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November 13, 2023

Abstract

The main focus of this work is the study of several cones relating the eigenvalues
or singular values of a matrix to those of its off-diagonal blocks.
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1 Introduction

Let p > g >1and n = p+q. Let Herm(n) denote the vector space of n-square Hermitian

matrices. The spectrum of X € Herm(n) is denoted by e(X) = (e; > --- > e,) and the

singular spectrum of a matrix Y € M, ,(C) is denoted by s(Y) = (s; > --- > s, > 0).
The main purpose of this article is to describe the following cones:

A(p,q) = { (e(X),5(X12)), X € Herm(n) },
S(p.0) = {(5(X),5(X12),5(Xa1)), X € My (€)},

T(p.a) = {(5(X),5(X11),5(X22)), X € Myn(C)
. . . (X1 X9
Here, a n-square complex matrix X is written by blocks X =
Xo1 Xoo
Mp,q(C) and Xo1 € Mg, (C).
In the 1970s, Thompson gave some inequalities satisfied by the elements of T (p,q)
[22, 23], and more recently Fomin, Fulton, Li and Poon obtained sets of inequalities that

describe the cone A(p, q) [14, 5].

> where X9 €

The main objective of this work is to explain how a direct application of O’Shea-
Sjamaar’s theorem [17] yields complete sets of inequalities for the cones A(p,q), S(p,q),
and T (p,q). However, this method does not provide an optimal description of these
cones, as it leads to a large number of redundancies in the list of inequalities. We’ll see,
for example, that the Fomin-Fulton-Li-Poon description of A(p, ¢) is more accurate than
ours. In a future work [19], we will propose a more precise method to describe these
inequality sets, using the main result of [18].



Throughout this article, we make extensive use of Horn cones Horn(n) and Littlewood-
Richardson cones LR(m,n). Let’s recall their definition. To any integers n,m > 1, we
associate

Horn(n) = {(e(X),e(Y),e(X 1Y), X,Y € Herm(n)}
LR(m,n) = {(e(M),e(MI),e(MH)), M e Herm(m+n)},

where My € Herm(m) and My € Herm(n) are the extracted matrices such that M =
My  x
(7 i)

In §2, we recall the description obtained by Klyachko [9] and Knutson-Tao [12] for
Horn(n) cones, and that obtained by Berenstein-Sjamaar [3] and Ressayre [20] of LR(m,n)
cones. In both cases, the inequalities are parameterized using Littlewood-Richardson
coeflicients.

In §3, we show that A(p,q) can be characterized as a sub-cone of! Horn(n). To any
A=A >--->)\)and s = (s> -+ > 54 > 0), we associate \* = (=X, > --- > —)\q)
and

sPli= (51> >5,2>0,---,0> —5,>---> —s7).

N—_——
p—q

We then show that (A, s) € A(p,q) if and only if (A, \*,25P9) € Horn(n). This makes it

possible to describe A(p,q) by means of the inequalities defining Horn(n), but we’ll see

that the resulting description is less precise than that given by Fomin-Fulton-Li-Poon in

[5].

In [5], the authors pose the question of finding a collection of linear inequalities that
describes S(p, q) (Problem 1.15). We answer this problem in §4 by showing that S(p,q)
can be characterized as the intersection of LR(n,n) with the subspace of R*® x R™ x R"
formed by the elements (3", 57, ¢P9) where (7, s,t) € R” x R? x RY.

In the last section, we give a set of inequalities describing the cone T (p,q), showing
that 7 (p, q) is characterized as the intersection of LR(2p,2¢) with the subspace of R?" x
R? x R% formed by the elements (3", 3PP, 1%%) where (7, s,t) € R" x RP x RY,

In the case T (p, 1), we recover the interleaving inequalities of singular values obtained
by Thompson [22].
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Notations

Throughout the paper :

Wefixp>g>1andn=p+q.

We write 0, for the zero matrix of size a x b.

Let M, (C) be the vector space of complex a x b matrices.

Rﬁ is the set of sequences = = (x1 > -+ > xy) of real numbers.

Rﬁ . is the set of sequences z = (r1 > -+ > x4 > 0) of non-negative real numbers.
For any positive integer ¢, let [¢] be the set {1,...,/¢}.

If 2 € R and A C [(], we write |z|4 = > ,c4 q and |z| = Zle x;.

For A C [¢], we define A° :={{+1—a,a € A} and A° =[]\ A.

If z € RY, let Diag(x) be the diagonal £ x ¢ matrix with diagonal entries equal to
Tlye-.yy.

If A= {a1 < --- < ap} is an increasing sequence of positive integers, let pu(A) =
(ap—p>--->a;—1>0).

2 Reminder of some classical results

We recall some classical facts that we’ll be needing later on.

2.1

Singular values

Let X be a rectangular matrix, say m x n, with complex entries, and let X™* denote the

complex conjugate transpose of X. Let n1(X) > -+ > 1,,(X) > 0 be the eigenvalues of

the positive semidefinite matrix X X*. Notice that 7;(X) = 0 when k > ¢ := inf{m,n}.
The singular values of the matrix X are the coordinates of the vector

S(X) = (\/m(X), . \/m(X)> eR’,.

Consider the canonical action of the unitary group U, x Uy, on M, ,(C): (g,h) - X =
gXh~, V(g,h) € Uy x Uy,. The singular values map s : M, ,(C) — R?H induces a
bijective application My, ,,(C)/Uy, x U, — Rﬂ_Jr.



2.2 Augmented matrices

Let p>qg>1.
. . S . . Y
If Y is a p X ¢ matrix, we denote by Y?¢ the n-square Hermitian matrix <g}’f 0 >
aq
Here the spectrum of Y9 is equal to 579 := (s1, -+ ,54,0,--- ,0,—54,--- ,—s1) € R,

where s € R? is the singular spectrum of Y.

. . S e . A
If Z is a ¢ X p matrix, we denote by Y 7P the n-square Hermitian matrix <%13 0 >
pp

Here the spectrum of Z%P is also equal to ¢4, where t = s(Z) € ]R‘_]H_.

If X is a k-square matrix, we simply denote Xkk by X. The spectrum of X is also
simply denoted i := (p1, -, by — by "+, —41) € ]Rik, where p = s(X).

2.3 Horn inequalities
Denote the set of cardinality r-subsets I = {i; <9 < --- < i,} of [n] by PI.

Definition 2.1 For any 1 < r < n, LR” refers to the set of triplets (I,.J,K) € (P")3
such that (u(I), pu(J), p(K)) € Horn(r).

The following theorem was conjectured by Horn [7] and proved by a combination of
the works of Klyachko [9] and Knutson-Tao [12].

Theorem 2.2 The triplet (z,y,2) € (R™)3 belongs to Horn(n) if and only if the following
conditions hold:

o |z|+lyl = Iz,
o [x|r + |yls > |z|k, for any r <n and any (I,J,K) € LR}.

In the following sections, we’ll use Littlewood-Richardson coefficients to parameterize
certain inequalities. Let’s recall their definition. Let A, u, and v be three partitions
of length less than n > 1. We associate them with the irreducible representations V),
V., and V,, of the unitary group U,. The Littlewood-Richardson coefficient cl’\“, can be
characterized by the relation cf;,,/ = dim[Vy @V, ® V,)V". Thanks to the saturation
Theorem of Knutson and Tao [12], we know that cf;’,/ # 0 <= (u,v,\) € Horn(n).

The following kind of duality is used in the next sections: for all (I,.J, K) € (P")3, we
have

K Ko°)e
(1) liynes) 7 0= (o) o) # 0
Since the relation |z|oye + [yl(jo)e = [2](Ke)e is equivalent to [x[ro + [y|ljo < [2]ko, in
Theorem 2.2, we can rewrite the last condition by requiring that

lzlr + [yl = [2[x  and  |z[re + |ylse < [2]Ko
for any » < § and any (I, J, K) € LR}



2.4 The cone LR(U,U)

Let ¢ : U = U be two connected compact Lie groups. We choose an invariant scalar
product (—,—) on the Lie algebra 1t of U, and we denote by 7 : 1 — u the orthogonal
projection. L B

Select maximal tori 7" in U and 7" in U such that T C 7', and Weyl chambers t, C t
and t; C t, where t and t denote the Lie algebras of T, resp. T. The aim of this section
is to recall the description of the following cone given in [3, 20]:

LR(U,0) = {(g,é) €t x iy, Ut C w(ﬁé)}.

Consider the lattice A := o=ker(exp : t — T') and the Weyl groups W = Nﬁ(Tv) /T
and W = Ny(T)/T. We denote by w, € W the longest element. A vector v € t is called
rational if it belongs to the Q-vector space tg generated by A. We will see that the cone

LR(U, (7) is completely described by inequalities of the form

(&, wy) = (& wowy)

with ~ rational anti-dominant and (w, @) € W x W.

2.4.1 Admissible elements

We let ¥(ui/u) C t* denote the set of weights relative to the T-action on (u/u) ® C. If
v € t, we denote by (ii/u) N v+ the subset of weights vanishing against .

Definition 2.3 A rational element v € t is said admissible when

(2) Vect (2 (i1/u) N yl) = Vect(X(1i/u)) N At

When the following assumption is satisfied, we’ll see in Section §2.4.4 that LR(U, U )
is described by inequalities parameterized by a finite number of admissible elements.

Assumption 2.4 The subspace 3 := {X € t,a(X) = 0,Va € X(u/u)} is contained in the
center Zy of u.

This assumption means that any ideal of u contained in u is a subspace of Z; Nu.

Let t = 3 @ t; be a rational decomposition. Let us denote by X(ti/u)’ the image of
¥(1i/u) through the projection t* — (t1)*. If Assumption 2.4 holds, ¥(ii/u)’ generates
(t1)*. Any rational element € t can be written v = 9 + 1 where 7y is a rational
element of 3 and v, is a rational element of t;. We see then that a rational element + is
admissible if and only if ; is admissible. The later condition is equivalent to asking that
the hyperplane (y1)* C (t;)* is generated by a finite subset of ¥(i/u)’. Thus, there are a
finite number of choices for 41 (up to multiplication by Q>0).



2.4.2 Polarized trace

Let R(u) and R(u1) be the set of roots associated to the Lie algebras u and u. The choice of
the Weyl chambers t; and t, define subsets of positive roots R+ C R(u) and R C R(Q).

For a rational element v € t and (w,w) € W x W, we will use the following condition
to parameterize the inequalities of LR(U, U):

(3) > Aawy+ Y (@) =0

aeR+t acnt
(a,wy)>0 (&, w)<0

2.4.3 Schubert calculus

Let ¢ : Ug — (7@ be the complexification of ¢ : U — U. To any non-zero rational element
~ € t, we associate the parabolic subgroups

(4) ﬁ, = {g € Ug, lim exp(—itv)gexp(ity) exists} and P, = ﬁ, NUc.
t—00

We consider the projective varieties F := Uc/P, and .7?7 = Ugc / ]57, with the canonical
embedding ¢ : F, < .7?7. Let B C Uc (resp. BcC [7@) be the Borel subgroup associated
to the choice of the Weyl chamber t; (resp. ti).

We associate to (w,w) € W x W, the Schubert cells

X, =Bl CF, and X =B CF,
The corresponding Schubert varieties are Xy := %fb,y and X, = X, ..
We consider the cohomology? rings H *(]?7, Z) and H*(F,,Z). Let

o HY(F,, Z) — H*(F,,Z)

be the pull-back map in cohomology. If Y is an irreducible closed subvariety of .7?7, we
denote by [Y] € H?*W (]-tﬁ,,Z) its cycle class in cohomology : here ny = codimc(Y).
Recall that the cohomology class [pt] associated to a singleton Y = {pt} C F, is a basis
of H™(F, 7).

In the next section we will consider a rational element v € t and (w,w) € W x
W satisfying the relation [Xwn] - *([Xa,]) = klpt] in H*(F,,Z), with k& > 1. This
cohomological condition implies in particular that dimc(X,,) = codimc(%ﬁw) which is
equivalent to the relation

(5) t{a € R, (a,wy) >O}:ﬁ{d€§%+,<d,u~ry><0}.

2Here, we use singular cohomology with integer coefficients.



We finish this section by considering the particular case where Uc = GL,(C) is
embedded diagonally in Uc = GLn(C) x GL,(C). For 1 < r < n, the vector v, =
(=1,...,-1,0,...,0) € R" ~ t is admissible and the flag manifolds 7., and F,, admits a
—_——

r times
canonical identifications respectively with the Grassmanians G(r,n) and G(r,n) x G(r,n).

The map ¢ : Fy — F, corresponds to the diagonal embedding ¢ : G(r,n) — G(r,n) x
G(r,n).

For w € W ~ &,, the Schubert variety X,, 5, C G(r,n), which depends only of the
subset K = w([r]) C [n], is denoted Xg. Similarly, for w = (w1, ws) € W~ 6, x &,
the Schubert variety X4 ., C G(r,n) x G(r,n) is equal to X7 x X, where I = w([r]) and
J = wa([r]).

In this setting, we have the following classical result.

Lemma 2.5 The following statements are equivalent:
o [Xy,]- " ([Xan)) = €pt] in H*(F,,Z), with £ > 1.
o [X1]-[X/] [XKk]| = {[pt] in H*(G(r,n),Z), with £ > 1.

e The Littlewood-Richardson coefficient cZ gf,)) 1(J°) 18 non-zero.

2.4.4 Description of LR(U,U)
We can finally describe the cone LR(U, U).

Theorem 2.6 Let (£,€) € ty x t,.. We have U¢ C 71'((75) if and only if

(6) (& @) > (& wowy)

for any (y,w,w) € t x W x W satisfying the following properties:
a) v is admissible antidominant.
b) [Xus) " (Xan)) = [pt] in H*(F,,Z).
¢) Identity (3) holds.

The result still holds if we replace b) by the weaker condition
b) x-S (X)) =t 6>1 in HY(F,,Z).

Remark 2.7 Suppose that there exists ¢y > 0 such that [(o, wy)| and [{&,@v)| belongs
to {0,¢y}, V(w,w) € W x W, ¥Y(a, &) € R(u) x R(u). Then condition c) follows from
condition b) (see (5)).



When the closed connected subgroups ¢ : U — U satisfy Assumption 2.4 the subspace
3 ={X et a(X)=0,Va e X(u/u)} is equal to Zz Nu. Let t = Z; Nu® t; be a rational
decomposition. Any rational element v € t can be written v = vy + 71 where v € Zz Nu
and 1 € t; are rational. Two cases occur :

e If 41 = 0, then v satisfies conditions a), b) and c). The inequalities (6) given by
these central elements shows that & — £ is orthogonal to Zz Nu.

e If 1 # 0 then it is immediate to see that v satisfies a), b) and c) if and only if v
does also. Moreover, as £ — ¢ is orthogonal to Z; Nu, (£, wy) > (£, w,w~) if and only

if (€, %71) > (€, wowyn).-

Thus, when Assumption 2.4 is satisfied, LR(U, U ) is described by the condition §~ —£€
(Zz Nu)t and a finite number of inequalities of the form (£,v;) > (&, wowy1).

Many people have contributed to Theorem 2.6. The first input was given by Klyachko
[9] with a refinement by Belkale [1], in the case of SL,, < (SLy)*. The case Uc — (Uc)?®
has been treated by Belkale-Kumar [2] and by Kapovich-Leeb-Millson [8]. Recall that
Condition c) is related to the notion of Levi-movability introduced by Belkale-Kumar
[2]. Finally, Berenstein-Sjamaar [3] and Ressayre [20, 21] have studied the general case.
Ressayre [20] also proved the irredundancy of the list of inequalities.

We refer the reader to the survey articles [6, 4, 10] for details.

2.5 The cone LR(m,n)
Let m,n > 1. Let us write an Hermitian matrix X € Herm(m + n) by blocks X =

<)i1 ; > where X1 € Herm(m) and X131 € Herm(n). In this section, we are interested
I

in the cone LR(m,n) := {(e(X),e(X1),e(Xm)); X € Herm(m +n)}. Thanks to Theo-

rem 2.6, we obtain the following description of LR(m,n). The details of the proof are

given in the next section.

Theorem 2.8 The triplet (z,y,z) € RT" x R™ x R belongs to LR(m,n) if and only if
the following conditions hold:

2| = |yl + |21,
® Tnik <y < xg, V€ [m],

® Ty < zp <y, VL E [n],

|z|a > |yls + |z|c, for any triplet A, B,C' satisfying:

1. B C [m] and C C [n] are strict subsets,
2. AC[m+n] and A =B + 4C,



3. the Littlewood-Richardson coefficient czgg%’u(c) 1S mon-zero.

Moreover, the condition cggg)) u(c) 7 0 is equivalent to (u(A), u(B), u(C)) € LR(u,v),

where uw = 4B and v = {C.

Remark 2.9 In Theorem 2.8, we can strenghten condition 3. by requiring that
1(A) _

w(B),u(C) — L.

Remark 2.10 In [13], Li and Poon also obtained a characterization of the cone LR(m,n)
by means of the following inequalities: |z|1 < [y|sam] + [2lknm), Y, J, K) € LRI™,
Vr <n+m.

Cc

We will see in the next section that czgg%’u(c) # 0 if and only cZEEgZ);%W((CO)C)) # 0.
Since the relation [z[(40)c > [yl(coye + [2](co)e is equivalent to |z[a0 < |ylco + [2]co, in

Theorem 2.8, we can rewrite the last condition by requiring that
(7) lz[a >yl +|zlc and |z|a0 < |ylco + |2]co

for all strict subsets A C [m+mn], B C [m], C C [n] that satisfy 4 = B +4C < $(m+n)

(1)
and €5 uc) # 0

2.6 Proof of Theorem 2.8

We work with the unitary group U= Up+n and the subgroup U = U, x U, embedded
diagonally. We consider the orthogonal projection 7y : Herm(m + n) — Herm(m) X
Herm(n) that sends X to mo(X) = (X1, X1r). The cone LR(m,n) is formed by the
triplets (z,y,2) € RT™™ x RT x R” satisfying

Un - Diag(y) X Up - Diag(z) C 7o (Um+n : Diag(x)) :
Thus LR(m, n) = LR(Up, X Uy, Upptn)-

2.6.1 Admissible elements

We work with the maximal torus 7" C U of diagonal matrices. The set of roots relatively
to the action of 7" on u/u >~ My, ,(C) is ¥ := {e] — f1i € [m],j € [n]}.

The center of i is generated by 7, := (1,...,1) € R™"" ~ t. For any (r,s) €
{0,...,m} x{0,...,n}, we define

Vs =(=1,...,=1,0,...,0) & (—1,...,—-1,0,...,0) € R x R" ~ t.
SN—— SN——
r times s times

Lemma 2.11 Let vy € t be an admissible element. There exists (a,b) € Qx Q=°, (w,w') €
S X 6y, and (r,s) such that v = ay, + b(w,w )y, s. The couple (r,s) must satisfy the
auziliary conditions: either 0 < r <m and 0 < s <n or (r,s) € {(1,0),(0,1),(m —
1,n),(n,m —1)}.

10



Proof : Consider an admissible vector v = (y1,...,Ym; V- --,7,) that is linearly
independent to ,. The relation Vect(X Ny*) = Vect(X) Nyt means that (X Nyt is a
subspace of dimension 2. Here ¥ N~* is the set of vectors e} — f; such that »; = 73. For
a € R, we define [m], := {i € [m],; = a} and [n]o == {j € [n],7; = a}. Hence ¥ Nyt is
parameterized by [[,c;[m]a X [n]o where L = {a € R, [m]o # 0 and [n]o # 0} is a finite
set.

Consider first the case where Uger[m]a # [m]. Let k & Uner[m]o. Then (3N A+)t,
which is of dimension 2, contains the vectors 7,, vy and e;. Hence, « is a linear combinaison
of 7, and ey: we check easily that there exists (a,b) € Q x Q% w € &,,, and (r,s) €
{(1,0), (m — 1,n)} such that v = a7, + bwy,s.

If Uper[n]a # [n], we prove similarly that v = ay, + bw'y, s for (a,b) € Q x Q>°,
w' € &,, and (r,s) € {(0,1), (m,n —1)}.

Let us consider the last case where Uyer[m]o = [m] and Uaer[n]oa = [n]. Then
Y = Yaer @Va with Vo = 3> 0 e, € + fj- The vectors {Vo,a € L} define an
independent family of the subspace (X N~+)* which is of dimension 2, so #L < 2. Since
~ is linearly independent to 7,, the set L has cardinal 2. Now we see that there exists
(a,b) € Q x Q70 (w,w') € &, x &, and r < m, s < n such that v = a7y, + b(w, w' )y .
O

Here, the remark 2.7 applies, so condition c) will follow from condition b).

2.6.2 Cohomological conditions and inequalities

The Lie algebra t is identified with R™T" ~ R™ x R",

First case: The two vectors £+, are admissible elements, and satisfy conditions a),
b) and ¢) of Theorem 2.6 in an obvious way. In this cases, the corresponding inequalities
+(x,7) > +((y, 2), wo,) are equivalent to |z| = |y| + |z].

Second case: We work now with the admissible element -+, s in the situation where
r € [m—1] and s € [n — 1]. The flag manifold GL,,(C) x GL,(C)/P,,, admits a natural
identification with the product of Grassmannians G(r,m) x G(s,n). Similarly, the flag
manifold GLy4n(C)/P. ... 18 isomorphic to the Grassmannian G(r + s, m +n). The map
tc : GLy (C) X GLy, (C) = GLyy4n(C) factorises to a smooth map ¢y 5 : G(r,m) xG(s,n) —
G(r + s,m + n) defined by ¢, (V1,V2) = V1 & Va.

Let w = (wy,w9) € W ~ &, x S, and let B = wy([r]) C [m] and C = ws([s]) C [n]
be the corresponding subsets. The associated Schubert variety is Xy, = Xp X X¢ C
G(r,m) x G(s,n).

In the same way, to @ € W ~ &1, we associate the subset A = @ ([r]) U ([s]+m) C
[m + n] and the Schubert variety .%@7«/7‘78 =X4 CG(r+s,m+n).

Lemma 2.12 The following identities are equivalent:

1. [%wﬁf] ’ L*([iﬁiﬁ]) ={[pt], £ > 1,

11



p(A°) _
2 e =21

e

3. Gilprrucer) = L2 1

Proof: Recall that we associate a partition A(A) = (A\y > ---\;) with a subset A =
{a; <iy < --- < a,} C [n] of cardinality r, by posing \y =n —r + k — ax, Vk € [r].

Let A,[z] = Z[z1,...,2,]° be the ring of symmetric polynomials, with integral coef-
ficients, in r variables. For any partition v of length r, we associate its Schur polynomial
sy(z) € A, [z]. The family (s,) determine a Z-basis of A, [z].

Let us recall recall the following classical fact (see §3.2.2 in [16]). The map ¢, :
A, [x] — H*(G(r,m)) defined by the relations

oy if rp<m-—r,
¢7’(Su) = { !

0 if vy >m-—r.

is a ring morphism. Here o, denotes the cohomology class [Xp] defined by a subset D C [m]
of cardinality r such that v = A(D). In the same way we consider the ring A,  [z,y] =
Zlw1, ..., e Y1, ..., Ys] O+ and the morphism ¢, : Nyislz,y] — H*(G(r + s5,m +n)).
Let us denote by R : A, [z,y] — A,.[r] ® A,[y] the restriction morphism. It is not hard
to check that the following diagram is commutative:

/\r[x] ® /\s[y] # /\T+s[x7 y]
l@‘ Ps l¢r+s
H*(G(r,m)) ® H*(G(s,n)) ¢—— H*(G(r +s,m +n)).

As [Xu,] = ozB) ® ox) and [3%@7“] = 0x(4), the previous diagram tell us that the

integer £ such that [X, ] - 7 ([Xa,]) = £[pt] is equal to the coefficient of R(sy(4)(7,y))
relatively to sy(pe)(7) @ sy(coy(y) : in other words £ is equal to the Littlewood-Richardson

. A
coefficient )

Egl) N ngg;)p(c) (see [15], §1.5). The equivalence between 1. and 2. is
proved.

Let us consider 7/, s’ such that » + 7" = m and s + s’ = n. The canonical bilinear
form on C™*™ permits to define the map § : G(r' + s, m +n) — G(r + s,m + n) that
sends a subspace F' C C™*™ to its orthogonal F*. Let 6* : H*(G(r + s,m + n)) —
H*(G(r" + ', m + n)) denote the pullback map in cohomology. If we consider similar
maps 6* : H*(G(r,m)) — H*(G(r',m)) and §* : H*(G(s,n)) — H*(G(s',n)), we have a

commutative diagram:

H@Grm)  ©  H(G(sn) e HG(+sm+n)
= = J*
H*(G(r',m)) ® H*(G(s',n)) e H*(G(r' + ¢',m +n)).

12



This allows us to see that og) @0y (0r4)) = £lp ] k > 1if and only if 6*(o\(p))®
6" (oxy) - 37 (6" (oaa))) = Llpt], k > 1. Since we have 6*(0(x)) = 0, (x<) as a general rule,
the previous relation is equivalent to cHE?BC,),)C) w((CoYe) = =/ 2 1. The equivalence between
2. and 8. is proved. O

The inequalities associated to v, s are

—lzla = (z,9ys) 2 ((y, 2), wowy) = —ly|Bo — |z|ce

Using |z| = |y| + |2], we obtain |z[ac > |y|(ge)e + |2|(co)e for any strict subsets A C

m-+n|, BC |m]and C C [n SatlsfymgﬁA—ﬁB+ﬁCandc“(A) ={>1.
n((B

2)9).m(C)°)
Third case: (r,s) € {(1,0),(0,1),(m —1,n),(n,m —1)}. Here we use the same type
of argument as before.
(r,s) = (1,0): we obtain the inequalities z,,+x < yx, Vk € [m].
(r,s) = (0,1): we obtain the inequalities z,,+¢ < z¢, V0 € [n].
(r,s) = (m —1,n): we obtain the inequalities y; < xy, Vk € [m].
(r,s) = (m,n —1): we obtain the inequalities z; < z, ¥/ € [n].

The proof of Theorem 2.8 is completed. O

2.7 A consequence of the O’Shea-Sjamaar Theorem
2.7.1 First setting: compact Lie groups with involution

Let~ﬁ be a compact connected Lie group equipped with an involution ¢. The Lie algebra
of U admit the decomposition u = u? @& u~? that is invariant under the action of the
subgroup U?. We start with a basic but important fact (see [17], Example 2.9).

[

Lemma 2.13 For any adjoint orbit O C u, the intersection ONu~ is either empty or

an orbit of the connected subgroup K := (U7)o.

Let U C U be a subgroup invariant under o. Let us choose an invariant scalar product
(—,—) on the Lie algebra ii of U such that o € O(ii). At the level of Lie algebras, we
consider the orthogonal projection 7 : t — u relatively to the scalar product (—, —).

One of the main tool used in this paper is the following result, which is a consequence
of the O’Shea-Sjamaar Theorem (see [17], Section 3). Let K be the connected component
of U”.

Proposition 2.14 Let £ € u™7 and 5 e u=?. The following conditions are equivalent:
1. UECr ((75) ,

9. Kécn (f{g)
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2.7.2 Second setting: real reductive Lie groups

Let . : G — G C GLN(R) be two connected real reductive Lie groups admitting a
complexification tc : G — Ge¢ C GLy(C). It is for example the case when G and G are
semisimple (see [11], §VII.1). Let us denote by

¢ K =GNSON(R) and K=Gn SON(R) the maximal compact subgroups of G' and
G. Their Lie algebras are denoted by ¢ : ¢ < &.

e U =GcNUy and U = é(c N Uy the maximal compact subgroups of G¢ and é(c.
Their Lie algebras are denoted by ¢ : u < 1.

Consider the Cartan decompositions, g = ¢ @ p and § = €@ p, of G and G. At the
level of Lie algebras, we have it = £ & ip and u = £ @ ip. The antilinear conjugation on
GLN(C) defines an involution ¢ on U < U such that K < K are respectively equal to
the connected components of U? and U?. We see also that u=? = ip and 1~ 7 = ip.

Let m : gc — gc be the orthogonal projection relatively to the Hermitian norm
Tr(X*X)Y2 on gly(C).

Proposition 2.15 Let X € p and X e p. The following conditions are equivalent:
L UXCn ((755)
2 KX cr(KX).

Proof: It follows from Proposition 2.14 and the fact that the projection 7 : gc — gc is
complex linear. O

3 The cone A(p,q)

Here, we work with the reductive real Lie group U(p,q) = {g € GL,(C), ¢*I, 49 = I, 4},
where I, , = Diag(1,, —1I,).

3.1 Matrix identities

X1 Xig
by blocks, where X5 €
ng X22> y w 12

M, 4(C). Recall that (\,s) € A(p,q) if and only if there exists an hermitian matrix X
such that A = e(X) and s = s(X32). Let us consider

-~ —X11 X12 > oy ( 0 X12>
X=—1,,XI,,= . and X+X =2, .
P4 P < Xfy  —Xoo Xip 0

Let us decompose a n-square hermitian matrix X = <

14



If we look at the eigenvalues of this three Hermitian matrices, we obtain, following the
notations of Section 2.2,

o —, = P.q

e(X)=e(X)" and e(X 4 X)=2s(X12) ,
ie. (e(X),e(X)*, ZS@WZ) € Horn(n).
From the above identities, we see that any (A, s) € A(p, q) satisfies the relation

(8) (A, A*,25P%) € Horn(n).

In the following sections, we explain how the O’Shea-Sjamaar theorem (see Proposition
2.15) allows us to see that relation (8) characterizes the cone A(p, q).

3.2 Complexification and antiholomorphic involution

We work with the reductive real Lie groups G := U(p, q) and G := GL,(C). Let us denote
byt: G — G the canonical embedding. The unitary group K := U, is a maximal compact
subgroup of G. Let § := Herm(n) C gl,,(C) be the subspace of Hermitian matrices.

The subgroup K := KnU (p,q) ~ Uy, x U, is a maximal compact sugroup of G, and the

map Y — YP4 = (%}f OY > defines an identification between M, ,(C) and the subspace
aq
p:=pnNg.

The complexification of the group G is G¢ := GL,(C). We consider the antiholomor-
phic involution o on G¢ defined by o(g) = I, 4(9*)"'1,, The subgroup G is the fixed
point set of o. N N
_ The complexification of the group G is G¢ := GL,(C) x GL,(C). The inclusion
G < G is given by the map g + (g,g). We consider the antiholomorphic involution &
on G defined by (g1, 92) = (g2,91). The subgroup G corresponds to the fixed point set
of . The embedding ¢ : G — G admits a complexification (¢ : G¢ < G¢ defined by
we(9) = (g,0(g)): notice that i,coo =0 ouc.

The groups U = U,, and U = Uy, x U, are respectively maximal compact sugroups of
Gc and Gg. The embedding uc : U < U is defined by (k) = (k, I 4k, 4). The fixed

point subgroups of the involutions are U? = K and U =K.
At the level of Lie algebra, we have a morphism (¢ : gl,,(C) < g[,,(C) x gl,,(C) defined
by wc(X) = (X,0(X)), where o(X) = =1, ( X*I,, .

3.3 Orthogonal projection of orbits

We use on gl,(C) x gl,(C) the euclidean norm [|(X,Y)||? = Tr(XX*) + Tr(YY*). The
subspace orthogonal to the image of ic is {(X, —0 (X)), X € gl,,(C)}. Hence the orthogonal
projection

7 gl,(C) x gl,,(C) — g1, (C),
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is defined by the relations 7(X,Y) = (X + a(Y)). Note that 7 commutes with the
involutions : mog =ocom.

If X € Herm(n), the corresponding adjoint orbit U, - X, which is entirely determined
by the spectrum e(X), is denoted by Oqx). If A = (A1,---,\y), we denote by A\* the
vector (—Ap, -+, —A1): we see that e(—X) = e(X)* for any X € Herm(n).

The subspace p C § is identified with {(X, X), X € Herm(n)} C gl,,(C) x gl,,(C). For

any X € Herm(n), the image by the projection 7 of the orbit U - (X, X) is equal to
sUn X+Up 0(X)=3Un - X+U, (—X)) =1 (0r+ Oyx),

where A = e(X).
If Y € M, 4(C) has singular spectrum s € R, , the spectrum of the Hermitian matrix

YPa is equal to 579, hence U - YPa is equal to Ozp,q. At this stage, we have proved that
for any (X,Y) € Herm(n) x M, 4(C) the following statements are equivalents:

o U.-YPicq (ﬁ- (X,Y)),
e 205pq C Oy + Oy+,
o (A, \*,25P%) € Horn(n),

where A = e(X) and s = s(Y).

The group K =~ U, x U, acts canonically M, ,(C) ~ p. For any Y € M, ,(C), the
orbit K - YP4 C p is equal to the set of matrices with singular spectrum equal to s(Y). If
one restricts the projection 7 : gl,,(C) x gl,,(C) — g[,,(C) to the subspace p ~ Herm(n),

X1 X12> to

we obtain the map m : p — p that sends an Hermitian matrix X = < .
Xip Xz

<~ P4 0 X12
X2 = ( ol )
X12 qu

Since the orbit K - X is equal to Og(x), we see then that A(p,q) can be defined as
follows: (A, s) € R? x R%_ belongs to the cone A(p,q) if and only if for any (X,Y) €

Herm(n) x My 4(C) satisfying A = e(X) and s = s(Y’), we have K - Yracr <I~( . X).

3.4 Inequalities determining A(p,q)

The computations done in the previous section, together with Proposition 2.15, gives us
the following result.

Proposition 3.1 Let (\,s) € R} xR, and let (X,Y) € Herm(n) x M, 4(C) such that
A=e(X) and s =s(Y). The following statements are equivalent:

e (A s) € A(p,q),

° K-}A/p’qu<I~(-X>,
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e U-YPICT ((7 (X,Y)),
e (A \*,25P9) € Horn(n).

Thanks to the description of the Horn(n) cone given in Theorem 2.2, we can conclude
with the following description of A(p, q). Note that [A\*|; = —[|A[jo and [Pk = |s|gn[g —

8] Koniq)-

Proposition 3.2 An element (A, s) € R} x R%, belongs to A(p,q) if and only if
() 1,1 (Al = [Alre = 2ls|kng — 2IslKongy

for any r < % and any (I, J, K) € LR}.

However, our description is less precise than that obtained by Fomin-Fulton-Li-Poon [5].
They show the remarkable fact that it suffices to consider inequalities (x); j x when I, J, K
are subsets of [q].

Theorem 3.3 ([5]) An element (X, s) € RT x RL ., belongs to A(p,q) if and only if
[Alr = [Alge = 2|s|k

for any r < q and any (I, J, K) € LRY.

3.5 Examples

Computation of A(2,2)

The inequalities associated to (I,J, K) € LR? are

(9) M — A >251, Ao— A4 >259, A — A3 > 2so.

The inequality associated to [ = J = K = {1,2} is

(10) A1+ A2 — Az — Ay > 2(s1 + s2).
Theorem 3.3 give us the following description.

Corollary 3.4 An element (X, s) € R x R% | belongs to A(2,2) if and only if the condi-
tions (9) and (10) hold.
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Computation of A(3,3)

The inequalities associated to LR are

)\1—)\62281 )\1—)\42283
(11) )\2 — )\6 > 282 )\2 — )\5 > 283
)\1—)\5 2282 )\3—)\6 2283.

The inequalities associated to LR3 are

A +A2— A5 =X > 2(s1+ s2)
AMA+AX—A =X > 2(s1+83)
A A3 = A5 =X > 2(s1+ s3)
(12) Mt A== A5 > 2(sy+s3)
AL +A3 ==X > 2(s2+s3)
Ao+ A3 — A5 —Ag > 2(s2+ 83).

The inequality associated to I = J = K = {1,2,3} is
(13) AL+ A2+ A3 — A — A5 — Ag > 2(s1 + 52+ 83).

The result of Fulton-Fomin-Li-Poon (Theorem 3.3) gives the following description of
A(3,3).
Proposition 3.5 An element (), s) € RY x R3, belongs to A(3,3) if and only if the
inequalities listed in (11), (12) and (13) are satisfied.

Remark 3.6 The cone A(3,3) C R6xR3 corresponds to the intersection of the Horn cone
Horn(6) C R'® with the subspace {(\,\*,25P9),()\,s) € RS x R3}. Strikingly, A(3,3)
is determined by 21 inequalities, while Horn(6) is described with a minimal list of 536
nequalities.

4 The cone S(p,q)

We work with the projection g : gls,,(C) — gl,,(C) x gl,,(C) defined by the relations:

B B
(14 B= (0 D) ma(B) = (Boo. B

Here each matrix Bj; belongs to gl,(C).
Recall that (A, i, v) € LR(n, n) if and only if there exists a 2n-square Hermitian matrix
B such that A = e(B), u = e(Bgo) and v = e(B11).
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4.1 Matrix identities

Here we use the notations 57”"1, #P? introduced in the §2.2.
X1 Xio

Xor X22> by blocks where

Let us decompose a n-square complex matrix X = <

0 X
X* 0
Recall that e()?) = ST)?) (see Section 2.2).

Let P; € O2,(R) be the orthogonal matrix associated with the permutation 7 : [2n] —
[2n] which is defined as follows: 7(k) =k if 1 <k <p,7(k)=k+qifp+1<k<n+p
and 7(k) =k —nifn+p+1<k<2n.

We see then that P,X P~!is a 2n-square hermitian matrix such that

X195 € M,,(C). Let X = < > be the associated 2n-square Hermitian matrix.

sp-1y  _ (0 X2 cr-1y (0 X
(PTXP )00 = <Xik2 0 and (PTXPT )11 = X;l 0
Finally we obtain the relations ST)(\) = e()? ) = e(PT)? Ph,

—, =P

~ ———D,q ~ )
e((Pr X P Ygo) = s(X12) and e((P,XP 1)11) =s(Xa1)

— =D —, —=Pq

In other words, (S/()?),S(Xlg) q,s(Xgl) ) € LR(n,n) for any n-square complex matrix
X. At this point, we have shown that any (v, s,t) € S(p, q) satisfies the relation

(15) (7,574,77) € LR(n, n).

In the next sections, we explain how the O’Shea-Sjamaar theorem (see Proposition
2.15) allows us to show that (15) characterizes the cone S(p, q).

4.2 Antiholomorphic involution and orthogonal projection

We work with the real reductive Lie groups G := U(p,q) x U(q,p) and G :=U(n,n). The
embedding ¢ : G — G is defined as follows:

911 Opn  g12 g g
(16) t(g,h) =|0np h Ongl, when g= <gi g;i) .
921 Ogn  g22

Here g11 € M, ,(C), g12 € My 4(C), g21 € M, ,(C) and goa € M, 4(C).

The unitary group K= U, x U, is a maximal compact subgroup of G. The subspace
p:={X,X gl (C)} C §admits a canonical action of K. The subgroup K = K; x Ko,
with K1 ~ U, x U, and Ky ~ U, x U,, is a maximal compact subgroup of G, and the
subspace p = p N g admits a natural identification with M, ,(C) x M, ,(C):

(Y, Z) € My 4(C) x My, (C) —s (YP4, Z9P) e p.
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The complexification of the group G is G¢ := GL,(C) x GL,(C). We consider the
antiholomorphic involution o on G¢ defined by o(g,h) = (Ip4(9*) 11 q Lgp(h*) "y p).
The subgroup G is the fixed point set of o.

The complexification of the group G is GC = G L2, (C). We consider the antiholomor-
phic involution & on G¢ defined by 7(9) = Inn(g*) ' nn. The subgroup G corresponds
to the fixed point set of .

The groups U = U, x U,, and U = Uy, are respectively maximal compact subgroups
of G¢ and GC The fixed point subgroups of the involutions are U7 = K and U =K.

The embedding ¢ : G — G admits a complexification itc : G¢ — G(c At the level of
Lie algebra, we have a morphism ¢ : gl,,(C) x gl,,(C) < gl,,,(C), still defined by (16).

The orthogonal projection m : gly,(C) — gl,(C) x gl,,(C) dual to the morphism «c
is defined by the relations :

A A Agg Ay Ags
(17) A=Ay Axp Ay — m1(A4) = ((A ) > ,A22> .
Az1 Azz Ass 3L 4733

Here the matrix A € gl,,,(C) is written by blocks relatively to the decomposition 2n =
p+n+gq.
In the beginning of §4, we have consider another projection 7y (see (14)).

Lemma 4.1 For any Us,-orbit O C gly,(C), we have 71(0) = mo(O).

Proof: Let Pr € Og,(R) the orthogonal matrix defined in Section 4.1. We check that
(M) = mo(P,MPY), VM € gl,,,(C). Our lemma follows from this relation. O

4.3 Description of S(p,q) through LR(n,n)

For t € R?, we consider the n-square Hermitian matrix

Ogq 0gp—q Diag(t)
(18) Y(t) = Op—g.q  Op—gp—q Op—gq
Diag(t)  0Ogp—q Ogq

Here is the main application of Proposition 2.15.

Proposition 4.2 Let (v,s,t) € RT, x RL, x RL . The following statements are equiv-
alent:

1. (v,s,t) € S(p,q),

2. 3A = <A11 A12> € gl,,(C), such that s(A) =, s(A12) = s, and s(A21) =1,
A Ax
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3. 3IM € p, with 7 (M) = (M, Ma), s.t. e(M) =7, e(My) = 5§74 and e(My) = P4,

4om <Un X Uy, - D@)) contains (Up < U, - Y(s)> X <Uq x U, - Y(t)).

5. m <U2n : D@)) contains Uy - Y (s) x Uy, - Y (t).
6. mo (Uan - Diag(7)) contains Ogp.a X Oppq-
7. (7,579,tP9) € LR(n,n).

Proof: Equivalences “1. <= 2.7 and “6. <= 7.” are true by definition. Equivalence
“2. <= 3.7 is proved by taking M = A (see §4.1). Equivalence “3. <= 4.” is obtained by
noting the following relations

—

{M €p; e(M) = ?} = Uy x Uy - Diag(v),

and {(X,Y) €p; e(X)=5and e(Y) =1t} = (U, x Uy - Y(s)) x (Uy x Up - Y(t)). Equiv-
alence “4. <= 5.” follows from Proposition 2.15, and “5. <= 6.” is a consequence of

—

Lemma 4.1 and the fact that the orbit Us, - Diag(7) is equal to Uy, - Diag(¥). O

4.4 Inequalities determining S(p,q)

Thanks to Proposition 4.2 and Theorem 2.8, we obtain the following description of the
cone S(p, q).

Theorem 4.3 An element (v,s,t) € R x RL, xRY_ belongs to S(p,q) if and only if,

(19) Y >sg and oy >tg, Yk €[g],
and
(20) Vanm) = Waenm) = 18lBjg — I8lBonig + [tlenig — [Elconigs

holds for any triplets (A, B,C) satisfying the following conditions :
e B,C are strict subsets of [n],
e AC [2n] and A =£B + £C,
(4)

. . . },L .

e the Littlewood-Richardson coefficient Cou(B),p(C) 15 Mon-zero.

Let us use some duality to minimize the number of equations (see (7)). The equation
(20) means that (7, sP2,¢tP9) satisfies |x|4 > |y|p + |z|c, that is |54 > |$PY| 5+ |[tPYc. If
we apply (7,579, tP9) to the relation |z] 40 < |y|co+|2|co, we get 7] a0 < [$P9] go+[t P2Y| co
which is equivalent to (20) since |Y|40 = —[7|4, [SP|go = —|5P9|p and [tP]co = —|tP9]c.

We can therefore rewrite Theorem 4.3, by requiring that (20) holds for all strict subsets
A C [2n], B,C C [n], which satisfy A = B 4+ #C < n and czgg)) (C) # 0.
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4.5 Examples
The cone S(1,1)

We have to look to subsets B = {b} C [2], C = {c} C [2], and A = {ay > a1} C [4] such
that the Littlewood-Richardson coefficient cZ Eg%
corresponding inequalities:

i) B=C={2}and A={4,1} or {3,2}: 0> —s—t.
it) B={1},C={2}and A={3,1}: AN —Xy>s—t.
iti) B={2},C={1}and A= {3,1}: A —X2>—s+t.

is non-zero. Here’s the list and the
jri(e))

)

w) B=C={1}and A={2,1}: A+ X >s+1t.

Note that the inequalities (19) are here a consequence of i), iii) and 7v). Thus, an
element (7, s,t) € R, x R2% x R20 belongs to S(1,1) if and only if

A=A >s—t] and A+ Ay >s+t.

We recover the computation done in [5] (see Example 1.17).

The cone 5(2,1)

First, we look to subsets B = {b} C [3], C' = {c} C [3], and A = {az > a1} C [6] such that
the Littlewood-Richardson coefficient CZ Eg% 4(C) is non-zero. The corresponding inequality
(20) is called trivial when it is a consequence of the following relations

(21) N> >3>0, p>t>0, 4 >s>0.
Here’s the list of the non-trivial inequalities:

e B={1},C={1} and A={2,1}: m+yn=s+t

e B={1},C={3}and A={4,1}: ~m —y3>s—t

e B={3},C={1}and A={4,1}: v —7v3>—-s+t.

Next, we examine subsets B = {b; > by} C [3], C = {c} C [3], and A = {az > a2 >
a1} C [6] such that cﬁj Eg)) u(c) 7 0- An easy check shows that all inequalities obtained here
are a consequence of (21) and the inequalities

(22) )\1+)\228+t, )\1—)\32‘8—15‘,
which we have just proved above.

Corollary 4.4 An element (v,s,t) € R3 x R x R belongs to S(2,1) if and only if the
inequalities (21) and (22) hold.
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5 The cone T (p,q)

We consider here the projections mo, 1 : gly, (C) — gly,(C) x gly,(C):
e 7 is defined by the relations:

A Ap Az

A A
(23) A=Ay Axp A — m(A) = <<A; A;i) ,A22> ,
Az Az Ass

where the matrix A € gl,,,(C) is written by blocks relatively to the decomposition
2n =p+2q+p.

e 7 is defined by the relations:

B B
o m=(E B o= e

where Boo € gly,(C) and B1; € gly,(C)
Lemma 5.1 For any Us,-orbit O C gly,(C), we have 71(0) = mo(O).

Proof: Same proof as for Lemma 4.1. O

5.1 Matrix identities

X1 X2
Xo1 X9
M, 4(C). We want to find a link between the singular eigenvalues of X, X1; and Xas.

The matrix @ = <?Zq (I)dp ) is orthogonal and the matrix X’ := X@Q = (;12 § 11>
a Yap 22 K21

has the same singular values as X. The image of the 2n-square Hermitian matrix X’ :=

Let us decompose a n-square complex matrix X = < > by blocks where X5 €

/
< (2?,’;* OX > trough the projection m; is equal to
() = (o ).

The orbit O := Uy, X7 is equal to the subset of 2n-square Hermitian matrices Y satisfying
e(Y)=e (X’) = s(X’) = s(X), and the projection mo(O) = m1(O) contains (X171, X22),

—

S0 (S(X), S(XH), S(XQQ)) € LR(Zp, 2q).
We have just shown that any (v, s,t) € T(p, q) satisfies the relation
(25) (7,5,%) € LR(2p, 29).

In the next sections, we explain how the O’Shea-Sjamaar theorem (see Proposition
2.15) allows us to see that relation (25) characterizes the cone T (p, q).
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5.2 Antiholomorphic involution and orthogonal projection

We work with the real reductive Lie groups G := U(p,p) x U(q,q) and G :=U(n,n). The
embedding ¢ : G — G is defined as follows:

g1 Op2g  g12
(26) t(g,h) = |[029p R O2p |, when g= <g; gii) .
921 Opo2g  g22

Here g;; € gl,(C) and h € U(q,q) C gly,(C).

The e unitary group K= Uy, x Uy, is a maximal compact subgroup of G. The subspace
p={X,XeM, »(C)} C g admits a canonical action of K. The subgroup K = K, x K,
with K1 ~ U, x U, and Ky ~ U, x Uy, is a maximal compact subgroup of G, and the
subspace p = ]3 Ng admits a natural identification with gl,(C) x gl (C):

(Y, Z) € g1, (C) x gl (C) — (Y, Z) € p.

The complexification of the group G is G¢ := GLgy(C) x GLgy(C). We consider the
antiholomorphic involution o on G¢ defined by o(g,h) = (Ipp(g*) " pp, Lyq(B*) "1, ).
The subgroup G is the fixed point set of o.

The complexification of the group G is éc := G Ly, (C). We consider the antiholomor-
phic involution & on G¢ defined by 7(9) = Inn(g*) nn. The subgroup G corresponds
to the fixed point set of .

The groups U = Uy x Uy and U = Uy, are respectively maximal compact Subgroups
of G¢ and GC The fixed point subgroups of the involutions are U7 = K and U =K.

The embedding ¢ : G — G admits a complexification itc : G¢ — G(c At the level of
Lie algebra, we have a morphism i : gly,(C) x gly,(C) < gly,(C), still defined by (26).

The orthogonal projection gly,(C) — gly,(C) X gly,(C) dual to the morphism «c is
the map m; defined at the start of Section 5.

5.3 Description of T (p,q) through LR(2p,2q)

Here is the main application of the Proposition 2.15. Recall that for (v,s,t) € R}, x
Ql\%ﬁ_Jr x R% ., we define 7 := (y1,.. ., Y, = Yns---»—M), S := (S1,. -+, Sp, —Sp, ..., —51) and
t:= (tl,. .. ,tq, —tq, .. .,—tl).

Proposition 5.2 Let (v,s,t) € R x ]R{’H_ X ]R‘_]H_. The following statements are equiv-
alent:

1. (v,5,t) € T(p,q),
(A A B B B
2. 3A = € gl,,(C), such that s(A) =, s(A11) = s, and s(A) =1,
An Ax
8. AM € p, with m (M) = (M, M), s.t. e(M) =7, e(M;) =35 and e(My) =1,
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4. m <Un x Up, - Di/agTv)) contains (Up x Up - D@)) X <Uq x Uy - Di/ag\(t)).

1 <U2n . D@)) contains Usp - Di/agTs) X Usq - D@).

6. 7o (Uap - Diag(q)) contains Us, - Diag(5) x Us, - Diag(t).

7. (7,35, 1) € LR(2p,2q).

Proof: Equivalences “2. <= 3.” and “6. <= 7.” are true by definition. Equivalence

“2. <= 3.7 is proved by taking M = Al (see §5.1). Equivalence “3. <= 4.” is obtained
by noting the following relations

—

{M €p; e(M) =7} = U, x U, - Ding("),

—

and {(X,Y) € p; e(X) =S and e(Y) = %\} = <Up x Up - Diag(s)) X <Uq x Uy - Di/ag\(t)>.
Equivalence “4. <= 5.” follows from Proposition 2.15, and “5. <= 6.” is a consequence
of Lemma 4.1. O

5.4 Inequalities determining 7 (p,q)

Thanks to Proposition 5.2 and Theorem 2.8, we obtain the following description of the
cone T (p,q).

Theorem 5.3 An element (7, s,t) € R, x RL | x R% . belongs to T (p,q) if and only if
the following inequalities hold:

1. v > s, VE < p,

3. Yogue < 50, VU< p—gq,
4. we have [Y|anm) — [V|aenm) = IsIBrp) — [8IBenp) + [tong — [Eloenig

for any triplets (A, B,C) satisfying the following conditions :

e B C [2p] and C C [2q] are strict subsets,
e AC [2n] and A ={B +{C < n,

e the Littlewood-Richardson coefficient czggg 4(C) S8 mon-zero.
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5.5 Examples
The cone 7(1,1)

We need to find subsets B = {b} C [2], C = {c} C [2], and A = {a2 > a1} C [4] such that

the Littlewood-Richardson coefficient cZ Egg 4(C) is non-zero. This work has been done for

the cone S(1,1). Thus, an element (v,s,t) € R%, x RZ% x R20 belongs to 7(1,1) if and
only if

(27) M=y >|s—t| and v+ > s+t
Note that inequalities v; > s and v; > ¢ follow from (27).

The cone 7(2,1)

We work with (v,s,t) € R3, x R, x R0 satisfying

(28) M=, M=t sy, 3 < s

We're now interested in the inequalities associated with triplets (A, B, C) such that
CZ E )1(C) is non-zero and fA4 = §B + §C < 3. We obtain the following inequalities when

Mty =2 si+t

Mty = s2+t
(29) M=y = |s2—t

Mnm—=—7 = —sitt

In the list (29), I haven’t included inequality o + 73 > so — ¢, which is associated with
A =1{2,3}, B= {2}, C = {2}, since it follows from (28) and the fact that 3,¢ > 0. When
A = 3 we get:

M+t = s1t+s2+t
Mt+ry2—7 = s1—s2+t
(30) M+y—73 > sitsa—t
M=+ =2 —s1i+s2+l
M= = —Ssitsa—t
M= = —s1—s2+t

Thus, an element (v,s,t) € R3, x R2, x R=0 belongs to 7(2,1) if and only if the
inequalities (28), (29) and (30) are satisfied.
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5.6 Interlacing inequalities for singular values

Let us consider the case where p > g = 1.

Let v1 > .-+ > 7,41 > 0 be the singular values of a p + 1-square complex matrix X.
Let X’ be the p-square submatrix of X obtained by deleting a row and a column: we
denote by s1 > --- > s, > 0 its singular spectrum.

Points 1. and 3. of Theorem 5.3 yields interlacing inequalities which where first
observed by Thompson [22]:

¥3 < 81 <71,
Y4 < 89 < Y9,

Yi+2 < 55 <4, 1<j<p-2

T < Sp—2 < Yp-2,
Sp—1 < Yp—1,

Sp < Yp-

References

[1] P. Belkale : Geometric proofs of Horn and saturation conjectures. J. Algebraic Geom. 15,
133-173 (2006).

[2] P. Belkale and S. Kumar : Eigenvalue problem and a new product in cohomology of flag
varieties. Invent. Math. 166, 185-228 (2006).

[3] A.Berenstein and R. Sjamaar : Coadjoint orbits, moment polytopes, and the Hilbert-Mumford
criterion. Journal of the American Mathematical Society 13, 433-466 (2000).

[4] M. Brion : Restriction de représentations et projections d’orbites coadjointes. Séminaire Bour-
baki, (2012).

[5] S. Fomin, W. Fulton, C.-K. Li and Y.-T. Poon : Eigenvalues, singular values, and Littlewood-
Richardson coefficients. American Journal of Mathematics 127, 101-127 (2005).

[6] W. Fulton : Eigenvalues, invariant factors, highest weights, and Schubert calculus. Bulletin
of the American Mathematical Society 37, 209-249 (2000).

[7] A. Horn : Eigenvalues of sums of Hermitian matrices. Pacific J. Math. 12, 225-241 (1962).

[8] M. Kapovich B. Leeb and J. Millson : The generalized triangle inequalities in symmetric
spaces and buildings with applications to algebra, Mem. Amer. Math. Soc. 192 | no. 896,
(2008).

27



[9]

A. Klyachko : Stable bundles, representation theory and Hermitian operators, Selecta Math-
ematica 4, 419-445 (1998).

S. Kumar : A survey of the additive eigenvalue problem (with appendix by M. Kapovich),
Transformation Groups 19, 1051-1148 (2014).

AW. Knapp : Lie groups beyond an introduction, Progress in Math. 140, Birkhauser,
Springer (2004).

A. Knutson and T. Tao : The honeycomb model of GL,,(C) tensor products I : Proof of the
saturation conjecture. Journal of the A.M.S. 12, 1055-1090 (1999).

C.-K. Li and Y.-T. Poon: Principal submatrices of a Hermitian matrix. Linear and Multilinear
Algebra 51, 199-208 (2003).

C.-K. Li and Y.-T. Poon : Off-diagonal submatrices of a Hermitian matrix. Proceedings of
the American Mathematical Society 132, 2849-2856 (2004).

I. G. Macdonald : Symmetric functions and Hall polynomials. Oxford university press, 1998.

L. Manivel : Fonctions symétriques, polynomes de Schubert et lieux de dégénérescence. Cours
spécialisés 3, S.M.F. (1998).

L. O’Shea and R. Sjamaar : Moment maps and Riemannian symmetric pairs. Mathematische
Annalen 317, 415457 (2000).

P.-E. Paradan : Moment polytopes in real symplectic geometry II: applications to singular
value inequalities. arXiv preprint arXiv:2111.13399.

P.-E. Paradan : Moment polytopes in real symplectic geometry III: examples. in preparation

N. Ressayre : Geometric invariant theory and the generalized eigenvalue problem. Inventiones
mathematicae 180, 389-441 (2010).

N. Ressayre : Geometric invariant theory and generalized eigenvalue problem II. Annales de
L’institut Fourier 61, 1467-1491 (2011).

R. C. Thompson : Principal submatrices IX: Interlacing inequalities for singular values of
submatrices. Linear Algebra and its Applications 5, 1-12 (1972).

R. C. Thompson : Singular value inequalities for matrix sums and minors, Linear Algebra
and its Applications 11, 251-269 (1975).

28



