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Abstract

In this paper we consider the oriented perimeter of a thresholded grey-level image.
This geometrical quantity is built by considering separately the horizontal and vertical
contributions of the pixel. We explicitly compute the first two moments of the so-
called oriented perimeter under the hypothesis of an underlying discrete Gaussian
stationary field. We establish a Central Limit Theorem, as the number of pixels goes
to infinity, for the joint oriented perimeters at various levels under a summability
condition of the covariance function. By using the CLT previously established, we
then construct a consistent local isotropy test, based on the ratio of the oriented
perimeters. Our theoretical study is completed by extensive numerical illustrations
based on simulated data. Finally, we apply our method to detect local isotropy in
calcaneus X-ray images.
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1 Introduction

The main objective of our study is to be able to decide whether the texture of a grey-level
image is isotropic or not. By the texture of an image, we mean the microscopic structure
that is captured by the covariance function at the pixels scale. In order to achieve this
goal, we propose a methodology built on a statistical test for which all steps are rigorously
validated. The originality of our approach is to stick on the geometrical features of the
image without trying to identify the full distribution of the underlying Gaussian random
field that is supposed to serve as a model. More precisely, our observable statistic will be
the perimeter of the black domain of the thresholded image.

In the previous literature, a number of non-parametric tests of directional dependence
have been developed using both the spatial and spectral representations of random fields
(see, e.g, Weller and Hoeting [2016], Guan et al. [2004]). A comparative study with these
methods is proposed in Appendix E. The present paper is part of the methodological
literature that deals with statistical inference based on geometrical observable features
given by the Lipschitz-Killing curvatures (LKC) of the excursion sets. In image analysis,
i.e. in a two dimensional setting, an excursion set is a region of the image where the pixel’s
values are higher than a fixed level, the level set is the boundary of the excursion set and
the LKC’s are the three natural Minkowski functionals: Euler characteristic (number of
connected components minus number of holes), perimeter (length of the level set), area
(Lebesgue measure of the excursion set). Although such type of statistical study of the
excursion set is an old engineers task (see Longuet-Higgins [1957] for instance), it has
recently received much attention from a probability theory and mathematical statistics
point of view. To cite some of these papers, let us quote Worsley [1996] or Telschow
et al. [2020] where the localization of peaks is infered from the observation of the Euler
characteristic of excursion sets in neuroimaging and in the cosmic background radiation,
Molina and Feito [2002] where isotropy is tested through the observation of the gradient,
Di Bernardino et al. [2017] or Biermé et al. [2019] where a test of Gaussianity is produced
based on the Euler characteristic of excursion sets, Abaach et al. [2021] where a test of
symmetry is produced based on the perimeter of thresholded images. Among this dense
literature, let us focus on two specific articles, Cabana [1987], Berzin [2021], with a similar

objective as ours, namely a test of isotropy, based on similar observations, namely the



length of level sets. Both papers are concerned with affine two-dimensional continuous
random fields, i.e. stationary random fields X defined on R? and given as X(-) = Z(A-),

where Z is centered, stationary and isotropic defined on R? and A is a deterministic matrix

a 0 cosf sind

that can be reduced to A = , a,b € R, 0 € (0,2r). Within
0 b —sinf cosf

this continuous parametric frame, X is isotropic in distribution if and only if a = b. In
both articles, a test of isotropy is constructed, based on the measurement of the respective
horizontal and vertical components of the length of the level sets. In the former article,
some mixing condition yields a Gaussian asymptotics of the normalized level set length,
while in the later article, a Gaussian condition yields a similar result. This central limit
theorem is the crux for establishing a fair statistical test. Let us insist on the continuous
setting that is assumed in those papers whereas our study definitively deals with discrete
images. Our precise setting will be presented later on in the introductory section.

Implementations of this type of “geometrical” methods can be found in medical imaging and
image analysis in general, cosmology, hydrology, sea waves modeling, etc. As an example,
let us exhibit some medical images that can be handled with our methodology. In this
introductory part, we just show the images and a first tentative of descriptive statistics.
The statistical results that we are able to infer from our methodology is detailed at the end
of the present paper (see Section 5). We analyzed 211 X-ray images of calcaneus bones in
order to detect the eventual anisotropic nature of the microarchitecture since bone texture
anisotropy is of special interest for the diagnosis of osteoporosis (see Chappard et al. [2005]
for instance or Wani and Arora [2020] for a review). We first applied a preprocessing
step in order to get stationary images and then consider the thresholded images at various
empirical quantile levels t,, i.e. for a € (0,1), there exists a proportion « of the image

values smaller than ¢,.

Figure 1: Stationnarized bone X-ray image, with its associated excursion sets thresholded

at the first, second and third quartile.



As observable statistics, we use the respective numbers of horizontal and vertical edges that
separate a black pixel from a white pixel of the binary image. We name these counters as
oriented perimeters, horizontal and vertical respectively. In case of an isotropic texture,
the ratio of the two oriented perimeters should be close to one. At the opposite, if the
observed ratio is far from one, then some anisotropy is expected in the microscopic texture
of the image. The ratio has been computed for each image of the panel at various empirical
quantile levels t,. In Figure 2, the distribution of the obtained ratios is summarized in a

boxplot for each level.

Boxplot of the ratio using quantiles
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Figure 2: For o € [0.01,0.99], we represent the boxplot of the ratio between the two oriented
perimeters computed at t, level, P1(t,), P%(t,), for stationary thresholded images of bone

X-rays.

We observe that the boxplots of the ratio between the horizontal and vertical perimeters are
not distributed around one, whatever the considered level. Moreover, for almost all images
the observed ratios are above one whereas for some images extreme values are observed
below one. We checked the fact that these below one extreme cases all belong to the same
small group of images. Nevertheless, what is relevant on this sample of X-ray images of
calcaneus is that the anisotropy of the texture can be revealed at any threshold level by
simply comparing two single counters. It is worth to note that this anisotropy, although
obvious through the proposed image analysis procedure, is not perceptible to the naked eye.
With a very different approach based on quadratic variations, the same sample of images

has been analyzed in Biermé et al. [2009] and the same conclusion has been obtained: the



calcaneus X-ray images are anisotropic.

Let us now present in details what is the content of our study. As already said, we aim
at constructing a statistical test of isotropy based on the observation at small scale of the
image. Our observation will be very sparse since it is reduced to count the horizontal and
vertical edges that are involved at the interface between the black and the white pixels
of the binary image. This geometrical quantity is nothing but the discrete perimeter (see
Biermé and Desolneux [2021]), considering separately the horizontal contribution and the
vertical one. In our inference only elementary steps are performed in order to compute this
geometrical feature. This has a low computational cost compared for instance to isotropy-
testing procedure based on spectral methods requiring matrix inversions (see e.g., Guan
et al. [2004]).

Assuming that the original grey-level image is a discrete Gaussian stationary field, we
are able to explicitly compute the first two moments of the so-called oriented perimeter.
Our study of moments includes the asymptotic behavior as the number of pixels goes to
infinity. We then establish a Central Limit Theorem for the joint oriented perimeters at
various levels under a summability condition of the covariance function. The perimeter
being given as a sum of functionals of correlated Gaussian variables, the main argument
for the CLT that we use is borrowed from Breuer-Major result as exposed in Arcones [1994].
Let us note that a similar study was performed in Abaach et al. [2021] but under a very
different context since the underlying Gaussian field was supposed to be a white noise.
The induced totally independent structure of the pixels led to simple computations and
estimations which are not allowed anymore in the correlated situation that we consider in
the present paper.

The next step of our method consists in building the promised statistical test. More pre-
cisely, p being the covariance function of the Gaussian field and (ey, e5) being the canonical
basis of R?, we consider the null hypothesis HO : p(e;) = p(ez) that we call "local isotropy”
through a misuse of language. We exhibit a statistic depending on the ratio of the oriented
perimeters that goes to one under HO thanks to the CLT previously established. Moreover,
we prove the consistency of the proposed test. Let us insist on the fact that our test is a
non-parametric one so that the alternative hypothesis reduces to H1 : p(ey) # p(e2). A

by-product of our method is the measurement of the anisotropy through the ratio between



the oriented perimeters.

The theoretical study is completed by extensive numerical illustrations based on simulated
data. We sample Gaussian fields with compact support covariances and use affine defor-
mations to get anisotropic models. The performances of our test are illustrated on those
models. The crucial question of estimating the variance of the perimeter is also explored.
Finally, we apply our method to the calcaneus X-ray images that we have already pre-
sented. It allows us to infer properties and to estimate quantities that could be of interest

from a medical point of view.

The paper is organized as follows. Section 2 is devoted to the presentation of the mathe-
matical framework, namely the grid that defines the pixels and implies the discrete nature
of the Gaussian random field that we use as a model for the grey-level image. We also pre-
cisely define the notion of discrete oriented perimeters that we consider all over the article.
In Section 3, we proceed to the statistical study of the oriented perimeters by computing
their first two moments and establishing a joint central limit theorem for both directions
and various levels. Section 4 contains the numerical studies. This section is dedicated to
Monte-Carlo estimations of the variance of the oriented perimeter for a Gaussian affine
model and to numerical illustrations of the local isotropy test for the same toy model.
The statistical analysis for bone X-rays images can be found Section 5. We end the paper
by a concluding Section 6. Furthermore in the separated supplementary materials, Ap-
pendix A is devoted to a lemma that is used in the computation of the second moment (see
Lemma A.1). In Appendix B we study an upper bound for the covariance of the oriented
perimeter. In Appendix C we compute the covariance for the three cells configuration
and finally some supplementary numerical studies can be found in Appendix D. Finally, in
Appendix E we propose a comparison in terms of obtained pyaues With the semivariogram

based isotropy test proposed by Guan et al. [2004].

2 Mathematical framework

2.1 Construction of the binary image

Square tiling. Let m be an integer with m > 2. Without loss of generality, we consider
our observation window as the unit square S = [0,m]? and we divide it into m? pairwise

disjoint squares. We denote by e;, es the elements of the canonical basis of R? and we
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introduce the following notations.

o G, := [O, m)2ﬂ Z? is the set of points in S that are considered. We write z = (x1, 1)
with 1,29 € {0,...,m — 1} for any x € G,,.

e For z € G,,, Cp(x) = o+ [0, 1]2 will be referred to as a cell. Note that S =
UxEGmCm<:E)'

e We denote by &(nl), £ the set of vertical and horizontal edges in S , and for each
z € G, we denote by w;(z) the intersection C,,(x) N C,,(z +e;) with i € {1,2}, that

is an edge corresponding to a segment of length 1. And finally,
G .= {xEGm; Con(z) N Chp(x + €1) } [0,m — 2] x [0,m — 1],

Gg) ::{xEGm; Con(z) N Crp(x + €2) } [0,m — 1] x [0, m — 2].

Figure 3 shows an example of a square tiling with m = 4.

Figure 3: Square tiling for m = 4 and associated cells C4((0,0)) and C4((2,1)) (green

stripes). We represent the vertical edges w; in red and the horizontal ones ws in blue.

Square tiling and binary image. Using the previous square tiling, we observe (X,), ¢
which we assume coincides with values of a stationary random field (X,), ;2. The station-

arity hypothesis means that for all h € Z2,
(Xprnz € 2) 2 (X0 € 2%,

where fdd denotes finite-dimensional distributions. We denote by p(z) := Cov (X,, X,), = €
72, the covariance function of X. Considering a threshold parameter t € R, we introduce
the associated binary image Z;™ = (]1{ Xx>t}) _where each cell Cn(z) is associated to
black or white according to whether X, > ¢ or Xm < t. In Figure 4 we display several
random generations of Gaussian random fields and their associated thresholded images.

Sampling is provided by using the Matlab function stationary Gaussian process MAT-

LAB [2021)).



Figure 4: Generations of Gaussian random fields with covariance p(z) = e~*lI” (first row)
and their respective thresholded image Zt(m) for t = 0 and m = 512 (second row). We

consider various values for s, from left to right x = 0.01,0.1, 1.

2.2 Oriented perimeter of a binary image

For t € R, let Z™ = Z™ be the binary image at the given threshold ¢t € R. Following the
approach presented in Biermé and Desolneux [2021], for each
edge w € &, = 57(,%) U 8,(7%), we aim to know whether w contributes to the perimeter of
the black component of Z™ (see Figure 5). Making use of the additive nature of the
perimeter, one can start by computing the oriented perimeter given each direction, hori-

zontal and vertical .

Figure 5: The edge w1 ((0,0)) in red belongs to C((0,0))NC5((1,0)), with the cell C5((0,0))
colored in black and Cy((1,0)) in gray dashed stripes.

Following this consideration, one can define the random quantity,

() :
Fo @) = L (X X, ) <t<max(Xa Xere) ) % € Gy (1)

in order to take into account the eventual contribution of the edge w;(z) to the perimeter

of the black component of Z™.



Let us now introduce the main tool of the present work.

Definition 2.1 (Oriented perimeter of a binary image Z™).

Fort € R, we denote by P (t) the sum of all contributions over the ith direction (vertical
for i = 1 and horizontal for i = 2) and we call it the oriented perimeter of the binary
image Z™,

POt = > f(x). 2)
)

ZEG%

The perimeter of Z™ is given by P, (t) := PP (t) + P2 (t).

3 Statistics of the oriented perimeter

3.1 First moment

Let us start this study by investigating the first moment of the oriented perimeter P (t).
The study of the second moment is postponed to Section 3.3.
18

Proposition 3.1 (First moment of the oriented perimeter). We assume that (X,),cq,

a stationary Gaussian centered with unit variance random field. Let i € {1,2} and let us
denote by p(e;) = Cov (X, X,,) € [=1,1]. Let t € R, the expected value of the oriented

perimeter in (2) is given by

E (P(1) = m(m — VE (£7(0)) = m(m — Dh(t, ple:))
where

* ch#_]-:

htc) — E (@ <2t+ V201 —c)uv\> s <2t — /20 —c)|N|>> @)

2(1+¢) 2(1+¢)
with N ~ N(0,1) and ® being the cumulative distribution function of the standard
Gaussian,

cife=—1, h(t,—1)=2(1—(|t]).

Proof. Considering the formula (2) for P{’(¢) and applying the stationarity hypothesis, one

can write that,

E (P (1) = m(m — 1E (£(0)).
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with E (ft(i)(O)) = P (min (X,, X,,) < t < max (X,, X,,)). We start by applying the follow-

ing transformation to the Gaussian vector (X,, X.,),
AV =X, — X,, S =X, +X,.

The covariance matrix of the new Gaussian vector (A®, S9) is given by 3;(0) = MX;(0)M*
-1 1 1 €; ~ 2(1 — €; 0
with M = and 3;(0) = ple) . Thus, ¥;(0) = (1= ple))

11 ple;) 1 0 2(1+ p(e;)
which directly implies that the two variables A’ and S{” are independent. Hence, we can
AY = /2(1 = p(e:))U,
Sgo= 2(1+ p(ed)V,

Let us now make an observation that will appear very useful in the following.

write

with (U, V) ~ N (0, I).

Remark 1. Let a,b,t € R, then
min(a,b) <t < max(a,b) < |2t — (a+b))| < |b— qaf

The proof of this remark can be summarized in the following scheme. Let a,b,t € R,

|b—al

| | | |
T T T T

min(a, b) l ath max(a, b)
[t= 5]

If p(e;) # —1, by applying Remark 1 above we get

SN

(2) _ _
E (ft (0)> =K (1{‘%—58“ }> =E <1{2th<v<2t+\/m|U|}>
V2(+p(e))) = T /20+p(ey))

. (Q) <2t+ V2 —p(ei>>|U|> e <2t— 201 —p(emwr)) |

2(1 + p(ei)) 2(1 4 p(ei))
If p(e;) = —1, then there exists N ~ A (0,1) such that (X,, X,) L (N,—N) and thus,
E (/(0)) = P (min (N, —N) < ¢ < max (N, =N)) = P(|f| < [N]) = 2(1 - @ (|t])).
[l

Proposition 3.1 extends the one given in Biermé and Desolneux [2021] (Proposition 3)
where the expected perimeter is computed in the case p(e;) > 0. We are also able to obtain

an analytic expression for the first moment as stated in the next proposition.
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Proposition 3.2 (Analytic expression for the first moment of the oriented perimeter).
According to the notations in Proposition 3.1, for allt € R and ¢ € (—1,1]

h(t,c) = /1 exp(—17/(+ u))du (4)

T/ (1 —u?)

Proof. Let t € R. We consider the function h; := h(t, ) defined on (—1, 1] through (3) and
note that hy(1) = 0.

2t 4+ +/2(1 — ¢)|N
We introduce an intermediate function p(c) = E (CID ( i 2((1 3)‘ ‘)) Using the
+c
symmetry properties of the cumulative distribution function D,

we have hi(c) = pi(c) — 1 + p_y(c), thus hy is smooth on (—1,1) and its derivative is
equal to hj(c) = pi(c) + p’,(c). Moreover, for all ¢ € (—1,1),

(o) - (—2|N| — V214, <2t+ IN[v/2(1 — c)>>

t

2(1+c)V1— 2 20+0)
_exp(—t*/(1+¢)
2v21(1+ c)v1 — 2
o (-1 BT o (T o (=)
_ exp(—t*/(1+¢))
dr(1+e)v/1—c?
ol 5) (- (2T o
21 (1 + 2)V1— & 2(1+¢)
. yHVET=9/2) | e/
/O <_2y—t 2(1—0)) exp _( T ) dy: 271:( (tl/_ﬂc:; )),
which gives us the result. -

Remark 2 (Degenerate dependence cases).
« In the case of a fully dependent field, i.e p(e;) = 1, then E (P (t)) = 0.

« In the case of a highly dependent field, i.e p(e;) ~ 1, from Equation (4) we note
that h(t, p(e;)) ~ :—\gei) exp(—t?/2), as it has been stated in Biermé and Desolneux
[2021] for a positively correlated field. In that case, the ratio E (P (t)) /E (P2 (t))

is therefore invariant in regard to t € R.
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« In the independent case, i.e. p(e;) = Cov (X, Xe,) = 0, from (3) we can write,

E (P9 () = m(m — E (q» (\/it + |N|) — 9 (ﬂt - |N|)) = 2m(m — 1)®(t) (1 — ®(1)),

where we get the second identity by applying the variable change (y, z) +— (ng, %)

In this i.i.d. setting, we recover the same result as in Abaach et al. [2021] (Proposi-

tion 3.1).

« At last, let us note that as in Abaach et al. [2021], in order to converge towards a
non degenerate quantity when m goes to infinity, we have to consider a normalized

perimeter thus, dividing the perimeter by the area of the window S, i.e. #Pm(t).

Total variation. In image processing, the total variation of an image u € L} _(R?) which
is given by [, ¢ |Vu|dz is a common and well studied object. It is possible to link this
quantity to the perimeter of u, by applying the coarea formula, [¢|Vuldz = [, P(t)dt
with P(t) being the perimeter associated to the level set of the image u at level t. In the
following result, by considering Proposition (3.1), we obtain a simple expression for the

first moment of the total variation and link it directly to p(e;), the covariance evaluated in

the ith direction. It could be used as an estimator for p(e;).

Proposition 3.3. Under the assumptions in Proposition 3.1, we get

[ =) a =200 (V=) 5)

Proof. Using Equation (3) in Proposition 3.1, we get,

/R E (737(,? (t)) dt

_ mon_l)///eéu%évﬁ du dv dt
2m R JR JR {\/it— \/1—P(€z‘)\u|<v§\/§t+ \/1—P(€z‘)\u|} ’

1+ p(ei) - 1+ p(e;)

and using Fubini-Tonelli Theorem,

_m(m—1) 1 12 20uly/T— pler) 2 .
= 27T/R/R€ e <\/§ dudv = ﬁm(m—l) 1—p(ei),

since B(|U]) = /2. O

Let us now remark that in view of Proposition 3.2, for all ¢ € R, we have ¢ — h(t, ¢) strictly
non-increasing on (—1,1). It follows that the corresponding result holds for the oriented

perimeter.
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Proposition 3.4. Let 7,)? be two stationary centered Gaussian random fields with unit
variance, and p, p their respective covariance structure. We have the following result: for

1<4,5 <2,
if Ble) < ple) then E(PY50) > E(PL,0), Vi€ R.

As a consequence, E (P)(t)) # E (P (t)) if and only if p(e;) # p(e2). Now, assuming that

the field X is isotropic, one consequence would be that p(e;) = p(e2) which is equivalent
5(P ()
5(PR)
of isotropy. This consideration, that will be crucial for the proposed local isotropy testing

= 1. Then, the ratio P (t)/P>(t) would be distributed around 1 in the case
procedure, is discussed in the next section.

3.2 Local isotropy test using the oriented perimeters

In order to construct a local isotropy test using the oriented perimeters of the binary image,
we first establish a Central Limit Theorem for the variables (P%)(¢)),,. To do that, we add

some assumptions on the covariance function p of the field X.

(A1) lim m™? g p(z —y+ h) exists for all h € {0,¢e;,¢e;,e; —e;;1 <i,5 <2}
m—0o0
z,ye€Gm

(A2) lim m™! E p((k —1)e; + ee;) exists for all {4, j} = {1,2} and € € {0, 1}.
m—r0o0
k,1=0

(A3) lim m™? Z plx — y)? exists.
m—r0o0

z,y€Gm,

Note that if Y |p(z)| < oo then it also fulfills the three Assumptions (A1), (A2) and (A3).

Theorem 3.5. (Multi-directional multivariate CLT for r-thresholds). We consider that
(X2)zezz is a stationary standard Gaussian field with a covariance function that satisfies

(A1), (A2) and (A3). Let r be a positive integer and tq,--- ,t, € R. Then,

P (t1) E(PY(t))
1P| [ EERED || e )
L P (t2) E(PO () | | ™ s 2oy ) s

PR (tr) E(P2)(t,))

13



where % stands for the convergence in distribution and N° (0, E;T) for the 2r-dimensional

centered Gaussian distribution with covariance matriz ,, given by

x 1 . 1 .

¥, (1,i,k,j) := lim Cov (—Pf,?(tl), —Pf,?(tk)) fori,j €{1,2} andk,l € {1,...,r}. (6)
m—00 m m

Proof. For the sake of simplicity, we will prove the theorem for one threshold (i.e. r = 1),

the generalized case can be established by following a similar procedure.

Let t € R. Using the Cramer-Wold method, we will prove that for each (ay,as) € R?, we

have

(P () —E(PR1) + = (PR() —E(PR() —— N (0, (1))

m—0o0

with 02(t) < oco. For z € G,,, by using the notation introduced in (1), we consider the
3-dimensional Gaussian vector X, = (Xg))lgigg = (Xz, Xote,, Xote,) and the function g,

defined on R3,

gt (U, v, U)) = alﬂ-{min(u,v)<t§max(u,v)} + aQ:ﬂ-{min(u,w)<t§max(u,w)}-

Hence, re-writing the following sum, we get

m—1 m—1
Yo%) =303 0 (X)) = aPR(E) + axPO(t) + AD + AP,
2€EGH, z1=022=0

where

m—1 m—1
AL — g, Z ft(l)(m —1,25) and A® = q, Z ft(Q)(ffl’m - 1.

xo=0 x1=0
Note that |g(t)| < |a1| + |as|, thus, E (g (XO,O)Q) < (Ja1| + |az])®. On the one hand, under
(A1), for all 1 < p,q < 3,
. —92 .
nll_rgo m Z Z E (Xgp)Xé")) exists,
2EGH, yeGm,

since p is the covariance function of X. On the other hand, (A3) implies that >~ _,» p(z)?

+00. Indeed, it comes from Fatou’s Lemma using the fact that
1 |71 21 2
e 2 slemnr= 3 5 (1) (1= ) o
z,y€Gm |z1|<m |z2|<m
Applying again Fatou’s lemma yields the existence of

(») q
n}gréom > Y EEPx ® Vp,q € {1,2,3).

z€Gm yeGm

14



Hence, we can apply Theorem 2 in Arcones [1994] and get that

m Y g (Xe) —E (g, (X)) ——= N (0, (1)) .

m—00
x€G£r1L>

Now, it only remains to check that %A,(ﬁ) tends to 0 in probability for 1 < ¢ < 2. Let us

verify it for ALY, By stationarity, the random variable A'Y has the same law as

m—1
Agrll) = Z gt(XO,xza Xl,xz)a where :(jt(U, U) = al]l{min(u,v)<t§max(u,v)}-
x2=0

Then, Assumptions (A2) and (.A3) ensure that we can again apply Theorem 2 in Arcones
[1994] so that the convergence in distribution of <m} - ( AD) — E( ﬁﬁ})))) implies that
<% </T7(71L) — E(zzﬁ,ll))» tends to 0 in probability.

]

We are now in position to construct the promised isotropy test. As previously discussed,
we now aim to build a test using the specific structure of the mean perimeter in the case

of local isotropy. Let us consider the null hypothesis

Hy = pler) = ples).
Under Hy, let us remark that E (P{(t)) = E (P2 (t)) and V(PY(t)) = V(PP (t)) for all t.

Making use of Theorem 3.5, we have the following Gaussian asymptotic result.

Proposition 3.6 (CLT for the ratio of oriented perimeters). Let t € R and P (t) be the
oriented perimeter over ith-direction (i = 1,2) introduced in Definition 2.1. Under the

same assumptions as in Theorem 3.5, it holds that,

1 (P E(PR(1)

d ~
— — » N (0,52(1)) 7
m St E (Pﬁ)(t)) m—00 ( ( )) (7)
with 5:2(t) _ 51,1(t)#2(t)2*2u2(t)ﬁs((f))fm(tpr&m(t)/tl(t)Q’ pi(t) = h(t,ple)) as in (3)

and 7, ,(t) = 5(1,4,1,7) as in (6).
Furthermore, under Hy, it holds that

1 [ PR®) . _
m T(t)_l %N(O,U?{O(t»» (8)

with 5%, (1) = 200520,
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Proposed test with asymptotic level a. Let ¢t € R and let us introduce the following

ratio,

Considering a consistent empirical estimator 52, (¢) of 5%(t), then, from Proposition 3.6, it

holds that

1 d,Hy
m (Rn(t) —1) — N(0,1).

Take a confidence level o € (0,1) and set g_o such that P (JN(0,1)| < q_a) =1 —%.

2

We define the symmetric accessible test am(t) with asymptotic level « as

~

Pm(t) =1 { (9)

L (R (6)-1)[>ay_a b
'm\/E%L(t) " =3

Let us now raise the consistency question of the proposed test statistic under the alternative
hypothesis Hy : p(e;) # p(ez2). According to Proposition 3.4, if p(e;) # p(ez) then
E (Pl (t)) JE(P2(t)) # 1, for all t € R. Hence, we have the following result.

Proposition 3.7 (Consistency of the proposed isotropy test). For all t € R,
Py, (ggm(t) = 1) =1, for m— 0.

Theorem 3.5 insures the existence of the asymptotic covariance of the oriented perimeter
but does not give any information regarding the expression of the covariance. In the

following section, we aim to focus on the second moment of the perimeter.

3.3 Theoretical study of the covariance of the oriented perimeter

Let us consider a stationary Gaussian random field (X,), ;. with zero mean and unit
variance whose covariance structure is given by p(x) = Cov (X, X,). Let us assume that

|p(e;)| < 1 and that p corresponds to a spectral measure that has a density.

Lemma 3.8. Let s,t € R,

Cov (Pu(t), Pm(s)) = Y Cov(PY(t),PY(s)) (10)
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with

Cov (PW(t), P(s Z Z — |2a]) (m — 1 — |z1]) Cov (£(0), fV(2)),

=(1-m) z1=(2—m)

Cov (P2 (), P (s Z Z — |z1]) (m — 1 — [wa]) Cov (f(0), /P (x))

=(1-m) z2=(2—m)

and finally,

m—1 m—2
Cov (P, (t), Py (s Z Z (m — [21] = Lay<0) (M — |22| = Lay>0) COV( :(0), ff)(x)) :

r1=2—m x9=1—m

Proof. Let us start with the computation of Cov(PY) (), PV (s)). By stationarity, we have

Cov(P(t), PV (s Z Z Cov (f17(0), fP(y — x)) .

2eGYY yeG)

For zy = y; — x1 one has

0<z1<m-—2 2—-m<zn<m-—2
@ )
0<y; <m-—2 max (0, —z1) < z; <min(m — 2,m — 2 — 27)

and similarly for zo = yo — x5

0<zyo<m-—1 1l-m<z<m-1
=4 .
0<y<m-—1 max (0, —z2) < 2o <min(m — 1,m — 1 — 25)

Thus,

Cov (PR PN =5 5 (m— 1~ Jal) m 22 Cov (5(0), £°(2)-

21=(2—m) z2=(1—m)

For Cov (P (t), P2 (s)), we still have by stationarity

Cov (PY(1), PP(s) = > Y Cov (f(0), f2(y —x)),

2eGY yeGP
and again, considering z; = y; — 1 and 29 = Yy — T9, We get
1 2
Cov (P, (t), Py (s))

—1 m—2

= (m — |21] = Ls<0) (m = |22] = 1y30) Cov (£7(0), f(2)) -

3
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Lemma 3.8 shows that getting the value of the covariance Cov (P, (t), Pu(s)) requires
the computation of all the elements Cov (f{”(0), f9(x)), 4,5 € {1,2}. Any of such el-
ements has a two, three or four cells structure, depending on the cardinality of the set
{C(0), Crn(ei), Crn(x), Crn(x + €;) }. Figure 6 below shows the five types of configurations

depending on the orientations 7, j and the position of x on the grid.

Figure 6: Ilustrations of the two, three and four cells configuration involved in the com-

putation of Cov (f;”(0), f{’(x)) in Lemma 3.8.

Remark 3. The existence of the spectral density insures that the covariance matrix of any
Gaussian vector of type (X, ),<,, is invertible as soon as the points (z;)1<i<, are distinct
from one another (see Lemma A.1 in Appendix A). Thus, the computation of previous
sums in Lemma 3.8 breaks down as 2-cells contribution (see configuration (a) in Figure 6),
3-cells (configurations (b) and (d)) and finally the 4-cells one (configurations (c) and (e)),
where the involved Gaussian vector is non-degenerate whatever the configuration.

We first start with the 2-cells case (see Lemma 3.9 below), which corresponds to the
computation of the term Cov (f{”(0), f(0)), the 4-cells case is computed in Proposition

3.10 and finally, the 3-cells case will be studied in Appendix C.

Lemma 3.9 (Computation of the two cells contribution). Let Z ~ N(0,1). It holds that

E (f;"(0) £ (0))
. ((@ (ﬁmax(t,s) +4/1 —p(61)|Z|> e (ﬁmin(t,s) /1 —p(el)2\>>

1+ p(er) 1+ p(e1)

1{(s—t|§|Z|\/2<1—p<e1>>}> ‘
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Proof. We apply the same strategy we used in the proof of Proposition 3.1. O

Proposition 3.10 (Computation of the four cells contribution). Let i = 1 or 2, and let
x € Z? such that the covariance matriz ¥;(x) of the Gaussian vector (Xo, Xe,, Xo, Xote;)

1s invertible. Let us define the following coefficients,

Ap(x) = p(z —e1) — p(x) and Sp(x) = p(z — e1) + p(x).

Then, we are able to introduce the following quantities,

o7 = V2= ple)
oA = VIR
(7(@) = 5 (e +e) = Ap(a))
m@) = o (Sele+e) = Sple)
| @) = << ple) =) = i (@)?)
(@) = 5 (Aole) + Aol + 1)
) m () = (Sp(w)+5p($+ez))
(@) = g (@ @)+ @) (@)
) = 20+ p(en) @) = (e = ()

\

where a7 >0, o >0, my?(z) > 0 and 75" (z) > 0. Moreover,

B OL@) =5 (L oo

0000 (254 (@) = 7 O(@)) U+ (2 (2) = mi(@) V + (" (@) — () W)

—® Gy (25 — (nf; () + 7 (@) U — (77 (2) + 7p0 P (2)) V = (o () + iy () W) D
(11)

with ® e ) the N(O, (757 (x))?)-cumulative distribution function and (U, V, W) ~ N (0, I5).

Proof. Let us define the following Gaussian variables
AY =X, .. — X, and SV := X, .. + X,. (12)

The covariance matrix of the Gaussian vector (A, S, A® @) is equal to S(z) =

A B; 2(1 — p(e; 0
! (z) with A; = ( plei)) and
Bi(z) A 0 2(1+ p(ei))
A i) — A A A i S . .
Bi(z) = plote) = Ap(e) Aple)+ Aplz+ei) . We assume that 3;(z) is invertible,

Sp(x +e;) — Sp(z)  Sp(x)+ Sp(x + e;)
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thus, applying the Cholesky decomposition yields the existence of an invertible lower tri-
angular matrix L(z) such that ;(z) = L(z)L(z)*. The matrix L(z) is given by L(z) =
ol 0 0 0
0 O,(+) 0
RO T @) 0

m() @) () w0 )

of Proposition 3.10. Furthermore, det (L(x)) # 0 implies that o{® # 0, my”(z) # 0

with the coefficients introduced in the statement

and 73" (x) # 0 as stated in the quoted Proposition. This decomposition allows us to

AW U
e Vo . .
write = L(x) , with (U, V,W, Z) ~ N (0, I). Developing the indicator func-
AW W
S Z

x

tions, we get the following expression

E(f7(0)f(x)) =E (ﬂ{m_sé”§A81’|}1{|2s_s;“|sm§f)})

E(1 1 ; ; ; ; ;
{126=51<1880 1} 252G (@) U= @)V —rl D @)W AD |<a S (@) 2

§23—7r§]+’i> (x)U—7r§,+’i) (:c)V—ﬂ‘(;,r’i) (I)W"l‘lA(zi) | } ) ’

The variable 75" Z ~ N (0,75 (2)?) and @ e , being an increasing function, we get

E(f'(0)f(x)) =E (1{|2t0<+)v|<g<—>U|}

]cp iy (25— T (@)U = 72 @)V — 7l ()W + AL)

(z)
@ i,y (25 = 70U = 7 @)V = m @)W - A)|),

which directly gives (11). O

In Appendix B we explore the link between Cov (f;”(0), f#’(z)) and the field covariance

s

function p and exhibit an explicit upper bound for the covariance of the oriented perimeter.

Estimation methods of the variance. We are going to consider two approaches for
estimating the variance 62(t) in Proposition 3.6, both relying on a classical empirical vari-
ance estimator. The first approach relies on having n independent realizations of the

random field (X,).ec,, (i.e n-images of size m), we start by fixing the threshold level ¢ and
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computing the ratio (R,,;(t)):<, for all n images. Then we consider the classical empirical
estimator of the variance denoted here ), (¢). In the following we will refer to this method
as the Monte-Carlo method. The second considered method is inspired by Di Bernardino
and Duval [2020] and is referred to as the sub-window method. It consists in dividing the
window S in M,, € N patches, computing the ratio on each individual patch and computing
the classical empirical variance estimator, denoted here ﬁfjmm(t). To establish the consis-
tency of the estimator, we compute it on domains that are infinitely distant, mimicking
the classical context of i.i.d. random variables described above. Let us now proceed to

numerical studies to illustrate the theoretical results.

4 Numerical studies

4.1 Numerical studies of moments of the oriented perimeter

The model we use to illustrate the test, is a parametric model that belongs to the class of
affine Gaussian processes with a covariance function of compact support, commonly known
as m-dependent field. The parameter m designates the range of dependence meaning that
for ||z]|2 > m, Cov (X, X,) = 0 and in particular Cov (f;"(0), f{’(x)) = 0. This model
falls within the framework of the Central Limit Theorem 3.5. The parametric nature
proves to be advantageous in the analysis of the behavior of the test under the alternative
hypothesis (H1). Let X be a stationary, isotropic centered Gaussian field with a spherical
covariance function given by p(z) = (1 — 3|[z|[2/2C + (||z|[3/2C*)1}jz)1,<c, @ € R? (see
Bulinski et al. [2012]).

Let {Y(z;a,b,0);x € R*}, be a random field equal in distribution to { X (Az); x € R?} (see
Cabana [1987], Berzin [2021]), where

A [ 0 cos(f)  sin(0) (13)
0 b —sin(#) cos(0)

with a,b € R? and 6 € [0, 7). The field YV is also Gaussian with covariance function given
by py(x) = (1= 3||Az||2/2C + (||Az||2)? /2C?) 1| as|,<c- Note that a # b if and only if Y is
anisotropic. Initially, we chose to illustrate the computations of the statistics of the oriented
perimeter, using this covariance structure with the values # = 0 and a = 1, we then consider
different values for #. Using this model, we implement numerical experiments to validate

theoretical results proven in the previous section. We will start with the first moment (see
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Figure 7) and second moment (see Figure 8), each time comparing the theoretical result
with the empirical one, and then we will proceed to apply the test for different parameters
of the affine model above (Figures 9, 10, and Figure D.2 in the supplementary material).
Figure 7 is a plot of the value of E (f(z)(t)) for t € [—3, 3|, we compare the theoretical curve
Equation (3) with the empirical one for different values of b. The increase of the value of
b decreases the dependence between the cells in direction 2 which increases the value of

E (f@(t)), as it is shown by Figure D.1 in the supplementary material.

b=1,C=40 b=25,C=40 b=5,C=40 b=10,C=40
&
0.25 0.25 0.25 0.25 * &
0.20 0.20 0.20 >* 0.20 * *
* *
L o015 & 015 & 015 & 015 * *
= = = * * =
e ] Lis ] 9
* K
* *
0.10 0.10 * * 0.10 0.10 * *
ﬁ“ﬁ
* *
* * * * . .
0.05 0.05 * * 0.05 0.05
* * * *
* * * * * *
* * * * - *
* *
a&** K ¥ *ae ¥ *y o¥ *y

0.00

0.00

Figure 7: In each panel, we represent the values of E (f*(¢)) in Equation (3) computed
for different values of b as a function of the threshold ¢. The theoretical result is depicted
using green diamonds and the empirical values are in blue stars. The computations were

done with a Monte-Carlo = 100000, different values of b = 1,2.5,5,10 and C' = 40.

Figure 8 represents the second moment of the perimeter in Equation (10) for different
values of C'. Recall that C' is the length of the compact support of the covariance function
p (i.e., the bigger the value of C' the stronger the dependence in the field). We observe
in Figure 8 that the second moment of the perimeter is an increasing function of C. One
can add that the variance is maximal for the values t = —1 and ¢ = 1 and reaches a
local minimum on ¢ = 0. Furthermore, in Figure 8 (right panel) the empirical variances
are computed using the Monte-Carlo method (blue stars) and sub-window method (red

Eﬁmvm(t), in this particular context

crosses). More precisely, regarding the estimation of
of covariance function with compact support, we consider the constant C' € R such that
Cov (X, Xy) =0if d(z,y) > C. Let (Vn(f’j)>1<ij<M be a cutting of the window S such
that U1§i7j§MmVT,(f’j) C Sy, and that for (i,j)}’éi(i;:lj’), d((i,5),(,5")) > C, we then

compute the ratio R,,;(t) on each sub-window V) and consider the empirical estimator
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of the variance over (Rpi(t)),<; ;< to get Tt ()

C=40,30,10,1 C=40

14 *‘ t* 14 ‘: :>’<
X
12 * $ ¥ 3 12 * : Z ¥
* ¥ * X
* * *
0 e 10 LI
* * . * x
~ + * _ ¥ *
£° Tl Bl
I IS
= * * s
6 ° X
* * * *
4 * LI 1 t ¥ * 4
* v tt M v * ¥
5 * * ¥ ¥ . s +
‘t'\t"‘t N '03 ¥ %
of ¢ ¥ B x ¥ A LRI 2 Y o ¥ ¥ * oy
ey Z

Figure 8: In the left panel, we represent the theoretical values of V (%Pm(t)), m = 512
from Equation (10) in green (diamonds) and the Monte-Carlo empirical values ), () in
blue (stars). We consider here Monte-Carlo = 100000 to compute the theoretical values
and Monte-Carlo n = 2000 to compute the empirical ones. We set b = 1 and from top
to bottom C' = 40,30,10,1. In the right panel, we consider again C' = 40 and add the
estimation of the variance by using the sub-window method (red crosses), Gﬁmm(t), the
computations were done using an image of size m = 4800 and the size of V; equal 240 x 240.

Here we set b =1 and C' = 40.

4.2 Numerical studies of local isotropy test

To illustrate the behavior of the test, we chose to rely on two methods computing Py, (Eb\m(t) =
1) for Hy and the pyae for Hy (see Figure 9 and Figure 10) for b = 1 and b = 1.5 and
for C = 40 and C' = 20. The variance of the CLT Formula (7) is estimated using the
two methods Monte-Carlo (Figure 9) and sub-window (Figure 10). Under Hy, we plot the
values of P Ho(am (t) = 1), they range from 0.04 and 0.06 and for H; the average value of the
Pyalue 15 < 1074 We also explore the behavior of the test in a more constrained setting (less
image data for the Monte-Carlo method and an image of smaller size for the sub-window
method). The small size of the patch forces us to restrain the study to threshold levels
that are in the neighborhood of 0. That would ensure that one can find observations of the
excursion set. Notice that the level ¢ = 0 is the global maximum of the expected oriented
perimeter (see Figure 7) and a local minimum of the variance (see Figure 8), which makes

it the optimal level to consider for inference purposes.
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b=1,C=40 b=1,C=20 b=1.5 C=40 b=1.5,C=20

-2 -1 0 1 2 -1.0 -05 0.0 0.5 1.0 -2 -1 o 1 2 -10 -05 00 0.5 1.0
t t

(a) Under Hy : PHO(&Em(t) =1) (b) Under Hj : Pyalue

Figure 9:  We represent the value of IP’HO(&Em(t) = 1), (panel (a)) and
the Prate = £ 307, 2P (N(0,1) > |z]) with 2 = 224071 (panel (b)). The variance 3, ()

V()

is computed using the Monte-Carlo estimator of the variance by considering for the first

and third image starting from the left n = 2000 images of size m = 512 and C' = 40 and
t € [-2,2]. For the second and fourth we consider n = 500 images of size m = 512, C' = 20
and t € [-1,1], b= 1 for Hy and b = 1.5 for H;.

We also present a statistical comparison with the non-parametric test based on the sample
variogram proposed by Guan et al. [2004] (see Appendix E). In the following table we
present the piae of the test computed using the Monte-Carlo estimator of the variance
(i.e. 5}, (t)) by considering n = 2000 images of size m = 512, for critical values of b = 1.1

and b = 1.2, C' = 40 and several levels in [-2, 2].

1.1 004 | <107? | <107* | <107* | <10 | <107* | <107™* | 0.04
1.2 0.0001 [ <107* | <107* | <107* | <107* | <107™* | <107 | 0.0002
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b=1,C=40 b=1,C=20 b=1.5, C=40 b=1.5, C=20

Q.003 D.lg().()B Q.003 Q.()()3
0.02 0.02 0.02 0.02
0.01 0.01 0.01 0.01
0.00{ +++444ttdtdbststbstsss 0.00{+++444ststtttstststtss 0.00{AAAAAARALAAAR AR AR ARAR 0.00
-2 -1 ? 1 2 -1.0 =05 0.[0 0.5 1.0 -2 -1 (!) 1 2 -1.0 =05 UEU 0.5 1.0
(a) Under Hy : Py, (¢m(t) = 1) (b) Under Hj : Pyalue
Figure 10:  We represent the value of Pgy (¢,(t) = 1), (panel (a)) and

the Prame = =i g 2P(N(0,1) > |z]) with z = Rm#% (panel (b)). The variance
Eﬁm,m(t) is computed using the sub-window method by considering for the first and third
image starting from the left one single image of size m = 4800 and M, = 240 for C' = 40
and t € [—2,2]. Finally, for the second and fourth, we consider m = 1024 and M,,, = 32 for
C=20andte[-1,1],b=1for Hy and b = 1.5 for H,. For the panel (a) we considered a

Monte-Carlo n = 100.

We also explore the robustness of our test procedure with respect to the choice of angle
0, see Figure D.2 in Appendix. The results are similar to those presented in Figure 9.
However, it is important to note that we only test a form of local isotropy, with preferential
axis (e, ey). There exist anisotropic models where p(e;) = p(e2). This is the case of our
Gaussian affine model when considering # = /4. In Figure 11 we see that the proposed

test accepts the Hy hypothesis, which amounts to a type II error.

6=n/4, C=40,b=15 6=n/4, C=40, b=10

0.600
0.575

0.550
0.525
'''''''''' J %o,soo EUR T IS P b B
‘ 0.475
0.450

0.425

0.400

Figure 11: We represent two generations of an affine Gaussian random fields with covariance
of a compact support p(z) = (1-3|[|Az||2/2C+(||Az||2)? /2C?) L) az|jp<c» as in (13) with m =
512, 0 = /4, C = 40 and b = 1.1 (first panel) and b = 10 (third panel) respectively. We
also display Prale = = i g 2P (N(0,1) > |z,|) with 2 = Bni71 51 Blue color computed

V()

for a Monte-Carlo n = 2000, for b = 1.5 (second panel) and b = 10 (fourth panel).
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5 Local isotropy test on bone X-rays

Description of the considered bone X-rays. The studied X-ray images were acquired
at INSERM U658 (Orleans, France) using a standardized procedure Lespessailles et al.
[2007, 2008]. They were obtained on the calcaneus (a heel bone) with a direct digital X-ray
prototype (BMATM, D3A Medical Systems, Orleans, France) with focal distance 1.15 m
and X-ray parameters 55 kV and 20 mAs. The high-resolution digital detector integrated
into the device prototype had a 50 um pixel size, providing a spatial resolution of 8 line
pairs per millimeter at 10% modulation transfer function. For each subject, the software
device selected a region of interest (ROI) of constant size 400 x 400 pixels corresponding
at a same position using three predefined anatomical landmarks localized by the operator
(see Figure 12). The database contains radiographs of 211 post menopausal women, 165
being control cases and 46 osteoporotic fracture cases and was previously studied in Biermé
et al. [2009].

We first applied a pre-processing step in order to get stationary images. This step is
performed by subtracting the trend which is represented by a plane obtained via a mean-
square linear regression. Furthermore, to avoid boundaries issues, we decided to crop from
a 400 x 400 image to a 380 x 380 image. It is also necessary to standardize the images to

be in the centered and unit variance framework, considered in this work.

Figure 12: Example of images before (first panel) and after (third panel) the stationary
procedure and their excursion sets at quantile level a = 0.5 (second and four panels,

respectively).

A quick word regarding the choice of the threshold. To insure that the images of two
excursion sets can be compared, we chose to select the threshold as quantile levels of
the image. This method imposes a geometrical constraint on the choice of the threshold
level, which guaranties the comparability of the excursion sets. Thus for an image X,
for a € (0,1) the considered threshold is t, = F () with Fx the empirical cumulative

distribution function of the image X. After this pre-processing, Figure 2 suggested the
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existence of two clusters in regard to the ratio of the two perimeters. Indeed, we observe a
cluster of points for which the ratio Py (t,)/P2(ts) < 1. This means that the corresponding
images are mis-oriented. Thus, before proceeding further with the local isotropy test, we
apply a second pre-processing step: a m/2-rotation to these specific images. The new

obtained boxplots are gathered in Figure 13.

Boxplot of the ratio using quantiles

+

0.010.06 0.1 0.15 0.2 0.24 0.29 0.34 0.38 0.43 0.48 0.52 0.57 0.62 0.66 0.71 0.76 0.8 0.85 0.9 0.94 0.99
a

Figure 13: For a € [0.01,0.99], we represent the boxplot of the ratios (R, i(ta))i<211, with

Rii(ta) = Ppli(ta)/PEi(ta) at to level with ¢, = F ' (a), for bone X-rays after pre-

processing stationary step and rotation, when necessary.

Applying the local isotropy test. We can now proceed to the local isotropy test.
To this aim, we compute paie,i(fa) = 2P (N(0,1) > |R;(ta) — 1)| /551 s50(ta)), for each
image X; with the Monte-Carlo estimated variance G5} s5(ta) (see Section 3.3) and then
we represent Pualue 211 = % 21231 Dvalue,i(ta) in Figure 14.

Computation of the p-value
0.040
0.035
0.030
0.025
3
Q 0.020
0.015
0.010
0.005

0.000

0.0 0.2 04 06 08 1.0
t

Figure 14: For a € [0.01,0.99], we represent the p,que of the test computed for different
levels t,, for stationary thresholded and eventually rotated images of bone X-rays.

As expected the result of the hypothesis test pyae < 0.05 indicates that the data exhibit

anisotropy, this leads us to reject the hypothesis of local isotropy. Furthermore, when

27



analyzing Figure 13, the distribution of the ratio (R,,;(t)),., seems to be invariant in

i<n
regards to the threshold level, as already noticed in Remark 2. This suggests that the
field is highly dependent. In order to corroborate this intuition, we estimate p(e;) by
applying Proposition 3.3 and using the total variation of the image. Figure 15 confirms the
highly local dependence behavior of the considered images, i.e p;(e;) ~ 1 for j = 1,2 and

1< <211,

Estimation of p(e;) Comparison between the boxplots of p(e;) vs p(e)

0.93 0.94 0.95 0.96 0.97 0.98 e_1 e2
pler)

Figure 15: In the left panel, we represent the couple (p;(e1), pi(e2)) for each image X;. On
the right panel, we represent the boxplot of (p;(e1))i<211 (blue) and (p;(e2))i<211 (orange).

6 Conclusion and discussion

In this paper, we have introduced a novel statistical technique for evaluating the local
isotropy property of a Gaussian random field. By utilizing the oriented perimeter of the
excursion set, we were able to build a consistent test based only on this sparse observation.
We also successfully applied the test to real world data to test the anisotropic nature of bone
texture. As we have seen above, the proposed test does not require any prior knowledge
of the field, however, it performs best when the selected threshold is close to the mean
value of the field and worse for extreme levels t. One potential improvement would be
to study the behavior of the ratio between the first and second moment of the oriented
perimeter in a dense tiling framework. If an equivalence between the two is established, it
would short cut the inference of the variance, using the first moment instead, and hopefully
increasing the performance of the test for extreme thresholds. Finally, we obtained a closed
form for both the first and second moments which renders possible a thorough study of
the infill framework (i.e. p(e;) — 1), which yields a shift from the discrete setting to the

continuous one.
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