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Abstract

We propose a multilevel stochastic approximation (MLSA) scheme for the
computation of the Value-at-Risk (VaR) and the Expected Shortfall (ES) of a
financial loss, which can only be computed via simulations conditional on the
realization of future risk factors. Thus, the problem of estimating its VaR and
ES is nested in nature and can be viewed as an instance of a stochastic approx-
imation problem with biased innovation. In this framework, for a prescribed
accuracy €, the optimal complexity of a standard stochastic approximation al-
gorithm is shown to be of order 3. To estimate the VaR, our MLSA algorithm
attains an optimal complexity of order e =279, where § < 1 is some parameter
depending on the integrability degree of the loss, while to estimate the ES; it
achieves an optimal complexity of order =2 |ln€\2. Numerical studies of the
joint evolution of the error rate and the execution time demonstrate how our
MLSA algorithm regains a significant amount of the lost performance due to
the nested nature of the problem.

Keywords: Value-at-Risk, Expected Shortfall, stochastic approximation al-
gorithm, nested Monte Carlo, multilevel Monte Carlo.

MSC: 65005, 62120, 62G32, 91Gxx.

1 Introduction

The post-great recession era has witnessed the implementation of multiple risk mea-
sures with the goal of better controlling financial losses. With conservatism and
coherence in mind, 7] triggered a shift from Value-at-Risk (VaR for short) to Ex-
pected Shortfall (ES for short, i.e. the average loss given this loss exceeds the VaR)
as a reference regulatory risk measure. In addition, as far as financial derivatives are
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concerned, the future valuation of the position (which determines the correspond-
ing loss) is defined aBardouFrikhaPages2009:1s a conditional expectation that, in
the case of exotic products or for nonlinear (such as CVA or FVA) computations
at the portfolio level, can only be computed by numerical simulation. VaR and
ES computations are then nested in nature and a brute force nested Monte Carlo
computational approach a la Gordy and Juneja [18] is too heavy for being usable
in practice. As a shortcut, an estimator of the inner conditional expectation by
regression is implemented in [8] but the resulting regression error is difficult to con-
trol. Adopting the stochastic approximation (SA) viewpoint of [5] (see also [4], [3]
and [11]), itself building on Rockafellar and Uryasev’s [19] representation of the
VaR and ES as the solution of a convex optimization problem, [6] revisits both [18]
and [8] computational strategies under more realistic and easier to check assump-
tions. However, we clarify in the present paper that the complexity of the resulting
stochastic approximation algorithm to reach an accuracy e is of order =3, while
the nonasymptotic error bounds of the regression strategy involve large constants,
so that these regression error bounds are mainly of theoretical interest.

In the present paper, we propose a multilevel stochastic approximation (MLSA
for short) algorithm for the computation of the VaR and the ES of a loss that writes
as a conditional expectation. MLSA algorithm was introduced in [12] as an exten-
sion of the multilevel Monte Carlo path simulation method [15] to the framework
of stochastic optimization by means of stochastic approximation algorithm. It was
then revisited in [10] from a different perspective. We also refer to [13] for the devel-
opment of a Richardson-Romberg stochastic approximation method. However, let
us importantly point out that the uniform mean-reverting assumption on the objec-
tive function as discussed in [12] is generally not satisfied in a VaR and ES setup,
so that one cannot directly guarantee the theoretical performance of the MLSA
scheme for the computation of both risk measures from the results therein. We also
refer to [16] where the authors propose a multilevel Monte Carlo estimator for the
computation of the nested expectation P(E[X|Y] > 0), as well as a stochastic root-
finding algorithm for the computation of the VaR and ES, but without a theoretical
analysis. Our main contribution is to propose an optimized MLSA algorithm that
achieves theoretical sharp complexities when focusing on either estimating the VaR
or estimating the ES. The VaR focused estimation achieves a complexity of order
£7279 where § < 1 is some specific parameter depending on the integrability degree
of the loss. The ES focused estimation attains a complexity of order =2 |Ine|?. The
theoretical analysis is verified numerically on two financial case studies which show a
considerable gain, exponentially increasing as € goes to 0, in terms of computational
time for the computation of both VaR and ES.

The paper is organized as follows. In Section 2, the problem of computing the
VaR and ES by means of stochastic approximation scheme is presented. Section 3
analyzes the nested SA scheme for the computation of the VaR and ES. Section 4
introduces and analyzes the MLSA algorithm. The theoretical analysis and the gain
in performance achieved by our optimized MLSA scheme are illustrated numerically
in Sections 5 and 6. The proofs of some technical results are given in Appendix.



2 Problem Statement

2.1 Value-at-Risk and Expected Shortfall
Let (€2, A,P) be a probability space on which a financial loss Xy € R is defined as
Xo = Elp(Y, 2)|V], (2.1)

where Y € R? and Z € R? are two independent random variables, and ¢: RYx R? —
R is a measurable function such that ¢(y, Z) € L'(P) for all y € RY. Hence, we can
rewrite X as follows:

Xo = E[p(Y, Z)[Y] = &(Y), (2.2

with ®(y) = E[e(y, Z)], y € R%. In practice, p(Y, Z) would model the future cash
flows of a given portfolio, Y would model the dynamics of the portfolio up a certain
point in time, and Xy would model the value of the portfolio at that given point in
time.

Assuming that Xy € L'(P), we are interested in computing the VaR and the
ES of X for a given confidence level o € (0,1). Via e.g. [14] and [1], these risk
measures are defined respectively by

VaR := VaR,(Xp) = inf {£ € R: P(Xo < &) > af, (2.3)
1

1

2.2 Stochastic Approximation Paradigm

It is well known that VaR and ES are linked via a convex optimization problem
as established by [19]. In order to state precisely this connection, we introduce the
map Vj defined by

Vo(€) =+ —E{(Xo— "], feR (25)

The proof of the following result can be found in [3, Proposition 2.1].

Lemma 2.1. Suppose that Xo € L'(P) and that the cdf of Xg is continuous. Then
the function Vy is convex, continuously differentiable, lim¢|_,o Vo(§) = 0o and

argminVp = {Vg =0} = {{ e R: P(Xp < &) =}
is a bounded non-empty interval of R, where Vj is given by

1
Furthermore, it holds
ES4(Xo) = min V.

Observe that in general the set argmin Vjy does not reduce to a singleton. If
the cdf of Xy is increasing then the VaR,(Xp) is unique so that argminVy =
{VaR,(Xo)}. Under the approach initiated by [3], in the case of an exactly com-
putable function ® defined by (2.2), one may compute the couple (VaR, (Xp), ES,(Xo))
using a two time scale SA algorithm (&, Cy,)n>0 with dynamics

§n+1 = gn - '7n+1H1(‘£n> X(()n+1))>

/ (2.7)
Cop1 = Ch — 2 Ha(6n, G, X,



where

Hy(€.C.2) = O = (§+ 17— (= ©)+). (2.8)

1-a
The sequence (Xén))nzl stands for i.i.d. copies of Xy and (&, Cp) is a random

vector independent of (Xén))nzl satisfying E[|€0]?] + E[|Co|?] < oo. The learning
rate sequence (Vp)n>1 in (2.7) is deterministic, positive, non-increasing and satisfies

Z'yn =00 and Z’yﬁ < 0. (2.9)

n>1 n>1

However, in our case, one does not have access to a simulator of the law of X
given by (2.1) inasmuch as the distribution of ¢(Y,Z) conditionally on Y is not
known and an analytical expression of the function ® in (2.2) is not available.

3 Nested Stochastic Approximation

The above discussion naturally suggests to replace the samples of the random vari-
able X( by approximate samples in the dynamics (2.7). We first let Ky € Ny and
consider a bias parameter

1 1
h:?E'Hiz {K:KGKONO}' (31)

We then approximate Xy by the random variable X} defined by
| X
_ (k)
Xi= g e 2) (3.2)

where the sequence (Z (k))lgkg Kk consists of i.i.d. copies of Z and is independent
of Y. In order to simulate X}, it thus suffices to sample Y then to independently
sample ZW ... ZE) and eventually compute X}, as the sample mean (3.2).

In the spirit of the previous section, assuming that X, € L!(P) and that the cdf
of X} is continuous, we define the approximating optimization problem

min Vi(€), (3.3)
where )
Vi(§) =&+ EE[(Xh -6*], feR (3.4)

By applying Lemma 2.1,
argminV, ={V/ =0} #@ and C!":=ES,(X};)=minVj,.
Moreover, any minimizer £ of Vj, satisfies
P(X; <€) = a. (3.5)

In order to compute the couple (£, C"), we devise the following two time scale
SA algorithm (£, C"),>0 with dynamics

1
hy =& - %+1H1(527X;(Ln+ M,

(3.6)
n+1
07]11—1—1 =Ch - n}rlHQ(ngCQ?X}(L i ))7

n
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where (X,Sn))nzl is a sequence of i.i.d. copies of X} and (&, CP) is an R2-valued
random variable independent of (X,Sn))nzl satisfying E[|&8|?] + E[|CE)?] < oo.

Observe that this scheme is nested in nature, in the sense that the update of
the outer layer (¢! 1 ch +1) at step n + 1 entails simulating the inner layer which
is the Monte Carlo estimator X ,Snﬂ) given by (3.2). Besides, this numerical scheme
is biased inasmuch as the target of (£, C1),>q is (¢, C?), which hopefully should
converge to (VaR,(Xo), ES4(Xo)) as H > h ] 0.

Algorithm 1 below summarizes the above procedure for approximating the couple
(VaR, ES).

Algorithm 1 Nested SA algorithm for estimating (VaR, ES)

Require: K, N € Ny, a positive sequence (7y,)1<n<n satisfying (2.9)
: Choose (&8, Ch) such that E[|€4]?] + E[|CE|?] < oo
2: forn=0..N—1do
Simulate YD ~ Y and z®+LD  z0+LE) S 7 independently of
y (n+1)
X}(Ln-i-l) . %Zszl w(y(n—i—l)’z(n—kl,k))

n+1
gh ¢t - %+1H1(fﬁ7Xf(L ’ ))
n+1
Chy = Ol = A Ho(Cl €k, x™Y)
end for
return The couple ({5{,, C]}b)

—_

w

3.1 Convergence Analysis

We here study the nested stochastic approximation scheme (3.6). We first analyze
its bias and then prove an L?(PP) error estimate for any fixed integer N € Ny. We
eventually analyze the complexity of the algorithm and establish a way to tune the
number of steps N with respect to the bias parameter h € H in order to reach some
prescribed error. For h € H U {0}, we denote by O}, the set of minimizers of V},

O, = argmin V},, (3.7)
assuming that X, € L'(P) and that the cdf of X}, is continuous.
Lemma 3.1. Suppose that for any h € H U {0} the random variable X;, € L'(P),
that its cdf Fx, is continuous and that the sequence of random variables (Xp)nen
converges in distribution to Xo as H > h 1 0. Then, for any sequence (£M)nen such
that €M € argmin Vj,, it holds

dist(¢",09) =0 as H>3h|O.
Assume additionally that (Xp)new converges to Xo in L'(IP). Then
Ch—>C, as H>3hlO.

Proof. See Appendix A. O

We now introduce the following set of assumptions on the sequence (Xp)pey.



Assumption 1. (i) Fx, admits the following first order Taylor expansion: for
any £ € R and any h € H,

Fx, (§) = Fxo(§) = v(§)h +€(§ h)h, E€R,

for some functions v, €(.,h): R — R satisfying fgo v(§) d€ < oo and limp g €(&y, h) =
limp, g fgo*o e(&,h)dE =0 for any & € Og.

(ii) For any h € H U {0}, the random variable X}, admits a density function fx,
with respect to the Lebesque measure. Moreover, the sequence of density func-
tions (fx,, )hen converges locally uniformly towards fx, .

The proposition below quantifies the implicit weak error implied by approximating
the unbiased problem with the biased one, by stating a first order expansion of the
error between (£, C) and (&, C,) in terms of the bias parameter h. Its proof is
postponed to Appendix B.

Proposition 3.1. Suppose that for any h € H U {0} the random variable X €
LY(P) with continuous cdf Fx,, that the density function fx, is positive, and that
Assumption 1 is satisfied. Then, for any " € argminVj,, as H 3 h | 0, it holds

h _ U(&*) 0
A A ) (38)
and -
ch_c,=—h /g 1”(_§)ad§ +o(h). (3.9)

Before dealing with the statistical error, we need a technical lemma. We start
with the following assumption.

Assumption 2. (i) For any R > 0, it holds

inf  fx,(6) > 0.

£EB(&,R)

(ii) The sequence of density functions (fx, )nen are uniformly bounded and uni-
formly Lipschitz, namely,

sup (”thHoo + [th]Lip) < 0.
heH

We follow a similar strategy to the one developed in [9, Section 2.1, and define,
for h € H, v > 0 and integer ¢, the Lyapunov function £} . R— Ry given by

ha(©) = (V(©) = V(D) exp (v(Va() = Va(gh) ). (3.10)
The proof of the next result is postponed to Appendix C.
Lemma 3.2. Under Assumption 2, for any h € H, v >0 and ¢ > 1:

(i) L}, is twice continuously differentiable on R.

6



(i)

(iii)

For any € € R, it holds

Vi()(Lh o) (&) = Ny L5 4(6),
with
Vi (el

3
v 11 ¢h

= = NU——F5—.
h,q 8q h(f*) U4[V}ﬂ%ip

Let also A\, 4 = )\th where Uy, = ¢*||V}||oc. Then, for any q > 1
inf Ap o, > 0. 3.11
Jnf Ang (3.11)

With the above notations, we also have

2

L3 () < ke le = bTexp (7

Kasup [l fx,llcl€ — €11), (3.12)
— Q&  heH
with ko =1V 1.
For any £ € R, it holds
(Lh.g)" (O] < i g (L g(€) + L5 g—1(8)),

where

3ka Vi IEip 3|V;§/||?>o>

i = @ IV e+ Ry 2)+ 2o = 1) (it v ks

In particular, introducing np, 4 = n;‘;’hq, for any q > 1, it holds

Angl* < g (3.13)
and (Nh.q)nen satisfies

Sup 1, < 00. (3.14)

heH

For any € € R, it holds

(5 - gf)Qq < Rh,q (‘C};,q(g) + E?L,2q(£))7

where )
34 v 32q [Vf;/]Ltin ]
V(e vy (gl

In addition, for all ¢ > 1, the sequence (Kpq)nen Ssatisfies

’{h,q =

Sup Kp,q < 00. (3.15)
heH

For any integer ¢, we let A, := infpey Ap 4 recalling that (A, 4)rey is defined as
in Lemma 3.2(ii).



Theorem 3.1. Suppose that for any h € H U {0} the random variable X, € L*(P)
and that Assumptions 1 and 2 are satisfied.

Assume that suppe, E[€h2 exp (s ko suppee | fx, locl641)] < o0 and suppey BICL] <
00. If v =y1n B, B € (0,1], with \yy1 > 1 if B = 1, then, for any h € H and any
positive integer n, it holds

E[(&! - M) < K ym (3.16)
for some constants Kﬁ,z satisfying suppcy K}ﬁz < 00. Moreover, one has
E[lCp — Cl) < Cn~ )

for some constants C,f such that suppcy C}f < 00.

Assume additionally that suppeqy IE[|§[’}|4 exp(%ka SUPpeny ||thHoo|§(’}|)] < 00
and suppeqy E[(C8)?] < 0o, If 4 = in™?, B € (0,1], with Aay1 > 2 when 8 = 1,
then, for any h € H and any positive integer n, it holds

E[(¢) — €)' < Ky, (3.17)
for some constants KifA satisfying suppcy I_(,fA < 0. Besides, one has
E[(Ch — M3 < CJn~ (112, (3.18)
for some constants C’ﬁ such that suppcy C’,f < 00.

Proof. As we do in the proof of Lemma 3.2 in Appendix C, we drop the superscript
v from our notation and write L, 4(§) for £}, ().

Step 1. Inequality on E[L}, ,(£)].

We first prove a general inequality on E[L}, 4(&!')], for any n > 0 and ¢ > 1. For h €
H fixed, we introduce the filtration F* = (F?),>o with F* = o(¢h, Ok, X,(Il), cee X}(Ln)).
Observe now that the dynamics of (£/'),,>¢ given by the first component of (3.6)

satisfy

52-1—1 = fﬁ - ’Yn+1VI;(5Z) - 7n+162+1, (3.19)
where .
ehoy = Hy (€, X ) Vil n>o, (3.20)

is an (F",P)-martingale increment. For ¢ > 1, we test the Lyapunov function of
Lemma 3.2, namely Lp , = E;if‘q with 0y, = ¢?||V}||s, along dynamics (3.19). Using
a second order Taylor expansion, we obtain

Lhg(€lq) = Lhng (€ — a1 Vi(ED) — vnsrel )

= Lag(E)) — i1 L (ED(V(ER) + ety) 1)
1
2 H (€ X2 / (1= )L (€l y + (1 — t)Eh) dt.

n+1
Lhg(€li1) < Lag€)(A=N ns1) = vms1 L o (el o1+ 2 Hi (€8, X )2

1
/0 (1= ) (Lng(t€h 1 + (1= D) + Lg 1 (1l + (1 - M) AL (3.22)



Let ¢ € [0,1]. The mean value theorem guarantees that there exists £2(t) € R such
that

Va(tien + (1= 18) = Vi) + tVAER () (€1 — &) (3.23)
From the very definition of Hq, it holds (cf (3.6))
‘gg—i-l - fg\ = 7n+1’H1(§Z7X}(Ln+1)>‘ S ka’Yn—Ha (3'24)

with ko = 125 V 1. Applying the triangle inequality to (3.23), we get

Vi (el + (1= 1)&h) — Vi(€l) < Vi(&h) — Vi(€l) + K2 vm1. (3.25)

Using the inequality e < elz<i + 2%"1,;>1 < e(1 + 2%") and the very definition
of Ly, 4, for any £ € R, we obtain

Lno(€) <e(l4+viLpq(€)), g>1. (3.26)

Henceforth, using (3.25) and then (3.26)

Lhg(t&hy + (1 —1)k)
< (Va(€l) — Vi(€D) + k2mi1)  exp (0 (Va(€R) — VA(ED) + k2ynta))

(3.27)
<29 exp (VkZ Y1) (Lhg(§)) + kaive 1 Lno(€)))
<o (»Ch q(gh) + 7n+1)
with o, = 207 L exp(vkZy) ((1+ evqkiqﬁ) v ek‘zf’). By (3.24),
T Hi (6, X < K2 (3.28)
Plugging the upper bounds (3.27) and (3.28) into (3.22) we deduce
Lna(Eirn) < Lra(E)A =N g + G o) = meilhgEenn o0
v 2 p h v g9+l ( ’ )
+ Ch,q7n+1 h,q—l(é.n) + Ch,q’yn-i,-la
with
Ch q 777h qu ((’Ylag,q + Oﬂojz,qfl) \ Ug,q)? (330>
which, according to the second part of Lemma 3.2(iii), satisfies
(g = sup CZ’; < 0. (3.31)
heM

Note that, since (ef!),>1 are (F",P)-martingale increments, via the tower law,

E[L}, o (€n)en 1] = E[Lh o (€0 Elen 1| Fnl] = 0.
Hence, by taking the expectation in both sides of inequality (3.29),

B g(€h 1)) < ELLn g (€0 (1M i HGH 1) +Ch g2 BLLn g1 (€D 4CE 210,
(3.32)

Step 2. Inequality on E[L}, 1(£1)].

We prove here a sharper upper estimate on E[ﬁh,l(é“,’;)]. Taking ¢ = 1 in (3.32)

and (3.26), we get

E[ﬁh,l(fgﬂ)] < E[ﬁh,l(fg)](1*)\71,1’Yn+1+(6U+1)C}1{,1%21+1)+(e+1)<ﬁ,1%21+1- (3.33)

9



and (3.30), we obtain

Mg ¥nt1 — (€8] + D)Chgvors < Vg Vo1 — MhgCag Vot

_ 1

= VTh,gTn+1 (1 — Ca,qv/ 77h,q'7n+1) < (4cayq) 1< 5
(3.34)
with ¢, , = (ev? + 1)Ch,q77;;,11 =27 (ev? + 1)(0h, vV (Mo, + 04, 1))k > 1/2,
Caq = Coly, and where we used the fact that the function z(1 — ¢q 47) < (4caq) !

for any # > 0. Hence, 1 — Ay 1yn41 + (€0} + 1)¢p172,, > 7/8 for any integer n.
Evaluating (3.33) at v = Uy, then iterating it n times inequality, we obtain

n
h, h,
E[L5,1(E0)] < E[Lh1 (€)M + (e + Dt YW T s (3.35)
k=1
where .
h,ag ._ —~q 2
Hk:n T H (1 - Ath’yj + (evh + 1)Ch,q'7j)7 q > 1’ (336>
=k

with the convention [], = 1.
We now focus on our specific choice of learning sequence. Let us first assume
that v, = y1n % with 71 > 0 and 8 € (0, 1], and let

~1
@ =1) n#0,
oy (t) = P (3.37)
Int + ~° n =20,

recalling that v is the Euler-Mascheroni constant.
To deal with the first term in the right hand side of (3.35), we use the simple
bound 1+ z < €%, x € R, to deduce

n

n
T YD SR Y (T ER ) S

j=k+1 j=k+1
with the convention ), = 0.
Step 2.1.

We here assume that 8 = 1. Recall that 37, ;v = m (¥(n+1) — vk +1)),
where 1) is the digamma function that satisfies

1 1
Inz ——<¢Y(z)<lnz-—-—, z>0.
T 2x

Hence, for 0 < k < n,

n

n+1 71 71 n+1 1
> 1( )- > 1( )—7
}Zk;l%—%n k1 n+1+2(l<:+1)—7111

J:

which in turn yields

2 A
h _ m MAhg\ (k+ 1)
Hk’fl:n < exp ((ev}ql + 1)Ch,q€712 + > q) ( )

10



The above estimate together with a comparison between series and integrals gives,
for p > 0,

+71)\h,q O gr1—p1(n + 1)

Z,yp HZfl o <y exp ((evh—i—l)Ch +In 2(71)\h7q\/p))

96 6 2 (n 4 1)Anam
(3.39)

Plugging the estimates (3.38) and (3.39) for ¢ = 1 and p = 2 into (3.35) gives

E[ﬁh 1(58)] > P 171—1(n 1)
[ < K - oMU /S K >
ElLn 1(§n)] o h’l (n+ 1))\h,1'71 ol (n+ l)Ah,l“ﬂ

)

where K}, 1 == exp ((evh—i—l)éh,l %’y%—i—% 2“) and K, 1 = Kh,yy%(e—i—1)Ch’1271Ahv1V2.
Hence, if Ap 171 > 1, recalling (3.37), it holds

E[Lh1(EM)] < K} 17n, (3.40)
with
K}y =7 (K Bl (€0)] + Kna).

Step 2.2.
We now assume that 0 < § < 1. A comparison between series and integrals gives

4, < exp ( = Angn(p1-p(n+1) — o1k + 1)))

(3.41)
X exp (22’8(677;11 + 1)Chg7i (p1-28(n + 1) — p1_0p(k + 1))>.

We introduce ng = inf {n € Ng: v, < 2(%} — 1, and remark that for n >

ev +1)Ch q
no+1, 1 — Xy gn + (€0} + D¢pg2 <1-— Mvn Hence, for p > 0,
no/An
h
Z Ve Hk+1 m Z o/ Hk—H noAanoAn+1 m T Z T e
k=ngAn+1
no/An no/An n )\h
( Z o H 1 + (ev] + 1)Ch,qﬁ)> H (1 _ 27qvj)
= j=k+1 j=noAn+1
A
oS T (1 %)
k=1  j=k+1

(3.42)
In order to simplify the first term in the right hand side of the above inequality, we

11



write, for p > 2,

no/An no/An
ST T (1 + (e8! + 1)Chgn?)
k=1 j=k+1
no/An no/An
-2 _
<o 30k T O+ (eof + 106ues)
k=1 j=k+1
,Yp_2 noAn ,noAn noAn
1 - ) . ,
= 0! + Ding > ( IT (4o + D) — 1] (1+(eug+1)¢h,ﬂj)>
U ok=Lo =k j=k+1
,VP*Q noAn
e T (1 + (et + 1)¢h7?)
~ (ev h h,q7
(e0] +1)Chg ]1_11 q7;
,Yp_Q no/An )
1 _
< m exp <<GUZ + 1)Ch,q Z V5 )7

Jj=1

and
- A Ahg o Mg "~
AL 0 zen (i) (5 )
j=noAn+1 J=1 =1
)\ n no/An
h, -
con( Aot ).
i=1 =1

where we used the fact that v; > A\ ¢/(2(e0] + 1)(pq) for j < ng. Combining the
two preceding estimates and using a comparison between series and integrals, we
deduce, for p > 2,

no/An noAn n
( Z o/ H (1+ (et] + 1)§h7q%2)> H (1 B qu%')

k=1 j=k+1 j=noAn+1
<—H _ exp (2(evq + 1)¢p, ’yz> exp < - 'y->
= 7 =q h . J J
(evh + 1)@1,(1 j=1 2 j=1
p—2
M
- (e@g + 1)Ch,q

_ An
exp (227! (et + 1)Cn Vi p1-28(n + 1)) exp ( - Zyp1p(n + 1))-

2
(3.43)
We now deal with the second term appearing in the right hand side of (3.42). Since
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(Yn)n>1 is a positive non increasing sequence, for any integer 1 < m < n, it holds

n

évﬁ 11 (1 - %%‘)

= j=k+1
h, h,
=30 T (0= 55%)+ 32 ot I1 (1= 5)
k=1  j=k+1 k=m+1  j=k+
n A m n n )\h
h, — ]
< T (=5%) ot +am 2 o IT (1-5%)
j=m+1 k=1 k=m+1  j=k+1
Ahg - p—2 - 2, 2ym Ahg
Sexp - ) Z Vi M nyk_{— Y 1- H 1- 92 J
j=m+1 k=1 ’ j=m+1
28,.p (B+1) 297
< 2%294P exp ( -2 Mg (p1-5(n) — 901_5(m)))<p1—25(n +1)+ A gm®—1B
(3.44)

We now select m = [n/2] and use the inequality p1_g(n) — ¢1-5(n/2) > nt=7/2
for n > 2 which stems from the concavity of ¢1_g together with the fact that ¢1_g
is non-decreasing. Hence, for any integer n and p > 2,

n n - —1
Ah,1 B B 9l+(p=1)8~P
Sk I] (1——2 ’yj) < 22040 exp (=27 DN, 1yint ﬁ)¢1725(n+1)+—/\ n(P—Sﬂ
k=1 j=k+1 hv<1 :
3.45

Going back to (3.35), by using on the one hand (3.41) and on the other hand (3.42)
combined with (3.43) and (3.45) for ¢ = 1 and p = 2, we obtain

e+1 )
evp + 1

E[Ch1 (6] < (BLLna(e)] +

_ Ah1
X exp (226+1(8Uh + 1)¢haripi—2s(n + 1) — “2=y101-p(n + 1))

2
28,2 —(B+2) 1-5 2011y,
+ (e +1)Cha (2 Yiexp (—2 Apanin' ) e1_og(n+1) + " 1nﬂ>'
(3.46)

Hence, for any 8 € (0,1) and any positive integer n,

E[‘Ch,l(évlzl)] < K}il'}/na (347)
with

+1
Kﬂ — -1 <E L h € )

h1 =N [Lh,1(60)] + oon + 1

_ A
X sg];l) {nﬁ exp (225+1(evh + 1)Ch,1'y%g01_25(n +1)— —2’171901_5(71 + 1))}
n>
26 8 42 1-4 25+
+(e+ 1)¢h <2 mMsup {n exp (— 272N, 17! ) o1 _ap(n + 1)} 3= )
n= )

Step 3. Inequality on E[L),2(¢0)].
We now take ¢ = 2 and v = 0, in (3.32) and use (3.40) or (3.47). Hence

E[Lh 28 1)] < E[Ln2(EM](1 = Moovntt + CGovier) + Crovi aELLn1 (EM)] + Chovd iy

< E[Ln2(EN1(1 = An2vntr + (07 + Dn2varr) + (K + Do
(3.48)

13



It follows from (3.34) that 1 — Ap 9¥p41 — (€07 4+ 1)(p 27241 > 1/2. Iterating n times
inequality (3.48) thus gives

E[Ln2(€h)] < E[Lpa(€)E + (2PK) | +1)C2 Y I, (3.49)
k=1

We skip here the computations that are similar to those performed in the previ-
ous step.

Step 3.1.

If Tn = 7171_1

, we obtain:

= E[Ly 2(§h)] = P 271_2(71—1— 1)
h > 0 ;
Elln2(n)] < Kz (n+ I)Ah,z’h K2 (n+ 1))\h,2"/1

: (3.50)

o~ _ A — o~
where K}, 5 == exp ((ev%—i—l){hgﬂc;’y%—i—% 22) and Kp o = Khmf(2K,§’1+1)gh,2271Ah»2V3.
Hence, since Ap2 > Ap1 > 1, one has y1 A2 > 1 so that for any positive integer n

E[Ln2(60)] < K} ym, (3.51)
with : )
11 h o Papom—2(n +
Kha =3 (RusBlEna(eh)] + Ruasup Dm0 )
Step 3.2.

Otherwise, if v, = y1n~? with 8 € (0,1), then it holds

8B
E[Ch(¢h)] < (m[gh,z(g@] N W>

Ah2
2

Tpi1—g(n + 1))
928+1 %

) ) Y
HPKR, + 16 (22997 exp (= 270N an! )1 agln + 1) + A 2n?? ):

(3.52)

X exp (22’3+1Ch72(e17}2b + 1)7%501_25(71 +1)—

We thus conclude that, for any 8 € (0,1) and any positive integer n,
E[Lna(&0)] < K ym, (3.53)
with

BKrS 11
B8 . -1 h h,1
Ky o= <71 E[ﬁh,z(fo)]+7ea}%+l >

_ Ah2
X sg;;{nﬁ exp <225+1§h,2(evf2l + l)wfwl,gg(n +1)— 2’ Tpi1—p(n + 1))}
n_

22ﬁ+1)

+(26K5,1 + 1)Ch2 (7%226 sup {nﬁ exp (= 27T\, 5yt =)o _og(n + 1)} +m "

n>1

Step 4. Inequality on E[(¢! — £M)?].
Combining either estimate (3.40) with (3.51) or estimate (3.47) with (3.53), and
using Lemma 3.2(iv) for ¢ = 1, we conclude

E[(¢} — €)% < K} 5ms (3.54)
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with I_(}?Q = th(KfQ + K,fl) satisfying supjcy I_(,fo < oo for any § € (0,1]
since (3.12) implies that

4
sup E[Lp,q(¢0)] < sup E[(1+ [652) exp (7——ka sup |l x, lsclé81)] < 00, 0 = 1,2
heH heH — Q&  heH

Step 5. Inequality on E[|C! — C!].

We now prove an L'(P) upper estimate for the difference C’,}LL — C”, where the
sequence (C1),>o is given by (3.6). Without loss of generality, we here assume
that C’é‘ = ( inasmuch the general case C(})l = 0 is handled in a completely similar
way. Observe that

1 @ 1
o=y (s + T (0 — ) - vaded)
L (3.55)
= ZSZ + " Z Vi(&h_1) — Vi(€D),
k=1 k=1

where {e} ==& | + ﬁ(X}(Lk) — & )T = Vi(&r_ ),k > 1} is a sequence of (F",P)-
martingale increments, that is, E[e?|F ] =0 and

Bl ) < B (00 — 60 — B AL AL
< Bl - g2
< o I+ (6 — €2 +IE2P).

Using the above estimate together with the Cauchy-Schwarz inequality and (3.16),
we obtain

1 & 1/ 3
S EHORER)
k=1 k=1
v3 2 h2y L jBN h ehyoy) 2
< —(n(sup E[| X + su . + K 1+ E — ¢
(= an (PGB EIXT + sup ) + K 3 s + EIES - €1
V3 1 o Iy
S1<(supE[|Xh’2]§+sup|£f|)+(71Kf)é(1_5) in e 0)
(1 —a)n? \ heH heH

2 h _ ¢hy21%
F R, G ST
n2 n

NI

For the second term appearing in the right hand side of (3.55), we use a second order
Taylor expansion together with the fact that supycqy [|V}/||c < 00 and then (3.16).
We obtain

11@[
n

> viteh ) - vadeh|| < PEl= S myet, - ety
k=1 k=1
UNECE
n

Inn
8 1
< 5 + 1K, <(1 ) 'n 61,86(0,1) + n1,8=1>>-
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Coming back to (3.55) and combining the two previous estimates concludes the
proof.

Step 6. Inequality on E[(¢! — ¢M)4].

The proof of (3.17) relies on similar arguments as those used for (3.16). We will
thus be brief and omit some technical details. We first note that using either (3.50)
with y1 A2 > 2 or (3.52), it holds

E[Ch2(E0)] < Kp 72, (3.56)

for some constants Kh2 satisfying suppcy Kh2 < 00. Then, we take ¢ = 3 and
v =7, in (3.32) and use the previous inequality. Hence,
E[Ln3(6n1)] < E[Lh3(EN](1 = Ansvnst + Cravmer) + Chsvnar BICA2(E0)] + Cravnin

E[Lh3(EM(1 = Ansvns1 + (D) + Dinsvart) + (225—’?572 + 1DChsVmr1s
(3.57)
so that

E[Lh3(E0)] < ElCas(E)}S + (22K}, + 1) chgzvkﬂm (3.58)
k=1

Following similar lines of reasoning as those used in Step 2, we conclude that if
Yo =mn P, B € (0,1], with 1 A\p 3 > 2 if B =1, then it holds
E[Ln3(Eh) < K 372, (3.59)

for some constants K 5 4 satisfying sup,cq K, 5 5 < 00.
Finally, we take ¢ = 4 and v = ¥, in (3.32) and use (3.59). We thus obtain
E[Ln a6 )] SE[Lna(E)](1 = Mavnst + Cuavair) + Chava i BILhs (€M) + Cuapia
< E[Lnal€))(1 = Mavnss + (€04 + Denar2i) + Q%PK} 5 +71)Chaviia,
so that

R4 h,4
E[Lha(E))] < E[Laa(€)TTY + %K) 5+ 71)Cha Z’Yk LTS (3.60)
k=1
In a completely analogous manner, we deduce from the previous inequality that if
Yo = mn?, B € (0,1], with MAna > 2 if B = 1, then for any h € H and any
positive integer n
E[L (€M) < K) 72, (3.61)

where K7 hoa is a constant satisfying sup;cy K? ha < 00.

Combining (3.56) with (3.61) as well as Lemma 3. 2(iv) with ¢ = 2 and recalling
that A4 > Ap2, we eventually conclude that if v, = vn ~B. B € (0,1], with
Y1An2 > 2 if B =1, then for any h € H and any positive integer n,

E[(e} - e < K 172 (3.62)

holds, where K}?z; = mhyg(K}fél + 1?52) satisfies supy,cy f(54 < oo for any S € (0,1]
inasmuch (3.12) implies that

16
sup E[Lp, (€M) < sup B[ (1 + |€}]*) exp (17/% sup ”thHoo’fg’ﬂ < 00, ¢ = 3,4.
heH heH — Q@ hen
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The proof of (3.17) is now complete.

Step 7. Inequality on E[(C! — Ch)?.
Here again assuming that C{f = 0, from the decomposition (3.55) and similar com-

putations to the ones performed in Step 5, we get, for some constants C_'f that may
change from line to line,
> 2 }

ich - ol = Cif oy S Bl + o (L El(het) - vh(eh)]
k=1 k=1

[

11 1\ 2
<5+ H(Tmre,-ehnt) |
k=1
n 2
5[ 1 1
<ol () }
k=1
Cy
nin2p’
(3.63)
where the last inequality follows by a comparison between series and integrals for
Yn =y1m?, B € (0,1]. This concludes the proof. O

3.2 Complexity Analysis

As a consequence of Proposition 3.1 and Theorem 3.1, if v, = y1n™?, 8 € (0,1],
with A;y1 > 1 if 8 = 1, then there exists C' > 0 such that, for any h € H and any
positive integer n,

Ell¢h— &)< C(h+n"2) and E[C!—C.|) < C(h+n "),

The above inequality gives us a heuristic method to balance the bias parame-
ter h € H with respect to the number of steps n in the stochastic approximation
scheme (3.6) to achieve a prescribed error of order € € (0,1). Indeed, letting

h=e¢ and n= (5_@,

gives a global L!(P) error of order . The corresponding computational cost of the
algorithm is thus given by

Cost = Cnh~' ~Ce 7' as &0,

for some constant C independent of €. Observe that the minimal computational
cost is of order e~ and is achieved if one selects v, = v1n~? with 8 = 1 under the
restriction A1y > 1.

The next section is devoted to the development of the MLSA algorithm which
is a different approach of constructing estimators of VaR and ES by combining
multiple SA estimates obtained through Algorithm 1 for a geometric sequence of
bias parameters, all the while reducing the complexity of the entailed simulations.

4 Multilevel Stochastic Approximation

The first part explains the construction of the multilevel SA algorithm to approxi-
mate VaR and ES, and the second part provides an analysis of the proposed algo-
rithm on both convergence and complexity aspects.
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Let h € H be a fixed bias parameter and M and L (the number of levels) be
two positive integers such that M > 2. We consider the geometric sequence of bias
parameters

Under Assumptions 1 and 2, letting (£/4,C") = (arg min Vh,,min Vy,,) for € €

{0,..., L}, we use the following decomposition in telescopic sum
L h
Mg 4y e g (4.1)
(=1
L
Che = o+ "¢l — o, (4.2)
(=1

In the previous section, we saw how to approximate each pair ({ff, C’ff ) through
Algorithm 1. We let N = (Np, ..., Nr) € N5 Following [12], we can define the
following multilevel SA estimators " and C{" of {f’ L and CPE:

h L h he—
N =6 e N — €y,

(4.3)
h he
CN' = Cz}i/% + 30 N, —COn,

where the initializations (£, C%) are generated such that E[|€2]?] + E[|CE|?] < oo,
and the iterates (£, C"),>1 are computed using the SA scheme (3.6). However, we
importantly point out that for any fixed level £ € {1,..., L}, the random variables

hZ—l’XISZ))lgnSNZ used in the SA schemes for the computation of ( %’l,fﬁfz),

(C%*I,C'ﬁé) are iid with the same law as (X3, ,, Xp,). In particular, one obtains
Xp, from Xj, | using the identity

KM?t
1 1
Xng=—Xnyy + 717 p(Y,Z®). (4.4)
Tt tn 2

Algorithm 2 summarizes this process.

Remark 1. Intuitively, the larger the £, the closer the random variables Xy, and
Xhn,_, are to X, so that less iterations Ny of the SA scheme (3.6) are required at
level £.
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Algorithm 2 Multilevel SA algorithm for estimating (VaR ES)

Require: A number of levels L > 1, a bias parameter h = -, a geometric step size
M > 1, a positive integer sequence Ny,..., N, a p051t1ve and non-increasing
sequence {7V, 1 <n < max; Ny}.

1: for /=0..L do

2: Set hy < %

3: for j=(—-1)",4do

4 Choose (€07, C17) such that E[|€)7|2] + E[|C)7|2] < oo
5: end for

6: forn=0..N,—1do

7: Simulate Y (D ~ Y

8: Simulate Z("tLD ZM+LEMY) S 7 independently from Y
9: if £ =0 then

10: X,SZH) <_ %Z/Ifﬂ (Y ()| Z(n+1k))

11: else . KM‘Z )

12: D AR S Dy (y(n+1)7 Zn Lk

13: Xf(LZJrl) < Xf(lj+11 KMZ Zk KMZ 1+1 30( (n+1)’Z(n+1,k))
14: end if

15: forj—([—l)+ and j = ¢ do

16 €y < & — e (52]‘,)(("“))

17: Ol ) O — A Hy (O ,@5,){"*¢U

18: end for

19: end for

20: end for

91, £ML 5]@% + ZZL:1€ é.he 1
2z@§%o%+z;¢%—c%ﬂ

23: return &Yy and CR"

4.1 Convergence Analysis

The global error between the multilevel estimator (£37", Cr") and its target (&, Cy)
can be decomposed into a sum of a statistical error and a bias error:

— &= (N - &) + (€ = &),
cﬁL —C, = (CNF = CIe) + (Che — C,).

In the following analysis, we quantify each error that appears in the decomposition
above in terms of the parameters of Algorithm 2. We then propose a specific choice
of L and Ny, ..., Ny to achieve to achieve some prescribed error. The next result
is inspired from [17, Lemma 5.1, Proposition 5.2| and [6, Lemma A.4]. We provide
the proof in Appendix D for the sake of completeness. The proof of Proposition 4.1
is postponed to Appendix E.

Lemma 4.1. Let X and Y be two real-valued random variables with bounded den-
sities denoted by fx and fy respectively.

(i) Assume that X —Y is in LP*(P) for some p, > 1. Then, for every £ € R,

E[|Lxoe — Lysel] < (0BT 4087 ) (I lloo + 1y o) #FTE]X — ¥]P-]555.
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(ii) Assume that there exists a positive constant dxy such that, for any u € R,
E[exp (u(X —Y))] < exp (dxyu?). (4.5)

Then, for every £ € R,

E[|1xse — lyse|] <2v/dxy + (Ifxlloo + HfYHoo)\/QdXXln (dxy V1)

Proposition 4.1. (i) Assume that for any h € H, the real-valued random variable
Xp, admits a density fx,, bounded uniformly in h € H.
a. If

E[|e(Y,Z) = E[p(Y, Z)|Y] < 00 holds for some p, > 1, (4.6)

P*]
then, for any h,h' € H such that 0 < h < h' and any £ € R,

E[[1x,5¢ — 1x,,5¢|] < (W — h)ZoD),

P 1 _Px
with C' = Bp*EHgo(Y, Z2)=E[p(Y, 2)|Y]["*] 7T (suppep 1/ x, |loc) =T, where
By, 1s a positive constant which depends only upon py.

b. Assume that there exists a non negative constant Cy < oo such that, for all
u € R,

E[exp (u(p(Y, Z) - Elp(Y, 2)|[Y])) Y] <% Pas. (4.7

Then, for any h,h' € H such that 0 < h < I/ and any £ € R,
E[[1x,56—1x,,5¢[] <21/Cy(h’ — h)(H;SLEE IIthlloo\/2 |In (Cy(R' — h)) D-

_1
(i) Define G¢ = h,*(Xp, — Xp, ,) and let FXhZ,l (Gy=g: T P(Xp,_, < 2[Ge =
), for g € supp(Pq,) and ¢ > 1. Assume that the sequence of random variables
(K¢)e>1 defined by K, = K¢(Gy), where

‘FXhe,l |Gz:9($) - FXhe,l |G4:g(y){ >,

Ky(g) = sup
TFEY ’.le - y’

satisfies

sup E[|G¢| K] < 0. (4.8)
>1

Then, it holds

_1
sup h, 2E[|1Xh[>§ - th,_1>£H < 00.
£>1,£€R ’ i

Remark 2. We point out that if FXW_1 |Gy—=g 18 Lipschitz continuous uniformly in
g and £ then it follows from (E.2), with h' = hy_1 and h = hy, that (4.8) is satisfied.

Assumption 3. There exist C' < oo and § > 0 such that, for any h € H and any
compact set K C R,

sup | fx, (€) = fxo (€)] < Chat,
fex
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We can now state the following result regarding the non-asymptotic L?(P) error of
Algorithm 2.

Theorem 4.1. Suppose that for any h € H U {0} the random wvariable X, €
L*(P) and that Assumptions 1, 2 and 3 are satisfied. Then, within the frame-
work of Proposition 4 1, if v = min B, B € (0,1], with Aay1 > 2 if B = 1, and
subper BlIEL" exp(1S ko supper [, lol€l)] < 00, supper E[(CH)?] < oo, then
there exists some constant K < oo such that, for any positive integer L and any

N = (N, ...,Nz) € NJ L,

E[(eM — ¢h)?] < <’YN0 <27Ng>2 + KZL;%%Z + EZL;"YNgE(hE)>7 (4.9)

and
, Lopy & x, Ny L 2
h _
sl(cs -t < (3 3 Y a0+ 3 ok (Loow) )
No (= =1 € k=1 =1
(4.10)
where Y, =n~ 1Y 1y and
DPx
h;(“’”*) if (4.6) is satisfied,
1
e(he) = hj \lnhgﬁ if (4.7) is satisfied, (4.11)
1
h} if (4.8) is satisfied.

Proof. Step 1: Proof of (4.9).
We follow a similar strategy to the one used in [12, Lemma 2.7] and decompose the
dynamics of the sequence (£7),> given by (3.6) as follows:

g =&l = (1= 7 V' (&0)) (€ — €M) + 7 (Vi (&) — V(€M) (&l — €1

+ 'Yn+17"2+1 + ’Yn-HPZH + 7n+1€?1+17 (412
where
T = Vi (€& — &) = Vi€, (4.13)
P = Vi(En) = Vileh) = (Hu(gh, X)) — (el x77), ()
ehy1 = Vi(eh) — Ha(el, X"). (4.15)
Iterating n times (4.12), we obtain
== (& = EMun + Y w1 (V' (6) — Vi (€D) (61 — €8)
. A . (4.16)
+ Z Wy 1Tl + Z Wiy 1Pk + Z Wl 1€l
k=1 k=1 k=1

where, for two positive integers ¢ and n,
n
= H 1 -7V (& )
]:7,
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with the convention that [[, = 1.
Using the inequality 1+ x < exp(z) for any = € R, a comparison between series
and integrals and (3.37), we get

|Hi:n| < exp < - ‘/0”(5*> ZV]) <
j=i

" " (417)
exp(n Vg (€)Y E) (n + 1)@ p=1,

exp (— VY (&) (p1—p(n+1) — e1-5())), B € (0,1).

Since v, = yin P, B € (0,1] with 1 VJ (&) > mde > 1if B = 1, using (4.17)
and a comparison between series and integrals (with computations similar to those
performed in Step 2 of the proof of Theorem 3.1), we deduce that for any b > 0
and a > 0 such that yaV{' (&) > b if § = 1, there exists K < oo such that for any
integer n

n
nyli—i_b‘ﬂkﬁLl:n’a < Kf}/fw (418)
k=1
as well as

Using (4.16), the difference between the multilevel SA estimator " of the VaR
in (4.3) and the solution ffL = argmin V}, can be decomposed as follows:

L
h h h h h ho— ho—
NG =6 a0+ DGy —E - (G -6
=1

5 (4.20)
- é;J}ifo - fo + ZAgVe + BfVe + Cﬁf[ + DfVe + Eﬁ’e’
/=1
with
Al = (ghe —ghe — (g — )L, (4.21)
n
Bf; = Z’Yknk+1:n{(‘/0”(f*) - V};/e( iw))( IZLZ - ilé)
k=1
— (V&) = Vi (&) (G —a ) (422)
n
C, = Z’ykﬂkﬂm (TZ‘ — T'Ze_l), (4.23)
k=1
n
DL =" s (o] — p171), (4.24)
k=1
n
Ef; = Z’Yknk+1:n (eze — eze_l). (4.25)

>
I
—

We now quantify the contribution of each term appearing in the decomposi-
tion (4.20). We first note that Theorem 3.1 guarantees that the first term satisfies

E[(¢he — €)°] < K vvo (4.26)

22



Step 1.1.
From (4.19), for some constant K that may change from line to line

E[|A%]"] < 2K sup E[Jgg — €5 < Koy (4.27)

Step 1.2.
Let I be a compact set of R containing the sequence (§fé)g20. For any ¢ > 0, one
has

V(60— ViL (€] < 2 (1 Fxal€) — Fro(€)] + Fxo(€49) — i, (€19
< (Uxluwlel — &+ sup | £, (€)  fx,, (€)])
&ex

l—«o
< K(he+ ™)

1
< Kh24+6)/\1,

(4.28)

where we used Assumptions 2(ii) and 3 together with (3.8). This estimate together

with Theorem 3.1 and (4.18) give

E[|BL] < 2(%5'(6) — Vi ()| v V(6 = Vi, (6

n

(32 il (Bl — e v gL — i)

=1 (4.29)

145Nl o= 3
< KRN ST 5 Mg

k=1

Ll (l,s
< K’yﬁhéﬁ )/\1'

Step 1.3.
Using a first order Taylor expansion together with the uniform Lipschitz regularity
of (fx, )nen and again Theorem 3.1, we get

he1 SUPpecy [th]Lip (E[@Z‘il _ 22)4]% +]E[( he—1 hef1)4] %)

1 1
EHTZE 2] : _HEHTI« |2] 2 < (1 _ a) k—1 — &%
< Ky,
so that
n
E[ICLPT? < 3wl vl (B[t '] + E[Jri 7))
k=1
n 4.30
< KZ'Vk’H/H—I n| ( )
k=1
< K'Yna

where we again used (4.18) for the last inequality.
Step 1.4.
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We first note that from the very definition (2.6) of H; and (3.16)

E[(Hy(eh, X5 ) — Hy(eh, x5

1
_ WE[|1X}S}€+1)>£Q — 1X}<Lk+1)>§,:H
1
_ WE[E[152<X$€+I)<§Q + 1§E<X;§k+1)<52’f£H
1 (4.31)

= WEHFX}L(&?) - FXh(’S»}:)H

SUPpen HthHOO [(’Sk ,ff)z]%

<
- (1-aw)?
511 SUWPhey |1 fx, oo
< |Kj |2 1- a>2h Vg -

Remark that (pze - pllz@_1) k>1 is a sequence of martingale increments. Then, recall-
ing (4.31) and using again (4.18), we get

HDé [(Z%szﬂn —PZZ 1)>2]

*Z’)’k|Hk+1n‘ E[(or = pr "))

k=1
<23 R Mesral” B[} [ +E [0y "))

- ,  (432)
< QZ’Y%‘HkH:n’Q(E[(Hﬂf? X(kH) (gfz X}(LIZH))) ]

k=1

+E[(H (g X ) = (e, X))

< K]S Myl
k=1

3

2

< Kz,

since 2v1V{'(&:) > 3/2. Then, since the random variables (DY) <<, are indepen-
dent and centered, the above estimate yields

E[<ZD§W) } ZE |DY,,| g ]%V

Step 1.5.
he

We again note that (ehe — e, ')k>1 is a sequence of martingale increments so that

) <o Emnit )]

= Z’Y;%|Hk+1:n!2E[(€Z" — e (4.33)
k=1

S Z Vg‘nk+1:n’2E[(H1 (€f£7 Xhé) - H (Efﬁ_l?XhE—l))ﬂ '
k=1
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The last term in the right hand side of the above inequality can be upper-bounded
as follows

E[(H1(€M, Xp,) — Hi(€27, Xp,_,))
< 2{E[(H1(gl, Xn,)—H1 (&8, X)) |+ B[ (Hy (€2, Xn,)— Ha (627, Xn, )] }

1
2 2 2
o Bl (o~ ) | F B (L, i =1, o) ]

<
(4.34)
On the one hand, it follows from Proposition 3.1 that
2
E[<1Xhe>£f‘ B 1th>§f£_l) } E[lﬁf‘z <Xy, <Ert e 1 f4<th<§f”_l}
— _ he—1
= [0, 6 = P ! ) (4.35)
< sup |1 fx, oo €1 — €271
heH
< Khy.
On the other hand, Proposition 4.1 yields
’ h
- <
E[(1Xh£>§f[’_l 1Xh£ 1>§f‘5 1> } = Khee( 0), (4.36)

where K}, is a constant satisfying sup,; Kp, < oo, and €(hy) is defined in (4.11).
Combining the two previous estimates with (4.34), (4.33) and using (4.18), we get

n

54 = B (S uttesalel — el ) |

k=1
n (4.37)
< K (he + €(hy)) Z’V%\Hmm!Q
k=1
< Ke(he)vn

Observe again that the random variables (EY);</<, are independent and centered.
Hence, the above estimate directly yields

E[(ZZEJ%)} - ZEUEM < Kgmemo.

Step 1.6.
Gathering the above estimates on each term, we eventually get

2 L 3
E[( )] < K{m (Zm+mh( *‘”“) +Zm+me<hz>}. (4.38)

(=1 (=1

From the Cauchy-Schwarz inequality, one gets

1 L L 1
! 1\2 on2 2
fv <th;> <Zh§“4 _K<27Née(h4)) (4.39)
/=1

T
L
~——
[SIE
N

NMN



1
since h; < Ke(hy) and

3 3
2(57%) 3,1 — M—207L R207%)

SUPE h,* suph2(6/\4) 2003) < G D) < 0.

L=1y5 L>1 M2OND) — 1 T pmP0nD)

Plugging (4.39) into (4.38) concludes the proof of (4.9).
Step 2: Proof of (4.10).

Step 2.1.
We first provide an L2(PP)-estimate for the quantity (€8¢ —&h=" — (¢l —¢l=1)), n >

1. Recalling the decomposition (4.20) and combining (4.27), (4.29), (4.30), (4.32)
and (4.37), we obtain

3
E[(&h — ™ — (€ — &) < K(3 +me(he)), n> 1. (4.40)

Step 2.2.

Here again, for sake of simplicity, we assume that C’ge =0for £ =0,---,L. The

general case follows from similar arguments. From the second part of Theorem 3.1,
we also get

2 K
E[(C} - C2)"] <~
0

(4.41)

From the decomposition (3.55) we also readily derive the identity

Che — che — (ohi=1 — ol

1 — he 1w hes h
= E 2524 - 5k;£ "+ ; the(glﬁil) - th( ilé) - (Vhe—1(§kz_1 ) th 1( . 1))
k=1 k=1

(4.42)
We recall that for each £ = 0,..., L, (EZ‘)lngn is a sequence of (F",P)-martingale
increments satisfying E[eze ‘.7-",? ‘ 1] =0, and

E[(e) — ") | Fama] < WE[((XIEIZ) —&e )t - (Xf(f,f ) — &)’ Far]

e (B, = X P+ (6 = 67 — (€ — € ))P + (e = €2)?)
he—1

< K (he + ( ney — &t — (g —525_1))2)7

IN

where we used (3.8) and (E.2) with »’ = hy_1, h = hy and p = 2, for the last
inequality. We now take expectation in both sides of the previous inequality and
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then use (4.40). Hence,

S(OXE lﬂ

nzZE - he 1)]

he—1 _( he fl—l))Q] 1>

hg+Sup£>1E|:(0 ) * h he—1\2
S = n2 +ﬁZE[(6Z—€Z1)]
k=2
1 h 1<, 3
< K(n? + - + = (72 +’7k€(hg))>
k=1
he 1 =, 38
< K(; +=> (g + 'ka(hé)))
k=1
(4.43)
Hence, since the random variables { ]\1, i\/e 1 EZ‘ 522’1 A=1,... ,L} are indepen-

dent and centered, we deduce from the previous inequality

K; ZE i 1)1 <KZ<N NQZ (42 ""YkE(hé))). (4.44)

l k=1

In order to deal with the second term in the right hand side of (4.42), we use
Minkowski’s inequality and a second order Taylor expansion for both terms together
with the fact that supycy |V} ||oo < 00 and then (3.17). We obtain

N

Eﬂ?iwﬁﬁknﬁw_m“@Q)W“NHWT

nk:l

oo (ellets - ) el ey
1

= K(:z + L;%)

< Kn,

1
x5+
n

(4.45)

where we used the fact that Zk>1 v, = oo for the last inequality. We now come
back to (4.42), use (4.43), (4.45). We thus obtain

L 2
EKZC% —Che — (O - Cf“)) ]

(=1
=1 al h h 2
<2E|:<ZMZ€]€£ 5ke-1>
(=1 k=1
SESS h h h 2
+ (ZMZVM(QG)—VM( he) (Vi (€050 = Vi (€1 1))> }
=1 k=1

§K<ih£ NZ 2 7: + yre(he) + (ZVNJ ) (4.46)
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Putting together (4.41) and (4.46) concludes the proof of (4.10). O

4.2 Complexity Analysis

For a fixed prescribed tolerance level ¢ € (0,1), a given h € H and an integer
M > 2, we rely on the above result to choose the number of levels L and the
number of steps Ny,..., Ny in each level in order to achieve a root mean square
error for the computation of the VaR and ES of order € using Algorithm 2.

In view of Proposition 3.1, the bias of our couple of estimators (£, CN") is of
order hy,. We thus select L > 1 such that

I_ Inhe !
In M

1 = hp= % <e. (4.47)

The computational cost of Algorithm 2 is given by
L
Ny
Costyy, = C —
ML % he

VaR Focused Parametrization. We first focus on estimating the VaR. Simi-
larly to the multilevel Monte Carlo algorithm for the computation of the probability
P(Xo > 0) (see e.g. [16]), it is expected that the leading term in the global L? er-
ror (4.9) is the last one, namely, ZELZI yn,€(he). Following this heuristic, in order
to obtain the optimal values for Ny,..., Ny, we minimize the complexity under a
mean square error constraint, namely, we solve the following constrained optimiza-
tion problem

... L —1
minimizen, . n;>0 Y/l Nehy
subject to o tnee(he) = K1,

where K is the constant appearing in (4.9). Under the assumption that 7, = ymn 8,
B € (0, 1], the optimal values for Ny, £ =0, ..., L, are given by

B

1
_B_ 5 _1_
Ny = [Km Ve~ E(Zhg, “Fe(hy) 1+ﬂ) hg”e(he)lﬂ,

1

1
[(K’n)ﬁs‘éh“ﬂ( *atte) (sz pie +2“+”*’)) ] if (4.6) is satisfied,
1-28_

[(K”yl)%giﬁhm ‘lnh |m (ZL 0h2(1+ﬁ) |1nhg/|2(1+ﬂ) )

™|

-‘ if (4.7) is satisfied,
1
[(K%)fl’e ﬁh2<1+6) (Z@ 2(1+ﬁ)> -| if (4.8) is satisfied.

We can easily check that, with the above choice of L and Ny, ..., Ny, the first terms

9 3
n (4.9), namely vy, + (Zé::l v,)© + Zle VN, are O(e?) as € | 0.
Standard computations that we omit show that the optimal computational cost
of Algorithm 2 is achieved when 8 = 1, in which case the complexity is given by

3+2(1Tp*> if (4.6) is satisfied,
|ln 5\2 if (4.7) is satisfied,

£
COStML S C E
e~ if (4.8) is satisfied.

m\cn to\c,
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Therefore, in the best case where (4.8) is satisfied, for a given target quadratic

error €2, it is possible to estimate the VaR with a complexity of 0(573) using

the multilevel stochastic approximation approach, which is lower than the optimal
complexity of O(¢73) for the nested stochastic approximation approach.

ES Focused Parametrization. A possible approach for parametrizing the amounts
of iterations Ny, ..., N1, optimally to compute the ES would be to choose these quan-
tities to minimize the complexity of Algorithm 1 while constraining the global L?
error of the multilevel ES estimator (4.10) to an order of 2. We presume that
the leading term of the upper estimate in (4.10) is ZeL:1 ]% We will verify this
assumption a posteriori. Under this assumption, we solve the optimization problem

. L ~1
minimizen,,... N, >0 Ze:othe )

subject to S heN; 1 = K12,

The optimal values are given by

In he™! W hew .

Ny = [Ke™2Lhy] = [Ks—ﬁ e

Under this parametrization, we check that ase | 0, ( Zé::o ’_)/NE)Q = 0(¢?? |In 6|2(1ﬁ:1_ﬁ)).
Hence, in order to achieve a mean squared error of order €2, one has to choose = 1.

One can also verify that the remaining terms of the upper estimate of (4.10), namely
= 3

N%) + 25:1 %e(hg) + ZKL:1 N%Q ZQL 77, are of order 2. With this specific choice

of Ny,..., N, one achieves a mean squared error of order €2 for the computation

of the ES, with a complexity of

Costyy, < Ce2|Inel?.
Note that it exactly coincides with the optimal complexity of the standard multi-

level Monte Carlo algorithm derived in [15].

We now assess the above results numerically. This is done in stylized financial
setups, where the probability measure P in the paper is used for all pricing and
risk computations. The code used to produce the results exhibited in the following
sections is available here: github.com/azarlouzi/mlsa.

5 Financial Case Study: Option

We endorse the stylized financial setup of [16, Section 3|, considering an option with
payoff —W% at maturity 7' = 1, where W is a standard Brownian motion. Assuming
zero interest rates, the value of the option v(¢,y) at time ¢ € [0,1] is defined by

v(t,y) = E[-W{ W, = y].

Let 7 € (0,1) be a time horizon. We define the loss X (in our previous notation)
on the option as
Xo =v(0,0) — v(r, Wy).

Let ¢: R? — R be the function defined by

oy, z) = —(\ﬁy + \/ﬁz)2 = 1y =2/l —71)yz — (1 —1)2%, y,z€eR.
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Then

Xo £ Elp(Y,Z)] — E[p(Y, 2)|Y] = —1 - E[p(Y, Z)[Y] = 7(Y? ~1),  (5.1)

where Y and Z are independent and follow a normal distribution N (0, 1).

5.1 Some Analytical Formulas
The VaR &, at level a € (0, 1) of the loss X can be obtained analytically. It satisfies
1—a:IP’(X0>§*):IP’<Y2 > 1+5—*) :2F<— (1+€*)§>
T T ’

where I is the standard Gaussian cdf. Hence

=o{((50) 1) 52

We can also get an analytical formula for the ES C, at level a. Indeed, using
the symmetry of the Gaussian distribution,

1
2

C, = E[Xo|Xo > &] = ﬁ{m[yﬁyw] ~(1-a)}, where p:= (1+%*)
Integrating by parts, we obtain

E[Y*1ys,] = uf (1) + F(—p),
where f denotes the standard Gaussian pdf. Hence,

2T

Co= 2 (s () + P~ 152, (5.3)

5.2 Stochastic Approximation

The loss X £ 7(Y2—1) (cf (5.1)) can be simulated directly. But the goal here is to
estimate the values of &, and Cy using Algorithms 1 and 2, and to study empirically
the influence of the parametrization of each algorithm in their performances. The
exact values (5.2) and (5.3) are used to evaluate the convergence of the algorithm.
The loss Xo £ —1 — E[p(Y, Z)|Y] can be approximated, for a given bias param-
eterh:%e’}—[, by
K

1 k
Xhle;W,Z( ),

where Y,z ... Z(K) ~ N(0,1). We can then apply Algorithm 1 or 2 on this
basis.

5.3 Numerical Results

In the following applications, the confidence level is taken equal to a = 97.5% and
the time horizon is set to 7 = 0.5. This setup yields & ~ 2.012 and C, ~ 2.901. The
value of B = 1 is used for the step sequence (7y)n>1 since, according to Sections 3.2
and 4.2, it leads to the optimal complexities of Algorithms 1 and 2.
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Weak Error Expansion. To highlight the results of Proposition 3.1, we propose
to study the linearity of the quantities &" — & and C* — C, as H > h | 0. We
additionally study the degree of stability of the quantities h =1 (¢! —&,) and h=1(CP —
Cy) as H 5 h | 0. To do so, we run Algorithm 1 for multiple values of h €
{1—0, 30 %, ﬁ, 200} and for a very large number of iterations N = 10%. We use the
outcome of each run (5106, 0?06) as an estimate of (¢, C). The value of (&, C,)
is computed using the explicit formulas (5.2) and (5.3). Finally, we adopt the step
function {7, = 0.1/(10*+n),n > 1}, where a smoothing is applied in order to avoid
instability during the first few iterations. The left panel of Figure 1 shows the values

h _ 11 1 1
of &6 — &« and 0106 Cy as h varies in {10, 307 507 100" 200 , while the right panel
shows the corresponding values of h™ (&5 — &) and A~ (0106 —CL).
Centered risk measures 8 Rescaled centered risk measures
—&— Value-at-risk Expected shortfall v —&— Value-at-risk Expected shortfall
0.30 7 6
g @
7 0.25 E 4]
© X
o 0
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N~ e
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“ 0.154 Q -
o 2 04 /‘/A—/-
8 Q
8 0.101 o
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. 1 ©
B =41
()
0.001 o
-6
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Bias parameter h Bias parameter h

Figure 1: Centered and rescaled risk measures as the bias parameter goes to 0.

The left panel plot suggests that, asymptotically as H > h | 0, the quantities
¢h—¢, and CP—C, are linear in h. The right panel plot strengthens this observation,
showing that the quantities h=1 (¢ — &,) and h=1(C? — C,) are approximately con-
stant in a neighborhood of 0. This verifies empirically the validity of Proposition 3.1
on the weak error expansion.

Comparative Complexity Study. We aim here to compare the running times
and achieved performances of the scheme (2.7) and Algorithms 1 and 2. The
scheme (2.7) and Algorithm 1 are run with the step function {v, = 0.1/(2.5 x
10* 4 n),n > 1}, and with their respective theoretical optimal numbers of itera-
tions. Algorithm 2 is run under Assumption (4.6), that is clearly satisfied for any
px > 1, with the particular value of p, = 11. We also choose M = 2. As for the
number of iterations in each level, we use the VaR focused parametrization for the
VaR computation, and the ES focused parametrization for the ES computation.
Further parametrization of Algorithm 2 is described in Table 1. For each algorithm,
we plot the average run time against the achieved RMSE for the VaR and ES over
200 runs. The results are reported in Figure 2.

For the VaR as for the ES, we notice that for any given scored RMSE, Algo-
rithm 2 displays an execution time that is orders of magnitude lower than Algo-
rithm 1. This is corroborated by the theoretical optimal complexity of Algorithm 2
that is significantly lower than that of Algorithm 1. Finally, as one would expect,
the scheme (2.7) that simulates X directly considerably outperforms both Algo-
rithms 1 and 2. The VaR and ES curves offer an illustration of the performance
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gain achieved by shifting from the nested SA scheme to the multilevel SA scheme.
Indeed, part of the the performance loss occurring when using a nested simulation
instead of a direct simulation of the loss, as illustrated by the performance gap
between the SA scheme and the nested SA scheme, is regained when utilizing the
multilevel SA scheme.

VaR estimation ES estimation
accuracy €
h | L Yn h | L Yn
1 119 0.1 1] 0.1
64 32 104 +n 32 109+n
1 1|9 0.1 1|9 0.1
128 32 1044n 32 10%+n
1 1|3 0.1 1|3 0.1
256 32 2x10%+n 32 2x10%Fn
1 1]y 0.1 1]y 0.1
512 32 25x10%+n | 32 2.5x10%+n
1 1|5 0.1 1|5 0.1
1024 32 5x10%+n 32 5x10%+n
1 1|7 0.1
2048 16 2x10%+n

Table 1: Parametrization of Algorithm 2 for different prescribed accuracies.

Value-at-risk Expected shortfall
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Figure 2: Performance comparison of Scheme (2.7) and Algorithms 1 and 2.

6 Financial Case Study: Swap

We adapt the setup of [2, Section A.l]. Consider a long position on a stylized
swap with nominal N, strike S and maturity 7' on some underlying (FX or interest
rate) rate. This rate follows a Black-Scholes model (S¢)¢>o of risk neutral drift &
and volatility &, so that {gt =e MGt > 0} follows a Black martingale model of
volatility . Given times 0 =Ty < T} < --- < Ty =T, the swap pays at the positive
coupon dates T; > 0 the cash flows A;(St,_, — S), where A; = T; — T;_1. For
t € [0,T], let p, = e, for some constant risk-free rate r, and let 3, € {1,...,d+1}
denote the integer that satisfies T;,_1 <t < T;,. The value P, of the swap at time
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t € [0,7T] is thus expressed as

d
P = NEI:pt_lpTit Ait(STit—l - S’) + Z pt_lpTiAi(STifl - S‘)
=it 1

y

d
= NE|:pt_1pTit A, (eRTit*lsTirl — S) + Z pt_lpTiAi (eRT"ﬂSTFl — S)
i=it+1

(6.1)
— ~ d — o~
= N(pt_lpTitAit (€1 8g, ., = S)+ Y pitpnAi(e"T 1S, — S)). (6.2)
i=ig+1
We assume the swap issued at par at time 0, i.e. Py = 0, hence
S prAieTi
E?:l pTl AZ

Given some confidence level « € (0,1), we are interested in the risk measures &, =
VaR, (psPs) and Cy := ES, (psP5s) of the position at some time horizon § < A.

S =

So. (6.3)

6.1 Some Analytical Formulas

In this lognormal setup, the values of &, and C, can be obtained analytically. On
the one hand, observe that is = 1 and, using (6.2) and (6.3),

d
psPs = NA(§5 — SO), where A = Z pTiAieRT"—l. (6.4)
i=2
Hence ¢
1—a=P(psPs > &) :P<S(5 > S0+ NA),
thus L
_N 1aeve — 25 —
& = NAS()(exp (F (v)avé 5 5) 1), (6.5)
where F' denotes the standard Gaussian cdf. On the other hand, set
& 1 w 6%
= Sy + = = (ln—+ ).
v o+t NA’ & /3 ( . So 2 )

We can then write
NA ~
Cy = ElpsPs|psPs > &) = E(E[s‘;1§5>w] - (1- a)S()).
Note that

B[Sits,...) = SoE[exp (5V80 - T6) 102, | = Su(1 - Pl))

Ss>w
where U ~ N(0,1). Therefore,

Fn-)

_ o —
C.= NASy——~ (6.6)
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6.2 Stochastic Approximation

Define now X := psPs. The scheme (2.7) can be applied to approximate the values
of & and Cy. Indeed, according to (6.4),

Xo £ NASg<exp ( - (_’225 + a\/SU) - 1), (6.7)

where U is a standard Gaussian variable. Going back to (6.1) and using (6.3) yields

d
o BT -~ =~ L
Xo = NE| Y- pr & (Br, - 50)| 5| LBl 2] (08)
i=2
where Y is a real valued random variable, Z = (Zy,...,Z4_1) is an R% !-valued
random variable given by
a2 §5
Y = exp ( — 75_’_5\/5[]0) ~ =
2 So
o2 _ S,
71 = exp < —— Ty =9)+o/T1 — 5U1> ~ =,
2 S
a2 §T
Z; :exp(——Az—i—&\/AiUZ) ~ 2l 9<i<d—1,
STi71
d i—1
QO(y,Z) = NSOZpTZAeHTlil (yHZ] 1)7 Yy €ER,z= (217' '7zd—1) eRd_la
i=2 j=1

where (U;)o<i<d—1 are iid random variables with law A(0,1). Note that ¥ and Z
are independent. Algorithms 1 and 2 are hence applicable to approximate the values
of & and C.

6.3 Numerical Results

We set 7 = 2%, So = 1%, & = 12%, & = 20%, A; = 3months, T = 1year,
d = lweek = Tdays and @ = 85%. We use the 30/360 day count convention, so
that 1 month = 30 days and 1year = 360days. Finally, we set the nominal N such
that the value of each leg of the swap is equal to 1 at time 0, that is,

1
So 0, prAjeRTi-1

Given the above set of parameters, the theoretical values of the VaR and ES obtained
with (6.5) and (6.6) are & ~ 219.64 and C, ~ 333.91.

N =

Comparative Complexity Study. For the stochastic approximation of these
quantities, we use the step function {7, = 100/n,n > 1} for the SA scheme, and
{n = 50/n,n > 1} for the nested SA scheme. We also run these schemes with
their optimal numbers of iterations. To apply the multilevel SA scheme, we work
under Assumption (4.6), with p, = 8. The VaR and ES are simulated using their
respective optimal amounts of iterations Ny, ..., Ny. For each prescribed accuracy
€€ {%, %, ﬁ, ﬁ, 5le}, we adapt the hyperparameter setup by performing a grid
search on the bias parameter h, the number of levels L and the step sequence
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(Yn)n>1. Table 2 lists these parametrizations by accuracy. Figure 3 plots the joint
evolution of the realized RMSEs and the average execution times over 200 runs of
each SA scheme, as the accuracy e varies in {%, 3%, ﬁ, ﬁ, 5—%2 .

We observe in Figure 3 that the multilevel SA scheme for the VaR and ES
significantly outperforms the nested SA scheme in terms of computational time and
achieved error rate. Indeed, for a given target RMSE of order 10, the MLSA scheme
for the VaR has a computational time of order 1072 seconds, while the nested SA
scheme has one of order 10 seconds. Similarly, for the ES, an RMSE of 10 is achieved
by the nested SA scheme in 102 seconds, while it is attained by the multilevel SA
scheme in only 10 seconds. These results are very promising, as they apply to a
more realistic scenario than the previous case study. Eventually, as expected, the
standard Robbins-Monro algorithm, that is only applicable if the loss Xy is directly
simulatable, outperforms both Algorithms 1 and 2. Again, as we have pointed out in
the previous case study, the curves show how one can regain some of the performance
loss due to nested simulation of the loss Xy by implementing a multilevel SA scheme.

VaR estimation ES estimation
accuracy €
h | L Yn h | L Yn
1 1 10 1 10
3 1|l n 1! n
1 1 5 1 5
32 8 2 10+n 8 2 10+n
1 113 20 113 20
128 16 500+n | 16 500+n
1 114 20 114 25
256 16 103+n | 16 500+n
1 L 14 25 L 14 50
512 32 750+n 32 2x103+n

Table 2: Parametrization of Algorithm 2 for different prescribed accuracies.

Value-at-risk Expected shortfall
T T

1 T 103 4
5v3 512 —=— SA
10!
102 —*— Nested SA
2 2 —e— Multilevel SAs;
o 10° o " 1
£ £ e
c -1 C
s 10 § 10
ok 3
2 ]
g 10 L 1014
] o
TR, 9]
10 2 10-2
o o
1
g 4 SA % 2 8
107 4 -3 1
—&— Nested SA 10 H
—e— Multilevel SA 4
10-5 4 10-4 B
10° 10! 102 10° 10t 102
RMSE RMSE

Figure 3: Performance comparison of Scheme (2.7) and Algorithms 1 and 2.

7 Conclusion

In this work, we presented a stochastic approximation problem which solution re-
trieves the Var and ES of the loss on a financial derivatives portfolio. The loss of
the portfolio, however, can only be simulated in a nested Monte Carlo fashion. A
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naively nested algorithm performs one inner simulation layer within each update
of a stochastic gradient descent scheme. A single (bias) parameter allows control-
ling both the bias and the complexity of the nested algorithm. But, considering a
prescribed error g, this algorithm can only optimally achieve a complexity of order
e73. Our MLSA algorithm combines multiple estimates obtained by the nested ap-
proach for different bias parameters, while reducing the overall complexity of the
total entailed simulations.

According to the intent of the user of this algorithm, whether it is to simulate the
VaR or the ES, our complexity study shows that there are two corresponding sets
of optimal parameters. The VaR focused parameter setup results in a complexity of
order e 279 where ¢ < 1 is some specific parameter depending on the integrability
degree of the loss while the ES focused parameterization yields a complexity of order
g2 |1n5]2. The numerical studies highlight the overperformance of the multilevel
algorithm, with a performance gap that widens exponentially as the prescribed
accuracy € goes to 0. The study of the joint evolution of the RMSE and the average
execution time demonstrates how, in situations where the inner simulations can
be shortcutted by explicit formulas, utilizing the multilevel scheme results in a
partial, nonetheless significant, performance regain with respect to some classical
(non-nested) Robbins-Monro scheme. This finding is of great interest especially
when the latter scheme does not apply.

A first question that arises from our study is whether, in the case of the VaR es-
timation, one could simply close the performance gap between the multilevel scheme
and the classical Robbins-Monro scheme. Besides, in order to build a stronger esti-
mator, one could investigate other aggregation methods than the multilevel scheme.
A couple of possible ways that may deserve further exploration are the multistep
Richardson-Romberg extrapolation method [13] and the adaptive selection the num-
ber of inner samples on each multilevel sample as proposed in [16]. Finally, one could
look at how to complement our nonasymptotic error controls with asymptotic error
distribution results such as central limit theorems.

A  Proof of Lemma 3.1

Step 1: Cluster points of (£!)ncy.
Let h € HU{0}. By Lemma 2.1, the set ©p, is a non empty bounded interval that
coincides with the set of roots of V.

Since (Xp)pen converges in distribution towards Xy as H 3 h | 0, the sequence
of cdf functions (Fl, )nen converges pointwise on R towards Fx, as H > h | 0.
The cdf Fx, being continuous, the second Dini theorem implies that (Fx,)nen
converges uniformly on R towards Fx, as H 2 h | 0. According to the definition
of the functions V}/, h € H U {0}, it follows that (V}))sey converges uniformly on R
towards V. For any &' € Oy, h € H, one has

Vo (€] = Vo (&) = Vi(€h)] < sup V() = Va9l (A1)
Since limp o supgcg [Vo (€) — Vi (€)| = 0, we eventually get
: 1(¢ehy
lm V(€)= 0 (A2)

We thus deduce from (2.6) that the sequence (£7),c is bounded. Using (A.2) and
the continuity of Vjj, any valeur d’adhérence €0 of the sequence (&M),cy satisfies
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V5 (€D) = 0 so that €2 € ©g and

lim dist (&0, @) = 0. A3
éﬁ)l 18 (5*7 0) ( )
Step 2: Limit of (C")pexn.
We now assume that (X},)ex converges to Xg in L'(P). By Lemma 2.1, for any
heHU{O0},

. . 1
G = Cu| = Irrgth(é’) - H}EmVo(f)\ < max [(Vie = Vo)(&)] < T E[IXn — Xol],
so that

lim C" = C,.
hl0

B Proof of Proposition 3.1

We first observe that since the density function fx, of Xy is positive the set ©g =
argmin Vy = {£,} is a singleton so that it follows from Lemma 3.1 that &* — &, as
H>h]O.

Step 1: Asymptotic expansion of ¢! as H > h | 0.
Now observe that

FXh (fﬁ) - FXh(g*) =0 = FXh(g*) = FXU(ﬁ*) - FXh(f*)' (B-l)
On the one hand, as H > h | 0, Assumption 1(i) gives
Fx,(&) — Fx, (&) = —v(&)h+o(h), as H>h|O0. (B.2)

On the other hand, a first order Taylor expansion with integral remainder gives

1
Fx, (€)= Fx, (&) = (&2 - 5*)/0 o (tee+ (1= )€Y) dt. (B.3)

Since limp, o £" = &, and, by Assumption 1(ii), (fx, Jhew converges locally uniformly
towards the positive density function fx,, we deduce that fol fx, (te+(1—t)eh) dt >
0 for h € H small enough and limy, g fol fx, (e + (1 = )M dt = fx,(&). Combin-
ing (B.1), (B.2) and (B.3), we thus deduce

h—l(é-)lz,_g*) _ U(f*) +0(1) _ 'U(f*)

) Fx(te + (1 t)eh) dt fxo(6)
Step 2: Asymptotic expansion of C! as H > h 0.
Going back to the definitions of the functions V) and V4, in (2.5) and (3.4), one has

Ch — O, = V(! — Vo(&)
= E[X5|Xp > €] — E[Xo| X0 > &]
= L (E[Xthh>fil] — E[X01X0>E*]>

11—«

_ 1ia</£;o§dFXh(£) —/:idFXO(E)>

! (;*gth<s>df+ [ catr, - moe).

1l -«

+o(l) as H>3h]O.
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On the one hand, combining a change of variable with (3.8) yields

Ex 1
[ e ds= (6 —e) [0+ 00— De)r, 08+ (- g a

= v(&)&h + o(h).

(B.5)

On the other hand, for h € H U {0}, by integrating by parts, we get

[e.9]

€4, (€ = ~[6(1- P ©))F + [ (1= P (©) e
& e (B.6)
— & (1 Fx, () + /g (1 - Fx, () d,

so that

[e.o]

A §d(Fix, — Fx,)(€) 25*(FX0(§*)—FXh(§*))+/£OO (Fxo(§) = Fx, (€)) d€. (B.7)

We now plug the first order Taylor expansion of Fx, — Fx, in Assumption 1(i) into
the right hand side of the above identity. We obtain

o0

[ catrn, ~ P)© = ~(sote) + [0 iron).
Eventually, combining the results from (B.4), (B.5) and (B.8), we conclude

Ch—C,=—h /:O ﬂd{ +o(h), as H>3h]O. (B.9)

C Proof of Lemma 3.2

Throughout this proof, we consider ¢ > 1, h € H and v > 0. We drop the super-
script v from our notation and write Ly, 4(§) for £}, ().

(i) From definition (3.10), the function Ly, , is continuously differentiable and satis-
fies

1a(€) = aVi(€)Lag-1(8) +0Vi()Lhg(€) = Lag-1(E)Va (&) (a+v(Va(€) = Va(ED)))-

(C.1)

If ¢ > 2, one may again differentiate both sides of the above identity to deduce that
Ly, q is twice continuously differentiable with

P (&) = Lhg—2OVi(€)?*(a — 1+ v(VA(€) — Vu(EM)) (g + v(Va(€) — Vi(€h))

+ Ling 1V () (q+ v(Va(€) = Val€D)) + Lug1(E)vVi(6)*. 2
C.2
If ¢ = 1, we obtain

h1(6) = (Vi (€) + 20V3(€)*) Lno() + (v*Via(€)* + vVi/(€)) Lan(€).  (C.3)

Therefore, for all ¢ > 1, £ 4 is twice continuously differentiable.
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Observe that the remaining properties of Lemma 3.2 are trivially satisfied for
€ = €' We thus assume that & # £" for the rest of the proof. We let

_ ) _ al@)
SR (7 T e

where we used the fact that

vie) = 2ol (©5)

Finally, we denote by I" the interval given by
I" = &) —en, & + n). (C.6)

(ii) From (C.1) and the relation £y, ;—1(€) = (V4 (&) — VA (€M) 71 L) 4(€), we have that

(€)= Enal VO ey o) ©7)

so that /()2
/ / vy
V(&) =2 {
G EAGY
We now establish a lower bound for the term inside the parentheses on the right

hand side of the above inequality. Since V,{(ff) = 0, a first order Taylor expansion
gives

vvv;:@?}ch,q(s). (©8)

V() = V(€€ — &) + (€ - &) /0 e+ e —eh) Vet (C)
which, combined with the fact that V} > 0 and the triangle inequality, yields
VA = Vi EDlE — €l — 3 Vi usple — E1)2 (€.10)
If £ € I", the above inequality directly gives
VI©)? > JVEl e — el (C1n)

Now, a second order Taylor expansion gives

1
VA -VA(ED) = W €=l | -V (ehrtle—eh)-Vileh) ar.

(C.12)
so that ) ]
Vi(e) — VA(€l) < SVH(EN(E — € + SV ple — €. (C13)
Hence, if £ € I", the above inequality implies
2
Vil€) ~ Valel) < (el — €l (1)
Plugging (C.11) and (C.14) into (C.8), we conclude
/ ' qLn, (f)vl(§)2 3
ha(OVA(©) = PSS > CaV (€D Lna (), e 1™ (C.15)
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Assume now that & ¢ I", say € > £ + &, The case £ < & — ¢y, is treated similarly
and is omitted. Since V is non decreasing, we get that V/(£F +¢5) > V/(¢€h) = 0,
and also that

1(¢chy2
VI(€) > Vi€l +en) > VI (EMey — %[V;{’] ) _ V(€D

e = 1
Lip€h Q[V};/]Lip’ (C 6)

where we evaluated (C.10) at £ + ¢, € I" for the last inequality. Plugging this

inequality into (C.8), we obtain

V”(fh)4
s Lhg(6), (C.17)

Lip

Aq(f)Vhﬁ@) > Uﬁh,q(f)vli(g)Q > 04[‘/}{/}

for any & > &" + ;. The above inequality is still valid if &€ < & — ¢y,.
Hence, combining (C.15) and (C.17) yield
Vi (eh?

!/ ! 3 "
WOV 2 {Gaeh Aviion) [ 00,©, gem a9

By Lemma 3.1, there exists R > 0 such that, Yh € H, &0 € B(&,, ]A%E) Assump-
tions 2(i) and 2(ii) imply that

1
. niehy > :
fig?f-t Vi (&) = 1_a ﬁg§i~ th(f) >0, (C.19)
£€B(&,R)
and 1 ]
inf > ] (C.20)

her [V Lip — subpey [fx,Lip

which eventually gives (3.11). The upper-estimate (3.12) follows directly from the
fact that for any & € R, V(&) — Vi (€P) < ko€ — €7 recalling that ky = 1V % and
the very definition of vy,.

(iii) We first assume that ¢ > 2. It follows from (C.2) and the relation £y 4 1(£) =
(Va(€) = Va(€l)) ™" Ln,q(€) that

q(q — 1)V;{(£)2}

1at©) = Ena-s O 10+ 50

e A, 2
FLn O VO + 02V + 200 SN

The triangle inequality applied to (C.12) yields

Vi(e) — VA(€l) > SVH(EN(E — € S ple — €. (C22)
Hence, if & € I" the above inequality directly yields

Vale) — Va(€l) > SV(ENE — €12 (C.23)

Moreover, since V/(¢") = 0 and V} is bounded,
Vi(©)? < Vi I3 (€ — €. (C.24)
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Combining (C.23) and (C.24) yields
ViR sV
Va(€) = Va(&l) = V(&)

Assume now that € ¢ I, say € > " +¢,. The case € < " — g, can be treated
similarly and is thus omitted. Observe that V}, is increasing on [¢”, 00). Given that
for all t € [0, 1], &" + te), € I", evaluating (C.10) for & = £ + tey, for t € [0,1], we
obtain

celh. (C.25)

Vi(€) — Vi(€l) > Vi (€l + &) — Vi(€l)

=e€p /01 V;:(ff + tep) dt

> SVIEN — S W luped
_ ey

S

by (C.4). Using this inequality together with the fact that

Moo < 1 S ko 2
[Villoo < 1V 2 = ke, (C.26)
we deduce .
Vi©?® 3kl (c.27)
V() = Vi(€l) = Vy/(&h)®
for any £ > ¢ 4+ &, The above estimate still holds for & < &P + .
From (C.25) and (C.27), setting
3K2[VIE. 3|1vY12
vh = ,,[ hh}Lgp v 3 |L°°, (C.28)
Vi (&) V(&)
we get:
V/ 2
n(8) < up, (C.29)

Vi(€) — Vi(€l)
for any & # £, Combining (C.21) with (C.29) yields

144 < {(aV ) IVillso + 0%k +q(20 V (¢ = 1)) vn} (Lng(€) + Lag-1(6)).
(C.30)
Now if ¢ = 1. From (C.3), we directly get

L5 1 ()] < {0V DIV loo +v(v V 2)k3} (Lno(€) + Ln1(€)). (C.31)

Therefore, combining the last two inequalities, we conclude that, for all ¢ > 1

and & # ¢!,

L5 O] < {(aV )V lloc +v(vV 2)k5 +q(20V (¢ = 1) vn} (L1,g(€) + Lng—1(6)).

(C.32)

Inequality (3.13) for v = ), == ¢*||V}/|| is easily verified using the very defini-
tions of A g and ny . Also, note that

sup || fx, |loe < 00, (C.33)

1
sup ||V ]|oo =
heHH hHOO I —apey
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while Assumption 2(ii) gives

sup [Vi/]Lip = 7—— sup [fx; Juip < oc. (C.34)
heH O heH

Moreover, since (§f)ﬁeq{ converges to & as H > h | 0, there exists R > 0 such that,
VYh € H, " € B(&,, R). Thus, using Assumption 2(i), we get

1 11—«
su < - < 00. C.35
e VIED) = inf hew fx () (C:35)
£eB(&x,R)

Coming back to (C.28) and combining (C.33), (C.34) and (C.35) we obtain

sup vy, < 0. (C.36)
heH

Eventually, properties (C.33) and (C.36) show that

21171-)[ {n}ffq = (qV OR) |V} loo + O (0 V 2)K2 + q(205 V (g — 1))Vh} <oo. (C.37)
€

(iv) On I", relation (C.23) shows that

3q B\ G 3q
(Va(€) — Va(eh))? < Wﬁh,q@)- (C.38)

_ ¢£h2q

Outside of 1", say for &€ > &P 4 &5, (the case of € < £ — ¢}, is similarly treated),
since V) is increasing and nonnegative on [€, 00), one obtains

Ve [0,1),  Vi(El+ (€ —&8) = Vi(EL +ten), (C.39)

and since for all ¢ € [0, 1], & + tej, € I", (C.10) gives
1
VA(E) ~V(€l) = (€ =€) [ Vi€l + s — elyar

1
> (6 - &) /0 VI(€h + tep)dt

1 1 (C.40)
> (6~ en{ Jriehien - {1t}
_ o Vi (E0)?
- (5 - E*)?)[V;;/]Lip'
Hence
2a[y 2q 3241y 2q
(€~ € < b B (e ) < ok e, (can

for any & > &P + ,. The above estimate still holds if & < &* — ¢,. Putting
together (C.38) and (C.41), one gets

N

Lip
Vi () Y V7 (Ehyda }(ﬁth(f) + Ln,24(6))- (C.42)

(6 — ey < {

for any & # &0
Relations (C.34) and (C.35) yield (3.15).
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D Proof of Lemma 4.1

The proof of the point (i) is inspired from [17, Lemma 5.1].

(i) Let £ € R. For any 6 > 0, it holds

E[[1xse = Tysel]l = Elxsely<e + 1yselx<e]
P(Y <(< X)+P(X <E<Y)
=P(Y SEE+HO<X)+P(Y <E<X <E+0)
FPX <EE+I<Y)+P(X <E<Y <E+0)
<P(X-Y >0)+P(X Y < —9) (D.1)
+PE<X <E+0)+PE<Y <E+9)
<PIX =Y[>0) +0(l fxlloo + [l £ lloc)

E[|X —YP
< T (el + v o).

We come back to (D.1). Under the current assumptions, after a straightforward
optimization, we take

_ P TE|X - Y

1
(fxlloo + 1y lloe) 7577
Injecting the above value of ¢ in the right hand side of (D.1) gives the first result.

5 (D.2)

(ii) Under the current Gaussian concentration assumption, we first employ the ex-
ponential Markov inequality and then (4.5), so that, for any § > 0 and any u > 0,

E[l1xse = lysel] SP(X =Y > 8) + P(—(X = Y) > 0) + ([ fx [loo + | fy [l0)
< exp(—ud) (Elexp(u(X —Y))] + E[exp(—u(X = Y))]) + ([l fxlloo + [.flloc)

< 2exp(dx,yu’® — ud) + (|| fxlloo + [l fy llsc)-
(D.3)
The first term appearing in the right hand side of the above inequality above is
minimized in u for 6/(2dx,y ), in which case the inequality becomes

2

4dX’y

E[llxse — 1lysel] < QGXP(— ) +0([| fxloo + | f¥]loc)- (D.4)

Evaluating the right hand side of the previous inequality at

6= \/Qd)gy In (d;(yly vV 1)

eventually gives

El[Lx>¢ — lysell < 2v/dxy + V2([Ifxlloc + nylloo)\/dx,y In(dy}y V1). (D.5)

This completes the proof of the second result.

E Proof of Proposition 4.1

The proof of the point (i)a is inspired from [17, Lemma 3.2|.
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(i)a. Assume that E[|¢(Y, Z) — E[p(Y, Z)\Y]m < oo for some p > 1. Then,
K
Bl X XoP] < = S E[le(v, 20)-Elp(v, 2)V)I"] = E[o(¥, 2)-Elp(¥, 2)|V]].
=1

Hence introducing 3(Y, Z) == ¢(Y, Z) — E[p(Y, Z)|Y] and assuming that h = & <

h' = K,, one has
K K’
Xp=Xw=h > @, Z8)+(h-1)> §(v,2"), (E.1)
k=K'+1 k=1

so that, by the triangle inequality,
p 1 K’ P
< | o] zof]
k=

Using the tower law property of conditional expectation and Burkholder-Davis-
Gundy’s inequality we obtain

K

> ey, z®)

k=K'+1

3 =

E[|Xn — Xn["]

E[|IX) — Xp|?]» < BoE[|e(Y, Z) — E[p(Y, Z)|Y]\p]% (h(K — K')2 + (W - h)K'2)
< B,E[|o(Y, 2) — Elp(Y, 2)|[Y|["] 7 (i — h)* (h, gt (1— %)5)

1
<V2B,E[|(Y, Z) — Elp(Y, 2)|Y)|']» (W — h)=.

(E.2)

We then conclude the proof of the first point by applying Lemma 4.1(i) for p = p,.

1)b. We go back to the decomposition (E.1), use the fact that the random variables
i)b. Wi back he d iti E.1l he f hat th d iabl
o(Y,Z®), k=1,...,K, are independent conditionally to Y, and then use (4.7):

KK [exp (u(h — W)3(Y, 2))|Y]S

< (a1 (e 1)
= exp (Cy(h' — h)u?).

E[exp (u(Xy — Xp))|Y] = E[exp (uh@(Y, Z))|Y]

Taking expectation in both sides of the above inequality guarantees that (4.5) is
satisfied with X = X3, Y = X}y and dxy = Cy(h' — h). We eventually conclude
the proof by applying Lemma 4.1(ii).

(ii) We first write
El|1x,,5¢ — 1x,, >¢|] =P(Xn,_, <& < Xp,) +P(Xp, <E< Xy, ). (E3)
Introducing the random variable Gy, it holds
Xp, , <E< Xp, , +h2Gg)
Xn, <§<Xh,Z LR Ge,Gz>0)
P(¢— h Gy < Xp, , <& G >0|Gy)]

1g,50(Fx,, 16,(6) = Fx,,  |c,(§— hz%Gf))]-

— o N N
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The P-as-Lipschitz regularity of Fth,l |G, now yields

1
]P)(Xhzfl < € < th) < hZE[Gz—Kg]

A similar argument gives

1
P(Xhe <¢< Xhe—l) < hEQE[GZKf]'

Coming back to (E.3) and summing up the two preceding inequalities yields

1
E[‘1X}L4>€ - th4_1>fH < h;EHGﬂKZ]a

which completes the proof.
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