
together with (2.4) for the third one. Recalling the definition (4.10) of D’Z) o We distin-
guish two cases for the first term in the right-hand side. If d = k + 1, (4.13) (immediate
consequence of (4.15) after observing that dP~ , A*(f) c P, AF*1(f)) gives *_lDw,f =

r+l

* gk f(y; sw) = dw. If, on the other hand, d > k + 2, recalling the definition (4.3) of

4.17)

the interpolator, we have /f *_lﬁw,f Ap= /f *‘l(nZi’ld_k_l *dw) A u @ /f dw A .

Plugging these relations into (4.17), using the Stokes formula (2.1), and simplifying, we
get

/fPf’f(lf’fw) A(du+v) = /fa) A(du+v),

which yields (4.12) for d > k + 1 since, by (2.17) with { =d — k > 1, du + v spans
P ATE(f) as (u, v) spans KK () x KK (f).

r+l r+l
We have already seen above that (4.13) holds for d = k + 1. To prove this relation for
d > k +2, it suffices to recall (4.11) and (4.16) to write

k gk _ pk+l 4k gk _ pk+1rk+1 —
dE p1F o = PR S IE ) = PEH (IS do) = do,

where the conclusion follows from (4.12) after observing that dw € P, AK*1(f) c P - HAkJrl ().
[
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4.6. Cohomology

As in Section 3.6, given a form degree k € [0, n], we first consider the following subspace
of VK :
—r,h

Vi = {ﬂh = ((@f) rea M) (W5 Do f) fena(My), delk+in])
/*_lwf =0 Vfe Ak(Mh)}.
s

Lemma 35 (Exactness property for Zf wp) Forall k € [0,n], if n, € Z’r‘ . Satisfies

k _ . k-1 _ gk-1 :
d; il = 0, then there exists w, € Vi such that n, = d; 7, wy,, where, in accordance

with the sequence (4.7), we have set c_ir_lh =d’, =0.

Proof. Recalling the definition (4.6) of Q];, nll, s We have

k k
dr o, = ((kdy ) pence (Mi)s (Do 0) peng (M), delkazni)-

If k =0, then /f *‘lnf = 0 implies iy = 0 for all f € Ag(M}); moreover, iy = 0 for all
f € Aa(Mp), d € [1,n], by definition (4.1) of V¥ | (recall that K/ (f) = {0} for all r and
all f € Ag(My), cf. (2.6)). The condition er‘,hgh = 0 together with (4.5) yields D, r =0
forall f € Ay(Mp),d = k + 1, and thus

1, = ((0) reny (M) (0,0) reay (M), defkstng) = 47 3,0.
If 1 < kK < n -1, on the other hand, from gf’hgh = (0 and (4.5) we infer
1, = ((17) reacimn) (17.0) pena(My). defretn])- (4.182)
while, if k = n, we simply have
n,= 7)) Fer, (My)- (4.18b)
Let now

K.,0 _
@y = ((0) pear (w072 P15) pearmnys (0717) peng (M), delkein) € Voot

To check that this w),, is well defined, it suffices to notice that, if f € Ay(Mp) with d >
k+1=(k-1)+2, then ny € K5(f) = K *7V7'(f) is a suitable choice for the

corresponding component of w, . By definition (4.4) of dlr‘_fl, we have: Forall f € Ax (Mp)
and all (i, v) € PyA°(f) x KP(f), since wp = 0 for all f* € Ar(f),

_ 1. K _
/fdf,f‘leA(/l+V)=/* l”r,fnf/\v=/f* A (),
A f

where the cancellation of 7T;K}9 is made possible by (2.4) with (X, w, 1) < (‘]{9 (f),x! nfsv),
while the introduction of y in the last passage is justified observing that n, € Zf np implies
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./f *x~Iny=0forall f € Ax(Mp). This relation gives d];,_flﬂf =x"Ingforall f € Ax(My)
which, combined with the definition (4.6) of the global discrete exterior derivative and the
expression (4.18) of n,: readily yields n, = g’; _hl w,, and concludes the proof. |

Proof of Theorem 30. Contrary to the DDR(0) complex, the VEM(0) complex is not iso-
morphic to the CW complex (the VEM spaces for r = 0 do not have only constant polyno-
mial components on the lowest-dimensional cells). As a consequence, designing extensions
and reductions between the VEM(r) and VEM(0) complexes in the spirit of Theorem
14 would not directly characterise the cohomology of the VEM complex. To circum-
Vent this dlfﬁculty, we will instead design extensions EX E, : Kg n Zf, ,, and reductions
h : Z’r" A _0’ , between the VEM(r), r > 0, and the DDR(0) complexes, in order to
show that their cohomologies are isomorphic. By Theorem 14, this will prove that the
cohomology of VEM(r) is isomorphic to the continuous de Rham cohomology.
Throughout the rest of this proof, (PO 90, f) and (Pf’ o df’ f) denote, respectively, the
couple (potential reconstruction, discrete exterior derivative) of the DDR(0) and VEM(r)
complexes. We do not need to differentiate these notations, as the argument removes all
ambiguity. For all form degrees k € [0, d], the reduction is obtained setting

Ryw, = ((m) jwp)rearmn) Yo, €VE,, (4.19)

while the extension is given by

Elﬁﬂh = ((Tlf)feAk(Mh),

K,0 k
(0 PG, 1 0o 7 ORG 11.) e

K,d—k
(r+lf

k K,d—k-1 k k
(*Py Sy )T g (*do,fﬂf))feA,,(M;,),dzk+2) v, € Xon

(4.20)
As in the proof of Theorem 14, we need to establish the properties (C1)—(C3) of [37,
Assumption 1] to obtain the desired isomorphism in cohomology (also in this case, the
relation (3.52) is an immediate consequence of (C1) and (C3)).

Proof of (C1). An inspection of the definitions (4 19) of the reduction and (4.20) of the
extension shows that g;g ,’Zgh =1, for all , €X _0 ;> and thus (C1) holds a fortiori.
Proof of (C3). We need to prove that both the reduction and extension are cochain maps.

Let us start with the extension. We have to prove that, for any integer k € [0,n — 1] and
ally, € Xk ER! (df, W) = s, (E’gnh). Owing to the definitions (4.20) of the extension,

3. 8) of d0 o and (4.6) of gr o and since d’(§+f1 o Qlo‘f =0 (by (3.32) withr =0and k + 1
instead of k) this amounts to proving that

*do = *dy p(Ejn ) V[ € Arar (M), 4.21)

n;’jff;k—‘ (xP§*ldE )= ﬂﬁf}k_l(*dlg’fgf) Ve Ag(Mp), d>k+2. (422)
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The relation (4.22) trivially follows from P’5+fl gg =df > Which comes from (3.31) with

(k,r) « (k+1,0). To prove (4.21), we take (u, v) € P Ao(f) X 7(?(]‘) and apply the
definitions (4.4) of df f(E n, ) and (4.20) of Ekr] to get

dk (E5p )/\(ﬂ+V)=/ *—lnafAm/ KOk ) A
Lr,f 125 of f 0.f1f

:‘/fdg,fﬂf/\:“‘"/fdé,fﬂf/\VZ/dIS,foA(:“'"V)’

where the second equality is obtained using the definition (3.4) of dk for the first term and
(2.4) with (X, w, p) « (K(f), dk 0.1 , v) for the second one. By (2 7a), and since both

f(Efn ) and df 11, belong to Ak“(f) this relation gives dkf(Efn ) =
thus proving (4.21). !

Ofo’

Let us now turn to the reduction. We need to show that, for any integer k € [0,n — 1]
and all w,, € Vk Ek”(dk hwh) d, h(R w,),ie., accountmg for the definitions (4.19)

of the reduction (3 8) of d 0.h (additionally noticing that 7’ P 0 coincides with 710 P owing
to (2.12a)), and (4.6) of dr e

ﬂg,f(*d]:,fg,f) *d fRf r V€A (Mp). (4.23)

To check this relation, let f € Ag41 (M) and write, for all u € POAO( s

/f*—lng,f(*d’;,fgf) Ap= /fdf’fgf Ap Eq. (2.4)

= / *_la)af Atrgr p Eq. (4.4)
of

= / *_lng’afwaf Atrgr p
af

=/d](§f£’;gf/\,u, Egs. (4.19), (3.4), (3.3)
f 2 J

where the third equality follows from (2.4) with (X, w, u) < (POAO((') Foxwar, tror p).
This proves (4.23), and thus that the reductions form a cochain map.

Proof of (C2). For all w,, € Z’r‘ 4> by the definitions (4.19) and (4.20) of the reduction and
extension, it holds Eﬁgﬁgh -w, € Zf np- Lhe proof then continues as in point 4. of

the proof of Theorem 14 (see Section 3.6) with X ’r‘ n.p feplaced by er‘ np, and Lemma 27
replaced by Lemma 35. u

5. Related works

We provide here some elements of comparison between the DDR and VEM constructions
of Sections 3 and 4, and two other families of discrete complexes.
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5.1. Finite Element Exterior Calculus and Finite Element Systems

Finite Element Exterior Calculus (FEEC) is the (conforming) finite element approach for
the unified analysis of discrete complexes [2,4]. It is based on the selection of piecewise
polynomial subspaces of HA(Q) that form a subcomplex of the continuous complex (1.2).
Finite Element Systems (FES) is a framework for designing subcomplexes that generalises
FEEC to cover finite dimensional spaces spanned by differential forms that may not be
piecewise polynomial on the selected mesh [29,31]. In FEEC complexes, only the spaces
of differential forms in the continuous complex are replaced with discrete counterparts:
the graded map that links these spaces is the usual exterior derivative d. Generalised FES
is an abstract setting which also gives freedom on the definition of the graded maps in the
complex [29].

A (generalised) FES space is a space of k-forms on all d-cells with d > k, with a
compatibility condition on the traces:

A"(Mm:{yh e X A%(f)

feha(Mp)
delk,n]
trpvp =vp forall (f, f) € Aq(Mp) X Ag (f) withk < d’ < d}, 6.1

where each AX(f) is a finite-dimensional space of k-forms and v + denotes the component
of v, on f. In the original FES setting (in which the graded maps are d), each element
of A¥(My},) can be identified with an element of HAX(Q). This setting contains the usual
FEEC complexes (in which case A¥(f) are certain polynomial subspaces — typically full
polynomial spaces or trimmed polynomial spaces depending on the considered finite ele-
ment), but has also been used to develop other discrete complexes, e.g. based on macro-
elements (in which case A (f) is a space of piecewise polynomial forms on a subdivision
of f) or with higher inter-element regularity (C' spaces, for example).

The concept of (faithful) mirror system plays the role of degrees of freedom in the FES
framework. Mirror systems are constructed on a case-by-case basis for each FES, and are
auxiliary tools in the framework: they are not required to design the FES spaces (or maps),
but they identify (by duality) a basis of such spaces. A mirror system for AK(M},) is a
family of subspaces of linear forms:

Z5(My,) = >< Z5(f)  with Z5(f) c AR(f) forall £ € AMy),  (5.2)
240

where A ( f)* is the dual space of A*( f) (actually, to link mirror systems and interpolators,

each Z¥(f) is chosen as a subspace of X*(f)* with X¥(f) o A¥(f), but we won’t need

this in the discussion here). As can be seen in (5.2), a mirror system is built hierarchically

on the mesh, and each Z*( f) identifies the modes of the FES forms that are “interior” to

f; to obtain all the modes (interior and boundary) associated with f, one must consider

X preny (f), drelka) ZXCF).
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A particular case of interest in the present context is when Z*(f) c LZA*(f)* (see
Remark 9). Using the Riesz representation theorem and applying the Hodge star trans-
formation, Z* (f) can then be identified with a family of subspaces of L?-integrable (d —
k)-forms:

ZKM,,) = >< Z4k () with Z49R(F) € LAAR(f). (5.3)

f€haMp)
d € [k,n]

Here, and contrary to (5.1), no compatibility condition of the traces is imposed: the spaces
Z47k(£) are completely disconnected from each other.

The FEEC framework provides a setting for the algebraic and analytical study of
discrete complexes based on piecewise polynomial subspaces of the continuous spaces;
the constraint of having piecewise polynomial subspaces and of imposing the suitable
inter-element continuities restricts the design of finite element methods to certain types of
meshes — mostly tetrahedral and hexahedral. The FES framework is more general in the
sense that it does not, in principle, require to identify conforming subspaces (or accepts
conforming subspaces that are not piecewise polynomial on the chosen mesh — these spaces
are then usually not explicitly known). Its main restriction, compared to FEEC, is that it
only provides algebraic results on the discrete complexes, not analytical results such as
Poincaré inequalities, or primal and adjoint consistencies — all critical for the numerical
analysis of numerical schemes based on the complex. Moreover, as far as we could see in
the literature, all complexes based on the FES framework and fully computable (that is, the
spaces and operators are explicitly known) seem to rely on the design of discrete subcom-
plexes of the continuous complex, which imposes restrictions on the types of meshes that
can be considered (as in FEEC, mostly tetrahedral and hexahedral meshes, with the graded
map being the exterior derivative). On the contrary, the DDR and VEM constructions of
Sections 3 and 4 provide explicit and computable discrete complexes on generic polyto-
pal meshes, that do not rely on finding computable conforming subspaces of the de Rham
spaces. These polytopal methods can be entirely built using spaces of polynomial functions
on the mesh, without any compatibility condition on the traces. The spaces are explicit,
their bases are directly given by the polynomial components, and the graded map (acting
as a discrete exterior derivative) is explicitly expressed in terms of these components.

Comparing (3.1) and (5.3) for example, we see that the DDR space plays the role of a
mirror system, and puts discrete polynomial components at the center of the construction.
A similar approach is also true for the VEM-inspired spaces (4.1), with, contrary to DDR,
some polynomial components representing exterior derivatives; see the definition (4.3) of
the interpolator.

A closer link between DDR and FES can be drawn by noticing that the FES [28, Sec-
tion 2.1] has the DDR spaces as mirror system (in the sense of (5.3)). The spaces of this
FES are based on liftings of harmonic functions on each cell, which cannot be explicitly
described in general, and therefore cannot be directly used, say, in a weak formulation of
a PDE to design a numerical scheme. This is in contrast with the fully discrete approach
employed by the DDR technique, which not only identifies explicit discrete spaces and
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exterior derivatives, but also consistent L2-inner products on these spaces, therefore provid-
ing all the tools required to build numerical schemes, see, e.g. [11,35,56]). We also notice,
in passing, that, in the context of vector proxies, different conforming (non-explicit) spaces
having the DDR components as degrees of freedom were also identified in [11, Section
6.2].

Finally, it can be shown, using the results of Section 3.3 and Lemma 27, that the DDR
complex fits into the generalised FES framework. [29, Theorem 1] then provides an altern-
ative study of the cohomology of the DDR complex. The approach developed in the proof
of Theorem 14 provides a practical way to compute the cohomology spaces of the DDR
complex based on those of the underlying CW complex (see [38, Remark 13] for details),
for which efficient algorithms are available [48]. Moreover, as mentioned above, the FES
framework does not cover any analytical properties of the discrete complexes. In particu-
lar, for DDR, it only relies on the global discrete exterior derivative Q,;, ,, defined in (3.8),
and would not identify or make use of the local potential reconstructions Pf’ P and discrete
exterior derivatives df P which encode the optimal consistency properties of the method
(see Theorem 15 and (’3.16)).

5.2. Distributional Differential Forms

The theory of Distributional Differential Forms (DDF) has been introduced in [58] as a
generalisation of the construction in [20] for the a posteriori error analysis of Nédélec
edge elements. DDF are built on triangulations of the domain and, using their relation
with the underlying simplicial complexes (as well as the concept of double complexes),
their cohomology was analysed in [58] for rather general boundary conditions. Poincaré—
Friedrichs inequalities were later established in [30].

As is the case for the spaces appearing in the DDR and VEM complexes, DDF spaces
are collections of differential forms on cells of various dimensions, with form degree
depending on the dimension of the cell: if the domain € has dimension #, the DDF space
of degree k is made of (k — n + d)-forms on d-cells. No compatibility of the traces is
enforced on these forms, which can be completely discontinuous between two d-simplices.
The discrete distributional exterior derivative on the DDF space is then composed of two
contributions: the exterior derivative inside the simplices, and a trace term. For example,
focusing on the highest dimension d = n, if the DDF space of k-forms is

A (A (M) = AE (A (M) @ AR (A (Mn)), (54

(with /A\‘:l subspace of piecewise C*° A’ forms, the index —1 expressing the absence of con-
tinuity properties at the interfaces), for a family w, n = (wf) rea, (M;) € A'jl (A(Mp)),

we define the distributional derivative a;; AR (An(Mp)) = ARSH(A, (M) by

Fonn = ([0p) rensmn |~ D, ety oy 6
feXn(f") fren 1 (Mp)
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where X, (f”) is the set of n-simplices f that share f” (thatis, f* € A,_1(f)), and g7y is
the relative orientation of the simplex f’ with respect to the simplex f. Note that, in (5.5),
we have adopted a presentation of the distributional derivative that distributes its two con-
tributions (D and T in [58]) on the corresponding components (Ak+1_i (An—i(Mn)))i=0.1
of A"Jr1 (A (Mp)) (see (5.4) with k + 1 instead of k), instead of writing dk as a sum of
elements in the global space A'i*l (A (My)); this is to better compare with the definition
(3.8). This definition of distributional derivative is a global one, obtained by testing the
piecewise smooth form w, ; against globally smooth forms, which classically results in
a term inside each f € A, (My,) corresponding to the standard exterior derivative (first
component in (5.5)), and a jump across the (n — 1)-sub-simplices based on the difference
of traces on the two adjacent n-simplices (second component in (5.5)).

A crucial remark is that, in (5.5), the component (dk Wf) rer, (M) of cfiwn, 1, on n-cells
only depends on the values w, , of the discrete distributional differential form on n-cells,
not on the values of these forms on lower-dimensional cells (e.g., /A\’jTl (Ap-1(Mp)) in
(5.4)). This is in contrast with the discrete exterior derivatives in DDR and VEM complexes,
whose definition on higher-dimensional cells depends on polynomial components on their
sub-cells; see (3.4) and (4.6). Another difference between DDR and DDF can be seen when
recasting the discrete exterior derivative: integrating by parts (3.4) yields the following
characterisation:

‘/];d]:’fgf/\,u:—'/fd(*_lwf)/\/1+/af(Pf’anaf—traf(*_lwf))/\traf/J
Yu e P.ATRL(p).

This relation reveals that d ey is, as in DDF, composed of an exterior derivative term
in the d-cell and a boundary term involving jumps. However, contrary to DDF, the jumps
here are between the trace of the d-cell unknown and the potential Pr’ arLaf reconstructed
on (d — 1)-cells (which depends on the unknowns on all d’-subcells of f, k < d’ < d),
not between traces of two d-cells unknowns (as in (5.5) with d = n). In this respect, the
“jump” term in DDR relates more to the kind of face differences encountered in polytopal
methods (e.g., the HHO method [34]) while the jump term in DDF is more akin to those
arising in discontinuous Galerkin (DG) methods [41].

This comparison can be extended to the potential reconstructions themselves. Equation
(3.36) shows that Pf’ oy is obtained applying a higher-order enhancement to the cell
component *~'w r, designed from the discrete exterior derivative on f and the potentials
on 0 f. This enhancement ensures the high-order consistency of the method starting from
lower-order polynomial unknowns. In the context of elliptic equations, it is commonly used
in methods with unknowns in the elements and on the faces of the mesh, but it is not directly
available in DG methods. In DDF, as in DG, the cell unknown itself must be used (e.g.,
in a scheme to discretise the source term), and the consistency is therefore limited by the
degree of this unknown.
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Appendix A. Differential forms and vector proxies

In this section, we briefly recall basic concepts on alternating (resp. differential) forms, and
their representation in terms of vectors (resp. vector fields); these representations are often
referred to as “vector proxies”. We refer the reader to [2, Chapter 6] for a presentation in the
framework of Finite Element Exterior Calculus, and to [15], [49, Chapter 1], [55, Chapter 1]
for an introduction in more general scientific and engineering contexts.

A.l. Exterior algebra in R"

A.l1.1. Alternating forms. Let {e;};c1,n] be the canonical basis of R", equipped with
the standard inner product. A basis for the space of linear forms over R”, i.e., the dual
space (R™)” of R", is given by {dx'};c[1,,], with dx(e;) = 6‘] (Kronecker symbol), for
all (i, j) € [1,n]?. The starting point of exterior calculus is to consider alternating mul-
tilinear forms, vanishing whenever they are applied to a set of linearly dependent vectors
in R". For any integer k > 1, the set of alternating k-linear forms on R" is denoted by
Alt*(R™); by convention, we set Alt’(R") := R. We also note that Alt! (R") = (R”)” and
that Al (R™) = {0} if k > n (since families of k > n vectors are always linearly depend-
ent). It can be checked that dim Alt* (R") = (Z) . Inparticular, Alt"* (R") is the 1-dimensional
space spanned by the determinant in the canonical basis vol (called the volume form).

A.1.2. Exterior product. Given two alternating multilinear forms w € Alt' (R") and u €
Alt/ (R™), their exterior product w A u € Alt™*/ (R") is defined, for any vectors vy, . . ., v;, ;€
R”", by

(WA (01,...,0i4)) = Z sign(o) w(Veys -5 Vo) HOoyyys -+ 5 Vo)

(TEX,”J’

where %; ; is the set of all permutations o of the (i + j)-tuple (1,...,i+ j) such that
o1 <---<ojand o4 < - -+ < 0y4;. The exterior product satisfies the anticommutativity
law

wAp=E=D)uAw, (A.1)

so that, in particular, we have dx’ A dx’ = 0 and dx? A dx/ = —dx/ A dx’. With these defin-
itions, for k € [1, 7] a basis of the space AltK (R") is {dx?! A - -- A dx7* } ,» where o spans
all strictly increasing functions [1, k] — [1, n]. Hence, any w € Alt*(R") can be written

W= Z dy dxTUA - Adx7%, a, €R. (A.2)

I<oi<--<or<n

A.1.3. Hodge star operator. The scalar product in R” induces a scalar product, denoted
by (-,-), on Alt""¥(R") — namely, the scalar product for which the aforementioned basis
{dx?t A -+ A dxPn %}, of Alt""%(R™) is orthonormal. The Hodge star operator is the
unique linear mapping * : Alt* (R") — Alt" " (R") such that, for all w € Alt* (R"), (xw, u)vol =
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wApforall yue Alt”_k(R"). It can be checked that
*(dx A -+ Adx7%) =sign(o, 7)(dxT A -+ A dxTR),

where (o, 7) = (01, ..., 0%, T1, - . . » Tu—) 18 @ permutation of (1, ..., n) such that o] <
--- <o and 7] < --- < T,_. From the above identity, one can infer that

*(*w) = (=D Ry v e AltF(RY) (A.3)

and, hence, that (xw, xu) = (w, ), i.e., % is an isometry. Formula (A.3) justifies the defin-
ition (2.2) of x~!. The anticommutativity (A.1) of A, the definition of %, and the symmetry
of (-, -) then give

* oA U= A *w=wA*u Yo, i € AltF(R™). (A4)

Example 36 (Hodge star operator in two and three dimensions). If w € Al (R3), ie.,
w=apdet Adx?+apzdel Aded + aps di? A di (see (A.2)), one obtains xw € Altl(R3)
with

*Ww = ajp) dx3 —ais dx2 + a3 dxl.

Ifw € Alt'(R?), i.e., w = a; dx' + a, dx2, then xw € Alt' (R?) with

*W = dy de—azdxl.

A.1.4. Vector proxies for alternating forms. As already mentioned in Section A.1.1, Alt’(R") =
R and Alt" (R") = R. Using the Riesz representation theorem to identify (R")” and R", we
can identify two more spaces of alternating forms: Alt' (R”) = (R") = R" and, writing
*Al" 1 (R") = Alt' (R”) = R” since * is bijective, Alt"" ! (R") = R".

Applied with n = 3, and recalling the formula for Hodge star transformations of 2-forms
in Remark 36, these identifications lead to considering a vectorv = (a, b, ¢) € R? as a proxy
for both the alternating linear and bilinear forms

Alt'(R) sw=adx' +bdx? +cdx® and Al (R*) s p=adx® Adx® —bdx! Adx® +cdx! Adx?.

On the other hand, when n = 2, the discussion above gives two possible ways to identify
Alt'(R?) = Alt>"1(R?) with R2. This leads to associating a dx! + b dx? = w € Alt'(R?)
either to the vector v = (a, b) € R?, or to its rotation by a right angle O_xp=(b,—a)e€ R2.
Based on the above identifications, when n = 3, one can interpret the exterior product
of two alternating multilinear forms w A u in terms of vector proxies (w,v) as follows:
e the vector product R x R3 5 (w,v) — w x v € R? when (w, u) € Alt' (R?) x Alt! (R3);
e the dot product R3 x R? 3 (w,v) — w - v € R when (w, ) € Alt' (R?) x Alt*(R?).
On the other hand, if n = 2 and w, u € Alt' (R?), we can write w A g = (a dx! + b dx?) A
(f dx' + g dx?) = (ag — bf) dx' A dx?. Considering the correspondences w <> w = (a, b)
and u & v = (f, g), we obtain

WA= (W o_zpv)de! Adx? (A.5)
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A.1.5. Contraction and trace. Foragiven vectorv € R", the contraction wav € Al (R
ofw e Altk(R") with v is defined, for any vy, ...,vx_; € R", by

(auv)(vl,...,vk_l) = a)(v,vl,...,vk_l). (A.6)

In terms of vector proxies, in the case where n = 3, this contraction with v corresponds to
e the scalar product R? 3w — v-w € R when w & w € Alt' (R?);

e the vector product R 3 w — v x w € R when w & w € Alt>(R?);

e the multiplication of a real number R 3 w — wo € R> whenw < w € Alt? (R?).

Letnow V C W be finite dimensional subspaces of R”, and ¢y : V < W be the inclusion
of Vin W. The trace try : Altk(W) — AltF (V) isthe pullback under ¢y : Forany vy, ...,vx €
v,

try w(vy,...,0r) = w(yvy,. .., Ly0g). (A7)

The trace respects the exterior product, i.e., try (w A u) = tryw A try u.

It is easy to see that, through the vector proxy of Alt! spaces, try : Alt' (W) — Alt! (V)
is the orthogonal projection 7y : W — V of a vector w € W onto V.

Let us fix an integer m € [1,n] and suppose that dim(W) = m and dim(V) =m — 1, and
that both spaces are oriented; let ny be the unit normal to V such that, given a positively ori-
ented basis (ey, ..., e;,—1) of V, the family (ny, ey, .. .,e,_1) forms a positively oriented
basis of W. Then, an identification of the trace try : Alt" (W) — Alt"!(V) through
vector proxies is the scalar product with the vector ny, thatis, W s w — w - ny € R.

A.2. Exterior calculus in R

A.2.1. Differential forms. Let M be an n-dimensional flat manifold. When the coefficients
in (A.2) are functionsa, : M — R, themapw : M — AltF(R") is referred to as a differential
Jform, or simply a k-form. Consistently with the notation adopted in Section 2.1, the space
of k-forms over M without any specific smoothness requirement on the coefficients a is
denoted by AK(M). If w € A¥(M), the value of w at x € M is denoted by w, € AltX(R™).

If the coeflicients a in (A.2) are polynomial functions, w is said to be a polynomial
differential form. Specifically, for an integer r > 0, the space of polynomial k-forms of
degree < r is defined as

PrAk(]u) :={ Z Po dx7t A AdTE paepr(M)},

1<oi<---<or<n

where P, (M) is the space of scalar polynomials of degree < r over M. All the arguments
concerning vector proxies presented in Section A.1 for alternating k-linear forms can be
immediately extended to the case of k-forms. Hence, when n € {2, 3}, their corresponding
vector proxies are scalar fields over M when k € {0, n}, and vector fields over M when
ke{l,n-1}.
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A.2.2. Exterior derivative and de Rham complexes. Provided that the coefficients a .
in (A.2) are smooth enough, the exterior derivative of a k-form w € A¥(M) is the linear
unbounded operator d : A¥(M) — A%+ (M) such that, in terms of standard coordinates
on R",
do= ) Zaa—”dxl dx7! A - A e,
1<o1<---<or<n i=

The interpretation of the exterior derivative in terms of vector calculus operators,
through vector proxies of alternating forms and when M is a domain Q of R3, is given
in (A.8). We have used in this diagram the spaces defined in the introduction of the paper.

Differential forms: HAY Q) —4 3 HAY(Q) —4 5 HA2(Q) —% 3 HA3(Q)
Vector proxies: H'(Q) _grd H(curl; Q) - H(div; Q) —2 12(Q).
(A.8)

In the case n = 2, as we have two possible vector proxies for Alt' (R2). These inter-
pretations are illustrated in (A.9) when w = a dx' + b dx? € Alt'(R?) is identified with
v=(a,b),andin (A.10) when w € Alt*"! (R?) is identified with o_/,0 (with rot = div @,
and rot = o_x/, grad, respectively, denoting the scalar and vector curls, and H (rot; Q) the
space of square-integrable vector-valued functions whose rot is also square-integrable).

Differential forms: HAY(Q) —4 HAL(Q) —4 5 HAX(Q)
I I I (A9)
Vector proxies: H'(Q) _grd, H(rot; Q) — 3 L2(Q).
Differential forms: HA(Q) L} HA'(Q) L} HA*(Q)
I I I (A.10)
. 1 rot . div 2
Vector proxies: H'(Q) —— H(div;Q) —— L*(Q).

Notice, finally, that the exterior derivative satisfies the complex property d o d = 0. This
property translates, through vector proxies, into the well-known identities curl grad = 0
and div curl = 0 for n = 3, and rot grad = 0, divrot = 0 when n = 2.

A.2.3. Koszuldifferential. Givenx y; € R", the Koszul differential kpy : A¥(M) — A1 (M)
is defined pointwise over M as follows: For all x € M, recalling the definition (A.6) of the
contraction 4,

(kpw)y = wWea(x —xp7).
Its interpretation in terms of vector fields proxy is then analogous to that of a contraction of
an alternating multilinear form with a vector, except that the contraction is made pointwise
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with the vector field R” 3 x — x — x )y € R". The terminology “differential” is legitimate,
as ks satisfies the complex property ks o kps = O (since any alternating form applied to
the same vector twice vanishes).

A.2.4. Trace. If P c Q are (relatively) open sets in affine subspaces V ¢ W of R”, the trace
operator trp : C°A¥(Q) — COAX(P) on differential forms is defined pointwise, using the
trace operator (A.7) on alternating forms: For all w € COA¥(Q),

(trp W)y = try wy Vx € P.

Note that, in the case P = Q, the trace is simply the identity operator (and can be defined
without any continuity assumption): trp w = w for all w € A*(P).

Applying the same arguments as in Section A.1 pointwise over P, the trace operator in
terms of vector fields proxy gives

e the restriction of functions, when k = 0;
e the orthogonal projection onto V (that is, trp w < nyw if w & w), when k = 1;

e the normal component on P along the direction n (thatis, trp w < w - n if w < w), with
n unit normal vector field preserving the orientations of V and W, when k = dim(P) =

dim(Q) - 1.

Example 37 (Interpretation of the Stokes formula for £ = 1 and n = 3). We rewrite here,
for the reader’s convenience, the integration by parts formula (2.1) for € = 1 and n = 3:

/de,uz/w/\d,u+/ tromw Attgpr it Y(w, ) e AL(M) x A'(M). (A.11)
M M oM

Given the previous interpretations of the exterior derivative and product in terms of vector
proxies, if w & w and u < v, then dw A u < curlw - v and w A du & w - curlv. This
leads to the following integration by parts formula for the curl:

/curlw~v=/w~curlv+/ (nx(wxn))-(vxXn), (A.12)
M M oM

where n is the outer unit normal vector field over 9M. For any fixedx € 0 M, we have n(x) X
(w(x) X n(x)) = mr,omw(x) (here, TxOM is the tangent space of OM at x), whereas
v(x) X n(x) = 0_xp2(w1,0MV(X)), where the rotation is considered with respect to the
orientation of the tangent plane given by n(x). The boundary terms of (A.11) and (A.12)
therefore coincide, through the vector proxy for the exterior product of 1-forms in dimension
2 (see (A.5)).
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