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Abstract

We propose a multilevel stochastic approximation (MLSA) scheme for the computation
of the value-at-risk (VaR) and expected shortfall (ES) of a financial loss, which can only
be computed via simulations conditional on the realization of future risk factors. Thus,
the problem of estimating its VaR and ES is nested in nature and can be viewed as an
instance of stochastic approximation problems with biased innovations. In this framework,
for a prescribed accuracy e, the optimal complexity of a nested stochastic approximation
algorithm is shown to be of order e 3. To estimate the VaR, our MLSA algorithm attains
an optimal complexity of order e~27%, where § < 1 is some parameter depending on the
integrability degree of the loss, while to estimate the ES, it achieves an optimal complexity
of order e72|In¢e|?. Numerical studies of the joint evolution of the error rate and the execution
time demonstrate how our MLSA algorithm regains a significant amount of the performance
lost due to the nested nature of the problem.

Keywords. value-at-risk, expected shortfall, stochastic approximation, nested Monte Carlo,
multilevel Monte Carlo, numerical finance.

MSC. 65C05, 62120, 62G32, 91Gxx.

Introduction

The post-great recession era has witnessed the implementation of multiple risk measures with
the goal of better controlling financial losses. In a spirit of precaution and consistency, the
Fundamental Review of the Trading Book [7] triggered a shift away from the value-at-risk (VaR)
towards the expected shortfall (ES, i.e. the average loss given it exceeds the VaR) as a reference
regulatory risk measure. The future valuation of a position in financial derivatives is defined by
a conditional expectation. In the case of exotic products or non-linear portfolio computations
(e.g. credit or funding valuation adjustments), this future valuation can only be computed by
Monte Carlo simulation. VaR and ES computations on future portfolio losses are thus nested in
nature. A brute force nested Monte Carlo computational approach a la Gordy and Juneja [23]
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may be too heavy for practical use. As a shortcut solution, a regression based estimator for the
inner conditional expectation is implemented by Broadie et al. [9], but the resulting regression
error is difficult to control. Barrera et al. [6] adopt the stochastic approximation (SA) point of
view of Bardou et al. [3] (see also [4, 5, 15]), itself building on top of Rockafellar and Uryasev’s
representation of the VaR and ES as joint solutions to a convex optimization problem [25].
Barrera et al. [6] revisit both Gordy and Juneja’s [23] and Broadie et al.’s |9] computational
strategies under assumptions that are more realistic and easier to check, but we clarify in this
paper that in order to reach an estimation accuracy of order e, the complexity of the resulting
nested SA algorithm is of order e73. As for their regression strategy, its non-asymptotic error
bounds involve some constants that are rather large, which renders them of theoretical interest
only.

In the present paper, we propose a multilevel SA (MLSA) algorithm for the computation of
the VaR and ES of a loss that writes as a conditional expectation. MLSA was introduced by
Frikha [14] as an extension to the SA framework of multilevel Monte Carlo path simulation of
Giles [18]. It was then revisited by Dereich and Miiller-Gronbach [12| from the different perspec-
tive of approximating the objective function of an SA problem rather than its solutions. We also
refer to Frikha and Huang [16] for a multi-step Richardson-Romberg stochastic approximation
method. We stress that the uniform mean-reversion assumption on the objective function dis-
cussed by Frikha [14] is generally not satisfied in a VaR-ES setup, so the theoretical performance
of the MLSA scheme applied to both risk measures is not directly guaranteed by the results
therein. We also refer to Giles and Haji-Ali [19] who propose a multilevel Monte Carlo estimator
for the computation of the nested expectation P[E[X|Y] > 0] as well as a stochastic root finding
algorithm for the computation of the VaR and ES, but do not provide a theoretical analysis of
the latter. Our main contribution is to propose an optimized MLSA algorithm that achieves
sharp theoretical complexities when focusing on estimating either the VaR or the ES. The VaR
focused estimation achieves a complexity of order e 27, where § € (0,1) is some specific pa-
rameter depending on the integrability degree of the loss. The ES focused estimation attains a
complexity of order e 2|In¢e|?. The theoretical analysis is verified numerically on two financial
case studies that show a considerable gain with respect to the nested SA approach in terms of
computational time needed to estimate the VaR and ES.

The paper is organized as follows. Section 1 presents the problem of computing the VaR and
ES by means of an SA scheme. Section 2 analyzes the nested SA scheme for the computation
of the VaR and ES. Section 3 introduces and analyzes the MLSA algorithm. The theoretical
analysis and the gain in performance achieved by our optimized MLSA scheme are illustrated
numerically in Section 4. The proofs of the technical results are given in appendix form.

1 Baseline Setup

1.1 Value-at-Risk and Expected Shortfall

Let (2, A,P) a probability space on which is defined a real-valued financial loss
Xo = E[p(Y, 2)|Y], (1.1)

where Y € R, Z € R? are two independent random variables, and ¢: R x R — R is a
measurable function such that p(Y,Z) € L'(P). Given a portfolio and a time horizon § > 0,
Y and Z typically model the portfolio’s risk factors respectively up to and beyond 9§, ¢(Y, Z)
the subsequent portfolio’s future cash flows and X the portfolio’s future loss at time § (see
Sections 4.1 and 4.2.)

Hence, if o(y, Z) € L'(P) for all y € R, we can rewrite Xq as

Xo =Elp(Y,2)[Y] = ®(Y), with ®(y) = Elp(y,2)], ye R~ (1.2)



We are interested in computing the VaR and ES of X at a given confidence level a € (0, 1),
denoted respectively VaR,(X() and ES,(Xo). As per Follmer and Schied [13] and Acerbi and
Tasche [1], these risk measures are defined by

VaRo(Xo) = inf {€ € R: P[Xo < €] > a}, ESa(Xo) = ﬁ / ' VaR,(Xo)da.

1.2 Stochastic Approximation

As established by Rockafellar and Uryasev [25], the VaR and ES are linked by a convex opti-
mization problem. To accurately state this connection, we introduce the mapping

Vo(€) = €+ E[(Xo— "], feR (1.3)

If the distribution function F'x, of Xy is continuous, then Vj is continuously differentiable on R

and
1

Vbl(f) = m(FXo(f) - 04)» §eR
If Xy admits a continuous density function fx,, then Vj is twice continuously differentiable on

R with ]
VOH(S) = 7fX0(£)7 §eR.

l—«o

Lemma 1.1 (|5, Proposition 2.1]). Suppose Xo € L'(P) and the distribution function of X
continuous. Then Vj is convex and continuously differentiable, lim¢| o Vo(§) = 0o and

VaR,(Xp) = min Argmin Vp,
where
Argmin Vp = {Vj =0} = {{ e R: P[X( < {] = a}
1s a closed bounded non-empty interval of R. Moreover,
1
VH(&) = E[Hl(gaXO)]7 where Hl(‘fa JJ) =1- m]l{xZGW § xR, (14)
and

ES4(Xp) = min V.

In general, the set Argmin Vjy does not reduce to a singleton. But if the distribution function
of Xy is increasing then it does and argmin Vy = VaR,(Xj).

Let €0 € Argmin Vo and x? = min Vg = V5(€Y). Under the approach initiated by Bardou et
al. [5], in the case of an exactly computable function ® in (1.2) and an increasing distribution
function of X, one may approximate the unique couple (£2,x?) by a sequence (€2, x9),>0 given
by the two-time-scale SA dynamics

1
{ 0,1 = €0~y Hi (€9, XM,

3 (1.5)
X9L+1 - X% - %HHQ(§27X27X(()R ))7

where

H2(§,X7Jf)=x—<£+ (x—£)+>, &y, xR

1l -«

The sequence (Xén))nzl stands for i.i.d. copies of Xg and (£J, xJ) is a random vector independent
of (Xén))nzl satisfying E[|€J]?] + E[|x8|?] < co. The learning rate sequence (v,)n>1 in (1.5) is
deterministic, positive, non-increasing and such that

2{:3% = 00, j{:ﬁ% < 00.

n>1 n>1



While such behavior is typical for learning rates in the stochastic approximation literature, it is
not required in our analyses as we allow > ;72 = co. See Algorithm 1.

Algorithm 1 SA for estimating (VaR, ES)

Require: N € N, a non-increasing positive sequence (v )n>1-

1: Choose (£3,x9) such that E[|€J]?] + E[|x9]?] < oo
2: forn=0..N—-1do
3. Simulate X" ~ X = 0(Y)
£ &= H(€ X5")
n+1
5 X%-‘rl A X(T]L - n+1H2(Xn>£naX( - ))
6: end for
7. return (&%, x%)

Usually however, one does not have access to an exact simulator of Xy as given by (1.1),
inasmuch as the law of ¢(Y, Z) conditionally on Y is not known and no analytical expression of
® in (1.2) is available.

2 Nested Stochastic Approximation

The above discussion naturally suggests to replace the samples of X in the dynamics (1.5) by
approximate samples thereof.
We consider a bias parameter

1 1
h=— =< —: K .
KEH {K EN}

We then approximate Xy by the random variable X, defined by

K
_ %Z oY, Z0), (2.1)
k=1

where the sequence (Z(k))lgkgl( consists of i.i.d. copies of Z independent of Y. In order to
simulate Xp, it suffices to sample Y, then independently sample (Z(k))lgkg K, to eventually
obtain X}, as the sample mean of (p(Y; Z)); <<k

In the spirit of the previous section, assuming that the distribution function of X}, is contin-
uous, we define the approximating optimization problem

rgréi%&l Vi(§), where V(&) =¢+ ﬁE[(Xh —-67T], €eR. (2.2)

Since the distribution function F'x, of X}, is continuous, then V}, is continuously differentiable on
R and V(&) = 1= (Fx, (§) — a), £ € R. If X}, admits a continuous density function fx,, then

Vj, is twice continuously differentiable on R and V}/(§) = ﬁ Ix, (&), £ €R.
By Lemma 1.1,

ArgminVj, = {V} =0} #2 and " =minV}, = V,(¢").

Moreover, any minimizer £ of Vj, satisfies P[X}, < €] = . If the distribution function of X, is
increasing, then &¢" = argmin V}, is uniquely defined.

If the distribution function of X} is increasing, in order to approximate the unique couple
(€h, x™), we devise the following two-time-scale nested SA (NSA) algorithm

{gnﬂ £n %Hm(fn, (’””),

. (2.3)
Xn-‘rl - Xn - n+1 (gnv Xn’ X +1))



where (X ,(ln))nzl is a sequence of i.i.d. copies of X}, and (fg xR) is an R%-valued random variable
independent of (X}(ln))nzl satisfying E[|¢2?] + E[|x8|?] <

This scheme is nested in nature, in the sense that the update of the outer layer (¢, x" ;)
at step n 4 1 entails simulating the inner layer X }(LRH) by Monte Carlo as in (2.1). Besides, this
scheme is biased, as the target of (&7, x"),>0 is (&7, x%), which hopefully converges to (£2,%?)
as H>h|O.

Algorithm 2 summarizes the NSA procedure for approximating (£2, 2).

Algorithm 2 Nested SA for estimating (VaR, ES)

Require: K, N € N, a positive non-increasing sequence (Yn)n>1-

Choose (£}, xB) such that E[€}%] + B[] <

forn=0..N—-1do
Simulate Y("H) Y and z(+tLY oz LK) B 7 independently of Y (D)
X (n+1) T, Zk oY y(n+1) Z(n+1,k))

g & - 7n+1H1(€h X(n+1))

+1
XZ+1 <_X£ZL_ n+1H2(Xn7€n7 n ))
end for

return ({5{,, X}ﬁ/)

2.1 Convergence Analysis

We study here the NSA scheme (2.3). We first analyze its bias, then prove an L?(P)-error bound
on the iterates, after that analyze its complexity and eventually establish a tuning method for
the number of iterations with respect to the bias parameter h € H in order to achieve some
prescribed error.

For h € H := H U {0}, we denote ©j, := Argmin V},, assuming that the distribution function
of X, is continuous.

Lemma 2.1. Suppose that p(Y,Z) € L'(P), that for any h € H, the distribution function Fx,
is continuous, and that the sequence of random variables (Xp)pey converges in distribution to
XoasH>h|0. Then

sup dist(£,09) -0 as H>h]O.
§EO,

Assume additionally that (Xp)newn converges to Xo in L'(P). Then
X=X as H3hlO.
Proof. See Appendix B. O

We introduce the following set of assumptions on the sequence (X4);, 77

Assumption 2.2. (i) For any h € H, F¥, admits the first order Taylor expansion

Fx, (§) = Fxo (&) = v()h +w(& h)h, § R,

for some functions v, w(-, h): R — R satisfying, for any ¢ € q,

e}

/oov(f)df < 00, hm w(€? h) = lim w(&, h)d€ = 0.

€0 HSh10 H3h10 Jeo

(ii) For any h € H, the law of X}, admits a continuous density function fx, with respect to the
Lebesgue measure. Moreover, the sequence of density functions (fx, )nex converges locally
uniformly towards fx,.



Remark 2.3. We refer to Giorgi et al.’s [22, Proposition 5.1(b)| for a result on the satisfaction
of the first part of Assumption 2.2(i). The last part of Assumption 2.2(i) reads also w(£Y, h) =
fg%o w(&, h)dE =o(l) as H > h |0, ie.

Fx, (&) = Fx,(€)) = v(€)h + o(h),

[, (@)~ Proag =n [ Tu(epdc + o)

Assumption 2.2(ii) is a weakened postulate in comparison with the second part of Giorgi et
al.’s [22, Proposition 5.1(a)].

The proposition below quantifies the weak error implied by approximating the unbiased
problem with the biased one, in the form of a first order expansion in the bias parameter h of
the error between (£, x") and (€2, x9).

Proposition 2.4. Suppose that (Y, Z) € L'(IP), that Assumption 2.2 holds, and that the density
function fx, is positive. Then, as H > h | 0, for any &hc oy,

_ (&)
on (52)

Proof. See Appendix C. OJ

g0 b+ o(h), xf—x3=—h/:ov(§)d§+0(h)~

o 1—a
*

Assumption 2.5. (i) For any R > 0,

ini th (5) > 0.
heH
¢eB(EY,R)

(ii) The density functions (fx, ), are uniformly bounded and uniformly Lipschitz, namely,

SuR{HthHOO + [th]Lip} < 0.
heH

Remark 2.6. Assumption 2.5(i) is natural in view of Assumption 2.2(ii) if one assumes the
distribution function F, increasing. Assumption 2.5(ii) is in line with Assumption 2.2(ii).

Henceforth, we denote kg = 1V 1% . Recalling the definition of (Ap,q)} 37 in Lemma D.1(iii),
for any positive integer ¢, we let B B
N = inf Mg (2.4)

heH
Theorem 2.7. (i) Suppose that (Y, Z) € L*(P), that Assumptions 2.2 and 2.5 hold, and that

4
SupE[\&’)‘\?exp <1ka Sup\lth\\oolﬁlﬂ + sup E[[x§|] < oo
heH X heH heH

If yp = yin™?, B € (0,1], with A\yy1 > 1 if B = 1, then, for any h € H and any positive
mnteger n, )
B((€h — £ < iy 25

for some constants (KfQ)heq.[ such that supycy K}'?Q < 00. Moreowver,

Ch

1 Y
niA'B

Ellx;; — x4l <

for some constants (C,f)he% such that supycy C’f < 00.



(i1) Assume further that
16
sup B e} ex (1 s [, 651 ) | + su0 B <
heH heH heH

If v = yin P, B € (0,1], with Xayy > 2 when 3 = 1, then, for any h € H and any positive
nteger n, -
E[(&} — €M < K}, 72, (2.6)

for some constants (Kﬁll)he’}.t satisfying suppcy I_{f4 < 0. Besides,

h hy2 Olf
E[(Xn - X*) ] < nln2p’

for some constants (C’g)hgﬂ such that suppey C_'}? < 0.
Proof. See Appendix D. -

2.2 Complexity Analysis

Proposition 2.4 and Theorem 2.7(i) suggest a heuristic to balance the bias parameter h € H with
respect to the number of steps n in (2.3) in order to achieve a prescribed accuracy € € (0, 1).

Theorem 2.8. Let € € (0,1) a prescribed accuracy. Within the framework of Theorem 2.7(i),

setting
1

[e=1]

yields a global L'(P) error of order €. The corresponding computational cost satisfies

and n = [5_31

2
Costasy < Cnh™t ~ Ce 3t as ¢ 40,

for some constant C independent of . The minimal computational cost is of order e~ and is
attained for v, = yin~t, i.e. B =1 under the restriction \yy; > 1.

Proof. Following Proposition 2.4 and Theorem 2.7(i), if v, = y1n ™", B € (0,1], with A;y; > 1 if
B =1, then there exists C' > 0 such that, for any h € H and any positive integer n,

8
2

Ellel ) < Ch+n77),  E[x" — X% < C(h+n"32"Y).

The sought results follow easily from these upper bounds. O

Remark 2.9. Barrera et al.’s [6, Algorithm 1| differs from our NSA scheme in two ways. First,
they use a single-time-scale scheme for both the VaR and ES. We use in contrast a two-time-
scale scheme, with a slower and more precise VaR component (independent from the ES) and a
faster ES component. Second, the n-th iteration of their NSA algorithm uses a bias parameter
hy, dependent upon n, where (hy,),>1 tends to 0 as n 1 oo, hence building iterates such that
(& Py — (€9,%0) as n 1 co. However, their approach results in a substantially increased
complexity. Indeed, in view of Barrera et al.’s [6, Theorem 3.2|, the error is of order /v, =
%1/271,5/2’ B € (3,1], n > 1. For a prescribed accuracy € > 0, one has to choose n = [¢=2/#].
In |6, Section 3.2] Barrera et al. recommend selecting h,, = n*BI, B > B, n > 1. This results
in a complexity of >°;_; h,;l < Ce20+89/8  which is optimal when 8/ — 8 = 1, yielding a

complexity of order e=*. Our NSA algorithm (2.3), in contrast, has an optimal complexity of

order 3.

The next section is devoted to the MLSA scheme which combines multiple paired NSA
estimators obtained through a geometric progression of bias parameters in order to reduce the
complexity.



3 Multilevel Stochastic Approximation

We first explain the construction of the multilevel SA algorithm to approximate the VaR and
ES, then we provide an analysis thereof from both convergence and complexity viewpoints.

Let hg = % € H be a bias parameter and M and L be two positive integers, with M > 2. L
is called the number of levels. Consider the geometric progression of bias parameters

ho 1
hy=— =——, £e€{0,...,L}.
¢ ME KME S { ) ) }
Assuming the distribution function of X}, continuous and increasing for any ¢ € {0,..., L}, we

let (f* A ‘) = (argmin Vj,,, min V4,,), £ € {0, ..., L}. We thus have the telescopic decompositions

p = +Z£ —E = +Zx

While the idea of NSA is to put the entirety of the available computational power behind
simulating the quantities on the left hand sides above, MLSA rather simulates the telescopic
decompositions on the right hand sides. It starts by simulating the level 0 terms &% and "o
which are, although of high bias, very fast to estimate. It then simulates independent incremental

. h he_ c e . .
error corrections (£1 — &7, ¥ — \*")1<4<[, to the initial simulations.

In the previous section, we saw how NSA can approximate each pair (ffl, Xi”), tef{0,...,L}.
Let N = (NO, ..., Np) € NIFL. Following Frikha [14], we define the multilevel SA estimators
&N and xp- of f* and XI,ZL by

L N (3.1)
XN = XN0 + 30 XN@ —Xn,

h
{ 1I\GL +ZZ 16 Z 1
where, at any level £ € {0, ..., L}, the initializations (fg‘f, Xg‘z) are generated such that E[|§g£|2] +
IEHXSL‘P] < o0, and the iterates (£, x/),>1 are computed using the NSA scheme (2.3). We

stress that for any fixed level £ € {1,..., L}, the random variables (X

compute (5%’1,5%) and (X;L\fe 1,)(%) are 1.i.d. with the same law as (X}, ,, Xp,), where

;szlaX;(LZ))lgngNé used to

1 KMt
_ (k)
th_l — KM@_I ; QD(Y,Z )>
and X}, is obtained from X}, | via
1 1 KM*
Xne = 37 Xnes + 732 >y, z®).
k=KMt-141

Algorithm 3 summarizes this process.

Remark 3.1. Intuitively, the larger the ¢, the closer the random variables X3, | and X, are to
X and the lesser iterations N, are required at the level ¢ of the MLSA scheme (3.1) to achieve
a high accuracy. Hence Ny > --- > Np.



Algorithm 3 Multilevel SA for estimating (VaR, ES)

Require: A number of levels L > 1, a bias parameter hy = % € H, a geometric step size M > 2,
positive integers N, ..., Np, a positive non-increasing sequence (v, )n>1-
1: for /=0..L do

2: Set hy + %

3: for j=((—-1)"..¢do

4: Choose (fgj,xgj) such that E[\fg’ 2] + E[|ng|2] < 0
5: end for

6: forn=0..N,—1do

7: Simulate Y (1) ~ Y

8: Simulate Z(+LY | Z(FLEM) HS 7 4 dependently from Y (1)
9: if £ =0 then

10: X}(IZ+1) - %25:1 (Y (nt1) | Z(nt1k))

11: else .

12: X,S’Z:l) — Rt SEMT p(y ()| Z (L))

13: Xi(zj+1) A ﬁXi(szll) + Kjlw Zf:]\ng’*l-H QO(Y(H—H)? Z(n+1’k))
14: end if

15: forj=(/—-1)"..¢do

16: Zil — é’ZJ _ '7n+1H1(f:LLj,X}(L?+1))

17 Xoly 4 xn! = i Ha (w607, X()

18: end for

19: end for

20: end for

2 G 6 + L 6 — 6

22 XN X + i X, — X

23: return (&3", xN°)

3.1 Convergence Analysis

The global error between the multilevel estimator (£MY, xAF) and its target (€2,xY) can be de-
composed into a sum of a statistical error and a bias error:

R h
ENT— & = (K — &) + (& =€), (3.2)
XN =8 = O = x5 + (O = xD). (3.3)
In the ensuing analysis, we quantify each error appearing in the decompositions above in terms
of the parameters of (3.1). We then propose an optimal choice for L and Ny, ..., Ny to achieve

a given prescribed accuracy.

Proposition 3.2. (i) Assume that the real-valued random variables Xy admit density func-
tions fx, that are bounded uniformly in h € H.

a. If
Elle(Y,Z) = Elp(Y, Z)|Y]|P*] < oo holds for some p, > 1, (3.4)

then, for any h,h' € H such that 0 < h < ' and any € € R,
P
EHH{X}&E} - H{Xh,>£}u < C(h/ — h)26«+D) |

where
1 Px

C = By E[lo(Y,2) ~ Elo(Y, 2V (sup 5,1 ) ™
heH

with By, a positive constant that depends only upon py.



b. Assume that there exists a non-negative constant Cq < oo such that, for all u € R,
E{@Xp <U(90(Y, Z) — Elg(Y, Z)\Y])) ’Y] < G’ Poas. (3.5)
Then, for any h,h' € H such that 0 < h < h' and any ¢ € R,

E[|H{Xh>§} - ]l{Xh/>§}|]

<2\/C,( —n)(1+ sup ||/, llso/2| In (Cy(h' — m))-

heH

[N

(ii) Let Gy == h, *(Xn, — X, ,), and define FX,, |Gi=g: T PXy, , < z|Gy =g], g €
supp(Pg,), ¢ > 1. Consider the sequence of random variables (K;)p>1 given by K; =
Ki(Gy), where

1Fx,  Jci=g(T) = Fx, =g (y)]
Ky(g) = sup = =

, £>1,g € supp(Pg,).
THyY |:C - y|

Assume that (Ky)e>1 satisfies

sup E[|G¢| K/] < oc. (3.6)
0>1
Then 1
sup _h, *E[|1 -1 < o0.
521,51)61& e “Ell {Xn, >} {Xh[71>§}H
Proof. See Appendix G. .

Remark 3.3. The scenarios formulated in Proposition 3.2 are ordered by strength. The scenario
(3.4) is already described in Barrera et al.’s [6, Assumption H7|, although rather for p, > 2:
our formulation also includes heavy tailed setups where p, < 2. A variant of the Gaussian
concentration scenario (3.5) is stated in Barrera et al.’s |6, Assumption H6]. According to Frikha
and Menozzi [17, Section 1], it suffices that E[exp(uo@(Y, Z)?)|Y] be bounded for some ug > 0
for this condition to hold. Observe that (3.4) follows from (3.5) for any p, > 1 via a power
series expansion of the exponential. The scenario (3.6) is a weakening of Haji-Ali et al.’s [24,
Assumption 2.5] (and Gordy and Juneja’s |23, Assumption 1]). As shown in Section 3.2, it
describes a setup that is computationally optimal. Note that if (g, ¢) — F Xn,_,1Ge=g is uniformly

Lipschitz in g and ¢, then, by (G.4) with h = hy and b/ = hy_1, (3.6) holds.

Assumption 3.4. There exist C,§ > 0 such that, for any h € ‘H and any compact set X C R,

sup | fx, (€) = fxo(€)] < Chit?,
EeX

Remark 3.5. Similarly to the second part of Assumption 2.2(ii), Assumption 3.4 is a weakened
postulate in comparison with Giorgi et al.’s |22, Proposition 5.1(a)].

We state below our main result regarding the non-asymptotic square statistical error of
Algorithm 3.

Theorem 3.6. Suppose that o(Y, Z) € L*(P) and that Assumptions 2.2, 2.5 and 3.4 hold. Then,
within the framework of Proposition 3.2, if ym = yin ™2, B € (0, 1], with Aoy1 > 2 if =1, and

16
sup B 61 ex (1 st [, IS ) | + su0 B <
heH heH heH
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then there exists some constant K < oo such that for any positive integer L and any N =
(No, ..., Np) € NE+HL

E[(&8" — &)%) < (m (Z m) 2 + ;:’ngw + gme(h@), (3.7)

and

E[(xN" — x4

1 hg ”)/_N 1 Ne 3 2 (3' )
K E E 4 2 : 2 : bl _ 8
: <Nl/\2 ! =1 ﬁf ! =1 EG(W) ! =1 7 k=1 kQ ’ <é— 7N£> >’

0

M=

where 3, = L3S0 v and

ey if (3.4) is satisfied,
e(h) = { h3|Inh|z if (3.5) is satisfied, h € H. (3.9)
h2 if (3.6) is satisfied,

Proof. See Appendix H. O

3.2 Complexity Analysis

Considering the error decompositions (3.2) and (3.3), for hg € H and M > 2, we rely on the
result above to find the optimal number of levels L > 1 and number of steps Ny > 1 at each level
¢€{0,...,L} of the MLSA scheme (3.1) in order to achieve a prescribed accuracy € € (0,1).

Proposition 3.7. Suppose Assumption 2.5(i) satisfied. Let ¢ € (0,1) be some prescribed accu-
racy. If hg > €, then setting
I - In h06_1
In M

achieves a bias error on the estimation of (€2,x%) of order .

Proof. In view of Proposition 2.4, the bias error of the couple of estimators (§37", x§") is of order

hy. We thus select L > 1 such that hy, = % <e. O

Lemma 3.8. The computational cost of MLSA satisfies
L
Ny
Costyrsa < C; hfﬁ

Proof. This follows straight from the scheme (3.1). O
Theorem 3.9. Lete € (0,1) be some prescribed accuracy. Within the framework of Theorem 3.6,
(i) (VaR focused parametrization) setting

i 1 )

Ny = [K’yl YEe fa(Zhé,ﬂ (her) 1+ﬁ> h,* e(hé)lﬁw, 0<¢<L,

\»—-
|

1.e. Ny =
1 2 1+ +
[(F) b Bpmm i) (oL ot 5;““’“5 1. case (3.4),
1—-2
[(Ky)se 7RO 1+ﬁ)|lnh|2<1+ﬁ>(zg Ohm*ﬂ)|1nhg/\2<1+ﬁ>)%1, case (3.5),
1-28
() Be BRI (L) p297 )4, case (3.6),
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where K is the constant appearing in (3.7), then MLSA achieves a statistical error on the
estimation of £ of order €. The optimal computational cost of MLSA is achieved when
8 =1, under the constraint Aoy, > 2, in which case

EEAI(ETw) if (3.4) is satisfied,
’|ln6]% if (3.5) is satisfied,
if (3.6) is satisfied.

ot

€

VaR
Costyren < C Qe
€

[ VIS N

(ii) (ES focused parametrization) under the constraint Xoy1 > 2, setting B =1 and

In h0€_1

Ny = [Ke2Lh)] = | Ke 2| ———
¢=[Ke™"Lh [8 [mM

-‘he-‘, 0<(<L,

where K is the constant appearing in (3.8), then MLSA achieves a statistical error on the
estimation of X0 of order €. The corresponding computational cost satisfies

Cost™ ., < Ce™?|Inel?.

Proof. (i) Similarly to the multilevel Monte Carlo algorithm for the computation of the proba-
bility P[Xo > 0] by Giles and Haji-Ali [19], it is expected that the leading term in the global L?
error (3.7) is the last one, namely, 22::1 yn,€(he). Following this heuristic, in order to obtain the
optimal values for Ny, ..., Ny, we minimize the complexity under a mean square error constraint,
namely, we solve

minimizen,, . N, >0 Yo Nih, 1,
subject to ZKL:O v, €(he) = K~te?,

where K is the constant appearing in (3.7).
We can easily check that, with the above choices of L and Ng,..., Nr, the first terms in

3
(3.7), namely ~yn, + (25:1 N,)? + Zle Vi, are in O(g?) as € | 0. The related complexity
computations are standard and are thereby omitted.

(ii) To parametrize the iterations amounts Ny, ..., Nz optimally to compute the ES, we minimize
the complexity of MLSA while constraining the global L? error of the multilevel ES estimator
(3.8) to an order of 2. We presume that the leading term of the upper estimate (3.8) is Zle %,
which we check a posteriori. Hence, we solve

minimizen, .. N, >0 ZZL:O Nyh 1L,

subject to ZeLzo the_l = K712,
Under this parametrization, we check that (Zﬁ:o An,)? = O(e??| Ine|*s=13") as & | 0. Hence,
in order to achieve a mean squared error of order €2, one has to choose 8 = 1. One can also
verify that the remaining terms of the upper estimate of (3.8), namely NLO + ZZLZI %E(hg) +

3

Zngl N%Q 21];[;1 77, are of order £2. O

For the VaR estimation, in the best case scenario where (3.6) is satisfied, for a prescribed
accuracy €, it is possible to estimate the VaR with a complexity in O(e_g) using the multi-
level stochastic approximation approach. This is an order of magnitude lower than the optimal
complexity in O(e3) of the nested stochastic approximation approach obtained in Theorem 2.8.

As for the ES estimation, note that the resulting complexity coincides exactly with the
optimal complexity of the standard multilevel Monte Carlo algorithm derived by Giles [18].

12



4 Financial Case Studies

We now assess the convergence results of NSA and MLSA numerically. This is done through
stylized financial setups, where the probability measure P in the paper is used for all pricing
and risk computations. For comparative and assessment purposes, the numerical settings we are
interested in allow to retrieve the VaR and ES either analytically or through Algorithms 1, 2
or 3. Recall that real life scenarios nonetheless lack analytical formulas and prohibit the recourse
to Algorithm 1. The code producing the results exhibited in the next sections is available at
github.com/azarlouzi/mlsa.

4.1 European Option

We endorse the stylized financial setup of Giles and Haji-Ali [19, Section 3] and consider an
option with payoff fW:% at maturity 7= 1, where W is a standard Brownian motion. Assuming
zero interest rates, the value of the option v(t,y) at time ¢ € [0,1] is given by

v(t,y) = E[-WE W, =y].
Let 6 € (0,1) be a time horizon. We define the loss Xy of the option by
Xo =v(0,0) — v(d, Wy).
Let : R?2 = R,
oy, 2) = —(Voy + V1 —062)2 = =6y* —2/6(1 — )yz — (1 — 8)2%, y,z e R.

Then
Xo £ Elp(Y, 2)] - Elp(Y, 2)|Y] = —1 - E[p(Y, Z)|Y] = 6(Y? - 1), (4.1)

where Y and Z are independent and of law N(0,1).

Analytical Formulas. The VaR ¢! at level a € (0,1) of the loss X can be obtained analyti-
cally. It satisfies

3 £\ 2
1—04:P[X0>§S]=P{Y2>1+6*]22F<—<1+g> >

where I is the standard Gaussian distribution function. Hence

- (52)) )

We can also get an analytical formula for the ES x0 at level o. Indeed, using the symmetry
of the Gaussian distribution,

1
§ 0\ 2
Q= [0} X0 > €] = 1 2BV L] - (1= )} whore = (145"
Integrating by parts,
E[Y?*Liysy] = pf(n) + F(-p),
where f denotes the standard Gaussian density function. Hence
20 -«
0
= — F(—p) — . 4.
Q= 2 (wr + P - 150 (43)
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https://github.com/azarlouzi/mlsa

Stochastic Approximation. The loss X, £ §(Y? — 1) (cf (4.1)) can be simulated directly,
so that Algorithm 1 is applicable. But the goal here is to estimate the values of £2 and y?
using Algorithms 2 and 3, and to study empirically the influence of the parametrization of
each algorithm on their performances. The exact values obtained with (4.2) and (4.3) serve as
convergence benchmarks.

The loss X £ 9 E[e(Y, Z)|Y] can alternatively be approximated, for a given bias param-
eterh:%e’H, by
K

1
-1 = (k)
Xp=—1-2> ¢y, 2"),
k=1
where Y, ZM) ..., ZU) "X A(0,1). We can then apply Algorithm 2 or 3 on this basis.

Numerical Results. In the following applications, the confidence level is taken as @ = 97.5%
and the time horizon is set to § = 0.5. This setup yields ¢? ~ 2.012 and x? ~ 2.901 (computed
using the explicit formulas (4.2) and (4.3)). The value of § = 1 is used for the step sequences
(Yn)n>1 since, according to Theorems 2.8 and 3.9, it leads to the optimal complexities for
Algorithms 2 and 3.

Weak error expansion. To showcase the results of Proposition 2.4, we study the linearity
of the errors €% — ¢¥ and " — x¥ and the stability of the renormalized errors h=! (¢! — £9) and
A1 (x! —x%) as H > h | 0. We run Algorithm 2 for multiple values of h € {#&, &, A L 1

and for a very large number of iterations N = 10°. We adopt the step size v, = 0.1/(10*+n), with
a smoothing applied to the denominator to avoid instability at early iterations. We average out
200 outcomes (5?06,)(}{06) to form an estimate (5?06, )2}1‘06) of (¢/,x™). The left1 palnellof Ijigmlre 1

shows the evolution of the quantities Efofj — &% and )‘(?06 —x2 as h describes {ﬁ, 367 567 T00 3004

while the right panel shows the evolution of the corresponding quantities h_l(f?oﬁ —¢9) and
hil(i(?ofﬁ - XE)

Centered risk measures 8 Rescaled centered risk measures
—— Value-at-risk Expected shortfall o —— Value-at-risk Expected shortfall
0.301 2 61
g o
3 0.25 € 4]
©
o @
€ 0.20 = L]
¥ 8 .
< 0.15 ] A
© - 01
g < /‘/ﬁ
$0.10 ©
5 k5
O 0.05 ©
(6 -4
wn
(O]
0.001 o
; ; ; ; . -6 ; ; ; ; .
0.02 0.04 0.06 0.08 0.10 0.02 0.04 0.06 0.08 0.10
Bias parameter h Bias parameter h

Figure 1. Centered and rescaled risk measures for a bias parameter h tending to 0

The left panel plot suggests that, asymptotically as H > h | 0, the quantities £* — ¢ and
x" — x? are linear in h. The right panel plot strengthens this observation, demonstrating that
the quantities A1 (¢! — €9) and =1 (x" — x?) are approximately constant in a neighborhood of
0. This checks empirically the validity of Proposition 2.4 on the weak error expansion.

Comparative study of the complexity. We aim here to compare the performances of Al-
gorithms 1, 2 and 3.
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For Algorithms 1 and 2, we set the step size v, = 1/(100 4+ n) for the VaR simulation and
Yn = 0.1/(2.5x 10* 4-n) for the ES simulation. We work under the scenario (3.4) for Algorithm 3,
that clearly holds for any p, > 1, with the particular value p, = 11. We choose M = 2. The VaR
and ES are computed using their respective optimal iterations amounts described in Theorem 3.9.
The remaining hyperparameter setup is provided in Table 1. The (7y;),>1 given therein for the
VaR estimation were obtained through a full grid search on their parameters.

For each algorithm and each risk measure, we plot on a logarithmic scale the average run

times over 200 runs against the achieved RMSEs, for a prescribed accuracy e that loops through
3%, 6—14, ﬁlg, 2—;6, 5%} We also plot the average run times against the prescribed accuracies e

themselves. See Figure 2. Table 2 reports the slopes fitted on these curves.

Value-at-risk Expected shortfall
10" 4 1 103 4 1
e —=m— SA 512 —=— SA

_ —— Nested SA —— Nested SA
L 10°4 —e— Multilevel SA a —e— Multilevel SA
()] (]
£ £
- -
c 10714 C
g o
-+ +
= ]
S g
X 1072 4 x
] (0]
(] (]
e 3
o 10734 5]
> >
< <

107 b

102 101
RMSE RMSE
Value-at-risk Expected shortfall
10" 4 103 4

—m— SA
—a— Nested SA
—eo— Multilevel SA

—=— SA
—— Nested SA

10?4 —o— Multilevel SA

10° 4

Average execution time (s)
Average execution time (s)

-4

1

T T
1
756 128

128
Prescribed accuracy € Prescribed accuracy ¢

T
1
2

gl
- 3

T
L
512 25

ul
bl
i
2/~ 4
W1
o

Figure 2. Performance comparison of Algorithms 1, 2 and 3
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Prescribed VaR estimation ES estimation
accuracy ¢ h 0 L Tn hO L Tn
1 19 2 1 0.1
32 16 25x103+n | 16 10%+n
1 1 1 2 1 1 0.1
6 32 4x103+n_ | 32 10%n
1 1 9 0.75 1 ) 0.1
128 32 9x103+n | 32 10%4n
1 1 3 0.25 1 3 0.1
56 32 10%+n 32 2x10%¢n
1 1y 0.09 1y 0.1
512 32 10%+n 32 2.5x10%+n

Table 1. Algorithm 3 parametrization by prescribed accuracy

VaR estimation ES estimation
SA scheme
RMSE Accuracy | RMSE Accuracy
Nested SA (Alg. 2) —3.08 —2.98 —2.95 —2.98
Multilevel SA (Alg. 3) | —2.76 —3.05 —2.64 —2.90
SA (Alg. 1) ~1.99 —200 | -1.85  —2.00

Table 2. Reported slopes in Figure 2

For the VaR as for the ES, for any given scored RMSE, Algorithm 3 displays an execution
time that is orders of magnitude lower than Algorithm 2. Take an RMSE of order 5 x 1072,
MLSA computes the VaR in 10™2s, scoring a 10 fold speedup over NSA which computes it in
10~'s. Likewise, to compute the ES, MLSA requires 2 x 10~'s, a 10 fold speedup over NSA
which requires 2s. This corroborates the theoretical optimal complexity of Algorithm 3 that is
significantly lower than that of Algorithm 2 (c.f. Theorems 2.8 and 3.9). Finally, as one would
expect, Algorithm 1 that simulates Xy directly considerably outperforms both Algorithms 2
and 3. The spacing between the SA and NSA curves illustrates the performance gap occurring
when using, in a Robbins-Monro instance, a nested simulation instead of a direct simulation for
the loss. The placement of the MLSA curve in between these two demonstrates the partial yet
significant regain on this performance gap, which is achieved by shifting from the nested to the
multilevel scheme. Note however that the multilevel VaR estimation turned out rather unstable
numerically. Small changes to the step size parametrization may fairly affect the results. To
counter this, a thorough grid search on the parameters of the step size was performed, adding
a non negligible tuning phase to the total execution time. The multilevel ES estimation, by
contrast, is quite robust and requires only minor hyperparameter tuning. Up to a variation range,
the slopes of the RMSE curves in Table 2 reflect the theoretical exponents in the complexity
theorems. The curves of the average execution time as a function of the prescribed accuracy
feature a log-linear behavior, which slopes in Table 2 roughly match the theoretical complexity
exponents in Theorems 2.8 and 3.9.

4.2 Swap on a Rate

We adapt the setup of Albanese et al.’s [2, Section A.1|. Consider a stylized swap of nominal
N, strike S and maturity 7' on some underlying (FX or interest) rate. This rate follows a
Black-Scholes model (S¢)¢>0 of risk neutral drift £ and constant volatility &, or in other words,
{§t = e FS, t > 0} follows a Black martingale model of volatility 6. Given coupon dates
0<T) <. <Ty=T, the swap pays at T; the cash flow A;(Sr,_, — S), where A; = T, — T;_1.
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For t € [0,T], let p, = e~ ", for some constant risk-free rate r, and denote i, € {1,...,d + 1}
the integer that satisfies T;,—1 < t < T;,. The value P; of the swap at time ¢ € [0,T] is thus
expressed as

b = NE[Pt PT”A%( - Z Pt PTA (St,_, —5) St]
1=1++1
— — ~ — d — o~ - o~
= NE |:pt_1pTit A, (eKTiFlSTit—l -5)+ Z pt_lpTiAi(eﬂTFlSTifl —5) St:| (4°4)
i=ig+1
— — ~ — d — ~ —
_ N(pfpn, AT 18y, —8) 4 Y oo AT 1S, - S>). (45)
i=it+1

We assume the swap is issued at par at time 0, i.e. Py = 0. Hence

B d AeRTi-1
§ = iz PrAET o (4.6)

d
Zi:l pTi AZ

Given some confidence level a € (0,1), we are interested in computing the risk measures £0 =
VaR, (psPs) and x? := ES,(psPs) of a short position on the swap at some time horizon § <
mini Az

Analytical Formulas. In this lognormal setup, the values of ¢ and x? can be obtained
analytically.
On the one hand, observing that is = 1 and using (4.5) and (4.6),

d
p(;Pg = NA(§5 — 80)7 where A= Z pTiAieRTFl' <4'7)
i=2
Hence
£
1—a=Pp;P N=P|Ss > S *
a=PlpsPs > &] = [5> ot Nal
thus

¢ = NASO(eXp (F— ()aVo — 25) ) (4.8)

where I’ denotes the standard Gaussian distribution function.
On the other hand, setting

&9 1 w 5%
= = ——(In— £ —
w=St gy mE_pl\hgE )
we obtain -
O—E[ Ps| P>§0}—LA(E[§1A ]—(1—a)S)
- PsL§|1Ps LS *x] — 1—a é {S5>w} 0),
hence

~ ~ 52
E[551{§5>w}] == S()E |:6Xp (O‘\/SU - 25>]I{U>77+}:| == So(l - F(T],)),

where U ~ N(0,1). Therefore,
a—F(n-)

Xy = NAS,
11—«
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Stochastic Approximation. Define Xy := p;sPs.

Algorithm 1 can be applied to approximate the values of £ and x?. Indeed, according to
(4.7),

L oo o2
Xy = NASo<exp ( — 25+W5U> - 1),

where U ~ N(0,1).
Algorithms 2 and 3 are also applicable to approximate the values of £ and x?. By (4.4) and
(4.6),
d
XO = NE |:Z pTiAieRTi_l (§Ti71 — So)

=2

§5] £ Elo(Y, 2)|Y), (4.10)

where Y € R and Z = (Zy,...,Z4-1) € R are independent, with

—92 §
:exp< % +0\/5U0)~SZ,
7 52 §T1
1= exp ?Tl—(; )+ a1 —oU; fvg—,
§
Zi::exp<—A + v A U) S 2<i<d-—-1,
T;_

d i—1
@(y, Z) = NSO ZPTiA’L’eRTi_l <y H R = ]->7 Y€ Ra = (Zlv SERE) Zd—l) € Rd_l,
=2 j=1
and (U;)o<i<d—1 Y N(0,1). For any bias parameter h = % € H, Xy can be approximated using
(4.10).

Numerical Results. We set r = 2%, Sy = 1%, & = 12%, 6 = 20%, A; = 3months, T =
lyear, § = 1 week and av = 85%. We use the 30/360 day count convention, i.e. 1 month = 30 days
and 1year = 360 days. Finally, we set the nominal N such that each leg of the swap is valued at
1 at time 0, that is

1

. .
So 3 Zimy pr AieRTi

Given the above parameter set, the theoretical values of the VaR and ES obtained with (4.8)
and (4.9) are ¢ ~ 219.64 and X! ~ 333.91.

N:

Comparative study of the complexity. For the stochastic approximation of these quan-
tities, we use the step sizes 7, = 100/n, for the SA scheme and 7, = 50/n for the nested SA
scheme. We run these schemes with their respective optimal iterations amounts. As for the
multilevel SA scheme, we work under the scenario (3.4) with p, = 4, which is tuned using a
grid search. The VaR and ES are simulated using their respective optimal amounts of iterations
Ny, ...,Np. For each prescribed accuracy ¢ € {ﬁ, 31> 198> 756 m} we perform a grid search
to tune the intial bias parameter hg (giving the number of levels L) and the step sizes (75 )n>1-
Table 3 lists the ensuing parametrizations by prescribed accuracy. Figure 3 plots, on a loga-
rithmic scale, the joint evolution of the realized RMSE and the average execution time over 200
runs of each SA scheme, for an accuracy e varying in {3—2, 81> 198 3567 m} The second row of
Figure 3 displays the realized RMSE as a function of the prescribed accuracy. Table 3 reports
the regressed slopes on these curves as depicted in dashed lines on Figure 3.
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Figure 3. Performance comparison of Algorithms 1, 2 and 3

Prescibed VaR estimation ES estimation
r

accuracy € | po [, Y ho L Y
1 1 6 1 5
32 § 2 1om |8 2 oM
1 1 9 20 1 9 20
64 16 500+n 16 500+n
1 1 3 21 1 3 20
128 16 103+n 16 50047
1 1 4 20 1 g4 20
256 16 2x1034n | 16 750+n
1 1 5 21 1 4 50
512 16 3x103+n | 32 2x10%4n

Table 3. Algorithm 3 parametrization by prescribed accuracy
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VaR estimation ES estimation
SA scheme
RMSE  Accuracy | RMSE  Accuracy
Nested SA (Alg. 2) -3.75 -3.00 -3.11 -3.00
Multilevel SA (Alg. 3) | —4.50 —-2.93 —-2.35 —-2.51
SA (Alg. 1) —1.57 —2.00 —-1.99 —2.00

Table 4. Reported slopes in Figure 3

We observe in the top panels of Figure 3 that the multilevel SA scheme significantly outper-
forms the nested SA scheme in terms of computational time and achieved error rate. Indeed, for a
target RMSE of order 10 for the VaR, MLSA is 10 times faster than NSA as the former executes
on average in approximately 1072s while the latter executes in 10s. Similarly, for an RMSE of
order 10 for the ES, MLSA is 10 times faster than NSA as the former executes on average in
10s while the latter executes in 102s. These results are very promising, as they apply to a more
realistic scenario than the previous section. Eventually, the standard Robbins-Monro algorithm,
that is only applicable if the loss X is directly simulatable, outperforms both Algorithms 2 and 3
as expected. As indicated in the previous case study, the in-between positioning of the MLSA
curve relatively to the two other ones depicts the partial regain by the multilevel scheme of the
performance lost due to the nested simulation of Xy. Once again, we point out that MLSA
exhibits some numerical instability when simulating the VaR, while it remains very robust when
simulating the ES. The VaR multilevel scheme is non-linearly sensitive to the parameterization
of the step sizes (75,)n>1. In contrast, the ES multilevel scheme is significantly more stable with
respect to potential mistuning of the step sizes (75 )n>1-

Within a variation range of order +0.2, the RMSE slopes reported in Table 4 roughly match
the exponents of the complexities in Theorems 2.8 and 3.9. The VaR. focused MLSA slope may
be improved with deeper hyperparameter tuning. This costly hyperparameter tuning phase is
in fact an effect of the constraint Aoy; > 2 on the optimal choice 8 = 1 as stressed in the VaR
focused theorem 3.9(i). Although Mo is explicit in (2.4), it is tedious to compute, hence the
necessary upstream tuning phase.

The bottom panels of Figure 3 display a quasi-log-linear dependency of the average execution
time with respect to the prescribed accuracy. The corresponding slopes in Table 4 match quite
accurately the theoretical exponents from the complexity Theorems 2.8 and 3.9.

Conclusion

In this work, we presented a stochastic approximation instance which solution retrieves the
VaR and ES of the loss of a financial derivatives portfolio. This loss, however, can only be
simulated in a nested Monte Carlo fashion. A naively nested algorithm performs one inner
simulation layer within each outer update of a stochastic approximation scheme. A single (bias)
parameter allows to control simultaneously the bias, the iterations amount and the complexity of
the nested algorithm. But, considering a prescribed accuracy ¢, this algorithm can only optimally
achieve a complexity of order e3. Our multilevel algorithm combines multiple paired estimates
obtained by a geometric progression of biased nested schemes, in a manner that reduces the
overall simulation complexity.

According to user intent, whether it is to simulate the VaR or the ES, our theoretical study
identifies two corresponding optimal parameterizations. The VaR focused parameter setup re-
sults optimally in a complexity of order e 27%, where § € (0,1) is a specific parameter that
depends on the integrability degree of the loss, while the ES focused parameter setup yields a
complexity of order e=2|Ine|?. These complexities are attained for a step size that is propor-
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tional to %, albeit at the cost of a non trivial constraint on the proportionality factor. The
empirical studies highlight the clear overperformance of the multilevel algorithm over the nested
one. They demonstrate how, in situations where the inner simulations cannot be shortcutted
by explicit formulas, utilizing the multilevel scheme results in a partial yet significant regain
on the performance gap between the nested SA scheme and the classical (non-nested) Robbins-
Monro scheme. This finding is of great interest when the latter scheme does not apply. The
numerics have also underlined some degree of instability of MLSA when estimating the VaR,
while they highlighted high robustness when estimating the ES. The former behavior is in line
with the aforementioned proportionality factor constraint on the step sizes. As the ES is in-
creasingly replacing the VaR as a fundamental financial risk measure, our ES focused multilevel
algorithm, running in O(¢~2|In¢|?) for a prescribed accuracy ¢, should be of practical value for
risk management.

As a followup to this paper, we have looked into complementing our non asymptotic error
controls with asymptotic error distributions via central limit theorems [11]. We have also studied
therein the Polyak-Ruppert variants of the NSA and MLSA methods as a means to rid the com-
putationally optimal case of the non trivial constraint on the learning rate. Antithetic multilevel
schemes are known to reduce the variances of the paired estimators within each independent level
of MLSA |20, 21, 8, 26]. This incentivizes future research in this direction. A natural question
that arises from our study is whether, in the case of the VaR estimation, one could simply close
the performance gap between the multilevel scheme and the classical Robbins-Monro scheme. A
possible line of research in this direction would be to explore the added benefit of an adaptive
selection of inner samples at each level of MLSA as proposed by Giles and Haji-Ali [19]. Eventu-
ally, in order to build stronger estimators, one could investigate other aggregation methods such
as the multi-step Richardson-Romberg extrapolation of Frikha and Huang [16].

A Appendix

B Proof of Lemma 2.1

Step 1. Accumulation points of (£!)ncx.
Let h € H. By Lemma 1.1, the set O, is a closed non-empty bounded interval that coincides
with the set of roots of V.

Since (Xp)pen converges in distribution to Xg as H > h | 0, the sequence of distribution
functions (Fx, )hew converges pointwise on R towards Fy, as % > h | 0. The distribution func-
tion Fx, being continuous, the second Dini theorem implies that (Fx, )nen converges uniformly
on R towards Fix, as % > h ] 0. According to the definition of the functions (V}), o5, it follows
that (V}/)pen converges uniformly on R towards Vj. For any £" € Oy, h € H, one has

Vo(e) = Vo (&l) — Vi(en)] < sup V6(€) = VA

Let & = argmax,cg, dist(&, ). Since limgspyosupeer Vg (€) — Vi (€)] = 0, we eventually get

lim V(M =o. B.1
o 0 (&) (B.1)

{V§ = 0} being bounded according to Lemma 1.1, we deduce that the sequence (£%)jeq is
bounded. Using (B.1) and the continuity of V{, any accumulation point & of the sequence

(€M) ey satisties V(£0) = 0 so that £ € O and

lim dist(&" =0.
Jlm dis (&,00) =0

21



Step 2. Limit of (x!)nen- B
We now assume that (X},)pep converges to Xo in L'(P). By Lemma 1.1, for any h € H,

= X3 = fmin VA () — min Vo (6)] < max| (Vi — Vo)(©)] < 1 E[|Xs — Xol,

so that limys4)0 Xil = XE-

C Proof of Proposition 2.4

Step 1. Asymptotic expansion of ! as H > h | 0.
Since the density function fx, of Xy is positive, the set ©g = Argmin Vy = {¢°} is a singleton
so that, by Lemma 2.1, &% — €% as H 5 h | 0. Also note that

Fx, (&8) = Fx, (&) = a — Fx, (&) = Fx, (&) — Fx, (€)). (C.1)
On the one hand, as H > h | 0, by Assumption 2.2(i),
Fx,(€) = Fx, (€)) = —v(&)h+o(h), as H5h]0. (C2)

On the other hand, a first order Taylor expansion with integral remainder gives

1
Fu, (€1) — Fy, (€9) = (€1 — £0) /0 f (€9 + (1 — 1)eh)dt. (C3)

Since limys410 ¢h = ¢0 and, by Assumption 2.2(ii), (fx, Jhew converges locally uniformly towards
the positive density function fx,, fol fx, (€0 + (1 — t)¢f)dt > 0 for h € H small enough and
limp, o fol fx, (€0 + (1 — t)eM)dt = fx,(€Y). Combining (C.1), (C.2) and (C.3), we deduce

B v(€2)
Jo Fx, (€9 + (1 — tyehyat
_ (@)
Ix,(€9)

hEl - €)=

+0o(1)

+o(1) as H>hl]O.

Step 2. Asymptotic expansion of X" as H > h | 0.
Going back to the definitions of the functions (V)7 in (1.3) and (2.2), one has

Xil — XE = Vh(gf) — VO(&S)
— B[Xn| X > €] — B[Xo| X > €]

1

- 1— a(E[Xh]l{Xh>§i‘}] B E[XO]I{X0>£9}])
AP - (C4)

= (e - [Care)
1 & 00

= (L et [ Caang - )

On the one hand, via a change of variable and Proposition 2.4,
€ 1
[Cer@as= - [ (a0l o

= 0(&))E)h + o(h).
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On the other hand, for h € H, integrating by parts yields

[ cam© =[5~ P )5 + [ (1 )
=&(1- Fx, (&) + /:O (1 - Fx,(6)d,

hence

o0

¢d(Fx, — Fx,)(€) = & (Fx, (&) — Fx, (&) + / ) (Fxo(£) — Fx, (€))d¢.

3 €9

By plugging the first order Taylor expansion of Fx, — Fy, in Assumption 2.2(i) into the right
hand side of the above identity, we obtain

T ed(Fy, — Fx,)(€) = — (5%(52) " / ) v(f)d£>h +o(h). (C.6)

£ £

Eventually, by combining (C.4), (C.5) and (C.6),

Xf—XS——h/oov(g)dﬁ—i—o(h), as H>h]O.
€9

11—«

D Proof of Theorem 2.7

We follow a strategy similar to the one developed in [10, Section 2.1] and define, for h € H,
¢ > 0 and an integer ¢, the Lyapunov function E’é ¢ R — R given by

£4 (&) = (Va(&) = V() exp (1(Va(©) — Va(€l) ), €eR. (D.1)

Hh,q

hg h € H, q a positive integer.

Hereafter, we denote up g = ¢2||Vy||oo and Lpq = L
Lemma D.1. Under Assumption 2.5, for any h € H, >0 and g > 1,
(1) ,CZ’q is twice continuously differentiable on R.
(i) for any € R,

2
d q
Lingl€) < kEIE — €[ exp (1 ko sup [|fx; [loo € — £f|>.
heH

(iii) for any € € R,
Vi(eh?

4 [Vh{q I%ip .

3
Vi(€)(Lhg)'(€) = Ny L1, o(€), - where Xy, := 24 W (&) An

Let S\th = )\Zi]’q. Then inf) 7 S\h,q > 0.

(iv) for any £ € R,
(L )" (O < mpy (L o (&) + Lhy 41 (6)),

where

3ka Vi 1 3\v,;'||zo>
vIEms T vieEh) )

Besides, introducing np, 4 = n,’j};’q, one has |Apq|? < iy and SUpy, 7 Mh,g < 00.

M= (g ) [V loe + K2 v 2) + a(20V (g — 1) (
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(v) for any £ € R,

30 3NV

Ve V(e

(E—¢h < Kh.gq (U,iq(f) + E’}igq(f)), where Kp, 4 =

Moreover, sup;,z; fih,qg < 0.
Proof. See Appendix E. O
The next result concerns our special choice of learning sequence.

Lemma D.2. Let

-1
n - (t"—-1), n#0,
t) = D.2
©n(t) {lnt—i—'yg, =0, (D.2)

where ¢ is the Fuler-Mascheroni constant. Let v, = vin P, v > 0, € (0,1], and, for
0<k<n,

n

Hk+1:n = H (1 - )"Yj + CVJZ)a
j=k+1

where X, ( are some positive parameters, with the convention [[, = 1. Assume that 1 — Ay, +
(Y2 > 0 for any positive integer n. Then, for n > 2,

(i) for any 0 <k <mn,

A
exp(CTof + BT G-t
Hpr1m < Qexp(=Mi(p1-pg(n+1) —p1_5(k + 1)))

x exp(2% (3 (p1-2p(n + 1) — p1_95(k + 1)), B € (0,1).

(ii) for any p > 2,

n
> A Mgg1m <
k=1

2 _ +1
2 exp((a? + 2 + In2(yA v p) DUy, B=1,
_ _ 2l+(p—1)Bp—1
22097 exp(—2- DAy nt=F) oy pp(n+1) + —i—, B € (0,1),

Proof. See Appendix F. O

As in the proof of Lemma D.1 in Appendix E, we drop the superscript p from our notation
and write Ly, 4(§) for Eﬁq(ﬁ). For any h € H, we introduce the filtration F"* = (F"),>0, where

Fh = 0(58, X3> X,(LI), e ,X,(Ln)), n > 0. Throughout, we fix h € H a bias parameter, ¢ a positive
integer and p > 0.

Step 1. General inequality on E[L), ,(¢1)].
We first prove a general inequality on E[Lp, 4(€)], n > 0. We decompose the dynamics of (£7),,>0,
given by the first component of (2.3), into

£2+1 = 52 - ’Yn—f—lvfi(fﬁ) - 'Yn-i-leZJrl’ (D'?’)

where
ey = Hi(eh, X" ) Vi), n>o,
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is an (F", P)-martingale increment. We test the Lyapunov function L4 along the dynamics
(D.3). Via a second order Taylor expansion,

Lhg(€h) = Lhg(€r — a1 Vi(ED) — vnprel )
= Lpq(&l) - 7n+1£;l,q(fff)(v}l(§2) +eh )

1
(€ X, ) /0 (L= 0)Lh, (#6041 + (1= )81 dt.
It follows from Lemmas D.1(iii,iv) that

ﬁh,q (dll—&—l )
< Lagl@) 1= X, 1) = merLhg €+l i UEL X2

1
x /0 (1—1¢) (ﬁh,q (L& + (1 =)&) + Lg (t& + (1 — t)gﬁ))dt.

Let ¢ € [0,1]. The mean value theorem guarantees that there exists £7(¢) € R such that
Vi (ti + (1= 1)) = Vi) + 1V (€1(0) (€41 — €0)- (D.5)
From (1.4) and (2.3),

€8y — € = Yt [HL (€, XD < Ky, (D.6)

with ko = 125 V 1. Hence, applying the triangle inequality to (D.5), recalling that V}, is minimal
at £/,

0 < Vi (t&h 1 + (1= 1)€1) = Vi(€l) < Val&n) — Va(&l) + kavm+1. (D.7)
Using the inequality e® < el <y + 291,51y < e(1 +2%"), z € R, and (D.1), for any § € R,
Lhno() <e(l+pILng(8)). (D-8)

Thus, using (D.7) then (D.8),

Lhq (el + (1 —1)gh)
< (VA(ER) = Va(€h) + K2msn) exp ((Va(€h) = VA(€D) + k2vnt1) ) (D.9)
< 2q—1 €xp (:uki’YnJrl) (['h,q (57};) + kiqryg+1£h,0 (52)) < 05 (Lh,q (ég) + r}/ngrl),

where
ol = 297 exp(ukZyn) (1 + epdk2947) v ek27) > 2071,

Besides, by (D.6),
V2 Hi(Eh, X\ < k252 (D.10)

Plugging the upper bounds (D.9) and (D.10) into (D.4) yields

Lhg(&hin) < LagE(1 = Ny ns1 + ¢ vm1) — mrLh g (Eh)en

D.11)
h 11 (
+ 1 Lng1 (60) + Gt
with ,
Chg = M gka((nof + o )V af), (D.12)

which, according to the second part of Lemma D.1(iv), satisfies

N Ao Hh,
Cq = sup {Chq = (h”;q} < o0.
heH
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Since (e!),>1 are (F",P)-martingale increments, via the tower law,

E[Ch 4(&n)en 1] = E[L) 4(€1)Elen 1| FR]] = 0.

Hence, taking the expectation in both sides of inequality (D.11),

E[Lhq(En1)] < E[ﬁh,q(ﬁﬁ)](l—xﬁq%ﬂ + C;iq’}’gﬂ)

D.13)
. (
+ Ch m i BlLh g1 (€] + ¢ A

Step 2. Inequality on E[L}, 1(¢)).
We prove here a sharper upper estimate on E[£}, 1(£")]. Taking ¢ = 1 in (D.13) and (D.8), we
get

E[Lh1 (&) S E[Lnna(ED(L = Ny vt + (en+ DG vm) + e+ 1)¢E mer- (D.14)
Using (D.12), that |Ap4]? < fne by Lemma D.1(iii) and that z(1 —cz) < (4¢)™1, 2z € R, ¢ > 0,

Mg ¥nst = (e o + DChgVnsr < /g Vo1 = ThgChg Vst

_ . 11 (D.15)
= 77h7q'7n+1(1 — Chyq nh,q7n+1) < 45h,q = 5’
where, recalling that u > 0, k, > 1 and aqu > 24—,
Mmoo q C]l;,q 1 q 2 m H " 1 = . Hh,q
Ch g = (ep? + 1)7IZ = §(e,u + 1)k, (110t +041)V o) > 30 Cha = Chg'
7q

Hence, for ¢ = 1,
— - 1
1— Ap1¥ns1 + (e + D pavais > >

Evaluating (D.14) at o = pp1 and iterating n times the inequality yields

E[Ln1 (€M) < ELLn 1 (€ + (e + 1)t Y W10 s
k=1

where
n

h7 . By ~
Ml =TT (1 = Mg + (end , + 1DShg7}),
=k

with the convention [], = 1.
If 8 =1, invoking Lemma D.2 with p = 2 gives

. =~ E[Lhi(&)] | = Praam-1(n+1)
h ,1\50 h,17
ElLn1 (&) < Kna (n+ 1)>\h,171 h.1 (n+ 1))\h,1“/1

I

where
7> 7T2 2 ")/1Xh71 7 7> 2 -~ Y1 AR, 1V2
K= exp ( (epng + Dhi-gi + 5 o Ko = Knayi(e+1)Ga2m .
Hence, if A 171 > 1, recalling (D.2),
E[Lh1(E0)] < Kp17ns (D.16)

with K} | == T K B[Lh 1 (E0)] + Kpa).

26



Otherwise, if 5 € (0,1), applying Lemma D.2 with p = 2 yields

BIE ) < (EEED) + o)

. At
X exp <226+1(6Mh,1 + I)Ch,lq/%gol,gg(n + 1) — T”ylgOl,ﬁ)(n + 1))

_ 26+1,
+ (e + 1)Cha1 (22ﬁ712 exp(—2~ BTN, 1yt )1 ap(n +1) + 5 7:5 )
1

Hence, for any 3 € (0,1) and any positive integer n,
E[Eh,l(&};)] < K}?J’Yna (D.l?)

with

+1
KL = (ElLha(€))] + ————
Lo (Bl + L

1
2

)]

_ _ _ B 2ﬁ+1
+ (e +1)Cha (22571 81;11){”6 exp(—2 (5+2))\h,171n1 Fp1_op(n+ 1)} + X >
n> h,1

X sup {nﬁ exp (2%“(6/%,1 + 1)§h71’7%(p1,2/3(n +1) -

n>1

Step 3. Inequality on E[L}, 5(¢M))].
Take now ¢ = 2 and p = pp 2 in (D.13). Using either (D.16) or (D.17),

E[Ln2(&8 1))
< E[Ln2(EM)(1 = M2Vns1 + Cr2visn) + Ch2 e BILR 1 (€] + Cravi (D.18)
< E[Ln2(EN1(1 = An2vmr1 + (eph o+ D)Choavi) + (2664—’(5,1 + 1)Ch2 V41

From (D.15),
_ _ 1
1 — M 2Vn1 — (etth o + 1)Chavigs = 3
Hence, iterating n times inequality (D.18),

E[L12(EM) < E[Lna2(€0)IY + (2% K} | + 1) sznkﬂ -
k=1

If v, = y1n~ L, by Lemma D.2 for p = 2,

BLw(E)] | o Phnan-2( T )

( ))\h,Q’Yl h.2 (n+ 1)5\h,271 (D-19)

E[Ln2(Eh)) < K
where

= ’Yl;\h,2 = - e )
Kpp = exp <(euh o+ Do 71 + >,Kh,2 = Ko7 (2 K | + 1) 02723,

Since E\hg > 5\h71 > 1, one has 715\;172 > 1, so that for any positive integer n,
E[Ln2(&0)] < Kj 97m, (D.20)

with

i~ _ _ Pxpom—2(n+1)
Kpy =" <Kh,2E[Eh,2(€3’ )]+ Knasup (nhfll)xh -1
> ,
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Otherwise, if v, = y1n~? with 8 € (0,1), recalling Lemma D.2 with p = 2,

~ _ B P
E[Lp2(&)] < (E[cm(gg)] + w)

e“%z,z +1
28+1 5 2 2 A2 (D.21)
x exp | 27 Cpa(epy o + Dyip1—28(n + 1) — T’Ylﬁplfﬁ(n +1) :
B - 28,3 2)y 2ag
+ (27K}, + 1)Cno (2 O exp(—27 2N, omin' )1 _ap(n + 1) + " nQé >
2
Thus, for any 5 € (0,1) and any positive integer n,
E[Lna(&0)] < K 57ms (D.22)

with
2K} + 1)

K, = (1 E[Lpa(eh
h,2 (’71 [Ln2(&0)] + o, + 1

> Ah2
X sup {nﬁ exp (22[3“@,2(%%,2 +1)yie128(n+1) — 5 N1P1-p(n + 1)> }
nz

+ (25K,€il +1)

B 3 B 3 226+1
X Cro <7%226 Sliﬁ) {nﬂ exp(—2 (6+2))\h72fym1 5)@1—26(” + 1)} +m " > .
n> )2

Step 4. Upper bound on E[(¢! — ¢)?].
Combining either the estimates (D.16) with (D.20) or (D.17) with (D.22), then invoking Lemma D.1(v)
with ¢ = 1, we conclude

E[(EZ _fa’})Q] S 52%17

with Kﬁﬁ = Iih71(K}€72 + Kﬁl) satisfies sup,cy f(ﬁz < oo for any 8 € (0,1]. This follows from
that, for ¢ = 1,2,

_ 4
sup B[ (6] < sup B |1+ 1652 exp (2 osu £, el ) | < .
heH heH heH

recalling Lemma D.1(ii).

Step 5. Upper bound on E[|x" — x"|].

We now prove an L!(PP) upper estimate for the difference x — x%, n > 1, (x?),>0 being given
by (2.3). Without loss of generality, we assume X(}JL = 0, inasmuch as the general case x'& #0is
handled similarly. Observe that

1« 1
Xn— Xt = - Z <§I]cl—1 Tz a(X;(Lk) - 51};—1)+> — V(€D
) i - (D.23)
= > ek + - D Vi(Ero1) — Val€d),
k=1 k=1

where

1
=+ —— (X - )t - Valeh ), k>, (D.24)

1—«
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is a sequence of (F",P)-martingale increments, that is, E[}|F/ ;] = 0. Note that

BlP1FE ) < ool gt — B — b )M 1FE ) A
< Bl — )R
< s I + (6 — €2 +IE2P).

Using the above upper estimate, the Cauchy-Schwarz inequality and (2.5),

n n 1
1 1 2
wa|| et < 2 (S mre)
k=1 k=1
V3 L 1
=T —am (”( sup E[| X [2) + sup [¢7[?) + KJ, > -1 +E[(& — 52)21)
(1__a)n heH heH P
V3 < oL . o1 1
< ——— | | sup E[|X1,[%]2 + sup [&)]) + (mK})2 ———1
(I —-a)n2 <he71—),5 ey heg S |> (v K5 (1 —B)Eng {Be(0,1)}
1 1
~3.1(Inn)2 E[(&h — ¢M)2]2
T e AL T K€o€>1>
n2 n2

For the second term appearing on the right hand side of (D.23), we use a second order Taylor
expansion, that supy,cy ||V} |loo < 00 by Assumption 2.5(ii) and (2.5). Thus

1
E[
n

n v - n
> viceh) - vadeh)|| < Pl Sompet - ety
k=1 k=1

n
Vil lloo ((EI(EL — €0)?] 3 1 Inn
STy : " + kK, A=8m? 5)n61{56(0,1)} + L=y ) )

Injecting the two previous estimates into (D.23) concludes the proof.

Step 6. Second inequality on E[L),(¢M)].
The proof of (2.6) relies on similar arguments to those employed for (2.5). For the sake of brevity,
we omit some technical details. Using either (D.19), recalling that y1Ap 2 > 2, or (D.21),

E[Lh2(E0)] < K} 72, (D.25)
for some constants (f(gz)heﬂ satisfying supy,cy [}52 < 0.

Step 7. Inequality on E[L}, 5(¢N)).
Then, setting ¢ = 3 and g = pp 3 in (D.13) and utilizing the previous inequality,

E[Ln3(&8 1))
< E[Lns(E)](1 = Mgvnrt + Cusvir) + Crsvo 1 EILh2 ()] + Cusvmin
< E[Lns(E)](1 = Ansvnsr + (et s + 1)Chsviy) + (2266%}25,2 + 1)Ch3 Va1

so that

n
r r h7 Q 7 ~ h?
E[Lh3(€8)] < E[Ln3(€0)IL + (22ﬁe4K5,2 +1)Chs Y I
ps
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Following similar lines of reasoning as those used in Step 2, we conclude that if v, = yn 8,
B € (0,1], with v A\p3 > 2 if § =1, then

E[Lns(E0)] < Kpp 572, (D.26)
for some constants (ng)hey satisfying supy,cy Kgg < 0.

Step 8. Inequality on E[L}, 4(¢1))].
Finally, we take ¢ =4 and g = pp,4 in (D.13) and use (D.26) to obtain

so that

E[Cha(€8)] < E[Cha(€l)IEA + (2%e 5 K}, +71)Cna vakﬂ -
k=1

Analogously, we deduce from the previous inequality that if v, = vin=?, 8 € (0, 1], with v, j\h74 >
2 if p =1, then for any h € ‘H and any positive integer n,

E[Lna(E))] < Ky 72, (D.27)
where (K54)h€7.¢ are constants that satisfy supjcy K54 < 0.

Step 9. Upper bound on E[(¢! — ¢M)4)]. ) )
By (D.25), (D.27) and Lemma D.1(v) with ¢ = 2, recalling that Ap 4 > Ap 2, we conclude that if
Yn =y 8, B € (0,1], with Y1An2 > 2 if =1, then for any h € H and any positive integer n,

]E[(gh g*) ] h4’Yn7

where KﬁA = mh,g(K,fA + 1}52) satisfies supj,cy I_(,?A < 00, B € (0,1}, as Lemma D.1(ii) implies
that, for ¢ = 3, 4,

_ 16
sup B[ (6] < sup B (14 1651 exp (120 s 1, Il ) | < o
heH heH & her

Step 10. Upper bound on E[(x" — x1)?].

Assuming here again that x = 0, from the decomposition (D.23) and similar computations to
the ones performed in Step 5, we get that for some constants (C_’g )hen that may change from
line to line,

Bl — )7 < CF (2 DBl <ZE (Vi(i-0) Vh(ff)ﬁé)z)
b (o))<t M)

where the last inequality follows by a comparison between series and integrals for 4, = vin=?,
B € (0,1]. This concludes the proof.
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E Proof of Lemma D.1

Throughout, we consider ¢ > 1, h € H and p > 0. We drop the superscript p from our notation
and write Ly,4(€) for £ (£).

(i) From the definition (D.1), £ 4 is continuously differentiable and satisfies

hiq(&) = AV (&) Lng-1(8) + 1Vi()Lhg(E)

— Lo V) (4 + n(VA(E) ~ V(D) ). =
One may differentiate again the above identity. If ¢ > 2,
) = L2V 0 — 1+ 1(Va(&) = Valeh)) J(a + n(Va(&) — Valeh)) o)
+ Lng-1 V) (a+ 1(VA() = Val€h) ) + Lng 1 (VA ()2
If g =1,
h1(6) = (VA(©) + 20VA (%) £ao(€) + (1VA()* + V3! (€)) £ (6): (E3)

All in all, for all ¢ > 1, £}, 4 is twice continuously differentiable.

(ii) The upper estimate follows directly from the fact that, for any £ € R,

1
Vi) — Va(€h) = (6 — €M) /0 VIl 1 o(e — ey,
hence, since [[V|loo < ko Va(€) — Va(€") < kalé — €11,

The remaining properties of Lemma D.1 are trivially satisfied for ¢ = 7. We thus assume,
without loss of generality, that & # £” in the rest of the proof. We let

/G

: . E4
T Vi (=4
Finally, denote " = [¢h — &, €0 + &3],
(iii) Step 1. Preliminaries.
From (E.1) and the relation £, ;—1(€) = (V4(€) — Vi(€0)) 1L, 4(€), we have
Ih,q(f) = Lpq(E)V4(8) (M + N>7
so that )
/ U V/ !
OV 2 (5 B s V(€2 ) Enfe) (E5)

Let us establish a lower bound for the parenthesised factor above. Since V}/(&") = 0, a first order
Taylor expansion writes

1
Vi(e) = (=€) | Vi(eh +o(e - eh)ar
(E.6)

— M (ehy(e _ ¢h _h1//h _¢h\Y 3y ¢h
HEE e+ —eh [ (Vi (e +ue —eh) - W) )at,
0
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which, combined with the fact that V' = (1 — a)7lf x,, > 0 and the triangle inequality yields

VA > Vi ENE — €l — 5 Vi Tusple — E1)2 (B7)

Step 2. Case where & € T".
If £ € T", the above inequality yields

Vi (€8)%(€ - €b)%. (E.8)

el e

Vi(©)? =
Now, recalling that V,{(ffj) =0, a second order Taylor expansion gives

Vale) — Va(€l) = SV e (e — €12

1 (E.9)
e €2 [ a-n(Weh + e — ) - vieh)at
0
so that ! !
Vi(€) = Va(€r) < SV(EN(E - €)% + [V lul€ — €21
Hence, if ¢ € Z", the above inequality implies
Vil(e) — Va(€l) < SV(ENE — )2 (£.10)

Plugging (E.8) and (E.10) into (E.5), recalling that V(&) = (1 — )~ fx,, (£!) > 0 by Assump-
tion 2.5(1),

ha(OVI(E) > qvi(€)*

3 1
Z Vo) - Vi@ “ral®) 2 g% (€1 Lhg(6). (E.11)

Step 3. Case where ¢ ¢ T".

Assume now & ¢ I", say € > & 4 ¢,. The case & < £ — ¢, is similar and is omitted. Since %4
is non-decreasing, V}/(&F +¢5,) > V//(&") = 0 and, evaluating (E.7) at £ + &), and recalling the
definition (E.4),

v h\2
VAE) = VIE! + n) = V(N )en — 2V uipel = dbor)
2 Q[Vh ]Llp
Plugging this into (E.5), for any & > & + ¢y,
/ / !/ 2 Vf{’(g‘f)4
ha (VA (&) = pLp gV, ()" = CrIvaE Lhq(8)- (E.12)
h ILip

The above inequality is valid also if & < &P — ¢p,.

Step 4. Conclusion.
Combining (E.11) and (E.12),

Vi (eh*

4[Vf2/]%ip

VIO = (qu,;’@f) Ap )ch,q@) N Lgl6), E€R.

By Lemma 2.1, there exists R > 0 such that &" € B(¢2, R), h € H. By Assumption 2.5,

1 1 l—«
inf V}'(¢h) > inf >0, inf = >0
heH W (&) l—a hem th (5) heH [V}:/]Lip SUPp cxy [th]Lip
£eB(&),R)
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and, by Assumption 2.5(i), inf, 7 ||V} [lc = (1—) " inf;, 7 || fx, oo > 0. Thus inf, 57 Ap g > 0.

(iv) Step 1. Case where q > 2.
Assume first that ¢ > 2. Through (E.2) and the relation

Lhg-1(8) = (Va(€) = Vi(€) " Lng(8),

one has

qlq — 1)Vé(§)2>
Vi(€) — Vi(€h)

xg<5>=:chg_4<§>(qu%5>+—

L (E.13)
+ 0O (VO + IPVEP + 2 g ).
Vi(§) — Va(&l)
Step 1.1. Sub-case where ¢ € T.
Applying the triangle inequality to (E.9) yields
1 1
Va(€) = Va(€2) = SVi(€(€ =€) = SV luinlé — &1 (E.14)
Hence, if £ € I, |¢ — €| < ¢}, so that the above inequality and (E.4) yield
1
Vi(€) — Va(€l) > gVél(ff)(ﬁ — &2 (E.15)
Moreover, using (E.6) and that [|V}/||ec = (1 — @) 7| fx, |lcc < 00 by Assumption 2.5(ii),
Vi(©)? < IV I1%.(6 = €12
Combining the previous two inequalities, if £ € 7",
/ 2 "2

V(€)= Vi(&l) = V&l

Step 1.2. Sub-case where & ¢ T".
Assume now & ¢ I" say &€ > 0 + . The case £ < €8 — ¢, is treated similarly and is hereby
omitted. Using that Vj is increasing on [£0, 00), evaluating (E.14) at £ 4 ¢, and recalling (E.4),

we obtain
h h < Vi(ER)?
Vh(f)—Vh(f*) > Vh(&* +5h)_Vh(£*) > m2
3[Vh ]Lip

This inequality together with the fact that ||[V}/||eo < ka give, for any £ > &8 + ¢y,

Vi©)? 3kl

. E.17
AGEI AL (A7)
The above upper estimate holds too if & < & + ¢p,.
Step 1.3. Sub-conclusion.
(E.16) and (E.17) show that, for any & # ¢0,
VI (€)2 3]{:3 \d 2i 311vV7|2

Vi(§) = Va(€l) = V(&) V(e

Combining (E.13) and (E.18), recalling that ||V}/||oc < ka,
127,41 < ((@V Vil oo + 1282+ a(202V (g = 1)v) (£1,g(€) + Lng-1(6)).
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Step 2. Case where g =1.
If ¢ = 1, since [|V}/||oo < ko, (E.3) directly gives

L5 1 (E)] < (v D)IVI oo + p(ie Vv 2)E2) (Lo (€) + Laa(€))-

Step 3. Conclusion.
Combining the last two inequalities, we conclude that for all ¢ > 1 and all £ # &P,

17 (&)1 < ((aV m)IVillloo + 1l v 2)K2 + q(22V (g = 1))
X (Lng(&) + Lng-1(€))-
The property D‘h,q|2 < 4 is a straightforward consequence of the definitions of thq and

Mh.g-
By Assumption 2.5(ii),

SUpPy gz HthHOO < o0 sup [V]{/]L' _ SUDpen [th]LiP < 00 (E 19)
) ip — . .

up [V oo = P2 i

heH heH

Moreover, since (£7),e3 converges to €0 as H 3 h | 0, there exists R > 0 such that ¢! € B(¢2, R),
h € H. Thus, by Assumption 2.5(i),

1 1 -«
sup < < 00. (E.20)
heH V”(g ) inf heH th (5)
€€B(EY,R)

Coming back to (E.18), the two results above show that sup;, 7 v < co. Eventually,

sup {nﬁ’;q = (qV 1) Vi lloo + g (tng V 2)k% + q(2pnq V (g — 1))Vh} < oo.
heH

v) On Ih, E.15) shows that every & fh satisfies
*
39

— Ve

(Va(€) = Vi(€)" < wrrzmg Lna(€). (E.21)

34
<
— Ve

Outside of Z", say if £ > £ 4-¢, (the case € < " — ¢y, is similar), given that V}, is increasing
on [¢" 00), by (E.14) and (E.4),

Vi(€) = V(€M) > Vi (€l + ep) — Vin(€l)

1_, 1., VY (eh
> (- ) (U Een— 20t ) = (- Dbt
hence ) )
324[y/Nd 32a[y7/
(€ - —V//[(;])E’(Vh@)—vh(ff))%_mah,gq@. (E.22)

The above upper bound holds also if & < £ — g,. Putting together (E.21) and (E.22), for any
£ # &l

3¢ 3%y ] Lip
(W(s*) Y ey )(ﬁh’q“”‘h@q@)

= nq(Lng(€) + Ln2g(8))-
Relations (E.19) and (E.20) yield supj, oz Kn,q < o0

(€ — ¢
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F Proof of Lemma D.2
Let n>2,0<k<nandp>2 Using the bound 1+ z <e*, x € R,
n n
M <o (24 Y 5 )ew (¢ X 22),
j=k+1 j=k+1
with the convention ) = 0.
Step 1. Case where = 1.

Step 1.1. Inequality on Il ;.,.
Note that

Y v =n(n+1) —gk+1),

j=k+1

where v is the digamma function that satisfies
1 1
nzx——<¢Y()<lnz-—, x>0
T 2z

Hence

gl gl n+1 ge!
> 1 > 11 - =
Z’Y] len(k+1> n+1+2(k+1)—71n<k:+1> 2’
j=k+1
yielding
’)/1)\>(k‘ 1)>\’Yl

Myy1.n < exp (C ’71 + 5 m

Step 1.2. Inequality on Y ;| Vi llji1m-
The above estimate, together with a comparison between series and integrals, give

2 (n+ 1)

k=1

Step 2. Case where 3 € (0,1).
Step 2.1. Inequality on Il q.,.
A comparison between series and integrals gives

Hpp1m < exp ( —M1(p1—p(n+1) —p1_p(k + 1)))

X exp (22’8@% (pr-28(n+1) — @125k + 1)))

Step 2.2. Inequality on > ;' Y 1ii10.
Introduce ng := inf{n € N: v, < A/(2¢)} — 1. Observe that

A
1_>‘7n+C'7727,§1_§’7n7 n>mng+1,

so that
n no/An
Z’Yﬁnk—&—l:n = Z '7ka+1 no/\anO/\nJrl m + Z ’Yka—‘rl n
k=1 k=noAn+1
no/An no/An n )\ n n )\
(X I oven) T (1-5u) e X 1T (15
=1 j=k+1 j=noAn+1 k=1  j=k+1
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We simplify the first term on the right hand side of the inequality above. We have

no/An no/An no/An no/An
—2
ka II a+ah =t > 0k II 0+
= j=k+1 k=1 j=k+1
—92 nog/A\n  ,ng/An no/An
= Z(H 1+ = 11 (H@?))
= j=k j=k+1
—2 no/An —2 no/An
< C H 1+¢73) < exp <C 7f>,

J=1

and
n

)\ )\ no/An
I (-)em( A5 CE
Jj=noAn+1 7j=1
noAn
< exp (— Z%) exp (C > 7?)
j=1

where we used that v; > \/(2() for j < ng. Combining the two preceding estimates and using a
comparison between series and integrals,

(%A:nvk nﬁn +Cﬁ)> f[ <1—;%’>

= j=k+1 Jj=noAn+1
no/An
L —exp (% Z %) exp ( Z’Ya)
p—2

A
< 1T exp (22/3—%1@%901725(71 +1)) exp ( - 571901,/3(71 + 1))

Next, we deal with the second term appearing in the right hand side of (F.1). Since (7,)n>1 is
a positive non-increasing sequence, for any integer 1 < m < n, it holds

291
< 2% exp( 27D\, (p1-5(n) — ‘Plfﬁ(m)))901*2f3(n+ 1)+ m

Select m = [n/2]. By the concavity and the non-decreasing monotony of ¢;_g, for n > 2,
p1-8(n) — p1-5(n/2) > n' P /2.
Hence, for any integer n,
n n
w1l <1 - ;\%’)
k=1 j=k+1
21+(p—1)57110—1

28,.p _o9—(B+2) 1-8
< 27747 exp(—2 Mt ) e1ap(n+ 1) + (18
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G Proof of Proposition 3.2

The next result draws inspiration from [22, Lemma 5.1 and Proposition 5.2] and [6, Lemma A 4].

Lemma G.1. Let X and Y be two real-valued random variables with bounded density function
denoted fx and fy respectively.

(i) Assume that X —Y is in LP~(IP) for some p, > 1. Then, for every £ € R,

Px 1 P

x 1
E[lLixse —Liysgll < 08 + 228 )(1fxlloo + [fy lloo) T E[| X — Y[P*]e1.

(ii) Assume that there exists a positive constant dxy such that for any u € R,
Elexp (u(X —Y))] < exp(dx yu?). (G.1)

Then, for any £ € R,

Elllixsey — Lysgll < 2vdxy + (| fxllo + nyHoo)\/QdX,Y In(dyy V1),

Proof. Let £ € R. For any § > 0,

Elllixse — Lysall = Elixs g liy<e + Ly lix<e)]
PY <{< X +PX <€ <Y
—PY <EEFS<X]+PY <€< X <€+
+PX <E+HI<Y]+PX <E<Y <E+44] (G.2)
<PX-Y >4]+PX-Y < -9
FPE< X <E+0]+PE<Y <€+
<PX Y > 8] +PX Y < 0] + 8(fxlloe + 1fy ).

(i) By (G.2),
El[lix>e — Tiysg ] SPIX = Y] > 6]+ 6([| fxlloo + [1fy o)

E[|X — Y|P~
< BT 51 e + v o)

A straightforward optimization yields the choice
1 1
P TE[|X — V)
1
(I xlloe 4+ [[fy lloo) 7T

o=

giving the first result.

(ii) By (G.2), the exponential Markov inequality and (G.1), for any u > 0,

Elllixsey — Liysgll SPIX =Y > 0+ P[—(X = Y) > 6] 4+ 6([| fx[loo + [yl
< exp(—u) (E[exp (u(X — V)] +E[exp (= u(X = V))]) +8(Ifx ]l + | fyllo)
< 2exp(dx,yu’ — ud) + 8/l fxlloo + [Lfylloo)-
The right hand side of the above inequality above is minimized in u for §/(2dx y), yielding
2

)
EllLpse) - Lsal] < 26 (= 17— ) + 00l + vl

)
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Evaluating the right hand side of the previous inequality at

5= \/2dxy In(dyy V1)

gives
Elll{xse; — Liysgyl] < 2¢/dxy + V2(|| fxllso + ||fY||oo)\/dX,Y In (dyy V1),
eventually completing the proof of the second result. O

Let h, ' € H. Without loss of generality and to avoid trivialities, we assume 0 < h < h/. We
study separately the cases 0 <h < h' and 0 =h < I/.
The proof of the point (i)a is inspired from [22, Lemma 3.2].
(i)a. Assume that
Elle(Y,Z) —Elp(Y, Z)|Y]|P] <oo for some p=>1.
Then, for h = % €H,

E[| X}, — Xol?] < ZE oY, Z®)) — Elp(Y, Z)|Y] ]

= E[I@(Y, Z) - E[p(Y, Z)[Y]]"].

Case 1. 0 < h <.
Introduce 3(Y, Z) == (Y, Z) — E[p(Y, Z)|Y] and take h = = < ' = 2. Then

Kl
Xp—Xp=h Z GV, ZW)+ (h— 1) 3y, zH), (G.3)
k=K'+1 k=1

so that by the triangle inequality,

K p L K’ ol
Bl - Xl < 1B || Y @ z®)] | e - me|| Y a2 ]
k=K'+1 k=1

By the tower law and the Burkholder-Davis-Gundy inequality,

+ (W = h)K'?)

() +(-3)) o
< V2BE[|p(Y, Z) — E[p(Y, Z)|Y][P] 7 (W — h)3.

Case 2. 0 < h.
Note that, for h = % e H,

[

E[|X) — XpP]? < BE[j(Y, Z) — E[o(Y, 2)|Y]P] (h(K — K')

(S
[SIE

N

< B,E[|o(Y, Z) — Elp(Y, Z)| Y]] * (i — h)

1 K

K

1

Xh_XOZEZ(QO(YuZ(k))_E[ (Y, 2)|Y]) ZSO
k=1 K=

Since (3(Y, Z*)))1<p< K is a martingale increment sequence conditionally on Y, using successively
the tower’s law, the Burkholder-Davis-Gundy inequality and the triangle inequality, we obtain

Z

k=

1
P:|p
p_1

} " < CEIR(Y, 2)P) i

HXh — X()’p P = hE|:

K
> ey, zHW)?

< cne|
k=1
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We conclude the proof of the first point by applying Lemma G.1(i) with p = p,.

(i)b. Case 1. 0 < h <}
Coming back to the decomposition (G.3), using that (F(Y, Z*)));<p<x are independent condi-
tionally to Y and (3.5),

E[exp (U(Xh — Xh/)) |Y]
=E[exp (uhg(Y, Z))|Y] K_K/E[exp (u(h — @Y, 2))|Y] K

2
< exp <Cgu2h2 <}1L - ;)) exp (Cgu2(hh,h)> = exp (Cy(h — h)u?).

Case 2. 0 < h.
Let h = - € H. Via the independence of the sequence (3(Y, Z®)))1<p< conditionally to Y
and the Gaussian concentration assumption,

K
E[exp (uw(Xy — Xo))[Y] =E [exp <uh > e, Z(’“))> M
k=1
= E[exp (uh@(Y, Z)) ‘Y]K < exp(Cyu’h).

Taking the expectation on both sides of the above inequalities and setting X = X, Y = X
and dyy = Cy(h'—h) in the first case, and X = Xj,, Y = X and dx y = Cyh in the second case,
guarantee the condition (G.1). We eventually conclude the proof by applying Lemma G.1(ii).
(ii) We first write

Elllix,, > — Lix,, el = P[Xn,_, <& < X ] +P[Xp, <& < Xp, ] (G.5)
Introducing the random variable Gy,
1
P[Xhe—1 <E< Xhz] = P[Xhe—1 <E< Xhe—l + h€2 Gf]
1
= P[th_l <E< Xhe_l + thg,Gg > 0]
1
=E[P[{¢ — hZGy < Xp, , <& Gy > 0|G]]

=E[Lig,>0(Fx,, ,1c,(€) = Fx,, 1§ — hg%Gé))]-

The P-as-Lipschitz regularity of Fth,l\Ge yields

1
P[Xp, , < &< Xp,] < hZE[G] K.

Similarly
1
P[Xhz <¢< Xhz—l] < hEQE[GZKZ]'

Coming back to (G.5) and summing up the two preceding inequalities yields
1
Elllix,,>e = Vix,,  >epll < hPE[Gel K],
completing the proof.
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H Proof of Theorem 3.6

Throughout, K designates a constant that may change from line to line.

Step 1. Study of {* — he,
We follow a similar strategy to the one used in [14, Lemma 2.7| and decompose the dynamics of
the sequence (£7),>¢ given by (2.3) into

& — & = (1= 7 V() () — €8 + v (V€)= Vi (€l)) (&8 — &b

), . ' (H.1)
T Mnt1Tp41 + Ynt1Png1 + Ynt1€n41;
where
rhn = Vi (ED(E — € = Valen),
Phiy = Vi(ED) — Vi(El) — (Hu(eh, X)) — Hy(eh, X)),
ehyy = Vi(eh) — Hy (el x" ).
Iterating n times (H.1),
Eh— €l = (& — My + Y Wllieg1n (V' (E2) = VI(EM) (€1 — &)
. St . (H.2)
+ Z Wy 17 fs + Z Wy 1P + Z Wt 1:nels
k=1 k=1 k=1

where, for two positive integers ¢ and n,

H (1= V'(&)),

j=i

Hi:n :

with the convention that [, = 1.
Using the inequality 1+ 2 < e*, z € R, a comparison between series and integrals and (D.2),

‘Hzn’ < exp < - ‘/Oll(é-g) ZV])
Jj=t

< e Vg (€)Y ) (n + 1) ¥,
exp(-m Vg (€0)(p1-5(n + 1) = p1-5(i))).

(H.3)
=1,
€ (0,1).

Since v, = y1n %, B € (0,1] with VJ'(€9) > y1 A2 > 1if B = 1, using (H.3) and a compari-
son between series and integrals (with computations similar to those performed in the proof of
Lemma D.2), we deduce that for any b > 0 and a > 0 such that y1aV'(¢%) > b if 8 = 1, there
exists K < oo such that for any integer n

n
S | < KAL, (HL.4)
k=1
as well as
Via (H.2), for £ € {1,...,L},
he gt —(gntt — €)= AL + B + Cf + DY + E, (HL.6)
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where
Al = (s’” —ghe (&3“ — &),
BL = Zykmﬁm{ Vin(€n) (& — &)
— (V) — Vi _ () (et — g,
Cl = En:’Ykaﬂ:n( - TZZ l
D! = Zn:'}/kﬂk+1:n - PZZ Y,

n
h
EL =) wllkiim(e et .
k=1

Hence, the difference between the multilevel SA estimator &3f" of the VaR in (3.1) and the solution
ff L = argmin V},, can be decomposed into

511\\/[TL_ iz,;_ ho_ +Z€ he 1 2571)
(H.7)
& — +ZA + Bjy, + CY, + Dy, + EY,.
We now quantify the contribution of each term appearing in the decomposition (H.7).
Step 1.1. Study 0f§ — ¢ho,
Theorem 2.7(i) guarantees
E[(&3) — €)% < Ky

Step 1.2. Study of Zngl Afw.
From (H.5),

B[l 4[] < 2K supElJgg* — &y, < Koy (I18)

Hence, by the triangle inequality,

1

L 213 L
(50T 2
/=1 (=1

Step 1.3. Study of Zle vae.
By Lemma 2.1, (gff)gzo is bounded. Let I be a compact set of R containing the sequence
(€¥)g>0. For any € > 0,

IVE(ED) ~ V(RN < (1 (€0) — Fxo (€0)] o (€49) — i, (€19))
< ([fxo]mplé* ~ 8l sup i €) ~ i, (€))

4+5) 2+ )/\1

< K(he+h < Kh,
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where we used Assumptions 2.5(ii) and 3.4 together with Proposition 2.4. Using this estimate,
Theorem 2.7(i) and (H.4),

E[|BL%)2 < 2(/Vg'(€2) — Vi (€l)| v VY (€9) — Vi (e M)
(Zmnkﬂnr lept — €] v [y - h“m%)) H9)

< Khéﬁém Z Vi |Hk:+1 nl < Ky h( o

k=1

Therefore, by the triangle inequality,

1

L 2 Lo Li5)a1
()] ekt
=1

(=1

Step 1.4. Study of Z£:1 C]{,[.
Using a first order Taylor expansion, the uniform Lipschitz regularity of (fx,)nen under As-
sumption 2.5(ii) and Theorem 2.7(ii),

271 h 2L
E(lry‘I*)2 +E[lry " [*]2

< Sllph(el’;.[_[,]Z()h]Lip (E[(égil — gheys ] [(é—hz 1 ghe 1)4]§) < K.

Hence, reusing (H.4),

n

2,1 271 h

E(ICAI*12 <Y yelThrvn (Ellry[})2 + ElJry ]2) < K27k|ﬂk+1n‘ < Kyn. (H10)
k=1 k=1

l\')

Thus, by the triangle inequality,
L 2 % L
B[(Lck) | <x Y m.
(=1 (=1

Step 1.5. Study of Zle val.
By the definition (1.4) of H; and (2.5)

B(f (el X)) - Hy (e, X)) = ]

S

{X;(zk+1>>5z}§} — ]].{X}(Lk+1)>§f} ]

! h

= WE[E[1{§Q<Xka+1><§i‘} + ]]-{££L<X(k+1)<£h 7]
H.11)

1 sup f oo 21 (

= T oy BlFx () — Fx, (€] < ’Ei”_”a;(h” E[(€h — ey
suppep lfxplloo 2

< .
s K (1—a)? Tk

Observe that (pZ‘ = pZ[’l)kzl is a sequence of (F",P)-martingale increments. Thus, recalling
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that 291 V7' (¢%) > 2, by (H.11) and (H.4),

E[| Dy ) [(Z’YkaJrln — 1))1

h hy_
= Z%ﬂﬂk-s-l:n‘QE[(Pke - P/f 1)2]

k=1
Y h
<23 Mo P[P+ Ell o)
o (H.12)
<23 AR (B[ 61, X0 - H (el X))
k=1

+E[(H(g ", X — e, x )

3
2

n
5
S KZ’Y]? |Hk+1:n‘2 S K'Yn.
k=1
Hence, since the random variables (DY)1</<y, are independent and centered, the above estimate

yields
L 2 L L 3
B (0% ) | = S EIDA P < K300
/=1 /=1 /=1

Step 1.6. Study of ZeLzl Efvl.

Note again that (eze - eZZil)kzl is a sequence of (F", P)-martingale increments, so that

n 2
E[|Ef|?] —EKZ%HHLMGZZ —GZZ ' ) ] Z%\HHM’ E[(e} ZZ 7]

k=1 k=1

" (H.13)
ho_ 2
< Z7/%|Hk+1:n|2E[(H1(€feaXhz) - Hl(g*e lath_1)) ]
k=1
The last term on the right hand side above can be upper bounded by
]E[(Hl (52[7 th) - H (52271 ) thf1))2]
< 2(E[(H(€l, Xn,) — (&, Xn,)”]
ho_ o 2
"‘E[(Hl(g*é 17Xhe)_H1(€*e leh/z—l)) ]) (H.14)
2 2
< = —
=~ (1 _ 05)2 (E[(H{Xhz>§f£} ]I{Xhe>§fé71}) ]
+E[(1

-1 ).
{Xn, >} {th,1>£f"*1}) )
On the one hand, by Proposition 2.4,

- E[ﬂ{ﬁfZ*1<Xh[<£f’f} e < Xp <€’ 1}]

hy_ h
= |Fx,, (&) = Fx,, (& 1>r§}slu5||thlloo!£* — & < Khy
€

_ 2
By, ey ]I{thgf“})]
4

On the other hand, Proposition 3.2 yields

E[(1 )] < Ke(hy),

ho_
{(Xn,>6 71} {th >6h
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where K3, is a constant satisfying sup,~; Kjp, < 0o, and €(hy) is defined in (3.9). Combining the
two previous estimates, recalling (H.13), (H.14) and (H.4),

E[| B[] |:<Z'71~:Hk+ln — ey 1))1

< K (hg+ e(hy)) Zmnkﬂmy? < Ke(he)vm
k=1

(H.15)

Observe again that the random variables (Ef;)lgg 1, are independent and centered. Hence, the
above estimate directly yields

IEKZE&)Q] = éEHE&!Q] < KEL:’YN,_;G(W)-

(=1

Step 1.7. Conclusion.
Gathering the previous estimates on each term of (H.7),

2 L .
L+0)A1 2
Bl - &) < &, + (Zm I L I SE EAI(N) BT
=1
1
From the Cauchy-Schwarz inequality and the fact that h; < Ke(hy),
" (3HO)AL _ 1 2(603) 2 - 2
Z%Qve (wahe) <th ! ) < K<Zme(hg)) , (H.17)
=1 =1 =1

oo 1 2(6A3) hi(M%)
where we used that /2, h, = D

proof of (3.7).

< 00. Plugging (H.17) into (H.16) concludes the

Step 2. Study of xN" — XiLL-
For the sake of simplicity, we assume Xg" =0, ¢ €{0,...,L}. The general case follows from
similar arguments. Recalling the definition (D.24), we derive form the decomposition (D.23)

hy_ hy_
X=X — (T =X

1 & hoo 1 & h h
= ﬁZ@’?‘%é 1+52th(52‘;1)—vh4( 2 = (Ve (6531) = Vi, (871).
=1

Thus

h h hy_
X - X*L:XNO*X*JFZXNZ*X* O =X

= X, — x4 +Z ZE - (H.18)
/=1

+Z stﬂ — Vi (€80) = (Vi (6171) = Vi, (E271)).
/=1

Step 2.1. Study of "2 — "o,
By Theorem 2.7(ii),
K
E[(x}e, — x10)%) < NN (H.19)
0

44



Step 2.2. Study of i, N% g‘leze 52‘5 ',

Via the definition (D.24), the 1-Lipschitz property of z — 2T, z € R, the fact that E[(X}, —
X, )% < Khy by (G.4) with p = 2, and the fact that |£f" — ffl*1| < Khy by Proposition 2.4,

e Wl”ﬂ1]<r}vW““$—Zaﬁ—uﬁl REOMEN
# (k _ k . h[ 1 2
=1 —304)215[()( 5 (X h[ L~ ke )| Fr-1] .
= ﬁ(E[(Xhe - Xhef1)2] + (52’“’ fhl - ( _ 22—1))2 +( ite _ 26—1)2)

hy_ hy_ 2
< K (he+ (600, - 651 = (& —e)).
hé—l _ ( hg

We seek an L?(IP)-estimate for the quantity ( Z‘Z - & W= fe_l)). By the decomposition
(H.6), using (H.8), (H.9), (H.10), (H.12) and (H.15), we obtain

B[ (€l — &= — (b — €))% < K (77 + me(he)- (H.21)

Recall that, for each ¢ € {1,...,L}, (eke = ezé’l)lgkgn are (FM P)-martingale increments.
Hence, taking the expectation on both sides of the inequality (H.20), using (H.21) and the fact
that, by assumption and Lemma 2.1, sup, E[J€l )] + €] < oo,

1 n
(G- ]- miﬁﬂ =
k=1
1 he he—1 he he— 1 htz 1
§ﬁ<h€+il>111)E[(o —& T (6 4 ) 2ZE )]

1 hé n 3 hg 5
SK( + =+ 227]3+7k6(hf)>§[(<n+n227§+%6(h£)>'

n
k=1 k=1

. he_ . .
Thus, the random variables (Ni iVel sZ" - €ke ")1<e<r, being independent and centered,

((wze-4)]-pelma -]

=1 (H.22)
L hy 1 Ne 3
<Ky > h
B =1 <N5 i N€2 k:17k: e £)>

Step 2.3. Study of
Z va 1) = Vi (689) = (Vi (607) = Vi, (6871).
=1

We deal now with the last term on the right hand side of (H.18). Using Minkowski’s inequality,
a second order Taylor expansions of Vj,, and Vj,_,, that Vj ( hey = 0, that suppen |V oo < 00
by Assumption 2.5(ii), (2.6) and that » ;- v, = 00

E[@évmim—vm(eﬁ@)—(Vhe1<h D= Va6 1)))2]

1
2

1 1 - he hz1 ho—1y471
<K (g g DBl - et B - )
119
§K<n n_1;7k><fﬁn



Thus

[(; Zmé Vi (€) — (Vi (E17) — Vi (€1 1)))2}

Step 2.4. Conclusion.
Coming back to (H.18), by (H.19), (H.22) and (H.23),

B —te)7) < 3 (Bl — o))+ KZMD )]
[(Z the (&8 )) — Vi, (€Pe) — (Vhefl(fl};:) Vi, (€] ho_ 1»)?)

/=1

<K(ZN N2Z’y,;+’yk€hg <Z~m)>.

This concludes the proof of (3.8).
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