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Abstract

We develop in this work the first polytopal complexes of differential forms. These complexes,
inspired by the Discrete De Rham and the Virtual Element approaches, are discrete versions of
the de Rham complex of differential forms built on meshes made of general polytopal elements.
Both constructions benefit from the high-level approach of polytopal methods, which leads, on
certain meshes, to leaner constructions than the finite element method. We establish commutation
properties between the interpolators and the discrete and continuous exterior derivatives, prove key
polynomial consistency results for the complexes, and show that their cohomologies are isomorphic
to the cohomology of the continuous de Rham complex.

Key words. Discrete de Rham complex, Virtual Element Method, differential forms, exterior
calculus, polytopal methods
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1 Introduction

This work is a first step towards merging two extremely successful avenues of research in numerical
analysis: finite element differential forms and arbitrary-order polytopal methods.

The well-posedness of important classes of partial differential equations (PDEs), and the develop-
ment of stable approximations thereof, hinges on the properties of underlying Hilbert complexes [23]].
The best-known example is provided by the de Rham complex which, for an open connected polyhedral
domain Q c R3, reads

{0} — H'(Q) =5 H(eur; Q) 0 H(div;Q) — 12(@) — {0}, (L)
where H!(Q) is the space of scalar-valued functions over Q that are square-integrable along with their

gradient, while H (curl; Q) and H(div; Q) are the spaces of vector-valued functions over Q that are
square-integrable along with their curl and divergence, respectively. Using the framework of differential
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forms (see Appendix[A]), the de Rham complex (L.T)) can be generalised to a domain Q of any dimension
n as:

0 dO dk71 k dk dnfl n
{0} — HA(Q) > > HAY(Q) o > HA"(Q) —— {0}, (1.2)

In what follows, we shall possibly omit the index k from exterior derivatives and spaces in (I.2)) when
no ambiguity can arise.

The de Rham complex enters the well-posedness analysis of PDEs through its cohomology spaces
Kerd*/Im d*~!. A classical result links these spaces to the topological features of the domain and their
dimensions to its Betti numbers. Preserving such homological structures at the discrete level leads to
compatible methods and is key to the design of stable numerical schemes.

The compatible finite element approximation of the vector-valued spaces appearing in the de Rham
complex (1.1)) arose as a research subject in the late 70s [53}/54]. In the late 80s, links with Whitney forms
were identified [[17]. More recently, the development of Finite Element Exterior Calculus (FEEC) [2,
4}, 5] has provided a unified perspective on the generation and analysis of finite element approximations
of the de Rham complex (1.2). Finite Element Systems (FES) are a generalisation of FEEC covering
spaces which are not necessarily piecewise polynomial inside mesh elements (but can be, for example,
piecewise polynomial on subdivisions of these elements); see [29-31]]. FEEC and FES led to the
unification of several families of finite elements and heavily hinge on the notion of subcomplex, which
makes them naturally geared towards conforming approximations.

While conforming methods are still widely used, their construction can only be carried out on
conforming meshes, typically made of elements with simple shapes (e.g., tetrahedra or hexahedra);
extensions to more general meshes, such as the barycentric dual of a simplicial mesh, have been
considered, e.g., in [26]. In recent years, significant efforts have been made to develop and analyse
numerical methods that support more general meshes including, e.g., general polytopal elements and
non-matching interfaces; a representative but by no means exhaustive list of contributions includes [/1,
6l 7,113,116, (18,21} 22,24} 33} 36, [38-42| 45| 46|, 48]]. Polytopal technologies typically introduce some
degree of non-conformity, either because they are formulated in a fully discrete setting (like Hybrid
High-Order [36, 42[] or Discrete de Rham — DDR methods [33| [38]]) or through the use of projections
(as in Virtual Element Methods — VEM [[7]).

Despite their non-conformity, polytopal technologies can be used to develop compatible frameworks.
Polytopal discretisations of the de Rham complex (I.I)) have been proposed, e.g., in [10} 33} [38]], and
applied to a variety of models , such as magnetostatics [8, [34], the Stokes equations [11]], and the
Yang—Mills equations [47]); they have also inspired further developments, based on the same principles,
for other complexes of interest such as variants of the de Rham complex with increased regularity [32}
53], elasticity complexes [19, 44|, and the Stokes complex [12} |14, 49]]. Polytopal complexes have
additionally been used to construct methods that are robust with respect to the variations of physical
parameters, in particular for the Stokes problem [11]], for the Reissner—Mindlin equation [43]], or the
Brinkman model [33]. Many of these models have also been tackled using finite element complexes
and related methods (see, e.g., [2 327, [31]]). However, due to their higher-level design, which does not
require explicit expressions for the basis functions, polytopal methods offer distinctive advantages over
finite elements. These include, in addition to the support of general meshes, the possibility to reduce the
dimension of discrete spaces, sometimes below their finite element counterparts 35}, Table 3], through
systematic processes such as enhancement or serendipity [9, [35]]

The purpose of the present work is to take one step further and show how exterior calculus can be
used to generalise the construction and analysis of polytopal complexes. More specifically, we present
two discrete de Rham complexes in arbitrary dimension and with arbitrary approximation degree that
generalise those introduced in [33] (DDR) and [8] (VEM). Three key features set these constructions
apart from Finite Element complexes:



* No explicit spaces of globally conforming differential forms (i.e., subspaces of HA(Q)) are
sought. Instead, we work with fully discrete spaces made of vectors of polynomial components
on the mesh cells (of various dimensions). The meaning of these components is provided by the
interpolators on the fully discrete spaces.

* Due to the absence of explicit underlying conforming spaces, the differential operator of the
complex cannot be the exterior derivative. Instead, a discrete exterior derivative is constructed
combining the polynomial components to mimic the Stokes formula.

* Discrete potentials are also designed, again mimicking the Stokes formula. They are piecewise
(discontinuous) polynomial forms on the mesh used, in particular, to define an L2-structure on
the discrete spaces (an essential tool to discretise PDEs written in weak form).

The choice of the polynomial components in the spaces and the design of discrete exterior derivatives
and potentials revolve around two key properties: polynomial consistency, which is related to the ability
to reproduce polynomial differential forms up to a selected polynomial degree, and compatibility, linked
to the existence of an isomorphism between the cohomology of the discrete and continuous de Rham
complexes. While both the DDR- and VEM-inspired constructions heavily rely on discrete versions of
the Stokes formula, they do so in a radically different spirit: in the DDR construction, the choice of
components in the discrete spaces is inspired by the formula to reconstruct a discrete exterior derivative,
which is then used to construct discrete potentials. In the VEM construction, on the other hand, the space
components (and, in particular, those associated with differentials) are chosen based on the formula used
to define a discrete potential. While the choice in the DDR construction leads to leaner spaces, the
study of its properties is more elaborated. Notice that, at this early stage, we haven’t tried to identify the
virtual (conforming) spaces that underlie the VEM-inspired construction and we have made no effort
whatsoever in trying to reduce the dimension of the discrete spaces through serendipity.

The rest of this work is organised as follows. In Section [ we establish the setting. In Section [3| we
present and analyse the discrete complex generalising the DDR construction of [33]]. Section[d]contains
the definition and analysis of the complex generalising the VEM construction of [§]]. In Section 5} we
discuss in greater detail similarities and differences with respect to the FEEC, FES and Distributional
Differential Forms frameworks.

Differential forms of any degree in dimensions 2 and 3 have interpretations in terms of vector fields.
To make the exposition self-contained and improve the legibility for the reader not used to differential
forms, we recall some facts on these so-called vector proxies in Appendix [A] and we include throughout
the exposition a series of examples to illustrate the development in the differential forms framework
through vector calculus operators.

2 Setting

We present here the main notions used in the construction of the polytopal complexes of differential
forms. For the reader not used to the framework of differential forms, we recall in Appendix [A] some
basic concepts and definitions.

2.1 Spaces of differential forms

Let M denote an n-dimensional manifold. In what follows, M will typically be a cell of a polytopal mesh
(see Section below), and thus a relatively open set in a subspace of R for some m > n. For any
natural number ¢ such that 0 < £ < n, we will denote by A¢(M) the space of differential £-forms (often
just called ¢-forms) on M without explicit regularity requirements. When relevant, regularity is made
explicit by prepending the appropriate space (e.g., LAY (M) stands for square-integrable ¢-forms).



2.2 Integration by parts

We recall the following integration by parts (Stokes) formula:
J dwru = (-1)! J w/\d,u+J trons wAttgpr 1 Y(w, p) € C'AC(M)XC'A "1 (M), (2.1)
M M oM

where, for any form degree m, trgp : COA™(M) — COA™(OM) is the trace operator. Formula
(2.1)) will provide the starting point to define discrete counterparts of the exterior derivative and of the
corresponding potentials on mesh cells. It will also drive the choice of the components in the discrete
spaces, geared at ensuring that the reconstructions preserve certain polynomial differential forms.

2.3 Hodge star

Assume now that M is an open set in a subspace of R”. We denote by x : AY(M) — A""¢(M) the
Hodge star operator, and we set
* L= (=)0, (2.2)

a notation justified observing that, for any w € Alt’(V), ™! x w = w (see (A.3) in the appendix).
2.4 L’-orthogonal projectors

Integrating the inner product of Alt’(V) over M yields the inner product of L>A?(M). For any closed
subspace X of L>A¢(M), we therefore have an L>-orthogonal projector 7x : L2A(M) — X on X,
defined by the following relation: For all w € L>AY (M), nxw € X satisfies

J nxa)/\*,u=f w A *i Yu e X. 2.3)
M M

To improve legibility, we will introduce in the following sections specific notations to mx for some
polynomial subspaces X that are particularly relevant to our construction.
For future use, we note the following property.

Lemma 1 (Projectors on subspaces of differential forms). Let (k,d) be integers such that k < d < n,
f € Ag(My,) and X be a closed subspace of L*A?~%(f). Then, it holds: For all w € L>A*(f) and all
ueX,

J *_lﬂx(*w)/\,u:J‘ ,u/\*irx(*w):f w A U 2.4
f f S

Proof. The first relation in (2.4) follows from (A.4). To prove the second relation, we write
J p/\*n{\»(*a)):‘[ M(*a))/\*,u:‘[ ,u/\(**a)):J wA U,
f f f f

where the first equality follows from (A.4) (with (w,y) < (mx(*w), 1)), the cancellation of the
projector is justified by its definition (2.3), the second equality is obtained using (A.4)) again, and the
conclusion follows from (A.3)) and the anticommutativity (A.T)) of A. |

2.5 Polytopal mesh

From this point on, Q will denote a polytopal domain of R". We let M;, denote a polytopal mesh of
Q, i.e., a collection of disjoint polytopal sets (mesh entities) of dimensions in [0, ], relatively open
in their spanned affine space, such that the boundary of each d-cell (polytopal set of dimension d) is
the union of mesh entities of dimension < d, and such that any d-cell for d < n is contained in the
boundary of some (d + 1)-cell. For any d € [0, n], the set collecting all d-cells of M}, is denoted by
Ag(My). Notice that this notion of polytopal mesh essentially coincides with that of CW-complex in
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algebraic topology. Thus, when Q is a domain in dimension n = 3, M}, gathers the vertices collected
in the set Vj, = Ag(M}), the edges collected in the set &, = A;(Mj,), the faces collected in the set
Frn = Ay(My,), and the elements collected in the set 7, := A3(My,). For all f € My, we select a
point x ¢ € f which, when M, belongs to a refined mesh sequence, is assumed at a distance from the
boundary of f comparable to the meshsize.

If f € Ay(My) and d’ < d is an integer, we denote by Ay (f) the set of subcells of f of dimension
d’. Hence, if n = d = 3, so that f =T € 7}, is a polyhedral element of the mesh, f € Ay (T) is a vertex
of Tif d’ =0, an edge of T if d’ = 1, a polygonal face of T if d’ = 2, or T itself if 4’ = 3.

2.6 Local polynomial spaces of differential forms

Let f € Ay(My), 0 < d < n. For any integer r > 0, we denote by P, A’(f) the space of polynomial
{-forms of total degree < r on f. We also adopt the standard convention P_IAK( f) = {0} We
denote by nf’ I L2AY(f) — P.A’(f) the L*-orthogonal projector on P, A’ (f), defined by (2.3) with
X =P, A(f).

The Koszul differential on f (translated by x s) is denoted by « so that, for all w € AC(S),
Kw € Af‘l(f) satisfies (kw)x(v1,...,0¢-1) = wx(x — xf,01,...,0,_1) for all vectors vy,...,v,_1
tangent to f. For any f € Ag(Mpy), 1 < d < n, any integer ¢ € [0, d], and any polynomial degree
r > 0, we define the Koszul complement space as

Ky (f) = kP, AT(f). 2.5)

The indices r and £ in this notation serve as a reminder that elements in K’ (f) are polynomial £-forms
of polynomial degree r. Note also that, since P_IA‘) (f) = {0} and A9+ (f) = {0}, we have

7(5 (f) = ’Krd (f) = {0} for all £ and all r, respectively. (2.6)

Moreover, since kA’(f) = {0}, we adopt the convention K- !(f) = {0} for all ». We denote by ﬂ'Z’(}.f
the L2-orthogonal projector L2A¢( f) — K (f), defined by [2.3) with X = K. (f).

For all integers r > 0 and ¢ € [0, d], the following direct decomposition holds (see [4, Eq. (3.11)]
for £ > 1, the case ¢ = 0 can be directly checked):

P,A(f) = PoA’ () @ K0 (), (2.7a)
P A(F)=dP., AT (e KI(F) ife>1. (2.7b)

r+1

Since dod = 0 and dSDOAO(f) = {0}, this shows that
AP, A“(f) = dK} (f). (2.8)

Applying this relation to (r + 1,£ — 1) instead of (r,£) and recalling that d is one-to-one on ‘Kf;ll )
(see [4} Theorem 3.2]), this shows that, for £ > 1, the following mapping is an isomorphism:
Koot () X KL (f) = PA(S),

r+1

2.9
(u,v) > du+v. @)

Example 2 (Interpretation in terms of vector proxies). In the case n = 3, thanks to the links between
differential forms and vector proxies (see Appendix [A]), we can associate to each space of polynomial
differential forms a space of (vector- or scalar-valued) polynomial fields. Let us consider decompo-
sition (2.T0). We denote by fq a d-cell of My, and we use a notation analogous to that of [33] for



polynomial spaces and vector calculus differential operators (with the exception that polynomial de-
grees are in subscripts instead of superscripts). Then, by definition (2.5)) of the Koszul space, when
f3=T € T;, = A3s(My,) is a mesh element, we have

AP, A2(f) © G.(T) =grad P, (1), K (f) o Gi(T) = (x-x7)xP,_(T),
AP, AN(f) © RA(T) =curl P (T), KX(f) o RUT) = (x —x7)P,_(T),
AP, N2 (f3) & dive,, (T) = P.(T), K (f3) = {0},

r+l

where the first identity in the last line results from the surjectivity of the divergence operator.
On the other hand, when f, = F € ¥, = Ay(My) is a mesh face, we obtain the following pair of
possible correspondences:

AP, A'(f2) & G,.(F) =gradp P, (F),  K(f2) & Gi(F) = (x —xp)'P,_|(F)  (2.10)
or

AP A°(f) & R.(F) =rotr P, (F), K (f) e REF) = (x —xp)P,,,(F), (2.11)

r+l

where, for any v € R, vt = o_, /2V is the clockwise rotation of v with respect to the orientation of F.
The existence of two possible correspondences between polynomial 1-forms and polynomial vector fields
is to due to the fact that, when d = 2, one can identify a 1-form either with a vector field v = (vy, v2) or
with its rotation through a right angle (cf. [|2| Chapter 6]), in particular, we choose to identify it with the
clockwise rotation v+ = (vp, —vy) (see Appendix @forfurther details). By 2.6), we have K*(f>) = {0}

and, according to whether we consider the vector proxy leading to (2.10) or 2.11),

dP

r+1

A(f) e 1ot P, (F) =P (F) or dP, A'(f) < dive P,,,(F) = P,(F).

r+1

Hence, since both 1-forms and 2-forms in R can be identified with vector fields, and accounting for the
two-fold identification of 1-forms in R?, the decomposition reads, in terms of proxies,

P.(fa) = G, (fa) ® Gy (fa) = R-(fa) ® R7(fa), de€{2,3},

i.e., the same expressions as [33| Egs. (2.4) and (2.6)]. On the other hand, concerning O-forms, the
decomposition reads, in terms of proxies,

P (fa) = Po(fa) @ PY(fa), d €{0,....3},
where we have introduced the notation Pf(f) =x=-x5)-P,_(f) forany f € Ag(Mp).

2.7 Trimmed local polynomial spaces

We recall the following local trimmed polynomial spaces (see e.g. [4, Theorem 3.5]): For any
fe As(My), 1 <d <n,

P AY(f) = P.AYS), (2.12a)
P-AN(S) =dP, AT (H e KI(f)  forf > 1. (2.12b)

In (2.12b), comparing with the decompositions (2.7), we have decreased by one the polynomial degree
of the first space in the direct sum. Note that this definition leads to the choice

P-A(f) =P Af) =R VfeA(Mp). (2.13)



The L?-orthogonal projector LZAL(f) — P A‘(f) is denoted by ﬂ'r_’;, and is defined by (2.3) with
X =P A(f).

Let us note a few properties of trimmed polynomial spaces. For r = 0, only the space (2.124) is
non-trivial, that is, Py A“(f) = {0} if € € [1,d]. Applying,ifr > land £ > 1, with r — 1 instead
of r and noting that ‘Kf_l (f) € KE(f), we obtain the equality

PrAN(S) =P A+ KL (). (2.14)

This equality, which obviously also holds for £ = 0 (see (2.74a))), shows that trimmed polynomial spaces
sit between full polynomial spaces:

P, A(f) € PTA(S) € PAY(K).

Recalling that K¢(f) = {0} and that dP, A9~1(f) = Pr_ll\d( f) (by exactness of the tail of the
polynomial de Rham sequence [2, Corollary 7.3]), it holds

PrAY(S) =P, A(S). (2.15)
Applying (2.8)) with £ — 1 instead of ¢, we moreover have
PN =dKEN )+ KE(f)  for > 1. (2.16)

Since d is one-to-one on K¢~!(f), this gives the following isomorphism, whenever £ > 1:

KN X KE(f) = AL,

2.17
(u,v) > du+v. 17

Example 3 (Interpretation of (2.12b) in terms of vector proxies). Let n = 3. For d € {2, 3}, denoting
again by fg a d-cell, we define the (local) Nédélec and Raviart-Thomas spaces

N (fa) = G,_1(fa) + Gy (fa), RT(fa) = Re—1(fa) + Ry (fa)-

Notice that, when d = 3, the Nédélec and Raviart—Thomas spaces can be obtained as polynomial spaces
of vector proxies of Jor € = 1 and € = 2, respectively. On the other hand, when considering
d = 2, both spaces can be obtained by taking the same value ¢ = 1 in (2.12b). Again, this is linked
to the two-fold interpretation of 1-forms in terms of vector proxies in R?, as already mentioned in
Example |2} and corresponds to the well-known fact that two-dimensional Nédélec elements coincide
with two-dimensional Raviart-Thomas elements rotated by a right angle.

The following result generalises [33), Proposition §].

Lemma 4 (Traces of trimmed polynomial spaces). The trace preserves trimmed spaces: For all integers
de[0,n],d €[0,d]and € € [0,d’], all f € Ag(Mp) and all ' € Ag (), we have

trp PrAYS) € PrAY(S).

Proof. We first notice that the case £ = 0 is obvious since, in this case, trimmed spaces are full
polynomial spaces (see (2.12a))), and the trace preserves full polynomial spaces. We therefore assume
in the rest of the proof that £ > 1. As the Koszul operators on differential forms on f and f” are not the
same (due to the translation by x y and x s/, respectively), we temporarily denote them in this proof by
Kf and « -



The trace is a pullback, so it commutes with d, and we thus have
trp (AP, AT (f)) = d(trp PLAT(f) € AP AT (F),

where the inclusion holds since the trace preserves full polynomial spaces. Given the definition (2.12b))
of the trimmed spaces, the lemma follows if we show that

wp KE(f) € PN = P M) + K (f) (2.18)
(where the equality follows from (2.14) applied to f’ instead of f). Let w € P _ A™'(f). The
definitions of try and k¢ give, for any x € f” and vy, ..., v, tangent to f”,
tr_f»(Kfcu)x(vl, e, l)g) = wx(x —Xf£00,..., vg)
=wx(Xp —Xp,01,...,00) +Wx(X =X p,01,...,07)
= ax(v1,...,00) + (kg trp )i (U1, ..., 00),

where we have used the linearity of w, with respect to its first argument to obtain the second equality,
and introduced the differential form a = w(x — xz,-) in the third equality. Hence, try (krw) =
@ + kg trg w, which proves (2.I8) since a € Pr_lA‘)(f’) (as xp» — x 7 is constant) and trp w €
Pr_lA“l(f’). O

3 Discrete de Rham complex

We define in this section a discrete counterpart of the de Rham complex of differential forms (I.2)) in
the spirit of [33}38]]. Let, from this point on, an integer r > 0 be fixed corresponding to the polynomial
degree of the discrete sequence. The general idea is, for each form degree k € [0, n], to select the
polynomial components of the discrete spaces in order to reconstruct, on each d-cell f and iteratively
on the dimension d:

s A discrete exterior derivative in the full polynomial space , A**!( f) that can reproduce exactly
the exterior derivative of differential forms in £ | A(f);

* Based on this discrete exterior derivative and on traces on (d — 1)-cells (either directly available
or reconstructed), a discrete potential in P, A*(f) that can reproduce exactly differential forms
belonging to this same space.

3.1 Definition
3.1.1 Discrete spaces
The discrete counterpart X' ’r‘ ,, of the space HAK(Q), 0 < k < n, is defined as

n

xk, = X PrATE. (3.1)

d=k feAq(Mp)

We define the restrictions of the global space (3.1) to a mesh entity or its boundary as follows: For all in-
tegers k and d such that0 < k < d < mandall f € Ay(My),

d d-1
x5 o= X PR and XE = X PATTR(f)ifd 2 1
d’'=k f’eAd’ (f) d'=k f’EAd’ (f)

We shall use the notation w, = (W) fea, (M), defk,n] € X ’r‘ ,, for a generic element of the global discrete
space of k-forms and Wy = (Wgr) preny (f), drelk,d] € X’r"f (resp., Wyr = (Wgr) preny (f), drelk,d-1] €
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¢ 0 1 2 3
k
0 | R=PA) P,_A(f) P_A(R) P A(f)
1 PA(f1)  PrANR)  PIAN(S)
2 PA(R)  PrANS)
3 P.A(f3)
¢ 0 1 2 3
k
0 R= Pr(fO) Pr_l(fl) Pr_l(fZ) Pr_l(f:ﬁ‘)
1 P, (f1) RT(f2) RT:(f3)
2 P, (f2) N:(f3)
3 Pr (f3)
Table 1: Polynomial components attached to each mesh entity f; of dimension d € {0, ..., 3} for the
space X ’; , for k € {0,...,3} (top) and counterpart through vector proxies (bottom).

X ’r‘ o) for its restriction to f* (resp., df), obtained collecting the components on the mesh entities
e Aw(f), d" € [k,d] (resp., d’ € [k,d — 1]). As a generic convention in this article, underlined
letters denote spaces or vectors made of polynomial components on mesh entities. Table [1| gives an
overview of the polynomial unknowns in X lr‘ = along with their vector proxies, in dimensions 0 to 3.

3.1.2 Interpolators and interpretation of the polynomial components

The precise meaning of the components in each DDR space is provided by the corresponding interpolator.
For f € Ay(Mp) and k < d, the interpolator [’r"f : CONK(f) — X’r"f is defined by: For all
w € COAX(f),

I];,fw = (ﬂr_,}c{/_k(* trp W) frea, (f), d'elk.d]- (3.2)

In other words, a discrete k-form on the mesh is made of polynomial forms attached to each mesh
entity of dimension d > k; on each such entity, the form is of degree d — k as it corresponds to the
Hodge star of an underlying k-form. The Hodge star operator is used in the definition of the polynomial
components to ensure that the full space P, A°(f) (see (2.12a)) is attached to the lowest-dimensional
cells f S Ak(Mh).

3.1.3 Local discrete potentials and discrete exterior derivative

Let 0 < k < n be a fixed integer. For all f € Ayz(My,) with d > k, we define the discrete potential
Pf’f : Xlr"f — P, A*(f) and, if d > k + 1, the discrete exterior derivative df,f : Xf’f — P.AL(f)
recursively on the dimension d as follows:

» If d = k, then the discrete potential on f is directly given by the component of w ¢ on f:
P} jw,=x"'wy € PAYS). (3.3)

e Ifk+1<d<n:



1. First, the discrete exterior derivative is defined by: For all s € X ’r‘ Iz

J dkfa) /\,Ll—( 1)k+1Jf*_lwf/\d/,l+J‘afPf’anaf/\traf/J
Yu e P.ATEN(f), (B4

where we have introduced the piecewise polynomial boundary potential P¥ . : X*

r,of ° =r af
AX (8 f) such that (Pic 9 f)| = P for all /" € Ag_1(f) (Pr f’ being the discrete potential
on the (d — 1)-cell f” defined at the previous step).

2. Then, the discrete potential on the d-cell f is given by: For all w s € X ’r‘ £
(=)< J Pk F@, A (du+v)
Pake

= L dy pwp Ap= Lf P gp@qp Atigp it (=1 L_ *lwp Ay

V(p,v) € KN x KR, (3.5)

r+1

Some remarks are in order.
Remark 5 (Definitions (3.4) and (3.3)). The fact that condition (3.4) defines df’ ey uniquely is an im-
mediate consequence of the Riesz representation theorem for £, A**!( f) equipped with the L2-product
(p,B) 3 L2A*1(f) x L2A*1(f) — f p A xB € R, after observing that (3.4) can be equivalently
reformulated as follows (notice the change in the degree of the test differential form, with S below
corresponding to x !y in (34)):

Jd’;fgf/\*ﬁ:(—l)kﬂj wa*d*mJ Pl orwar AiapxB VB e PATI(f),
o f af -

where we have additionally used (A.4) for the first term in the right-hand side. Similar considerations
apply to the definition (3.3)) of Pi‘ > applying the isomorphism RI9) with =d -k > 1.

Remark 6 (Validity of (3.3))). For k+1 < d < n,equation (3.3) actually holds forall u € Pr_HAd_k_l (f)-
To prove this assertion, since (3.5) holds for u € (Kd k=1(£), it suffices to show that it also holds for
v = 0 and u belonging to P, Ao(f) ifd=k+1 (see (127‘2‘]) and 27a)) or dP,_ AK2(f)if d > k+2
(see (2.12D)). In both cases, we have du = 0, so that the left-hand side of vanishes; since
u € P.AYk=1(f), the right-hand side of also vanishes due to the definition (3.4) of the discrete

exterior derivative, which concludes the argument.

Remark 7 (Potential for k = 0). In the case k = 0, we can define an improved potential P(r)+1 I X (r) P
P, +1AO( f) of polynomial degree » + 1 (instead of r) as follows: For all w ¢ € X(r) #

o Ifd =0, then P° il fLf = *_lwf eP,AN(f) =R = SDHIAO(f) (since f has dimension 0);

e If1<d<n,
| P, o, ndu=| & w,Au—| P, w,, Atr Vue KISH). (3.6)
p r+l,f=f M P r.f=f H of r+1,0f=0f of 1 e ) . .

This definition is justified by the isomorphism (2.9) with £ = d and r + 1 instead of r (recalling
that K +1( f) = {O}) and it can easily be checked, testing (3.3) and (3.6) with u € K<-!(f), that

r+1

n(r) fPr 1, fQf = =P r Qs We will moreover see in Remarkthat PO Pl f enjoys optimal consistency
properties.
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Remark 8 (Space of DDR potentials). The space of DDR reconstructed potentials, that is,

{(Pf,fgh)feAd(Mh),de[k,n] fw, € XKL}

cannot be considered as a space of differential forms with global regularity, as the reconstructed polyno-
mials do not have any compatibility condition of the traces; they are inherently piecewise discontinuous
polynomials.

Example 9 (Interpretation in terms of vector proxies). We start by considering k = 0. In this case,
Sormula (3.3) means that (constant) real values are attached to the vertices fo =V € Vi, = Ag(Mp) of
the mesh, so that an iterative procedure can be initialised to reconstruct discrete gradients and related
traces/potentials over higher-dimensional cells. Indeed, formula (3.4) reconstructs a (scalar) gradient
over edges fi = E € &, = Aj(My,) (i.e., the derivative along the direction given by the orientation
of E) based on the values at the vertices and the value on the edge itself. This edge gradient, in turn,
enters to define a scalar edge trace over E. When d takes the values 2 and 3, the successive
application of formulas (3.4)—(3.5)) defines, respectively, the pairs (face gradient, scalar face trace) on
mesh faces f» = F € F, = Ay(My,), and (element gradient, scalar element potential) on mesh elements
=T € Tp=7M(Mp).

Let us now turn to the case k = 1, for which we provide more details. The vector proxy for the space
X i ,, 18 the space

K = DX PHE) x X RT,(F) x X RTAT)

Ecé&y, FeF, TeT;,

and, with standard DDR notation, we denote by gurl y Its restriction to a mesh element or face
Y € 7, U Fp. By (3.3) with d = k = 1, the reconstruction process is initialised by 1-forms, whose vector
proxies are scalar-valued polynomials of degree r over edges fi = E € &y, that play the role of edge
tangential traces.

Then, for each mesh face f> = F € ¥y, we sequentially reconstruct a scalar face curl Cy. = X, N

P.(F) by 3.4) with d = k + 1 = 2 and a vector face tangential trace y| . : Xew.r — P (F) by 3.5).
Cy. is such that, for all v, = ((vE)EegF,vF) € quﬂ’F,

J C;QF‘]=J Up -Totp g + Z SFEJ VE q Vg € P.(F),
F F Feep E

where, for all E € Ef (the set of edges of F), epg € {—1,+1} denotes the orientation of E relative to

F, while ytr’F satisfies, for all v, € &url’F,

SFEJ UEQ"‘J VfF - W,
E F

V(g,w) € PP, (F) x RE(F).

J;: '}’tr,FQF - (rotrp g +w) = JF C;«*QF q-—- Z

Ee&p

The alternative interpretation of 1-forms in dimension d = 2 results in a rotation of Xi,, p by a right

angle. Correspondingly, (3.4) yields a face divergence (see (A.9) and (A.10) in Appendix[A.2).
Next, for each mesh element f3 =T € Ty, (3.4) defines the element curl C’. : Xeanr = P (T) such

that, for all Uy = ((UE)EEST’ (UF)F€7'Ta UT) S XZurl,T’

J VTQT-wzj vr -curlw + Z sTFJ Y pVp - (wXxng) Yw e P,(T),
T T Fe¥r Fo

11



where, for all F € Fr (the set of faces of T), err € {—1,+1} denotes the orientation of F relative to T,
while (3.5) defines the vector potential P, 1+ X — P,(T) such that, for all v, € X,

Zcurl, T curl, T’

J Pty - (curlw +2) :J Crop-w— Z sTFJ y{’FQF-(wan)+J vr -z
T T Fer F T

V(w,2) € G, (T) x RE(T).

When k = 2, (3.4) reconstructs on mesh elements f3 = T € Ty, a discrete divergence of order r
based on the polynomial scalar trace defined by (3.3)), which plays the role of a normal trace on the face
f> = F € Fr. Then, (3.9) defines a vector potential of degree r over T.

Finally, in the case k = 3, (3.3)) simply yields a polynomial over mesh elements f3 =T € Ty,

3.1.4 Global discrete exterior derivative and DDR complex

To arrange the spaces X ’r‘ ,, Into a sequence that mimics the continuous de Rham complex, for any form

degree k such that 0 < k < n—1, we introduce the global discrete exterior derivative er‘ nt X ’r‘ n— X ’r‘+hl
defined as follows:
k  (—d=k=1, 1k
d, @, = (”r,f (*dr,fo))feAd(Mh),de[k+1,n]- G.7

In what follows, given a d-cell f € Ag(My,) with d € [k + 1,n], we denote by c_l’:’ P the local discrete
exterior derivative collecting the components of QI: , on f and its boundary. The DDR sequence reads
d() dnfl

=r,h

DDR(r) := {0} — X°, — X!, b > X —= X", — {0}. (3.8)

The main results concerning this sequence are stated hereafter.

Theorem 10 (Cohomology of the Discrete de Rham complex). The DDR sequence (3.8)) is a complex
and its cohomology is isomorphic to the cohomology of the continuous de Rham complex (1.2)).

Proof. See Section[3.5] i

Theorem 11 (Polynomial consistency of the discrete potential and exterior derivative). For all integers
0<k<d<nandall f € Ag(Mp,), it holds

Pl I w=0w  VoeP A(f), 3.9)

and, ifd > k + 1,
df IS jw=do Vo€ P A(Sf). (3.10)
Proof. See Section |3.4 o

Remark 12 (Consistency of traces). The above theorem actually implies that, for any d-face f € Ayz(My,),
d € [k,n], any w € P,AK(f), and any integer d’ € [k, d],
Pk pw=trpw Y €Aa(f).

This can be easily seen noticing that [ f pw = 1 ’r‘ plrpw and trp w € P, A*(f"), and invoking (3.9)
with (f,w) « (f',trp w).

12



3.1.5 Discrete L>-products

Using the potentials built in Section [3.1.3] we can define, for all k¥ € [0, n], an inner product (-, ) 5 :
Xk X Xk — R that induces an L>-structure on Xf n Specifically, we set: For all (Qh’ﬁh) €

k
X hxth,

(Wpo 1, Dk = Z (W s

Fern(Mpy)

(3.11)
with (Qf’ﬁf)k’f = L Plr"fgf A *Pf,fﬁf + sk,f(gf,ﬁf) for all f € A,,(Mp),
where si 51 X f XX f P R is the stabilisation bilinear form such that
n—1
sp(@pp )= ) I )| (g P wp = PEpw ) Axtg P g = P ),

d'=k frehg (f) T

with iy denoting the diameter of f. The first term in the right-hand side of (-, )i, s is responsible for
consistency, while the second one ensures the positivity of this bilinear form. More specifically, by
Theorem [11]and Remark [12]it holds, for all f € A, (M),

(I} jo, Ky = L w A %P} i, Vwe P AK(f), Vi, € X\

Additionally, by (3.20) below, the mapping X’r‘,f 2w, wplle s = (wy, Qf)llc/’zf € R defines a norm
on X ’r‘ ’ Numerical schemes for linear PDEs related to the de Rham complex are typically obtained
replacing continuous spaces and L?-products with their discrete counterparts, according to the principles
illustrated, e.g., in [33, Section 7].

Remark 13 (Stabilisation). A more general expression for the local L2-product in (3.1T)) is obtained
replacing sy y with

SB,k,f(Qf’ﬁf) = Bf(lf,fpf,f&f Ir fPr f,u Ef)’

with By : X X X — R denoting a symmetric positive definite bilinear form inducing a norm
that scales in h £ as || ||k ,f defined above. Cru01a11y, sk, f depends on its arguments only through the
difference operator g rp oW ¥ I fPr W Wy € K rf , which guarantees that it vanishes whenever
one of its arguments is the interpolate of a differential form in , AX( f) (as can be checked in the same
spirit as [36, Lemma 2.11]).

3.2 Complex property

We introduce, for all integers d € [1, n], the piecewise polynomial boundary exterior derivative d*

rof -
Xr P A9 f) such that (dk of N = d ,forall f/ € Ag_1(f) (dk being the discrete exterior
derivative on the (d = 1)-cell f” deﬁned by ). The following lemma is a generalisation of the

links, in the DDR framework based on vector proxies, between element gradients (resp., curls) and face
gradients (resp., curls), see [33, Propositions 1 and 4].

Lemma 14 (Link between discrete exterior derivatives on subcells). It holds, for all d > k + 2, all
f e Ag(Mpy), and all wreX

L dy jw, Ada = (=1)*! Lf df gpwap Aigpa Ya € P ATTRR(f). (3.12)

13



Proof. Take u = da € P,AY"k=1(f) in (3.4) and use d o d = 0 and trgr d = dtrgy (since the trace is a
pullback, it commutes with the exterior derivative) to get

Jd’;fngda:J Py opwyp Adtrgga. (3.13)
o ar

For each f’ € Ay_1(f) forming 4 f, by Lemma we have try a € 73;+1Ad‘k‘2(f’) so, by (3.5) applied
to f’ instead of f with test function (u, v) = (try @, 0) (see Remark @ we have

(—=1)k+t L, Pf’f,gf, Adtrpa = j

Use trgsr otryr = trgy, sum these relations over f” € Ag_1(f), invoke 0(0f) = 0 (which implies that
the integrals over (0 f’) frca,_, () cancel out due to compatible orientations), and plug the result into

(3.13) to conclude. i

Theorem 15 (Link between discrete potentials and exterior derivatives, complex property). It holds,

forall integers k € [1,n] and d > k, all f € Ay(My,), and allg € X]r‘ fl,

k k
dr,f,gf, ANl a — Iaf’ Pr,af’gaf' Alrg g (tI‘f/ ).

’

Py (& wp) =df o, (3.14)

and, ifd > k + 1,
dr f(gf}lg £ =0. (3.15)

As a consequence, the sequence (3.8)) defines a complex.

Proof. The proof is done by induction on p = d — k.
If p = 0 (i.e., d = k), by the definitions (3.3)) of the discrete potential and (3.7) of the global discrete

exterior derivative with k — 1 instead of k, we have P¥ f(dk}l w f) = 1(*dk | f) = dk‘1 (notice
that, in the first passage, we can omit the projector found in the definition of dk fl oy in front of *dk fl W

since this quantity sits in P, A°(f) = P A°(f), and is therefore left unchanged by 7 f) This proves
(3.14)), and the relation (3.13)) is irrelevant here since d = k.

Let us now assume that (3.14)) and (3.13) hold for a given p > 0, and let us consider d and k such
that d — k = p + 1. We start by considering (3.15) (which we need to prove since d > k + 1 in the
present case). Let us take f € Agz(Mj). Applying (3.4) with dk_fl W instead of W and a generic

u € P.AYK=1(f), we have, expandlng the local discrete exterior derivative dk rp W accordlng to its
definition (i.e., the restriction to f of (3.7) with k — 1 instead of k),

[ ah s @tep nu= 08 [ o e ) n s
k k-1
+L P o (@5 wy ) Atrap . (3.16)
f

By the induction hypothesis, (3.14) holds on each f” € Ay_;(f) (since (d — 1) — k = p), and thus

k-1
raf(dr af_af) =d, 5r%o;- (.17)

Invoking then 2.4) with (X, w, u) « (P7Ak(f),d*} @y du), noticing that du € Pr_lAd_k(f) C
P A=k (f) (by @.14) with £ = d — k) to handle the first term in the right-hand side of (3.16)), we infer

J f(d’;f W) Ap= (= 1)K+ Ld';jf‘gfAdefd’;;;f%fAtrafy:o, (3.18)
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where the conclusion follows from the link (3.12)) between discrete exterior derivatives on subcells
applied with k — 1 instead of k and @ = u € P,AY*"1(f) c P~ Ak~ D=2(F). Since u is arbitrary

r+l
in P, A*1(f), BI8) proves (-13).
We next prove (3.14). For any (u, v) € KI-k=1(f) x K=k (f), the definition (3.3)) of the potential

r+l
applied to g’;—fl Wy gives

O [ Pt n e = | o) np
—LfPf,af(dfalfwaf)/\trafu+(—1)k+l L*—ln—ﬂ.’ k(*dkf W) AV,

where we have additionally used, in the last term, the definition of the local discrete exterior derivative
d’r‘ fl W, corresponding to the restriction to f of (3.7)) with k—1 instead of k. Using the complex property

(3.13)) that we have just proved, we have d* f(dr 7wy) = 0. Moreover, the induction hypothesis (3.17)
yields P¥ af(dr af‘“af) = d* 6fwaf Hence, invoking (3.12) with k — 1 instead of k and @ = u

(notice that u € K r+1 k=1(f) PHlAd (k=1)=2(f) by (2.12)) and applying Z4) with (X, w, i) «
(PAK(f), drf @, v), whichis valid since v € Kk (f) c PrAYK(f) by @I2B) with € = d—k >
1, we obtain

0 [ P n @)= = 04| dk g ndue (0 | atlap e

Simplifying by (—1)**! and recalling the isomorphism (Z.9) concludes the proof of (3.14). i

3.3 Commutation

The following lemma shows that the reconstructed potential P’r‘ Wy ona d-cell f is built by adding

a high-order correction to * 'w r3 this correction is designed to obtain a polynomial consistency
unachievable by the component alone (see (3.9)).

Lemma 16 (Links between component and potential reconstruction). For all integers d € [0,n] and
k<dif feAa(Mp) andw, € Xk p» then it holds

(=)< L y @ A (duty) = (= 1)k L* la)f/\(d(ﬂd =L +y)

dkl

+Ldrf wp A (- ﬂdk ) - Jafprafwaf/\traf(# LSy

V(u,v) € K 1<f>x7<ﬁ""<f>. (3.19)

r+1

AS a consequence,
n;”;’—k(*P’;, Fw) =Wy (3.20)

Proof. If d = k, the relation (3.19) follows from 7(rd+lk ') =KL (f) = {0} and Pf’fgf =*x"lwy

(see (3.3))), which also establishes (3.20) since 71_’ =Idon P.A°(f) = P-A°(f).
Consider now d > k + 1 and take (u,v) € ‘Kd k=1(£) x K9=k(f). Inserting -_Fﬂf}k_l,u into the

r+1
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definition (3.3) of P W, we have
(—1)’<+1J N pwp A (du+v)
f
= Ld o AT 1;1+Ld NN s 1;1)—LfPfﬁf%fAtrafp (3.21)
+(—1)k+lj *x oAy,
P

On the other hand, the definition (3:4) of d* @, applied to nd }k‘l u yields

J‘fdlr"fgf/\nf,}k_lu:(—1)k+1 Jf* lwf/\d(nd k= l,u)+LfP afwaf/\traf(nd =),

Substituting this relation into (3.21)) yields (3.19).
To prove (3.20) we apply (B-19) with (u, v) € KI=*=1(f) x K¢=*(f) and notice that u = nf}k‘l,u
since K K=1(f) c P.AYK=1(f), to get

J Pkfw A (du +v) _J * s A (du+v). (3.22)
f !

The isomorphism (Z.17) with £ = d — k > 1 shows that du + v spans P~ A9"%(f) when (u, v) span
KA=k=1(f) x K4=%(f). Hence, (3.22) gives

J *“wf/\azj Pffgf/\a@J. *x ”r -d- k(*Pkfw YAa@ Yo ePATE(),
S o f

proving (3:20) since * 'w; € P AY*(f) and x~! is an isomorphism. ]

Theorem 17 (Commutation property for the local discrete exterior derivative). Forallintegersd € [1,n]
and k < d -1, and for all f € Ay(My,), recalling the definition (3.2)) of the interpolators, it holds

g’;,f(l w) =1" ! (dw) Yw € C'AR(f), (3.23)

expressing the commutativity of the following diagram:

ClAk (7) _d> COAk+l (7)

k k+1
llr , lz,;
k

r

k < k+1
er—>ﬁr+f

Proof. Given the definitions of the interpolator and of the local discrete exterior derivative (see B2
and (37)), we have to prove that, for all f’ € Ay (f) with d’ € [k +1,d], d ol (xdk T Ik ) =

ﬂr_’fd,,_k_l(*trf/(dw)). Recalling the definition of the projector x ]‘f, k= 1 (i.e., @.3) with X =

P~ AL ~k=1(£")), we need to prove that, for any u € P7AL K1 f)
J , *df’f,lf’f,a) A*u = L/ *trp (dw) A kp.
Applying (A.4), this amounts to proving that

J ’df ol f,w Au= L, tre (dw) A p. (3.24)
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Using the definitions (3.4) of the discrete exterior derivative on f’ and (3.2)) of 1 ’r‘ > We have

try w

J , df o IF o Ap= (=1 J W/\ du + Jaf, Py opLs op0 Atrgp i, (3.25)

where the substitution is justified by (Z4) with (X, w,u) «— (P7AY*(f"),trp w,du), since du €
dP-AL K1 () € dP AL K1(F) ¢ PrAYK(f7) (see 212D)). For all f”” € Ag_1(f’) we have
trpr € P AL 1R (see Lemma@), S0

k gk [ 1 a1k pk gk
J Py oondy g Nttpn p = P * T, (*Pr’f,,lr,f,,a)) Atrpn p Eq. (Z.4)
= p *_lﬂr_”f‘.l,,,_l_k(* trer ) Atrpr g Egs. (3.20), (3.2)
= | trprwAtrep. Eq. (2.4)
o f//

Summing this relation over /" € Az —1(f’) and substituting the result into (3.25]) we obtain

J / dlrc,f/!];’f,a) A= (—1)k+1 J‘ ) trerw A du + j / tror w A trgyr W

f of
The proof of (3.24) is concluded invoking the integration by part formula (2.1)) and writing d try = try- d
(since the trace is a pullback). O

3.4 Polynomial consistency

Proof of Theorem[[1} The proof is made, as in Theorem[I3] by induction on p = d — k.

If p = 0, then d = k and the definitions (3.3) of the discrete potential and (3.2) of the interpolator
give Pi‘ d!'r‘ = *_lﬂr_’]?.(*w) = x~! % w = w, where, to remove the projector, we have used the fact

that xw € P, A°(f) = P7A(f) (cf. @.12a)).

Let us now assume that the lemma holds for a given p > 0, and let us consider d and & such that
d—k = p+1. We first look at (3.10). By the link (3.14) applied to k +1 instead of k and the commutation
property (3:23), we have, for w € P A*(f),

d Ly jo = P& L7 pw) = P (o).
We have dw € dP, AF(f) c P.AM1(f), and the pair (d, k + 1) satisfies d — (k + 1) = p. We can
therefore apply the induction hypothesis to see that (3.9) holds for this pair and dw instead of w; this
gives df, P ’r‘ @ = dw and proves (3.10).

We now turn to (3.9). For w € P,A(f), applying the property (3.10) that we have just proved to
w and recalling the definitions (3.5)) and (3.2) of the potential and of the interpolator, we find, for all
(1, v) € KIF) x KR,

r+l

(=1)k*! J;c Pf’fif’fa) A (du +v)

w
:‘[da)/\,u—j Pfafifaftrafa)/\traf,u+(—1)"”JW/\v,
f af | f ’

the replacement being justified by Z.4) and v € P-AY*(f) (see Z.12)). We can then apply the
polynomial consistency (3.9) on each " € A _1(f) (as (d — 1) — k = p) to write Pf 6f!k o Tofw =
kIF w=w. 0O

trgs w , and then integrate by parts to conclude, since u, v are generic elements, that P, FLig
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Remark 18 (Consistency property of the improved potential for k = 0). In the case k = 0, the improved
potential defined in Remark[7]satisfies the following consistency property:

Plajw=0 VYoeP Af).

To see this, first notice that when d = k = 0 we have P?H’f = P(r),f since . A°(f) = P.A°(f) =R,

and then, for d > k + 1, invoke the definition of P? o, f[(r)’ oy apply (3.10) (since P, A(f) =
P A°(f)) and a recursion argument on d.

3.5 Cohomology

A strategy to establish the exactness of the de Rham complex (for a domain with trivial topology) is
to design a Poincaré operator p : C'A¥(Q) — C'A*~1(Q), that satisfies dp + pd = Id. The Poincaré
operator is built integrating a certain flow of contracted differential forms; see [31, 51]] for details and
applications to the design of finite element complexes. Extending such a construction to the context of
fully discrete spaces is not trivial, as it is not clear how the discrete polynomial components on cells
should evolve with such a flow. We therefore select an alternative approach, more suited to hierarchical
discrete spaces.

The starting point is the following idea: ifn € C'A*(Q) satisfies d = 0 and we have w € C2A*~1(Q)
such that dw = n, then (2.1)) shows that, for any d-cell f,

(—l)kj wANdu = J nAu-— L trorw Atrgr Yu e C'AR(Q). (3.26)
f f f

In the discrete setting, w is built starting from the lowest-dimensional cells, and thus gives a
condition on w over f based on the already constructed trys w. To start this process, we must fix the
values of w on the lowest-dimensional cells, which is not an easy task in general. Actually, from the
point of view of differential forms, the lowest-dimensional cells encode the topology of the domain, and
thus the cohomology of the complex; for a generic 7, the recursive construction of w can therefore only
be fully complete if the complex is exact, and thus the topology trivial.

This limitation is circumvented by using the following idea: if n has zero average on k-cells, then
w can be set to zero on (k — 1)-cells, which completes the construction above (see Lemma [I9] below).
This result is then exploited, through the extension/reduction strategy developed in [35}37], to compare
the cohomology of the arbitrary-order DDR(r) complex to that of the lowest-order DDR(0) complex,
which is trivially isomorphic to the CW complex based on the mesh.

We therefore start by considering the subspace X ,’f b of X ’r‘ , made of vectors of differential forms

Jh
whose integrals over cells of dimension d = k vanish:

XK= {Qh = (Wf)fera(My), delkn] L *x =0 Vfeh (Mh)} -

k ; . k ~ k —
Lemma 19 (Exactness property for Xr,h,b)' For any integer k € [0, n], lth €X b satisfies Qr,hﬂh =
0, then there exists w, € X’r"‘hl’b such that , = QI:,_;leh’ where, in accordance with (3.8), we have set
-1 noo._
d =0,

=r,h =4
Remark 20 (Exact sub-complex). It can easily be checked that (_llrC n X ’r‘ nh X ’r”hlb As aconsequence,

k

the previous lemma shows that (Xr’ hb?

complex is not exact).

c_i’:, )k is an exact sub-complex of DDR(r) (even if the latter

Proof. We first notice that the case r = 0 is trivial since, for all &, X‘f np = 1) rea, (M)} This comes

from the fact that the space X’S ,, only has non-zero components (which are moreover constant) on cells
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of dimension d = k; to check this, notice that the spaces (2.12b]) are all trivial since the first component
vanishes for k-forms with constant coefficients, while the second is zero by (2.6). We can therefore
assume that r > 1. The cases kK = 0 and k£ > 1 have to be handled separately.

Case k = 0. We prove that, if n, € X?,h,b and QS’th =0, thenny = 0forall f € Ay(Mp), d € [0,n].
This is done by induction on d. The case d = 0 follows immediately from the definition of X ‘r)’ b which
shows that the value of x5  on any vertex f € Ag(Mp) is zero. Assuming that all components of
1, on cells of dimension d — 1 > 0 vanish, we now prove that ny = 0 for all f € Az(M},). Note first
that by (3.14)), the property dr = = 0 implies d(r), My = 0. Enforcing then My, = 0 (by induction
hypothesis) in the definition (3.4) of dg, £, gives

J *npAdu=0  VueP ATI(S).
f

By definition (2.12b) of the trimmed space with £ = d, and accounting for (2.6)), we have dP, A9~ (f) =
P AY(f), so the relation above and (A.4) with (w, 1) < (177, dp) and p = du show that If nfA*xp =0

for all p € P-AY(f). Since r belongs to that space, we conclude that 77 = 0.

k k - k-1
Case k > 1. Let n, € X b be such that Qr’hgh = 0, and let us construct w, € X b such that

Qf hlw n=1, This construction of w), is done by increasing dimension d € [k — 1,n] of the cells.
For all f € Ax_i(Mp), we set w r = 0 (which ensures, in particular, that the zero-average condition
embedded in the space X ’r‘ b is fulfilled). Assume now that the components of w,, have been constructed
up to cells of dimension d — 1 > k — 1, and consider f € Ay(M},). We choose wy € PrAIK*L(f)
such that the following relation holds:

(DK L *wrAdy = L P’,"fgf Ap— Lf Pl owsr At Ve KEH(F). (3.27)

Notice that, since the construction is recursive on the dimension of the cells, w, Y has already been
constructed at this stage. Owing to the isomorphism (2.I7) with £ = d — k + 1 > 1, this relation
completely defines the projection of w s on dK=%(f) c P A4"**1(f). The projection of w s on the
remaining component K¢~k*1( £) of P A4=k*1( f) is not relevant to the rest of the proof and can be set
to 0.

Let us now prove that g’;—hl w, =1, It suffices to show that

kl k
d = P*

rf @y = VfeAa(My), de [k,n]. (3.28)

,fgf

Indeed, applying 7 Jil ¥ to this relation and using @ yields 7 ;f k(*dk 7 f) = 1f; using this

relation for all Cells f, and recalling the definition (3.7) of the global discrete exterior derivative (with
k — 1 instead of k), then gives d dk lwh =1, as clalmed
The relation (3.28)) is a dlrect consequence of the following property, for the same f and d:

J dr FOp A L Pf,fgf Au  YueP ATE. (3.29)

Owing to , we only need to prove this relation for u € KZ7%(f), and u € P,A°(f) if d = k or
u e d?’m —l(f) ifd > k+1.
If u € K9=K(f), the definition (3.4) of d’r‘"fl w  together with the property (3:27) immediately give

(-29.
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Let us consider the case d = kand u € P, AO( f). Thendu =0, so the definition (3.4)) of dk 'w Wy and
Wy =0 (by construction, w, vanishes on cells of dimension d — 1 = k — 1) show that the left hand side
of (3.29) vanishes. Since Pf’fgf =x"In; (see (33)) and If *‘lnf =0asy, € Xi{,h,b’ the right-hand
side of (3.29) vanishes as well, and this relation holds.

Finally, we turn to the case d > k + 1 and u € dP, +1Ad ~k=1(f), which is proved by induction on
d (the base case d = k having already been covered). By (2.8) with (£,r) « (d —k — 1,r + 1), we
have p € dK4 F71(f), and we can therefore write y = da with @ € K *1(f) c P ATF1(f)
(see (2.12)). Invoklng the link (3.12) between discrete exterior derlvatlves on subcells (notice that
d > (k—1)+2), we obtain

J d*le fl W, Ap= (-D* L dk alf‘“af Atrgpa = (=1)* Lf P]:,afﬂaf Atrar a,

where the second equality follows from the induction hypothesis that (3.29) holds on subcells of f. We

have dk = =0and d > k + 1, so we can apply (3.14) with k + 1 instead of k to get dk M= 0;

the definition (3.5)) of Pf Ly (with (u,v) « (@,0), see Remarkﬁfor the validity of this ch01ce of u)
allows us to continue with

J dfw w,Ap=—(= DF x (=1)k+! L Pf’fgf Ada.

Recalling that de = p concludes the proof of (3.29). o

Proof of Theorem As in 37, Lemma 4], it is straightforward to see that the (discrete) de Rham map
establishes a chain isomorphism between the lowest-degree complex DDR(0) and the CW complex
defined by Mj,. Since this CW complex has the same cohomology as the de Rham complex (I.2)),
the proof is complete if we show that the cohomology of DDR(r) is isomorphic to the cohomology of
DDR(0). This obviously means that we can assume » > 1 in the following.

Step 1: Reductions and extensions. With the goal of applying [35} Proposition 2], we define reduction
and extension maps between DDR(r) and DDR(0) as in (3.30).

dn
DDR(r): -+ —> X’;’h —’>§lr<+hl — 5.
EK Rk ER+1 R+ (3.30)
k géh k+1
DDR(0) : --- —> Xo,h — XO?Lh _ ..

The reduction R} : X*, — X% is defined taking the average of components on the cells of dimension
k (recall that vectors in X ’5 ,, only have components on these cells): For all w, € X ’r‘ .
Ry,w;, = (70 ) pen(My)- (3.31)

The extension E fl . ¢ ’5 - Xk 1, 1s defined by induction on the cell dimension: For all n, € X0 e

kﬂh = (Efcgf)feAd(Mh),de[k,n , where

o Ifd = k,
Efn, =ns € PoA°(f) € PLA(): (3.32a)
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e Ifd>k+1, Ejlinf € P-AYTK(f) satisfies

(—1)+! j ‘1Ek17 A (du +v)
f
_ k _ k k k41 k
= L do,fﬂf A Lf Pr’afgafzaf Atrgr p+ (=1) L Po,fﬂf AV
V() € K x KER(S), (3.32b)

where EX E5em, of (E nf ) freaq_ () gathers the extensions already built at previous steps on the

subcells of dlmenswn d—1of f. The 1somorphlsm (2.17) with € = d — k > 1 ensures that the
relation above fully and properly defines EX pp

In passing, we notice that, for all f € Az(Mj) with d > k + 1, combining the definitions (3.4) of
dk Ekn and (3.32b) of E"n (with v = 0), we have

Idk E;‘cn Au= deg,fﬂf/\“ V,ue‘Krd_k_l(f).

Since d’(;’fn = P(’)"}lgg M, by (3.14)), using the definition of Ek“do Nur (namely, (3.32a) if d = k + 1,
or (3.32b) w1th (1, v) « (0 w) if d > k + 2) we deduce that

L dr fEﬁn Ap= L r%}“g’gﬂf A VueKITEL(p). (3.33)

Step 2: Proof of the theorem. To apply [35} Proposition 2], we need to prove that

P AR (334)
and that 35, Assumption 1] holds, that is:
(C1) R}Ef =1d on Kerdy ,:
(C2) (EXRf —1d)(Kerd) ) c Imd}7";
(C3) The graded maps E; and R; are cochain maps.

We start by noticing that, since DDR (0) is already known to be a complex, (C1) and (C3) imply (3.34).
Indeed, (C3) gives B';l“glf’ WEl = k- Rk+1E k+1dk 0., and, by the complex property, Im d dy;, C Ker d’(fhl,
(C1) applied to k + 1 instead of k ylelds @]}

1. Proof of (C1). The definitions (3.31)) and (3.32a) of the reduction and the extension components on

the lowest dimensional cells directly shows that Efl E ft =Idon X ’r‘ ,» Which establishes a stronger result
than (C1).

2. Proof of (C3) for the extension. We now turn to (C3) considering first the case of the extension. We

have to show that, for all n, € Xo k 0.h it holds dk 17 =FE k”dk o.nl,- Given the definitions (3.7)) of the
global discrete exterior derlvatlve and of the extensmn th1s b011s down to showing that

TNy Bl ) =% T ERG o V€ Aa(My) withd 2 K+ 1
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which, testing against p € P, A9~%~1( ) and recalling the relation (Z.4), can be recast as

d* .Ekn Ap= J *VEIGE n Ap  VfeAs(My) withd > k+1,
J g Ty g0y (3.35)

Vp € PrATRL ().

We start by noticing that, by (3.33)), the relation holds for p € K9=%=1( ). The decompositions
of P,A°(f) = P7AY(f) (if d = k + 1) and (2Z.16) of P AY=k=1(f) (if d > k +2) then show that
we only have to prove for p € P,AY(f) (if d = k + 1) or p € AKI*2(f) (if d > k +2). This
fact is proved by induction on d:

* Let us first consider d = k + 1 and take p € POAO( f). We can use this polynomial form as a test
function in the definition (34) of df 711, to get

k _ k _ —1 pk+1 gk 0
J‘(')f Po,afﬂaf Atrgrp = L do,fﬂf Ap= L* E} Qo,fﬂf Ap Vp € PyA"(f), (3.36)

where the second equality follows from (3.32a)) with (&, n, ) — (k+1, g’g, fo). Forall f' € Ax(f),

" k k = % np = x BNy =
by definition (3.3) of Pj ., and of E%,, we have P0 ply =% = %0 E%n n, =
Pl;, mE 'Ji U where the last relation follows applying the definition (3.3)) of Pf, Pz We infer from
this equality and (3.36) that

pP* EX At :J*”E’f“dk A Vo € P,AY(f).
Lf raf=oflyy NHLP= | Lo, NP p €PN (S)

Applying the definition (3.4)) of d’r‘ E ?Qaf with y = p (which satisfies dp = 0) to the left-hand
side then concludes the proof of (3.35).

» We now take d > k +2 and p € dK¢*=2(f), which we write p = da with @ € K¢*=2(f) c
P A9"k=2(f). Applying the link (3.12)) between discrete exterior derivatives on f and f, we
have

L df,fﬁffﬂf Ap = (—1)k L d’; orE. 6f”af Aror a. (3.37)

By Lemma@ forall f' € Ag—1(f), trpr @ € P AY"K=2( "), so we can apply (3:35) on f” (by the
induction hypothesis) to get

k gk | et pkegk _ k1 gkl gk
J d; p f,zf, /\trf:a—J‘f’ Edg d 1, /\trf/a_J‘f PrLE dOf,n At a

the second equality being justified by (3.20) and 2-4) (with (X, f, d, k) « (P A= D=0+ () 7 d—
1,k + 1)) and the fact that trp» @ € P, Ad=D=*+D (#7) Plugging this relation into (3:37) yields

Jf dk Efnf Ap = (=1)k! J;? Pf*(;fg(’;;ld" oy, N trof a.

Invoking then the definition (3:32b) of E]’f.“g’& M, with (k, u, v, nf) — (k+1,2,0,d, fnf), and
using the property dk+1 o dk = 0 (consequence of (3.15) with k + 1 instead of k) we infer

dk Ekn Ap= ‘[ ~Av_1Ek+1c_16< n Ada
L e g T M
and (3.33) follows by recalling that p = da.
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3. Proof of (C3) for the reduction. To conclude the proof of (C3), it remains to show that B];;H er‘ W0 =
c_lg, h B’;g pforallw, € X ',f 5+ Since vectors in X'g*; only have constant components on cells of dimension
k + 1, and since R*! is defined by (3:31), we only have to show that

[t wno=] b Rhw np  vremaM Ve 33
f f

Let p as above and apply the definition (3.4) of d’rC Wy top=p; accounting for dp = 0, we obtain

k k
L & w, Ap= Lf PE oy Migpp. (3.39)

For each f’ € Ax(f), by definition (3.3)) of Pf fr» We can write

J /Pf’f/gf Atrprp = L} *x g Aty p = L" *ng pwp Atrpp = L/ P§ Ry w, Atrp p, (3.40)

where we have used the fact that try p € SDOAO( f7) to insert the projector in the second equality and the
definitions (3.31)) of B;ﬁ, and (3.3) of Pé" f» to conclude. Combining (3.39) and (3.40), we find

k _ kK pk
L d, jwrAp= Lf PoafRorwar Ntor p-

Applying the definition (3:4) of df; fﬂﬁig  then concludes the proof of (3.38).

4. Proof of (C2). Finally, to prove (C2), we notice that if w, € X* . then by (3:31) and (3:32a) the

components of £ ﬁg’;g ,, on the lowest dimensional cells f € Ax(Mj) are just the averages of the

components of w, on these cells; hence, E Zgﬁgh -—w, €X ’: np- Moreover, by the cochain map

property (C3), c_l’r‘ h(@’;g;ﬁgh -w,) = Eﬁgflc_lk W@ = Q’r‘ n@), = 0 whenever w, € Kergl’r‘ ne We can

7

thus, for such an w,, apply Lemma with w, « E fl Bﬁgh — w,, to see that this element belongs to
Imd/7!, establishing (C2). O

4 A VEM-inspired complex

In this section we consider an alternative construction inspired by the Virtual Element complex of [8§]].
Notice that we make here no effort to reduce the polynomial degree of certain components of the
discrete spaces, which is known to be possible; see, e.g., [9]] and also [35]] for a general framework with
application to DDR methods. Notice also that we work in a fully discrete spirit, without attempting to
identify the underlying virtual spaces (which are not needed for the purposes of the present work).

Let again a polynomial degree r > 0 be fixed. The general principle to design the VEM-inspired
sequence is to select polynomial components that make it possible to reconstruct, for each d-cell
and inductively on the dimension d, a discrete potential capable of reproducing polynomial forms in
P A¥(f). The main difference with respect to the DDR approach illustrated in Sectionis that, with
the exception of (k + 1)-cells, the required information on the discrete exterior derivative is directly
encoded in the discrete spaces.

Adopting this approach has several, far-reaching, consequences. The first one is that the discrete
spaces contain a mix of both traces and exterior derivatives (which, in passing, requires higher regularity
in the definition of the interpolators). The components on k- and (k + 1)-cells in the discrete space
of k-forms play a slightly different role than the others (and are, as a result, treated separately in the
definition of the space). The second consequence is that the proofs of key properties (polynomial
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d
0 1 2 3
k
0 |R=PA(fo) {O}xTQ(fi) {0} <KL, (f) {0} x K2, (f3)
1 PAf) KL (L) XK KL () XKLL ()
2 P,A(f2) K, (f3) XK (f3)
3 P, A(f3)
d
0 1 2 3
k
0 R=P.(fo) {0}xP2(f) {0} xR, (f) {0} x R}, (f3)
I P(f)  RLL(PXPAH) R ()X Gryy(f3)
2 P, (f2) Gi(f3) X PY(f3)
3 P, (f3)
Table 2: Polynomial components attached to each mesh entity f; of dimension d € {0, ..., 3} for the
space Kl:, , for k € {0,...,3} (top) and counterparts through vector proxies (bottom).

consistency, cohomology, etc.) are carried out by induction on the dimension (and not on the difference
between the dimension and the form degree, as in Theoremsand . This leads to somewhat simpler
arguments, at the cost of larger discrete spaces. Also, the commutation property is essentially obtained
by definition of the local discrete exterior derivative (with the exception of lowest-dimensional cells).

4.1 Definition
4.1.1 Discrete spaces

We define the following discrete counterpart of HAK(Q), 0 < k < n:

vEo= X 2 x X KL () XK

feA(Mp) f €A1 (Mp)

x X X KO )KL @)

d=k+2 feAy(My,)

Notice that, on (k + 1)-cells, the second component has polynomial degree reduced by one compared
to d-cells with d > k +2, i.e., we have K°(f) instead of ‘K?H( f). A generic element of Z]:, , Will be
denoted by

W, = ((Wf) reacMp)s (Wf, Do f) Feng(My). de[k1.n])- (4.2)

The notation D, r is reminescent of the fact that these polynomial components are interpreted as Hodge
stars of exterior derivatives. We refer to Table[2|for an overview of the polynomial unknowns in Z’r‘ P in
dimensions 0 to 3, as well as their vector proxies.
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4.1.2 Interpolators

For all inte&ers 0 <k £d < nandany f € Ayj(My), the local interpolator is such that, for all
w € C'AX(f),

k O
I jw = ((”r P ©) pren, ()

0

( T f’(*trf' w), T rf'(*trf’ dw))f’eAkH(f))’ (4.3)
K.d' ~k Kod'— k-1

(”r+1,f' (ktrypr w),nHl,f, (xtrpr dw))f,eAd/(f)’d,e[kﬂ’d]).

Remark 21 (Domain of the interpolator). Owing to the presence of polynomial components that are
interpreted as exterior derivatives (compare (3.2) with (4.3)), the interpolator in the VEM-inspired
construction requires higher regularity of the 1nterpolated functions compared to the DDR complex
presented in Section namely C'AX(f) instead of COA¥(f).

4.1.3 Global discrete exterior derivative and VEM complex

For all f € Ag+1(Mpy,), we define the discrete exterior derivative d’r‘ P K’r‘ P P _AK1(f) such that,

for allg € Vr 5

Jd’;f f/\(,u+v)—J

*_la)af Atryr +J *_lDw,f %
of f

Vi, v) € PoA(f) x K2(f), (4.4)

where, as before, wgy is defined by (way)|p = Wy € P _A(f') for all f € Ar(f). Notice that the
above equation defines df, sw; uniquely as, by (2:7a), u + v spans P.A(f) as (u, v) spans P A" (f) x
K?(f). Moreover, taking 4 = 0 and letting v span K°(f), we infer, using (Z.4) with (X, w, u) «
(K)o dk ),

Dyy=mrPxd jw) VI € At (M). (4.5)

Unlike the DDR complex, the construction of a global discrete exterior derivative for the VEM
complex does not require to first reconstruct traces on lower-dimensional cells, as all the necessary
information is encoded in the polynomial components (D, f) fer, (M), de[k+2,n] Supplemented by
(df,fﬂf)feAm(Mh)- More specifically, for all integers k € [0,n — 1], we let Ql:,h : er"h — Z’r”hl be
such that, for all w, € V¥ .

¥ @y, = ((KdS @) ren (Mi)s (Do, 10 peng (M), defksz,n]) (4.6)

(compare with (4.2)) and notice the different positioning, compared to w, , of the polynomial components
D, r). As for the DDR complex, we will denote by Q’;’ ¥ the restriction of c_l'r" n to f € Ag(My) with
d € [0,n] suchthat k < d—1.

The VEM sequence of spaces and operators then reads

d)
VEM(r) = {0} —> vV, —H vl —— o — vl y Vi, — {0} @)

4.1.4 Local discrete potentials and discrete exterior derivatives

Given a form degree k € [0,n], for all f € Az(Mpy), k < d < n, we define the local discrete potential
Pk I Z’r‘ (f) = P A¥(f) by induction on d as follows: For all w, € vk

r+l

—r,f’
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» If d = k, we simply set

Plr"fgf =x"lwr e PA(S) =P AL, (4.8)

r+l

where the last equality follows from (2.13) if d = O (after noticing that P, AY(f) = R =
SDr_HAd(f)) and from (2.15) if d > 1;

* If k+ 1 < d < n, using the isomorphism (2.17) with £ = d — k > 1 and r replaced by r + 1, we

define Pf, Wy € Pr‘HAk( f) as the unique solution of the following equation:

(=1)F*! jf Pf’fgf/\(dﬂﬂ/) = Jf *_lﬁw’f/\'u_J‘af Pf’af%f/\traf ut (=1 J‘f *xLwrAy

V(u,v) € KN x KK, 4.9

r+1 r+1

where

r’

_ *dkfa)f ifd=k+1,
w.f = = (4.10)
Dw,f ifd>k+2,

and we have introduced the piecewise polynomial boundary potential Pf’ of - KI:, o Ak (O f)
such that (P]:,af)lf’ = Pf’f, for all /' € Ag_1(f).

Leveraging the above-defined discrete potentials, we can define the discrete exterior derivative d’}f I'E

Zf,f — P A (f) forall f € Ag(My,), k+2 < d < n— 1 (this object was previously only defined for
d =k + 1, see (4.4)), setting:

k . pk+1 3k k
dr,fo = Pr’fgr’fgf Vo, eV, ;. 4.11)

Notice that these discrete exterior derivatives are not relevant in the definition of the VEM complex, but
may be useful in practical applications.

4.2 Main properties of the VEM complex

The main results for the VEM complex are stated below.

Theorem 22 (Cohomology of the VEM complex). The VEM sequence is a complex and its
cohomology is isomorphic to the cohomology of the continuous de Rham complex (1.2).

Proof. See Section4.6] i

Theorem 23 (Polynomial consistency of the discrete potential and exterior derivative). For all integers
0<k<d<nandall f € Ag(Mp,), it holds

PY I w=w  VoeP A(f), (4.12)
and, ifd > k + 1,

df I jw=do Yo e P A(f). (4.13)
Proof. See Section4.5] i
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4.3 Complex property
Lemma 24 (Complex property). The sequence (4.7) defines a complex, i.e., for all integers k € [1,n—1]
and all w, € K’r‘,_hl,
dy (4 w,) = 0.

Proof. Applying the definition (#.6) of the global discrete exterior derivative first for k — 1 then for &,
we obtain

er{,_hlgh = ((*dl}f,_flgf)fEAk(Mh)’ (Dw,f,O)feAd(Mh),de[k+1,n]) € Z'j,h, 4.14)
which shows that, for all d € [k + 1,n] and all f € Ayz(My), the exterior derivative components of
Qf_hl w),, are zero, and thus that

k (qk-1 ko qk-1 k+1
Slr,h@r,h wy,) = (( * dr,f@r,f Qf))feAkH(Mh)’ (0, O)feAd(Mh),de[kﬂ,n]) € Krj—h’

The assertion is therefore proved if we show that d’r‘ f(gf’_flg f) =0 for all f € Ag+1(Mp). Applying
the definition of the local discrete exterior derivative (see (4.4)) with w + replaced by gllr‘,_fl w  obtained
by restricting @14) to f, we get: For all (i, v) € PA (f) x KP(f),

Jf d’;’fgf:flgf A(u+v)= Lif df,_aljf%f Atrgr =0,

where the conclusion follows using the definition {.4) of d’r“l,g ¢ With (1, v) « (tryr p,0) for all
f’ € Ax(f) and noticing, as at the end of the proof of Lemma that the sum over f’ of the integrals
over d f is zero. O

4.4 Commutation

Proposition 25 (Commutation property for the discrete exterior derivative in dimension d = k +1). For
all f € A1 (My), it holds

&1 w=x""70 (xdw) Vo e CIAR(R), 4.15)

expressing the commutativity of the following diagram:

CIAK(f) —= COA(F)

k -1_0
\Llr,f \L* rg*

VE() —2y p ARy,

Proof. Plugging the definition (@.3)) of the interpolator into (#.4) we get, for all (u,v) € 7301\0( f) %
KL (S).

I df fl’r‘fw A(u+v)= J *‘lﬂ(r) 8f(*tr(9f w) A tryr p +j *_lﬂ(r]{}o(*dw) AV,
o of | f h

O . . 2 . . . 0
where T of denotes the piecewise L--orthogonal projector obtained patching together the T oo fle

Ar(f). Using @4) with (X, w, u) «— (K2(f"),dw, v) for the second term and, for each f’ € Ar(f),
(X.d, f) « (P.AY(f"),k, f’) for the first term, the projectors can be removed. The Stokes formula
(2-1) along with du = 0 (since y is constant) then yields

J d’r"f[f,fw/\(u+v):J dw/\p+‘[
f f f

where the conclusion follows from (Z.4) with (X, w, u) < (P, A°(f), dw, u+v). Since, by @.7d), u+v
spans P, A°(f) as (u, v) spans SDOAO(f) x K(f), this concludes the proof. O

doAv= J *_lzr(r) s Okdw) A (p+v),
f 2y
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Proposition 26 (Commutation property for the local discrete exterior derivative). For all integers
de[l,nlandk <d -1, and all f € Ag(My), it holds

df ((If jw) = I (dw) VYo e CAN(Y), (4.16)

expressing the commutativity of the following diagram:

C2AM(f) —= C'AMI(F)

k k+1
12 |
dk

= ,f’

Vi) —= V().

Proof. Immediate consequence of (.15) along with the definition (4.3)) of the interpolator, and the
property dod = 0. O

4.5 Polynomial consistency

Proof of Theorem[23] The proof proceeds by induction on the dimension d. When d = k, (@.12)
is a direct consequence of the definitions (#.8)) of the potential and (.3)) of the interpolator, which
give Pf fl’: 0 = *‘17r2 f(*w) = w, where, to remove the projector, we have used the fact that

*xw € P.A(f), since w € P, AY(f) = P.AY(f) (see @13) with r + 1 instead of r).

We next prove (d.12) for d > k + 1 assuming that it holds for d — 1. Writing the definition {.9)) of
the potential for W= !f Fw, We get, for all (u,v) € 7(;1;1"‘1 (f) x Ke=K(£),

r+l
(=1)k* L pf’f(l’:’fa)) A (du+v)
= *_lﬁw’f Al — Pfa '(LI:B tror w) ANrgr pu+ (=1)k+! *_l(ﬂZi’Id_.k *w) AV
i of 1T ! o

= J *_lﬁw’f AN — J ror w A trogy pu + (—1)k+1 J WAV,
f of f

(4.17)
where we have used the induction hypothesis for the second term in the right-hand side after noticing that,
by Lemmawith =k trpwe Pr_ﬂ/\k (f’) forall f € Ag—1(f), together with (2.4) for the third one.
Recalling the definition (.10) of 5ﬁ) > we distinguish two cases for the first term in the right-hand side.
If d = k + 1, @.13)) (immediate consequence of (4.13) after observing that dPr‘HAk (f) € P,AL(f))
gives x 1D, p = %! xdF f(fr‘ sw) = dw. If, on the other hand, d > k +2, recalling the definition @3)

of the interpolator, we have If *x "Dy A= If *‘l(nfr’f}k_l * dw) A p 3 If dw A . Plugging

these relations into (4.17)), using the Stokes formula (2.1)), and simplifying, we get
J Pff(lf fa)) A (du+v) :J wA (du+v),
o ) f

which yields (@.12)) for d > k + 1 since, by with € =d — k > 1, du + v spans Pr‘+1/\d‘k(f) as
(1, v) spans K4 () x KK (S)-

We have already seen above that (4.13) holds for d = k + 1. To prove this relation for d > k + 2, it
suffices to recall (4.11)) and to write

A p Ly pw = P (d) L7 j0) = P (L dw) = do,

where the conclusion follows from (#12) after observing that dw € P, AM! () c P AFI(f). i
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4.6 Cohomology

As in Section given a form degree k € [0, n], we first consider the following subspace of Z’r‘ n

V¥ = {eh = ((Wg) reaeMu)s (Wrs Do f) Feng(My). delkstn]) L *xlwp=0 Vfe Ak(Mh)} :

Lemma 27 (Exactness property for V¥ . |)) Forall k € [0,n], if n, € Vk , satisfies d dk il = 0, then
there exists w, € Vk ! , such that n,= dr n W, Where, in accordance wzth the sequence {.7), we have
setc_lr_’ =dy, =0

Proof. Recalling the definition (4.6]) of er(, n1l,,» We have

k k
gr,hﬂh = ((*dr,fgf)feAkH (Mp)>» (Dn,f, O)feAd(Mh), dE[k+2,n])-

If k =0, then Jf * s =0implies ny = 0 for all £ € Ag(Mp,); moreover, 7 = 0 for all f € Ag(My),
d € [1,n], by definition (@.I) of K(r) , (recall that K2 (f) = {0} for all r, cf. (2:6)). The condition
gf’hgh = 0 together with (4.3)) yields D, r = 0 forall f € Ay(Mp), d > k + 1, and thus

1, = ((0) reagmn)s (0:0) reay (M), defksng) = dy},0.

If 1 < k < n -1, on the other hand, from (_1’r< Wl = 0 and (4.5) we infer

1, = ((15) rearmns (155 0) reag(My). detkrin) (4.18)

while, if k£ = n, we simply have
n, = (1) fenn(My)- (4.18b)

Let now

K,0 _
), = ((0) reac i (Ms (070 71 7) pene My (0s11f) peaa (M), delketng) € Vi3,

To check that this w), is well defined, it suffices to notice that, if f € Ay(My,) withd > k+1 = (k—1)+2,
thenns € 7( g ( f ) ’Kd ~(k=D-1 (f) is a suitable choice for the corresponding component of w,. By

r+1

definition (@ of dk- f we have: Forall f € Ax(M;) and all (i, v) € PyA(f) x KL (f), since wyr =0
forall 7 € Ar(f),

e _
defl we A (u+v) = L n,fnf/\v:L* p A (),

where the cancellation of an}o is made possible by @2.4) with (X, w, u) « (K2(f),* 'ns,v), while

the introduction of u in the last passage is justified observing that n, € vk b implies f P *~In =0 for
all f € Ax(My). This relation gives dk rp @y =x n rforall f € Ak (M) which, combined with the
definition (4.6) of the global discrete exterior derivative and the expression (4.18) of 1, readily yields

my, =

Proof of Theorem[22] Contrary to the DDR(0) complex, the VEM(0) complex is not isomorphic to
the CW complex (the VEM spaces for » = 0 do not have only constant polynomial components on the
lowest-dimensional cells). As a consequence, designing extensions and reductions between the VEM(r)
and VEM(0) complexes would not directly allow us, as it was the case for the DDR complex in the

= gr’ » @, and concludes the proof. O
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proof of Theorem to analyse the cohomology of the VEM complex. To circumvent this difficulty,
we will instead design extensions E fl : X'S n ZI:, ,, and reductions Efl : Zf, n X’& , between the
VEM(r), r = 0, and the DDR(0) complexes, in order to show that their cohomologies are isomorphic.
By Theorem this will prove that the cohomology of VEM(r) is isomorphic to the continuous de
Rham cohomology.

Throughout the rest of this proof, (P0 f,dk ) and (Pk ) denote, respectively, the couple
(potential reconstruction, discrete exterior derlvatlve) of the DDR(f 0) and VEM(r) complexes. We do
not need to differentiate these notations, as the argument removes all ambiguity. For all form degrees

k € [0, d], the reduction is obtained setting

Riw, = ((”0 FOF) Fer (M) Vw, € Zf,h’ (4.19)

while the extension is given by

Eﬁﬂh = ((Uf)feAk(Mh), (4.20)

%K.,0 k
(. (<P )7 O 1)) ey (M)
K,d—k K,d-—k-1 k
(et POy st g 1) ey, d>k+2) Vi, € Xon

As in the proof of Theorem we need to establish the properties (C1)—-(C3) of [35, Assumption 1] to
obtain the desired isomorphism in cohomology (also in this case, the relation (3.34) is an immediate
consequence of (C1) and (C3)).

Proof of (C1). An inspection of the definitions (4.19) of the reduction and (4.20)) of the extension shows

that RkEkn =7, forally, € X ,» and thus (C1) holds a fortiori.

Proof of (C3). We need to prove that both the reduction and extension are cochain maps.

Let us start with the extension. We have to prove that, for any integer k € [0 n—1] and all n, € Xk X
EF(dg W) = h(Ean ). Ow1ng to the definitions (#-20) of the extension, (3.7) of df > and of

Qr, > and since d’ngf1 o dk’ = 0 (by (3.15) with » = 0 and k + 1 instead of k) this amounts to proving that
*df gn = *dy ((Efn ) VI € A (M), 4.21)
ﬂ;ii,lcf]—tk—l(*Pg}ldgf f) _ ﬂﬁf}k—l(*d’&fzf) VieAad(Mp), d > k+2. (4.22)

The relation (4.22)) trivially follows from Pk”dk = d’g - see (3.14) with (k,r) < (k+1,0). To prove

@21), we take (1, v) € PyA(f) X 7<O(f) and apply the definitions (4.4) of dkf(E n, ) and (@.20) of
Ehr] to get

J d’;,f(gjigf) A(u+v)= I *_lnaf AU +J * 1777(0(*d0 N YAV
f of f

= d P /\ﬂ+Jd n.Av= Jdk n. Au+v),
Jf 1= e roIE

where the second equality is obtained using the definition (3:4) of df ; for the first term and (2.4) with
(X, w, 1) — (K°(f), d’g M v) for the second one. By (2.74)), and since both d’rC f(E n ) and df

0./
belong to P, A** (), this relation gives d; F(E ?Qf) =dj, e thus proving (@21).
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Let us now turn to the reduction. We need to show that, for any integer k € [0,n — 1] and all
w, € VK Eﬁ“(gf’hgh) = g’g’h(gflgh), i.e., accounting for the definitions (4.19) of the reduction,

—r,h’

(3.7) of (_lg’ » (additionally noticing that 7, ’]9 concides with 7 7 owing to (2.124)), and @.6) of (_lf’ -
no p(xdy ) =xdg Riw, V[ € A (Mp). (4.23)

To check this relation, let f € Ag,1(My,) and write, for all u € POAO( ),

-1_0 k [ k
L_* ”o,f(*dr,fo)All:yfdr,fﬂf/\:“ Eq. Z.4)
= 6f*_lw3f/\trafu Eq. @.4)
= *_lﬂg’afa)af/\traf,u
Jor
= [ dt Rhw, A Bes. @19), (). (3
Jr '

where the third equality follows from (2.4) with (X, w, u) « (POAO(af), *Lwyr, trar ). This proves
(#.23)), and thus that the reductions form a cochain map.

Proof of (C2). For all w, € V¥, by the definitions (#19) and @20) of the reduction and extension, it
holds E' ﬁﬁﬁg n— W, € K’r‘ np- The proof then continues as in point 4. of the proof of Theorem (see
Section with X ’r‘ n.p feplaced by K’r‘ np and Lemma |19 replaced by Lemma O

5 Links with the literature

We provide here some elements of comparison between the DDR and VEM constructions of Sections
and ] and two other families of discrete complexes.

5.1 Finite Element Exterior Calculus and Finite Element Systems

Finite Element Exterior Calculus (FEEC) is the (conforming) finite element approach for the unified
analysis of discrete complexes [2}, 4]]. It is based on the selection of piecewise polynomial subspaces of
HA(Q) that form a subcomplex of the continuous complex (I.2). Finite Element Systems (FES) is a
framework for designing such subcomplexes that generalises FEEC to cover finite dimensional spaces
spanned by differential forms that may not be piecewise polynomial on the selected mesh [29, [31]]. In
FEEC/FES complexes, only the spaces of differential forms in the continuous complex are replaced with
discrete counterparts: the graded map that links these spaces is the usual exterior derivative d.

A FES space is a space of k-forms on all d-cells with d > k, with a compatibility condition on the
traces:

AR(My) = v, € >< AX(f) - trpvp =vp forall (f, f') € Ag(Mp) X A (f) withk <d’ <d,

feha(My)
delk,n]

6D
where each AX(f) is a finite-dimensional space of k-forms and v ¢ denotes the component of v, on f.
Because of this compatibility, any element in AK(M,) can be identified with an element of HAX(Q).
FES contains the usual FEEC complexes (in which case AX(f) are certain polynomial subspaces —
typically full polynomial spaces or trimmed polynomial spaces depending on the considered finite
element), but has also been used to develop other discrete complexes, e.g. based on macro-elements
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(in which case A (f) is a space of piecewise polynomial forms on a subdivision of f) or with higher
inter-element regularity (C! spaces, for example).

The concept of (faithful) mirror system plays the role of degrees of freedom in the FES framework.
Mirror systems are constructed on a case-by-case basis for each FES, and are auxiliary tools in the
framework: they are not required to design the FES spaces, but they identify (by duality) a basis of such
spaces. A mirror system for A¥(M},) is a family of subspaces of linear forms:

A E >< AIER) with ZK(f) c A*(f)* for all f € A(Mp), (5.2)

f€ha(My)
d € [k,n]

where AX(f)* is the dual space of AX(f) (actually, to link mirror systems and interpolators, each Z*( )
is chosen as a subspace of X¥(f)* with X¥(f) o AX(f), but we won’t need this in the discussion here).
As can be seen in (5.2), a mirror system is built hierarchically on the mesh, and each Z*( f) identifies
the modes of the FES forms that are “interior” to f; to obtain all the modes (interior and boundary)
associated with f, one must consider X srea , (), a’e[k,d] Z&(f).

A particular case of interest in the present context is when Z*(f) c L?A¥(f)* (see Remark .
Using the Riesz representation theorem and applying the Hodge star transformation, ZX ( f) can then be
identified with a family of subspaces of L’-integrable (d — k)-forms:

ZK(My) = >< Z4k(F)  with Z97R(F) € L2AR( ). (5.3)
feAa(My)
d e [k,n]
Here, and contrary to (5.1)), no compatibility condition of the traces is imposed: the spaces Z4-k( f) are
completely disconnected from each other.

FEEC and FES provide computable spaces — that is, in which functions are entirely described in
an algebraic manner — only on certain types of meshes. This is due to the requirement of compatible
traces. In the DDR and VEM constructions of Sections [3|and @] on the other hand, this requirement of
computability for conforming subspaces is relaxed. Actually, no such space even needs to be identified:
polytopal methods can be entirely built using spaces of polynomial functions on the mesh, without any
compatibility condition on the traces. These spaces are explicit, and their basis is directly given by the
polynomial components.

Comparing and for example, we see that the DDR space plays the role of a mirror
system, and puts discrete polynomial components at the center of the construction. A similar approach
is also true for the VEM-inspired spaces (.1]), with, contrary to DDR, some polynomial components
representing exterior derivatives; see the definition (4.3) of the interpolator.

A closer link between DDR and FES can be drawn by noticing that the FES [30, Section 2.1] has
the DDR spaces as mirror system (in the sense of (5.3)). This FES space, based on liftings of harmonic
functions on each cell, therefore identifies a space of conforming functions whose degrees of freedom
correspond to the DDR polynomial components; note that, in the context of vector proxies, another such
identification was done in [[11, Section 6.2].

The analogies, however, seem to stop here. While the FES theory would then use this conforming
space and the continuous exterior derivative d to construct a discrete de Rham complex, DDR reconstructs
directly from the unknowns (mirror system) a discrete exterior derivative d,_,, whose link with the
continuous derivative of the corresponding FES function is not immediate. The appeal of this fully
discrete approach is that, even when the FES space may not be computable (e.g., on polytopal meshes)
and thus not directly usable in a scheme, the DDR space, its discrete exterior derivative, and its potential
reconstruction are always computable, and are polynomially consistent, thus ensuring their practical
applicability and optimal approximation properties.
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5.2 Distributional Differential Forms

The theory of Distributional Differential Forms (DDF) has been introduced in [52] as a generalisation
of the construction in [20] for the a posteriori error analysis of Nédélec edge elements. DDF are built on
triangulations of the domain and, using their relation with the underlying simplicial complexes (as well
as the concept of double complexes), their cohomology was analysed in [52] for rather general boundary
conditions. Poincaré—Friedrichs inequalities were later established in [28]].

As is the case for the spaces appearing in the DDR and VEM complexes, DDF spaces are collections
of differential forms on cells of various dimensions, with form degree depending on the dimension
of the cell: if the domain Q has dimension n, the DDF space of degree k is made of (k — n + d)-
forms on d-cells. No compatibility of the traces is enforced on these forms, which can be completely
discontinuous between two d-simplices. The discrete distributional exterior derivative on the DDF
space is then composed of two contributions: the exterior derivative inside the simplices, and a trace
term. For example, focusing on the highest dimension d = n, if the DDF space of k-forms is

AL (A (Mp)) = AF (A (Mp)) @ AT (Apo1 (My), (5.4)

(with /A\fl subspace of piecewise C®°A’ forms, the index —1 expressing the absence of continuity
properties at the interfaces), for a family w,, = (wf)rea,(M,) € A’il(An(Mh)), we define the
distributional derivative aﬁ - Ak (A (Mp)) — /A\EEI(A,,(Mh)) by

Gwnn = | (@0 pen,cmn|= D, erptipwy ; (5:5)
feZa(f) Fr€Mn_1 (Mp)

where Z,,(f”) is the set of n-simplices f that share f’ (thatis, f* € A,_1(f)), and &7 is the relative
orientation of the simplex f’ with respect to the simplex f. Note that, in (5.5, we have adopted a
presentation of the distributional derivative that distributes its two contributions (D and T in [52]]) on the
corresponding components (A**1=1(A,_;(M})))i=0,1 of A5 (A, (My)) (see with k + 1 instead
of k), instead of writing cAl’;l as a sum of elements in the global space f\’i;l (A, (Mpy)); this is to better
compare with the definition (3.7). This definition of distributional derivative is a global one, obtained
by testing the piecewise smooth form w, j against globally smooth forms, which classically results in
a term inside each f € A, (M) corresponding to the standard exterior derivative (first component in
(5.3)), and a jump across the (n — 1)-sub-simplices based on the difference of traces on the two adjacent
n-simplices (second component in (5.3))).

A crucial remark is that, in (5.3]), the component (d*w ) fer,(My) Of d' fl wy,p on n-cells only depends
on the values w, ; of the discrete distributional differential form on n-cells, not on the values of these
forms on lower-dimensional cells (e.g., /A\’f]l (An—1(Mp)) in (5.4)). This is in contrast with the discrete
exterior derivatives in DDR and VEM complexes, whose definition on higher-dimensional cells depends
on polynomial components on their sub-cells; see (3.4) and (#.6). Another difference between DDR
and DDF can be seen when recasting the discrete exterior derivative: integrating by parts (3.4) yields
the following characterisation:

L df,fgf Ap=-— L dx"'ws) Ap+ Lf(Pf,af%f —trgr(xTwy)) Atrap
Vu e P ATEL(F).

This relation reveals that df ey is, as in DDF, composed of an exterior derivative term in the d-cell
and a boundary term involving jumps. However, contrary to DDF, the jumps here are between the trace
of the d-cell unknown and the potential P’r‘ Py reconstructed on (d — 1)-cells (which depends on
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the unknowns on all d’-subcells of f, k < d’ < d), not between traces of two d-cells unknowns (as in
(3.5) with d = n). In this respect, the “jump” term in DDR relates more to the kind of face differences
encountered in polytopal methods (e.g., the HHO method [36]]) while the jump term in DDF is more
akin to those arising in discontinuous Galerkin (DG) methods [41]].

This comparison can be extended to the potential reconstructions themselves. Equation (3.19) shows
that Pf’ oy is obtained applying a higher-order correction to the cell component x~!w r» designed from
the discrete exterior derivative on f and the potentials on df. This enhancement process ensures the
high-order consistency of the method starting from lower-order polynomial unknowns. In the context
of elliptic equations, it is commonly used in methods with unknowns in the elements and on the faces
of the mesh, but it is not directly available in DG methods. In DDF, as in DG, the cell unknown itself
must be used (e.g., in a scheme to discretise the source term), and the consistency is therefore limited
by the degree of this unknown.

A Differential forms and vector proxies

In this section, we briefly recall basic concepts on alternating (resp. differential) forms, and their
representation in terms of vectors (resp. vector fields); these representations are often referred to as
“vector proxies’. We refer the reader to [2, Chapter 6] for a presentation in the framework of Finite
Element Exterior Calculus, and to [15], [25, Chapter 1], [S0, Chapter 1] for an introduction in more
general scientific and engineering contexts.

A.1 Exterior algebra in R”
A.1.1 Alternating forms

Let {e;}ic[1,n] be the canonical basis of R", equipped with the standard inner product. A basis for
the space of linear forms over R”, i.e., the dual space (R")" of R”, is given by {dx'};c(1,], With
dx(e;) = 6;'. (Kronecker symbol), for all (i, j) € [1,n]>. The starting point of exterior calculus
is to consider alternating multilinear forms, vanishing whenever they are applied to a set of linearly
dependent vectors in R". For any integer k > 1, the set of alternating k-linear forms on R" is denoted
by Alt*(R™); by convention, we set Alt’(R") := R. We also note that Alt'(R”) = (R")” and that
AltF(R") = {0} if k > n (since families of k > n vectors are always linearly dependent). It can be
checked that dim Alt*(R") = (3). In particular, Alt"(R") is the 1-dimensional space spanned by the
determinant in the canonical basis vol (called the volume form).

A.1.2 Exterior product

Given two alternating multilinear forms w € Alt'(R”) and u € Alt/(R"), their exterior product
w A u € Alt"™ (R") is defined, for any vectors v, . . ., viyj € R", by

(WA p)(1,...,0i4)) = Z sign(0) W(Verys -5 Vo) (Vo5 - -5 Vo)

O'EZ[,J'

where X; ; is the set of all permutations o~ of the (i + j)-tuple (1,...,i+j) such that oy < --- < o7 and
Oi+1 < -+ < 0y4j. The exterior product satisfies the anticommutativity law

wApu=(-DYuAw, (A.1)

so that, in particular, we have dx! A dx’ = 0and dx’ A dx/ = —dx/ A dx!. With these definitions, for
k € [1,n] a basis of the space Alt*(R") is {dx?! A --- A dx*},. where o~ spans all strictly increasing
functions [1, k] — [1,n]. Hence, any w € Alt*(R") can be written

w = Z dy dx71 A - A7k, a, €R. (A2)

1<oi<---<or<n
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A.1.3 Hodge star operator

The scalar product in R” induces a scalar product, denoted by (-, -), on Alt" ¥ (R") — namely, the scalar
product for which the aforementioned basis {dx?! A --- A dx?n-*}, of Alt""¥(R") is orthonormal.
The Hodge star operator is the unique linear mapping * : Alt*(R") — Alt""*(R") such that, for all
w € AItY(R"), (xw, u)vol = w A u for all u € A" ¥(R™). It can be checked that

*(dxT A -+ Adx ) =sign(o, T) (XA - AdxTR),

where (o, 7) = (01,...,0%,T1,...,Tn—k) is a permutation of (1,...,n) such that o} < --- < o} and
T] < -++ < Ty—k. From the above identity, one can infer that

*(*w) = (=D Ry v e AlF(RY) (A.3)

and, hence, that (xw, xu) = (w, p), i.e., * is an isometry. Formula (A.3)) justifies the definition (2.2) of
*~1. The anticommutativity (A:T) of A, the definition of , and the symmetry of (-, -) then give

* oA =pA*w=wA*u Yw, 1 € AltF(R™). (A4

Example 28 (Hodge star operator in two and three dimensions). If w € Al (R?), ie, w = ajp dx' A
dx? + a3 dx! A dx® + ags dx? A dx? (see (BD)), one obtains *w € Alt' (R?) with

*W = A dx3 —ai3 dx2 + dj3 dxl.
Ifwe Alt! (Rz), e, w=a; dx' +a, dx?, then xw € Alt! (RZ) with
*W = aj dxz—az dx!.

A.1.4 Vector proxies for alternating forms

As already mentioned in Section Alt°(R") = Rand Alt"(R") = R. Using the Riesz representation
theorem to identify (R")” and R", we can identify two further spaces of alternating forms. Specifically,
Alt'(R™) = (R")’ = R” and, writing *Alt"~' (R") = Alt' (R") = R", since * is bijective, we obtain the
identification Alt"~ ' (R") = R".

Applied with n = 3, and recalling the formula for Hodge star transformations of 2-forms in Re-
mark these identifications lead to considering a vector v = (a, b, c) € R3 as a proxy for both the
alternating linear and bilinear forms

Alt'(R) s w=adx' +bdx? +cdx® and AIP(R?) 3 g =a dx? Adx® — b dx! A dx® + ¢ dx! A dx?.

On the other hand, when n = 2, the discussion above gives two possible ways to identify Alt' (R2) =
Alt>"1(R?) with R%. This leads to associating a dx' + b dx?> = w € Alt'(R?) either to the vector
v = (a,b) € R?, or to its rotation by a right angle O—n2U=(b,-a) € R2.

Based on the the above identifications, when n = 3, one can interpret the exterior product of two
alternating multilinear forms w A u in terms of vector proxies (w, v) as follows:

« the vector product R? x R? 3 (w,v) — w x v € R? when (w, i) € Alt!'(R3) x Alt!(R?);
« the dot product R* x R? 3 (w,v) — w - v € R when (w, ) € Alt' (R?) x Alt?(R?).

On the other hand, if n = 2 and w, u € Alt' (R?), we can write w Ayt = (a dx' +b dx®) A (f dx' +g dx?) =
(ag—bf) dx' Adx?. Considering the correspondences w <> w = (a,b) and u < v = (f, g), we obtain

WA= W0 rpv) dx! Adi?, (A.5)

35



A.1.5 Contraction and trace

For a given vector v € R”, the contraction wv € Alt*"1(R") of w € AltF(R™) with v is defined, for
any vy,...,0x—1 € R", by

(wav)(vy,...,0k-1) = w(,01,...,0k_1). (A.6)
In terms of vector proxies, in the case where n = 3, this contraction with v corresponds to
« the scalar product R* 3w — v -w € R whenw & w € Alt' (R?);
« the vector product R? 3 w - v xw € R3 when w & w € Alt>(R3);
« the multiplication of a real number R 3 w — wv € R? whenw & w € Al (R).

Let now V c W be finite dimensional subspaces of R", and ¢ty : V < W be the inclusion of V in
W. The trace try : Alt*(W) — Alt*(V) is the pullback under ¢y, that is: for any vy, ...,vx € V,

try w(vy,...,0r) = w(yvy, ..., y0k). (A7)

The trace respects the exterior product, i.e., try (w A u) = tryw A try .

It is easy to see that, through the vector proxy of Alt! spaces, try : Alt'(W) — Alt!(V) is the
orthogonal projection y : W — V of a vectorw € W onto V.

Let us fix an integer m € [1,n] and suppose that dim(W) = m and dim(V) = m — 1, and that
both spaces are oriented; let ny be the unit normal to V such that, given a positively oriented basis
(e1,...,emu—1) of V, the family (nvy,ey,...,e,_) forms a positively oriented basis of W. Then, an
identification of the trace try : Alt" (W) — Alt"~1(V) through vector proxies is the scalar product
with the vector ny, thatis, W sw — w - ny € R.

A.2 Exterior calculus in R”
A.2.1 Differential forms

Let M be an n-dimensional flat manifold. When the coefficients in (A.2) are functions a, : M — R,
the map w : M — Alt*(R") is referred to as a differential form, or simply a k-form. Consistently
with the notation adopted in Section [2.1} the space of k-forms over M without any specific smoothness
requirement on the coefficients a,- is denoted by A¥(M). If w € AK(M), the value of w at x € M is
denoted by w, € AltF(R™).

If the coefficients a, in (A.2)) are polynomial functions, w is said to be a polynomial differential
Jorm. Specifically, for an integer r > 0, the space of polynomial k-forms of degree < r is defined as

P A (M) = { Z Po dxTP A AdXTE L py € SDr(M)} ,

1<o1<--<or<n

where P, (M) is the space of scalar polynomials of degree < r over M. All the arguments concerning
vector proxies presented in Section [A.T] for alternating k-linear forms can be immediately extended to
the case of k-forms. Hence, when n € {2, 3}, their corresponding vector proxies are scalar fields over
M when k € {0, n}, and vector fields over M when k € {1,n — 1}.

A.2.2 Exterior derivative and de Rham complexes

Provided that the coefficients a, in (A.2) are smooth enough, the exterior derivative of a k-form
w € A¥(M) is the linear unbounded operator d : AK(M) — A**1(M) such that, in terms of standard

coordinates on R”,
n

_ (9610- i o o
dw = Z ZaXidx/\dxl/\---/\dxk.

1<oi<---<or<n i=1
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The interpretation of the exterior derivative in terms of vector calculus operators, through vector
proxies of alternating forms and when M is a domain Q of R3, is given in (A.8). We have used in this
diagram the spaces defined in the introduction of the paper.

Differential forms: HAY(Q) —L 3 HAN(Q) —L 3 HA2(Q) —21 3 HA3(Q)
I I I I (A.8)
Vector proxies: H (Q) _grad, H(curl; Q) - H(div;Q) —23 12(Q).

In the case n = 2, as we have two possible vector proxies for Alt'(R?). These interpretations are
illustrated in (A.9) when w = a dx' + b dx? € Alt'(R?) is identified with v = (a, b), and in (A.10)
when w € Alt?~'(R?) is identified with 0—x0 (With rot = div 0_/, and rot = o_/, grad, respectively,
denoting the scalar and vector curls, and H (rot; £2) the space of square-integrable vector-valued functions
whose rot is also square-integrable).

Differential forms: HA%(Q) —d4 HAY(Q) L} HA%(Q)
I I I (A9)

Vector proxies: HY(Q) Lad) H(rot; Q) —%5 12(Q).

Differential forms: HA(Q) —d4 HA'(Q) —4 HA%(Q)
I I I (A.10)

Vector proxies: HY(Q) _rot H(div; Q) v L*(Q).

Notice, finally, that the exterior derivative satisfies the complex property d o d = 0. This property
translates, through vector proxies, into the well-known identities curl grad = 0 and div curl = 0 for
n =3, and rotgrad = 0, divrot = 0 when n = 2.

A.2.3 Koszul differential

Given xj; € R, the Koszul differential kp; : AX(M) — A*='(M) is defined pointwise over M as
follows: For all x € M, recalling the definition (A.6) of the contraction .,

(kpqw)y = wya(x —xpy).

Its interpretation in terms of vector fields proxy is then analogous to that of a contraction of an
alternating multilinear form with a vector, except that the contraction is made pointwise with the vector
field R" 3 x — x —x)s € R". The terminology “differential” is legitimate, as ks satisfies the complex
property «ps o kpr = 0 (since any alternating form applied to the same vector twice vanishes).

A.2.4 Trace

If P C Q are (relatively) open sets in affine subspaces V c W of R”, the trace operator trp : COAX(Q) —
CYA¥(P) on differential forms is defined pointwise, using the trace operator on alternating forms:
For all w € COA%(Q),

(trp W)y = try wy Vx € P.

Note that, in the case P = Q, the trace is simply the identity operator (and can be defined without any
continuity assumption): trp w = w for all w € A¥(P).

Applying the same arguments as in Section pointwise over P, the trace operator in terms of
vector fields proxy gives
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« the restriction of functions, when k£ = 0;
* the orthogonal projection onto V (that is, trp w < myw if w & w), when k = 1;

* the normal component on P along the direction n (that is, trp w <> w - n if W < w), with r unit
normal vector field preserving the orientations of V and W, when k = dim(P) = dim(Q) — 1.

Example 29 (Interpretation of the Stokes formula for £ = 1 and n = 3). We rewrite here, for the reader’s
convenience, the integration by parts formula 2.1) for ¢ = 1 and n = 3:

J dey:J w/\d,u+‘[ tromw Atrgpg - Y(w, p) € AL(M) x AN (M). (A.11)
M M oM

Given the previous interpretations of the exterior derivative and product in terms of vector proxies, if
weowand p v, thendw A p < curlw - v and w A du < w - curlv. This leads to considering the
integration by parts formula for the curl:

J curlw-v:J‘ w-curlv+J (nx(wxn))- - (vXxn), (A.12)
M M oM

where n is the outer unit normal vector field over OM. For any fixed x € OM, we have n(x) X
(w(x) X n(x)) = mr.omw(x) (here, TxOM is the tangent space of OM at x), whereas v(x) X n(x) =
0—n/2(mr. 00V (X)), where the rotation is considered with respect to the orientation of the tangent plane
given by n(x). The boundary terms of (A.11)) and (A.12) therefore coincide, through the vector proxy
for the exterior product of 1-forms in dimension 2 (see ).
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