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Eigenvalues, singular values, and the O’Shea-Sjamaar
Theorem

Paul-Emile Paradan*

March 20, 2023

Abstract

The main focus of this work is the study of several cones relating the eigenvalues or
singular values of a matrix to those of its off-diagonal blocks. Some of these cones were
studied by Fomin-Fulton-Li-Poon in [15, 6], but we will explain why their description
is incomplete and how we can remedy it using the O’Shea-Sjamaar theorem.
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1 Introduction

Let p> ¢ >1and n = p+q. Let us denote by Herm(n) the vector space of Hermitian n-

square matrices. The spectrum of X € Herm(n) is denoted by e(X) = (e > --- > e,) and

the singular spectrum of a matrix Y € M, ,(C) is denoted by s(Y) = (s; > --- > s, > 0).
The main purpose of this article is the description of the following cones:

Alp,q) = {(e(X),s(Xlg)), X e Herm(n)},
S(p,q) = {(S(
T(p.) = {(s(X),5(X11),5(X22)), X € My (C)

~

),s(X12),8(Xa1)), X € Mn,n(C)},

Here, a n-square complex matrix X is written by blocs X = <X11 X1
Xo1 Xoo
Mp7q(C) and X9y € Mq7p(C).
In the 1970s, Thompson gave some inequalities satisfied by the elements of T (p, q) [24],
and more recently Fomin, Fulton, Li and Poon obtained sets of inequalities that (should)
describe the cones A(p, q) and E(p,q) := S(p,q) N {s(X12) = s(X21)} [15, 6].

Indeed, in [15, 6] the authors state that an element (), s) belongs to A(p, ¢) if and only

> where X5 €

if

(1) Z)\i—Z)\jZQZSk

el jJjeJe keK

holds for all triple (1, J, K) of subsets of [¢] = {1,--- , ¢} that belongs to |J,.,LR!. Here
LR denotes the list of triples of cardinal r defined inductively by Horn [8], and we have
denoted J° ={n+1—-1(,( € J}.

The main purpose of this work is to explain how a direct application of O’Shea-
Sjamaar’s theorem [18] gives complete sets of inequalities for the cones A(p,q), S(p,q),
T (p,q) and E(p, q). In addition, we will explain why the descriptions of the cones A(p, q)
and &(p, q) given in [15, 6] are incomplete.



Nevertheless, this application of the O’Shea-Sjamaar theorem does not allow to de-
scribe these cones in an optimal way, because it leads to a large number of redundancies
in the list of inequalities. In a future work [20], we give a more efficient method to describe
these inequality sets, using the main result of [19].

In §3, we show that A(p, q) is described by the following inequalities:

(2) DA=D =2 > s-2 Z

iel jeJje keKnN[q) keKe°N[qg

where the triplets (1, J, K') belongs to (J,..,, LR;. In [20], we improve this result by showing
that this system can be restricted to the triplets (1, J, K) satisfying the following additional
conditions: I, J, K are of cardinal r < ¢, INJ° =0 and K = K, U (K_)° where K, K_
are disjoint subsets of [g].

The example A(3,3) that we detail in §3.4.2 permits to see that inequalities (1) given
by Fomin, Fulton, Li and Poon in [15, 6] are not sufficient to define A(p, q). We find here
two inequalities of the type (2) which are independent of those of the type (1):

AMAA3+dM—A— A5 — X > 2(s1 — s2— S3)
(3) AMFX+A5—A3— A —Xg > 2(s1 — 2 — S3).

The independence of the last inequalities is ensured by the example sy = (1,0,0) and
Mo = (1,1,1,1,—1,—1). The element (g, s9) does not verify the inequality (3), and then
(Mo, so0) ¢ A(3,3), whereas it verifies all the inequalities of the type (1).

In [6], the authors pose the question of finding the collection of linear inequalities
that describes S(p,q) (Problem 1.15). We answer this problem in §4. Here, the list of
inequalities is parametrized by some Littlewood-Richardson coefficients. Recall that one
associates to an increasing sequence A = {a; < --- < a,} of positive integers the partition
wA)=(ap—p>->a1—1>0).

Our main result of §4 states that an element (v, s,t) € R" x R? x R? belongs to S(p, q)
if and only the following set of inequalities are satisfied:

4 v=Mmz27%m=0), s=(s1228,20), t=(t1>->1,2>0),
(5) Ye 2 S¢, Ye Z tfa V€ € [Q]u
(6) Z Vi — Z Vi 2 Z 55— Z 55+ Z tr — Z tk,

1€ AN[n] i€ A°N[n] je€BN[q] jeB°N[q] keCnlq] keC°n[q]

for any triplets (A, B, C) satisfying the following requirements:
e B, (C are strict subsets of [n],

e AC [2n] and $A ={B + {C < n,



e the Littlewood-Richardson coefficient cﬁj Eg))w(c) iS non-zero.

In §5, we study the subcone &(p,q) = {(v,s) € R" x R%,(v,s,s) € S(p,q)}. Our
previous result allows us to assert that (v,s) belongs to £(p,q) if and only if (v,s,s)
satisfies (4), (5) and (6). We will show how to refine this result: on the one hand the
conditions (5) are not necessary, and on the other hand, for the inequalities (6), it is
sufficient to restrict ourselves to those where B = C. At the end of §5, we compare our
result on £(p, q) with that of Fomin, Fulton, Li and Poon in [6]. We will then explain why
their description requires further explanation since they use their erroneous description of
A(p, q) to get it.

In the last section, we give a set of inequalities describing the cone 7T (p,q). In the
case T(p,1), we recover the interlacing inequalities of the singular values obtained by
Thompson [23].
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Notations

Throughout the paper :
e Wefixp>¢g>landn=p+gq.
e We write 0, for the zero matrix of size a x b.
o Let M, (C) be the vector space of complex a x b matrices.
° Rﬁ is the set of sequences = = (x1 > -+ > xy) of real numbers.
° Rﬁ . is the set of sequences z = (r1 > -+ > x4y > 0) of non-negative real numbers.
e For any positive integer ¢, let [¢] be the set {1,...,¢}.
e If z € R and A C [(], we write |24 =Y ,c 4 Zq and |z| = Zle x;.
e For A C [(], we define A° :={f+1—a,a € A} and A°:=[(]\ A.

o If z € RY, let Diag(x) be the diagonal ¢ x ¢ matrix with diagonal entries equal to
Tlye-.yy.



2 Reminder of some classical results

We recall some classical facts that we will need later.

2.1 Singular values

Let X be a rectangular matrix, say m X n, with complex entries, and denote by X* the

complex conjugate transpose of X. Let p1(X) > -+ > pup(X) > 0 denote the eigenvalues

of the positive semidefinite matrix X X*. Notice that pg(X) = 0 when k > p := inf{m,n}.
The singular values of the matrix X are the coordinates of the vector

s(X) = (;“(X)%, . ,up(X)%> ERY,.

Consider the canonical action of the unitary group U, x U, on M, ,(C): (g,h)- X =
gXh~, V(g,h) € Uy x Uy,. The singular values map s : M, ,(C) — RE | induces a
bijective application

$: My n(C)/Up x Uy — RY .

2.2 Augmented matrices

. . S ... . (0 X
If X is a n-square matrix, we denote by X the 2n-square Hermitian matrix < )?f 0 ) It
nn

is easy to check that the spectrum of X is equal to i := (p1, -+, fny —Hn,y -+, —H1) € Rﬁ_”,
where p € R'} | is the singular spectrum of X.

. . S . . Y
If Y is a p X ¢ matrix, we denote by Y?¢ the n-square Hermitian matrix <g}’f 0 >
aq

Here the spectrum of YPa s equal to P9 := (s1, -+ ,84,0,--- ,0,—54,--- ,—s1) € R,
where s € R is the singular spectrum of Y.

. . S .. . A
If Z is a ¢ X p matrix, we denote by Y 7P the n-square Hermitian matrix <(§13 0 >
pp
Here also the spectrum of Z%P is equal to tAp’q, where t € R‘i_  is the singular spectrum of
Z.
2.3 Horn inequalities

Recall that e(X) € R, denotes the vector of eigenvalues of a n-square Hermitian matrix
X. We consider the Horn cone

Horn(n) := {(e(X),e(Y),e(X +Y)); X,Y € Herm(n)}.
Denote the set of cardinality r-subsets I = {i; < iz < --- <.} of [n] by P, .

Definition 2.1 To any 1 <r < n, LR} refers to the set of triplet (I,J,K) € (P*)3 such
that (u(I), p(J), p(K)) € Horn(r).



The following theorem was conjectured by Horn [8] and proved by a combination of
the works of Klyachko [10] and Knutson-Tao [13].

Theorem 2.2 The triplet (z,y,2) € (R™)3 belongs to Horn(n) if and only if the following
conditions holds:

o [z + |yl = |zl,
o |z|; +|yls > |2|Kk, for any r <n and any (I,J,K) € LR} .

In the following sections, we will use the Littlewood Richardson coefficients to param-
eterize some inequalities. Let us recall their definition. Let A, u, and v be three partitions
of length less than n > 1. We associate to them the irreducible representations V), V,,
and V,, of the unitary group U,. The Littlewood Richardson coefficient c;)w can be char-

acterized by the relation cf;’,/ =dim[Vy®V,® V,,]U". Thanks to the saturation Theorem
of Knutson and Tao [13], we know that C:\w # 0 <= (u,v,\) € Horn(n).
The following kind of duality is used in the next sections: for all (I,J, K) € (P?)3, we

have

() u((K))
(7) Cu(ny () 7 0 Cu((ro)ey (o)) 7 0

Since the relation |z|oye + [yl(jo)e = [2](Ko)e is equivalent to [x[ro + [y|ljo < [2]ko, in
Theorem 2.2, we can rewrite the last condition by requiring that

lzlr + lyls = [zl and  [2|r + |ylso < |2]Ko
for any » < § and any (I, J, K) € LR}.

2.4 The cone LR(U,U)

Let ¢ : U = U be two connected compact Lie groups. We choose an invariant scalar
product (—,—) on the Lie algebra 1t of U, and we denote by 7 : 1 — u the orthogonal
projection. L B

Select maximal tori 7" in U and 7" in U such that T' C 7', and Weyl chambers t, C t
and t, C t, where t and t denote the Lie algebras of T, resp. T. The aim of this section
is to recall the description of the following cone obtained in [4, 21]:

LRU,U) = {(5,5) €ty x i, UsC 77([75)}.

Consider the lattice A := o=ker(exp : t — T') and the Weyl groups W = Nﬁ(Tv) /T
and W = Ny(T)/T. We denote by w, € W the longest element. A vector v € t is called
rational if it belongs to the Q-vector space tg generated by A. We will see that the cone
LR(U, (7) is completely described by inequalities of the form

(&, w7) > (& wowy)

with v rational anti-dominant and (w,w) € W x w.



2.4.1 Admissible elements

We let ¥(u/u) C t* denote the set of weights relative to the T-action on (u/u) @ C. If
v € t, we denote by (ii/u) N v+ the subset of weights vanishing against .

Definition 2.3 A rational element v € t is said admissible when

(8) Vect (S(i/u) Ny+H) = Vect(S(@/u)) Nyt

We work under the following assumption.

Assumption 2.4 The subspace 3 := {X € t,a(X) = 0,Va € X(u/u)} is contained in the
center Zy of u.

This assumption means that any ideal of u contained in u is a subspace of Z; Nu.

Let t = 3 @ t; be a rational decomposition. Let us denote by X(ti/u)’ the image of
¥(1i/u) through the projection t* — (t;)*: thanks to our assumption, X (ii/u)’ generates
(t1)*. Any rational element € t can be written v = 9 + 1 where 7y is a rational
element of 3 and v, is a rational element of t;. We see then that a rational element ~y is
admissible if and only if ; is admissible. The later condition is equivalent to asking that
the hyperplane (y1)* C (t;)* is generated by a finite subset of ¥ (i/u)’. Thus, there are a
finite number of choices for 41 (up to multiplication by Q>0).

2.4.2 Polarized trace

Let M(u) and M (1) be the set of roots associated to the Lie algebras u and u. The choice of
the Weyl chambers t, and t; define subsets of positive roots i+ C R(u) and Rt C R(n).
For a rational element v € t and (w,w) € W x W, we will use the following condition

to parameterize the inequalities of LR(U,U):

(9) > Aawny+ Y (@) =0

aert aent
(a,wy)>0 (&, 0v)<0

2.4.3 Schubert calculus

Let ¢ : Ug — (7@ be the complexification of ¢ : U < U. To any non-zero rational element
~ € t, we associate the parabolic subgroups

(10) ﬁ, ={g € ﬁ@,tlim exp(—ity)gexp(ity) exists} and P, = ﬁ, NUc.
—00
We consider the projective varieties 7 := Uc/P, and .7?7 .= Ugc / ]57, with the canonical

embedding ¢ : 7, < F,. Let B C Uc (resp. B C Uc) be the Borel subgroup associated
to the choice of the Weyl chamber t; (resp. ty).



We associate to (w,w) € W x W, the Schubert cells

X, =Bl CF, and X =B CF,.
The corresponding Schubert varieties are X := %%,Y and Xy, 1= X9, ..
We consider the cohomology! rings H *(]?7, Z) and H*(F,,Z). Let

v HY(F,, Z) — H*(F,,Z)

be the pull-back map in cohomology. If Y is an irreducible closed subvariety of ]-NZ,, we
denote by [Y] € H*"Y (fy,Z) its cycle class in cohomology : here ny = codimc(Y).
Recall that the cohomology class [pt] associated to a singleton Y = {pt} C F, is a basis
of H™(F,,Z).

In the next section we will consider a rational element v € t and (w,w) € W x
W satisfying the relation Xw] - *([Xa,]) = klpt] in H*(F,,Z), with k& > 1. This
cohomological condition implies in particular that dimc(X,,,) = codimc(.’%@ﬁ) which is
equivalent to the relation

(11) §{a € R*, (o, wy) > 0} :ﬁ{d€9~‘i+,<d,w7> <0}.

We finish this section by considering the particular case where Uc = GL,(C) is
embedded diagonally in Uc = GLy,(C) X GL,(C). For 1 < r < n, the vector v, =
(=1,...,-1,0,...,0) € R" ~ t is admissible and the flag manifolds 7., and ]-NZ,T admits a

r times
canonical identifications respectively with the Grassmanians G(r,n) and G(r,n) x G(r,n).
The map ¢ : Fy — ]-NZ, corresponds to the diagonal embedding ¢ : G(r,n) — G(r,n) x
G(r,n).

For w € W ~ &,, the Schubert variety X,, 5, C G(r,n), which depends only of the
subset K = w([r]) C [n], is denoted Xg. Similarly, for w = (w1, ws) € W~ 6, x &,
the Schubert variety X4 ., C G(r,n) x G(r,n) is equal to X1 x X, where I = w([r]) and
J = wa([r]).

In this setting, we have the following classical result.

Lemma 2.5 The following statements are equivalent:

o [Xy,] - ([Xan]) = Lpt] in H*(Fy,Z), with > 1.
o [X7]-[Xj][XK]={[pt] in H*(G(r,n),Z), with £ > 1.

e The Littlewood-Richardson coefficient cZ gf,)) 1(J°) 18 non-zero.

'Here, we use singular cohomology with integer coefficients.




2.4.4 Description of LR(U,U)
We can finally describe the cone LR(U,U).

Theorem 2.6 Let (5,5) €ty x t.. We have U¢ € 71((75) if and only if

(12) (€, @) > (€, wowy)

for any (y,w,w) € t x W x W satisfying the following properties:
a) v is admissible antidominant.
b) [Xuy] L*([%ﬁw]) = [pt] in H*(F5,Z).
¢) Identity (9) holds.

The result still holds if we replace b) by the weaker condition
b)) &S (Xes]) =4pt],0>1  in HY(F,,Z).

Remark 2.7 Suppose that there exists ¢y > 0 such that [(o, wy)| and [(&,@v)| belongs
to {0,¢y}, V(w,w) € W x W, ¥Y(a, &) € R(u) x R(u). Then condition c) follows from
condition b) (see (11)).

When the closed connected subgroups ¢ : U C U satisfy Assumption 2.4 the subspace
3={X et a(X)=0,VaecX(u/u)} is equal to Zz Nu. Let t = Z; Nud t; be a rational
decomposition. Any rational element v € t can be written v = vy + y1 where v € Zz Nu
and 1 € t; are rational. Two cases occur :

e If v1 = 0, then v satisfies conditions a), b) and c). The inequalities (12) given by
these central elements shows that & — £ is orthogonal to Zz Nu.

e If 1 # 0 then it is immediate to see that v satisfies a), b) and c) if and only if v
does also. Moreover, as £ — ¢ is orthogonal to Z; Nu, (&, wy) > (£, wew?y) if and only

if (€, W71) > (€, wowyn).-

Many people contribute to Theorem 2.6. The first input was given by Klyachko [10]
with a refinement by Belkale [1], in the case of SL(n) < (SL(n))®. The case Uc < (Uc)*®
was treated by Kapovich-Leeb-Millson [9] following an analogous slightly weaker result
proved by Berenstein-Sjamaar [4]. Condition c) is related to the notion of Levi-movability
introduced by Belkale-Kumar [2]. Finally Ressayre [21, 22] considered the general case
and proved furthermore the irredundancy of the list of inequalities.

We refer the reader to the survey articles [7, 5, 11] for details.



2.5 The cone LR(m,n)

. . X1 X
Let m,n > 1. Let us write an m-+n-square matrix X by blocs X = <X11 X12> where
21 22

X11 € Mym(C) and Xop € M, ,(C). In this section, we are interested in the following
cone:

LR(m,n) :={(e(X),e(X11),e(X12)); X € Herm(m +n)}
Thanks to the theorem 2.6, we obtain the following description of LR(m,n). The details

are given in the next section.

Theorem 2.8 The triplet (z,y,z) € RTT™ x R x R belongs to LR(m,n) if and only if
the following conditions holds:

2| = |yl + |zl
® Tnik <y < xg, V€ [m],

® Tyie < zp <y, VU E [n],

|x|a > |ylB + |z|c, for any triplet A, B,C' satisfying:

1. B C [m] and C C [n] are strict subsets,
2. AC[m+n] and A =B + 4C,

3. the Littlewood-Richardson coefficient nggg,u(()) 18 mon-zero.

Moreover, the condition c/’jgg)) (C) # 0 is equivalent to (u(A), u(B),u(C)) € LR(u,v),

where u =B and v = {C.

Remark 2.9 In Theorem 2.8, we can strenghten the condition by requiring that
1(A) _
Cu(B) ey = 1-

c

‘ We will see‘ in the next section that czggg’u(‘c) # 0 if and only ngggz))cg)w((@’)c)) # O
Since the relation [z[ 40y > [y|(coye + [2](coy)e is equivalent to |z[ao < |ylco + [2]co, in

Theorem 2.8, we can rewrite the last condition by requiring that
(13) |zla = |yl + |zlc and |24 < |ylee + |2|co

for all strict subsets A C [m+mn], B C [m], C C [n] that satisfy 4 = B+ 4C < 3(m+n)

u(A)
and ¢, () (o) 7 0

10



2.6 Proof of Theorem 2.8

We work with the unitary group U= Up+n and the subgroup U = U,, x U, embedded
diagonally. We consider the orthogonal projection 7y : Herm(m + n) — Herm(m) X
Herm(n) that sends X to mo(X) = (X11,X22). The cone LR(m,n) is formed by the
triplet (z,y,2) € RT" x R x R" satisfying

Un - Diag(y) X Up - Diag(z) C 7o (Um+n : Diag(x)) :
Thus LR(m,n) = LR(Up, X Uy, Upn)-

2.6.1 Admissible elements

We work with the maximal torus 7" C U of diagonal matrices. The set of roots relatively
to the action of 7" on u/u >~ My, ,(C) is ¥ := {e] — f/1i € [m],j € [n]}.

The center of i is generated by 7, := (1,...,1) € R™*" ~ t. For any (r,s) €
{0,...,m} x {0,...,n}, we define

Yos = (—1,...,—1,0,...,0) & (=1,...,—1,0,...,0) e R™ x R" ~ ¢,
S———— S—————
r times s times

Lemma 2.10 Let vy € t be an admissible element. There exists (a,b) € Qx Q=0, (w,w') €
S X 6y, and (r,s) such that v = ay, + b(w,w )y, s. The couple (r,s) must satisfy the
auziliary conditions: either 0 < r <m and 0 < s <n or (r,s) € {(1,0),(0,1),(m —
1,n),(n,m —1)}.

Proof : Consider an admissible vector v = (y1,...,Ym; V- --,7,) that is linearly
independent to v,. The relation Vect(X Ny*) = Vect(X) Nyt means that (X Nyt is a
subspace of dimension 2. Here ¥ N~* is the set of vectors e} — [ such that v; = ’yé». For
a € R, we define [m], := {i € [m],; = a} and [n]o == {j € [n],7; = a}. Hence ¥ Nyt is
parameterized by [[,c;[m]a X [n]o where L = {a € R, [m]o # 0 and [n], # 0} is a finite
set.

Consider first the case where Uger[m]a # [m]. Let k & Uper[m]o. Then (3N A+)t,
which is of dimension 2, contains the vectors 7,, vy and e;. Hence, « is a linear combinaison
of 7, and ey: we check easily that there exists (a,b) € Q x Q% w € &,,, and (r,s) €
{(1,0), (m — 1,n)} such that v = a7, + bwy,s.

If Uger[n]a # [n], we prove similarly that v = a7y, + bw'y, s for (a,b) € Q x Q>°,
w' € &y, and (r,s) € {(0,1), (m,n —1)}.

Let us consider the last case where Uyer[m]oa = [m] and Uger[n]a = [n]. Then
Y = Paer @Va with Vo = 37 seimlaxin)a € + fj- The vectors {Vo,a € L} defines an
independent family of the subspace (X N~*)+ which is of dimension 2, hence {L < 2. As
~ is linearly independent to ~,, the set L is of cardinal 2. Now we see that there exists
(a,b) € Q x Q70 (w,w') € &, x &, and r < m, s < n such that v = a7y, + b(w, w' )y, s.
O

Here, the remark 2.7 applies, so condition c) will follow from condition b).

11



2.6.2 Cohomological conditions and inequalities

The Lie algebra t is identified with R™*" ~ R™ x R".

First case: The two vectors £+, are admissible elements which satisfy conditions a),
b) and ¢) of Theorem 2.6 in an obvious way. In this cases, the corresponding inequalities
+(x,7) > £((y, 2), ws7,) are equivalent to |z| = |y| + |z|.

Second case: We work now with the admissible element -, ¢ in the situation where
r € [m —1] and s € [n — 1]. The flag manifold GL,,(C) x GL,(C)/P,,, admits a natural
identification with the product of Grassmannians G(r,m) x G(s,n). Similarly, the flag
manifold G L4 (C)/P. ... 18 isomorphic to the Grassmannian G(r + s, m +n). The map
tc : GLy (C) X GLy (C) = GLyy 40 (C) factorises to a smooth map ¢ 5 : G(r,m) xG(s,n) —
G(r + s,m + n) defined by ¢, (V1,V2) = V1 & Va.

Let w = (w1, wz) € W ~ &, x &, and let B = wy([r]) C [m] and C = wa([s]) C [n]
be the corresponding subsets. The associated Schubert variety is X, ,,, = Xp X X¢ C
G(r,m) x G(s,n).

In the same way, to @ € W ~ &,,4n, we associate the subset A = @ ([r])Uw([s]+m) C
[m + n] and the Schubert variety :%fum-,s =X4 CG(r+s,m+n).

Lemma 2.11 The following identities are equivalent:

1 Ry (Ras)) = o] £ > 1,

w(A®) _
2 e =tz L

¢

3. hilporrucoy) = L2 1

Proof: Recall that we associate a partition A(A) = (A > ---\;) with a subset A =
{a; <iy <--- < a,} C [n] of cardinal r, by posing \y =n —r + k — ax, Vk € [r].

Let A, [2] = Z[x1,...,2,]° be the rings of symmetric polynomials, with integral coef-
ficients, in r variables. For any partition v of length r, we associate its Schur polynomial
sy(z) € A, [z]. The family (s,) determine a Z-basis of A, [z].

Let us recall recall the following classical fact (see §3.2.2 in [17]). The map ¢, :
A, [x] — H*(G(r,m)) defined by the relations

oy if v <m-—r,
@br(su) = { !

0 if vry>m-—r.

is aring morphism. Here o, denotes the cohomology class [Xp] defined by a subset D C [m]
of cardinal r such that v = A(D). In the same way we consider the ring A\, [z,y] =
Zlz1, ..., Y1, .., Ys) S+ and the morphism ¢, : A, [z, y] — H*(G(r + s,m +n)).
Let us denote by R : A\, [x,y] — A,.[r] ® A,[y] the restriction morphism. It is not hard

12



to check that the following diagram is commutative:

[z] ® Nslyl —F—— Ayl vl
Lz» o |#res
H*(G(r,m)) ® H*(G(s,n)) TH*(G(T—{-S,WL—{—H)).

As [Xu,] = ozxB) @ ox) and [%ﬁ]r] = 0x(4), the previous diagram tell us that the
integer £ such that [¥,.,] - t*([Xs,]) = £[pt] is equal to the coefficient of R(sa)(7,v))
relatively to sy(pe)(7) ® sy(coy(y) : in other words £ is equal to the Littlewood-Richardson

coefficient c/\ggz) NCo) = cZ Eg))u((?) (see [16], §1.5). The equivalence between 1. and 2. is

proved.

Let us consider 7/, s’ such that » + 7" = m and s + s’ = n. The canonical bilinear
form on C™*™ permits to define the map 6 : G(r' + s, m +n) — G(r + s,m + n) that
sends a subspace F' C C™*" to its orthogonal F*. Let 6* : H*(G(r 4+ s,m + n)) —
H*(G(r" +s',m+n)) denotes the pullback map in cohomology. If we consider the similar
maps 6* : H*(G(r,m)) — H*(G(r',m)) and &* : H*(G(s,n)) — H*(G(s',n)), we have a
commutative diagram:

H*(G(r,m)) ® H*(G(s,n)) T H*(G(r+s,m+n))
= * r
H*(G(r',m)) ® H*(G(s',n)) e H*(G(r' + s',m +n)).

This allows us to see that o g) @0y (0xa)) = £[pt], k > 1 if and only if 6* (o)) ®
8" (oxny) - 3 (0%(ora))) = Llpt], k > 1. As in general §*(0y(x)) = 0,(x<), We see that the
previou§ relation is equivalent to cZ E?Bj‘)’)c),u((c")c) = ¢ > 1. The equivalence between 2.
and 3. is proved. O

The inequalities associated to 7, s are

—lzla = (z,9ys) 2 ((y, 2), wowy) = —ly|Bo — |z|ce
Using |z| = |y| + |2], we obtain |z[ac > |y|(ge)e + |2|(co)e for any strict subsets A C

1(A) _
[m+n], B C [m] and C C [n] satisfying §4 = 4B + §C and Cu((BO)C),u((CO)C) =(>1.

Third case: (r,s) € {(1,0),(0,1),(m —1,n),(n,m —1)}. We use here the same type
of argument as before.

(r,s) = (1,0): we obtain the inequalities z,,+x < yx, Yk € [m].

(r,s) = (0,1): we obtain the inequalities z,1¢ < z¢, V¢ € [n].

(r,s) = (m — 1,n): we obtain the inequalities y; < xy, Vk € [m].

(r,s) = (m,n —1): we obtain the inequalities zy < x4, V¢ € [n].

The proof of Theorem 2.8 is completed. O
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2.7 A consequence of the O’Shea-Sjamaar Theorem
2.7.1 First setting: compact Lie groups with involution

Let~ﬁ be a compact connected Lie group equipped with an involution ¢. The Lie algebra
of U admit the decomposition u = u? @& u~? that is invariant under the action of the
subgroup U?. We start with a basic but important fact (see [18], Example 2.9).

[

Lemma 2.12 For any adjoint orbit O C u, the intersection ONu~ is either empty or

an orbit of the connected subgroup K := (U7)o.

Let U C U be a subgroup invariant under o. Let us choose an invariant scalar product
(—,—) on the Lie algebra u of U such that o € O(i1). At the level of Lie algebras, we
consider the orthogonal projection 7 : it — u relatively to the scalar product (—, —).

One of the main tool used in this paper is the following result, which is a consequence
of the O’Shea-Sjamaar Theorem (see [18], Section 3). Let K be the connected component
of U”.

Proposition 2.13 Let £ € u™7 and 5 e u=?. The following conditions are equivalent:

1. UECr ((75),

2 KéCm (f?g)

2.7.2 Second setting: real reductive Lie groups

Let t : G — G C GLN(R) be two connected real reductive Lie groups admitting a
complexification tc : G — G¢ C GLy(C). It is for example the case when G and G are
semisimple (see [12], §VII.1). Let us denote by

e K =GNSON(R) and K =GN SON(R) the maximal compact subgroups of G and
G. Their Lie algebras are denoted by ¢ : ¢ < ¢&.

e U =_GcNUy and U = é(c N Uy the maximal compact subgroups of G¢ and é(c.
Their Lie algebras are denoted by ¢ : u < 1.

Consider the Cartan decompositions, g = ¢ @ p and § = £® p, of G and G. At the
level of Lie algebras, we have it = £ @ ip and u = ¢ @ ip. The complex conjugation on
GLN(C) defines an involution ¢ on U < U such that K < K are respectively equal to
the connected components of U? and U?. We see also that u=? = ip and u~? = ip.

Let m : gc — gc be the orthogonal projection relatively to the Hermitian norm
Tr(X*X)Y2 on gly(C).

Proposition 2.14 Let X € p and X e p. The following conditions are equivalent:
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L. UXCn ((7)?)
9. KX Cr (f{f()

Proof: Tt follows from Proposition 2.13 and the fact that the projection 7 : gc — gc is
complex linear. O

3 The cone A(p,q)

We work with the reductive real Lie groups G := U(p, q) ancié := GL,(C). Let us denote
by ¢ : G — G the canonical embedding. The unitary group K := Uy, is a maximal compact
subgroup of G. Let p := Herm(n) C gl,,(C) be the subspace of Hermitian matrices.
The subgroup K := KNU(p, q) ~ U, x U, is a maximal compact sugroup of G, and the
map Y — ypa — <(})ff ()Y ) defines an identification between M, ,(C) and the subspace
aq
p:=png.

3.1 Complexification and antiholomorphic involution

The complexification of the group G is G¢ := GL,(C). We consider the antiholomorphic
involution o on G¢ defined by o(g) = I,4(9*) 11,4, where I,, = Diag(I,,—1I,). The
subgroup G is the fixed point set of 0. N
_ The complexification of the group G is G¢ := GL,(C) x GL,(C). The inclusion
G — G is given by the map g ~ (g,g). We consider the antiholomorphic involution &
on G¢ defined by (g1, 92) = (92,91). The subgroup G corresponds to the fixed point set
of 7.

The embedding ¢ : G — G admits a complexification ¢ : G¢ — (~}'<c defined by
wc(g) = (g,0(g)): notice that (coo =0 oc.

The groups U = U,, and U = U, x U, are respectively maximal compact sugroups of
Gc and Gg. The embedding uc : U < U is defined by (k) = (k, I 4k, 4). The fixed

point subgroups of the involutions are U? = K and U =K.
At the level of Lie algebra, we have a morphism (¢ : gl,,(C) < g[,,(C) x gl,,(C) defined
by wc(X) = (X,0(X)), where o(X) = =1, ( X*I,, .

3.2 Orthogonal projection of orbits

We use on gl,(C) x gl,(C) the euclidean norm [|(X,Y)||? = Tr(XX*) + Tr(YY*). The
subspace orthogonal to the image of i¢ is {(X, —0 (X)), X € g[,,(C)}. Hence the orthogonal
projection

7 : gl,(C) x gl,,(C) — g1, (C),
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is defined by the relations 7(X,Y) = (X + a(Y)). Note that 7 commutes with the
involutions : mog =ocom.

If X € Herm(n), the corresponding adjoint orbit U, - X, which is entirely determined
by the spectrum e(X), is denoted by Oqx). If A = (A1,---,\y), we denote by A\* the
vector (—Ap, -+, —A1): we see that e(—X) = e(X)* for any X € Herm(n).

The subspace p C § is identified with {(X, X), X € Herm(n)} C gl,,(C) x gl,,(C). For

any X € Herm(n), the image by the projection 7 of the orbit U - (X, X) is equal to

%(Un'X“‘Un'O-(X)):%(Un'X“‘Un'(_X)):%(O)\“‘O)\*)a

where A = e(X).

If Y € M, 4(C) has singular spectrum s € R% ,, the spectrum of the Hermitian matrix
YPa is equal to 579 hence U - VP is equal to Ozp.q. At this stage, we have proved that
for any (X,Y) € Herm(n) x M, 4(C) the following statements are equivalents:

e U-YPicCq ((7- (X,Y)),
e 205pq C Oy + Oy+,
e (A, \*,25P9) € Horn(n),

where A = ¢(X) and s = s(Y).

The group K =~ U, x U, acts canonically M, ,(C) ~ p. For any Y € M, ,(C), the orbit
K. YP4 C p is entirely determined by the singular spectrum s(Y'). If one restricts the
projection 7 : gl,(C)xgl,(C) — gl,,(C) to the subspace p = Herm(n), we obtain the map

= .- . o X11 X12 v P9 Opp X12
m:p — p that sends an Hermitian matrix X = < X5, ng) to X1 = < Xi, Oy )

Since the orbit K - X is equal to Og(x), we see then that A(p,q) can be defined as

follows: (A, s) € R x R%, belongs to the cone A(p,q) if and only if for any (X,Y) €

Herm(n) x M, 4(C) satisfying A = e(X) and s = s(Y"), we have K - YPa o (I? - X>.

3.3 Inequalities determining A(p,q)

The computations done in the previous section, together with Proposition 2.14, gives us
the following result.

Proposition 3.1 Let (\,s) € R xR, and let (X,Y) € Herm(n) x M, 4(C) such that
A=e(X) and s =s(Y). The following statements are equivalent:

e (A s) € A(p,q),

° K.}?pvoﬂ-<[z'-X>,
e U VP cx (U (X,X)),
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o (\,\*,25P9) € Horn(n).

Thanks to the description of the Horn cone Horn(n) given in Theorem 2.2, we can
conclude with the following description of A(p, q).

Theorem 3.2 An element (X, s) € R x RY . belongs to A(p, q) if and only if

($)1,0,K IAlr = ALy > 2[s|krpg — 2I8|Kong)
for any r <n and any (I, J,K) € LR}.

Remark 3.3 In the formulation of the previous theorem we have used that |\*|; = —|\| o
and [$P| e = |8 kg — |8 Kon(q-

Remark 3.4 As we have said in the introduction, we can restrict the system of inequalities

in Theorem 8.2 by considering uniquely triplets (I, J, K) € LR} with r < q (see [20]).

3.4 Examples
3.4.1 Computation of A(2,2)

The set LR{ corresponds to the set of triplets (i, j, k) of elements of [4] such that i 4 j =
k + 1: the corresponding (non-trivial) inequalities are

A=A > 251, Ay — Mg >2s0, A — A3 > 2s9.

The set LR3 corresponds to the set of triplets (I = {i1 < is},J = {j1 < jo}, K =
{k1 < ka}) of subsets of [4] satisfying Horn’s conditions:

1. i1 4+i9+j1 + jo = k1 + ko + 3,
2.+ <ki+1, t1+j<ke+1, do+j1 <k +1

Here the inequality (x)r sk is non trivial only in one case: when I = J = K = {1,2} we
obtain A\ + X9 — A3 — A\g > 2(81 + s2).
We summarize our computations as follows.

Proposition 3.5 An element (\,s) € Ri X R?H belongs to A(2,2) if and only if the
following conditions holds

® A1 — A >281, Ao — A 2>2s5, A — A3 > 2ss.

. )\1—|—>\2—/\3—)\422(81+82).
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3.4.2 Computation of A(3,3)

The non-trivial inequalities associated to LRS are

)\1—)\62281 )\1—)\52282
(14) )\2 — )\6 2 282 )\1 — )\4 Z 283
)\2—)\5 2283 )\3—)\6 2283.

The non-trivial inequalities associated to LRS are

AL +A2— A5 — A > 2(s1+ s2)
AMA+AX—A =X > 2(s1+s3)
A +A3—= A5 — A > 2(s1+ s3)
(15) M+ A== A5 > 2(sy+s3)
AL +A3 =X =X > 2(s2+s3)
Ao+ A3 — A5 —Ag > 2(s2+ 83).

Note that the inequality Ay + Ay — A5 — A\ > 2(s2 + s3) is not valid, even if it looks
like the previous ones, since the triplet ({1,4},{1,2},{2,3}) does not belongs to LRS.

The non-trivial inequalities associated to LR§ are

MAA3+NM—IAa—A5—Xg > 2(81—82—83)
(16) )\1 +)\2+)\5 —)\3—)\4—)\6 > 2(81 — S92 —83)
AMFX+A3 =M — A5 —Xg > 2(s1 + 2+ 83).

In the case of LRg, the trivial inequalities are those induced by inequalities obtained

with LR? and LRS. For example, the inequalities corresponding to the triplets
({1,2,5},{2,3,4},{2,3,6}) and ({1,2,4},{1,2,3},{1,2,4}) of LRS are respectively

AMAA—A3 =X >2(=s1 +s2+53) and A+ A2 — A5 — X¢ > 2(s1 + s2 — 53).

The former is induced by A1 — Ay > 253 obtained with LR(li and Ao — A3 > 0 > s9 — 57 while
the latter is induced by A\; + Xg — A5 — X\g > 2(s1 + s2) obtained with LR and s3 > 0.

Proposition 3.6 An element (), s) € RS x R3 . belongs to A(3,3) if and only if the
inequalities listed in (14), (15) and (16) are satisfied.

Remark 3.7 The cone A(3,3) C RS x R3 corresponds to the intersection of the Horn
cone Horn(6) C R'® with the subspace {(\,\*,25P9), (), s) € RS x R3}. It is striking that
A(3,3) is determined by 23 inequalities while Horn(6) is described with a minimal list of
536 inequalities.
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4 The cone S(p,q)

We work with the real reductive Lie groups G := U(p, q) x U(g, p) and G:= U(n,n). The
embedding ¢ : G — G is defined as follows:

911 Opn  g12
(17) t(g,h) = |0np h Ong |, when g= <gi g;§> .
921 Ogn G922

Here g11 € Mpp(C), g12 € Mp4(C), g2,1 € Mgp(C) and gz € My 4(C).

The e unitary group K= Uy, x Uy, is a maximal compact subgroup of G. The subspace
p={X,XeM, »(C)} C g admits a canonical action of K. The subgroup K = K, x K,
with K1 ~ U, x U, and Ky ~ U, x U,, is a maximal compact subgroup of G, and the
subspace p = p; x p2 admits a natural identification with M, ,(C) x M, ,(C):

(Y, Z) € My4(C) x M, ,(C) —s (YP9,Z9%) € p; x ps.

See §2.2 for the notations )2, ?p’q, and Z9P.

4.1 Complexification, antiholomorphic involution and orthogonal pro-
jection

The complexification of the group G is G¢ := GL,(C) x GL,(C). We consider the anti-
holomorphic involution o on G¢ defined by o (g, k) = (I, 4(g%) g, Iy p(h*) " 1,), where
I, , = Diag(Id,, —Id,). The subgroup G is the fixed point set of o.

The complexification of the group G is éc := G L2,(C). We consider the antiholomor-
phic involution ¢ on G¢ defined by o(g) = In,n(g*)_lfnm. The subgroup G corresponds
to the fixed point set of o.

The groups U = U, x U,, and U= Us,, are respectively maximal compact subgroups
of Gi¢ and G(C The fixed point subgroups of the involutions are U’ = K and Ue =

The embedding ¢ : G — G admits a complexification ¢ : G¢ — GC At the level of
Lie algebra, we have a morphism ¢ : gl,(C) x gl,,(C) < gl,,,(C), still defined by (17).

The orthogonal projection 7 : gl,,,(C) — gl,,(C) x gl,,(C) dual to the morphism ¢c is
defined by the relations :

All A12 A13 A A
(18) A=Ay Ay Aog — 7T(A) = <<A11 A13> 7A22> .
Az1 Az Asz 3L 83

Here the matrix A € gl,,,(C) is written by blocs relatively to the decomposition 2n =
p+n-+gq.

We work also we another projection 7 : gl,,(C) — gl,,(C) x gl,,(C) defined by the
relations :

B, B
(19) B= <B; B;z) — 7T()(B) = (Bll7B22)'
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Here each matrix B;; belongs to gl,(C).
Lemma 4.1 For any Us,-orbit O C gly,(C), we have 7(O) = my(O).

Proof: Consider the permutation wg of [2n] defined as follows: wy(k) =
wok) =k+qifp+1<k<n+pandwyk)=k—nifn+p+1<k<
now that m = mp o Ad(wp). Our lemma follows from this relation. O

kif 1 <k<p,
2n. We check

4.2 Description of S(p,q) through LR(n,n)

For t € R?, we consider the n-square Hermitian matrix

Oqq Ogp—q  Diag(t)
(20) Y(t):=| Op-qq Op-gp-g Opgq | CPLOP2.
Diag(t)  0gp—q Ogq

Notice that for any ¢ € R%, , we have:

e the orbit U(p) x U(q) - Y(¢) is equal to {YP7 € py, s(Y) = t},

e the orbit U(q) x U(p) - Y(¢) is equal to {Y%P € py, s(Y) = t},

e the orbit U(n) - Y(t) is equal to Op,, == {Z € Herm(n),e(Z) = tP1}.
Here is the main application of the Proposition 2.14.

Proposition 4.2 Let (v,s,t) € RT, x RL x RL, . The following statements are equiv-
alent:

1. (v,s,t) € S(p,q),

2. A = <A11 A12> € My, n(C), such that s(A) =, s(A12) = s, and s(A21) = t,
Ao Ag ’

3. 3X €p, with 7(X) = (X1, X3), s.t. e(X) =7, e(X1) =577 and e(Xy) = P9,

4. (U(n) x U(n) 'Diag(’y)) contains (U(p) x U(q) - Y (s)) x (U(q) x U(p) - Y (t)).

5.m <U(2n) . @)) contains U(n) - Y (s) x U(n) - Y (t).

6. o (U(2n) - Diag(¥)) contains Oz q X Ozp.a.

7. (7,5P9,tP9) € LR(n,n).

Proof: 4. <= 5. follows from Proposition 2.14, and 5. <= 6. is a consequence of

Lemma 4.1 and the fact that the orbit U(2n) - Diag(v) is equal to U(2n) - Diag(¥). The
other equivalences are left to te reader. O
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4.3 Inequalities determining S(p,q)

Thanks to Proposition 4.2 and Theorem 2.8, we obtain the following description of the
cone S(p, q).

Theorem 4.3 An element (v,s,t) € R}, x RL, xR, belongs to S(p,q) if and only if,
Vi > Sk and v > tg, Yk € [q], and
(21) Vanp) — Naenm 2 Islenig = IslBeng + [tlong — Itlceniq),
holds for any triplets (A, B,C) satisfying the following conditions :
e B,C are strict subsets of [n],
o AC[2n] and $A =B + {C,
(4)

e the Littlewood-Richardson coefficient Cu(B)u(c) '8 mon-zero.

Let us use some duality to minimize the number of equations (see (13)). The equation
(21) means that (5,579, tP9) satisfies |4 > |y|p + |2|c, that is |[J]4 > [§P9| g+ [tP9|c. If
we apply (3,879, 1P9) to the relation |x|40 < |y|co+]|2|co, we get |7 40 < [§P9| go+[tP4| o
which is equivalent to (21) since [J] 40 = —|F|4, |57 g0 = —[579|p and [tP4|co = —[tP9|c.

We can therefore rewrite Theorem 4.3, by requiring that (21) holds for all strict subsets

: : _ 1(A)
A C [2n], B,C C [n], which satisfy A = §B + #C < n and CulB)u(C) # 0.

5 The cone £(p,q)

Recall that £(p,q) = {(7,s) € R, xRy, (7,5,5) € S(p,q)}. Theorem 5.2 gives a
description of the cone £(p,q) in terms of a finite set of inequalities: E(p,q) = {(v,s) €
RY, x RY,,(5,5P%,5P9) € LR(n,n)}. In the next section, we explain how to improve
this result.

5.1 A subcone of LR(n,n)
We start by defining the following subcone of LR(n,n):

E(n) = {(a:,y) € ]Ri" x RY, (z,y,y) € LR(n,n)}.

By definition, (z,y) € £(n) if there exists an 2n-square Hermitian matrix of the form

zZ* Xoo

Theorem 2.8 gives the following description: (z,y) € R?" x R belongs to £(n) if and
only if the following conditions holds:
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L || = 2Jyl,
2. Tntk < Yk < Tk, Vk € [’I’L],
3. |xla > 2|yl + 2ly|c and |z|40 < 2|y|Bo + 2|y|ce, for any triplet A, B, C satisfying:

B,C C [n] and A C [2n] are strict subsets such that A = $B+4C < n, and CZE;% 4(C)

1S non-zero.

In fact, condition 2. is not necessary and for the inequalities |z|4 > |y|B + |y|c it is
enough to restrict to those where B = C. The following refinement is proved in [20].

Theorem 5.1 (z,y) € R* x R? belongs to E(n) if and only if |z| = 2|y| and if the
following relations holds

[z]a = 2lylp and  |2|a0 < 2Jy|se
for any couple A, B satisfying:
e A C [2n] and B C [n] satisfy fA = 2B <n
o (u(A),u(B)) € E(r) forr =4B < 5.

5.2 Description of £(p,q)
Thanks to Theorem 5.1, we obtain the following description of the cone &(p, q).

Theorem 5.2 An element (7,s) € R x RL_ belongs to E(p,q) if and only if
Vanm) = laeam = 2 ([8lsag — 181Bongg)
holds for any couple (A, B) satisfying the following conditions :
e A C [2n] and B C [n] satisfy A = 2B <n

(4)

. . . ;,L .
e the Littlewood-Richardson coefficient Co(B),u(B) 15 MON-Z€TO.

5.3 Description of £(p, q) proposed by Fomin-Fulton-Li-Poon

In [6], the authors work with a cone FFLP(p, ¢) that is defined as follows. If I = {i1,...,4,}
is an increasing sequence of positive integers we define 21 = {2iy,...,2i,} and 2] —1 =
{261 —1,...,2i, — 1}

Definition 5.3 FFLP(p, q) is the set of couple (,s) € R, x RL, satisfying
[Vlor + [vl20a > 2|s|xk,

for any r < q and any (I, J, K) € LRY.
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The following property is proved in [6].
Proposition 5.4 We have E(p,q) C FFLP(p, q).

Proof: We recall the arguments given in [6]. If I and J are two subsets of N\ {0} of the
same cardinal r > 1, we define 7(I,J) = 2I U2J—1. We will use the following property
(see [6], Proposition 1.19):

(22) (I,J,K) e LR} = (r(I,J),7(I,J),7(K,K)) € LR
If s € R, let us write d(s) = (s1,81,...,5¢,84, 0,...,0) € R? . We consider the
++ (s) = (51,51 9> °9 ) ++

p—q times
following subsets of R | x R% _:

o Ay = {(7,3); 7,7, 2(1/(8\)) € Horn(2n)}

~—

o %= {(3,5); [fla > |d()lb, V(A A, B) € LR2", Vr < 2n}
o A= {(7,9); [{la = d(s)|p, V(A A, B) € LR}, ¥r <n}
o Ry = {(’Y? S); WIT(I,J) = ‘d(s)’T(K,K)a V(I, J, K) S LR?? Vr < TL}

* s = {(’Ya s); Alr@.0) = 1d(s)l-x 1), VI, J, K) € LR, Vr < Q}
The proof of the proposition follows from the next lemma.

Lemma 5.5 The following relations hold
5(}?, q) CU CRAy C A3 C AL C A5 = FFLP(p, q).

Proof of the Lemma : The inclusions 2y C 23 and 24 C 25 are immediate, 20y C Ao
follows from Theorem 2.2, A3 C Ql4/is\due to (22), and A5 = FFLP(p, q) follows from the
fact that the relation [¥|,(7,7) > |d(s)|-(k,x) is equivalent to |y|o; + [v[2sa1 > 2|s|k,
when I, J, K C [q].

The inclusion &(p, q) C 2l is obtained through the following construction. Let (v, s) €
Z X
Y T
M, ,(C), Y € M, ,(C) satisfying the relations s(M) = v and s(X) =s(Y) = s.

Let us define the matrices N = <_YZ j;) and P = <3 i)(> we see that M + N =
2P with s(N) = v and s(P) = d(s). Finally, the relation M + N = 2P of 2n-square
hermitians matrices shows that (7,7, 2(:1/(;)) € Horn(2n) since e(]\/j) = e(]\Af) = 7 and
e(P) = d/(s\) O

E(p,q): there exists a m-square complex matrix of the form M = , with X €
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In [6], the authors claim that £(p, ¢) = FFLP(p, q) by showing that the inverse inclusion
FFLP(p,q) C &(p,q) is always true. But their proof of the latter inclusion is not correct
because they use their erroneous description of A(p,q) to obtain it (see [6], §1.5). Note
also that the equality £(p, q) = FFLP(p, ¢) would imply the identities £(p,q) = A1 = Ay =
A3 = A4 = A5, which are far from obvious.

In the previous sections, we have proven that £(p, q) is equal to
PEP(p,q) == {(7,s) e R} xRL; (7,579, 5P9) € LR(n,n)} .
Let us finish this section with the following remark.
Lemma 5.6 We have PEP(p,q) C 2.

Proof: We follow the same strategy as for the inclusion proof £(p,q) C 2. Let
(7,s) € PEP(p, q): there exists a 2n-square Hermitian matrix of the form M = <§; i) ,
with X, Y € Herm(n) satisfying the relations e(M) =7 and e(X) = e(Y) = sP9.

Now, we define the matrices N = <_);* _YZ> and P = <§ }O/> we see that
N + M = 2P with ¢(N) = ¢(M) = 7 and e(P) = d/(;) Finally, we have shown that

—

(7,7,2d(s)) € Horn(2n). Hence, (v,s) € 2. O

By this way, we can conclude that PEP(p, q) C FFLP(p, q), but the question of whether
these cones are equal remains open.

6 The cone T (p,q)

We work with the real reductive Lie groups G := U(p, p) x U(q,q) and G:= U(n,n). The
embedding ¢ : G — G is defined as follows:

g11 Op2g 912
(23) t(g,h) = [02p R O2p |, when  ¢g= <g11 912>.
921 g22
921 Opog 922
Here g;; € My p(C) and h € U(q,q) C M2q,24(C). B
Thg\ unitary group K := U, x U, is a maximal compact subgroup of G. The subspace
p:={X,X € M, ,(C)} C g admits a canonical action of K. The subgroup K = K; x K,
with K1 ~ U, x U, and Ky ~ U, x Uy, is a maximal compact subgroup of G, and the
subspace p = p; x p2 admits a natural identification with M, ,(C) x M, ,(C):

(Y, Z) € M, ,(C) x My4(C) — (Y, Z) € p1 X po.

See §2.2 for the notations X.
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6.1 Complexification, antiholomorphic involution and orthogonal pro-
jection

The complexification of the group G is G¢ = GLgy(C) x GL2e(C). We consider the
antiholomorphic involution o on G¢ defined by o(g,h) = (Ipp(g*) " pp, Iyq(R*) "1, ),
where I, o = Diag(Idy, —Id;). The subgroup G is the fixed point set of o.

The complexification of the group G is éc := G Ly, (C). We consider the antiholomor-
phic involution & on G¢ defined by 7(9) = Inn(g*) nn. The subgroup G corresponds
to the fixed point set of .

The groups U = Uy, x Uy and U = Uy, are respectively maximal compact subgroups
of G¢ and (N}'c. The fixed point subgroups of the involutions are U? = K and U? =K.

The embedding ¢ : G — G admits a complexification itc : G¢ — é(c. At the level of
Lie algebra, we have a morphism ¢ : gly,(C) x gly,(C) < gly,,(C), still defined by (23).

The orthogonal projection 7 : gly,,(C) — gly,(C) x gly,(C) dual to the morphism ic
is defined by the relations :

A A Agg Ay Ags
(24) A=A A A —> m(A) = <<A ) > ,A22> .
Az1 Azz Ass 3L 4733

Here the matrix A € gly,(C) is written by blocs relatively to the decomposition 2n =
P+ 2q + p.

Let us consider another projection 7o : gly,,(C) — gly,(C) x gly,(C) defined by the
relations :

B, B
(25) B= (B; B;z) — 7T()(B) = (Bll7B22)'

Here B11 € gly, 2,(C) and Bay € gly, 2,(C)
Lemma 6.1 For any Us,-orbit O C gl,,(C), we have w(O) = my(O).
Proof: Same type of proof as for the lemma 4.1. O

6.2 Description of 7 (p,q) through LR(2p,2q)

Here is the main application of the Proposition 2.14. Recall that for (v,s,t) € R%}, x
Ql\%{h_ x RL ., we define 5 := (71, ..., Yy =Yy ---s—71), 8 1= (51,..., Sp, —Sp, ..., —s1) and
t:= (tl,... ,tq,—tq,...,—tl)

Proposition 6.2 Let (v,s,t) € R x ]R{’H_ X R?H_. The following statements are equiv-
alent:

1. (v,s,t) € T(p,q),
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[\S}

. JA= <A11 A12> € My n(C), such that s(A) =, s(A11) = s, and s(Aaa) =t,
A1 Ag ’

8. 3AX e p, with 7(X) = (X1, X5), s.t. e(X) =7, e(X1) =5 and e(X3) =1,

—

4. (U(n) x U(n) - @)) contains (U(p) x U(p) - Eg\(s)) X (U(q) x U(q) - Diag(t)

— —

T <U(2n) . Eg?y)) contains U(2p) - Diag(s) x U(2q) - Diag(t).

R

6. 7 (U(2n) - Diag(3)) contains U(2p) - Diag(s) x U(2q) - Diag(t).
7. (7,5, 1) € LR(2p,2q).

Proof: 4. <= 5. follows from Proposition 2.14, and 5. <= 6. is a consequence of
Lemma 4.1. The other equivalences are left to te reader. O
6.3 Inequalities determining 7 (p,q)

Thanks to Proposition 6.2 and Theorem 2.8, we obtain the following description of the
cone T (p, q).

Theorem 6.3 An element (7, s,t) € R, x RL | xR belongs to T(p,q) if and only if
the following inequalities hold:

1. v > sk, Vk < p,

2. 95 =2 t;, Vj<gq,

3. Yogte < se, VE<p—gq,

4. we have [Y[anpm) — Y|acnm) > [8IBap) — [8IBonp + [teng — [tlcen
for any triplets (A, B,C) satisfying the following conditions :

e B C [2p] and C C [2q] are strict subsets,
e AC [2n] and A ={B +{C < n,
A)

. . . 1( .
e the Littlewood-Richardson coefficient Cou(B),p(C) 15 Mon-zero.

6.4 Interlacing inequalities for singular values

Let us consider the case where p > ¢ = 1.

Let v > --+ > 7441 > 0 be the singular values of a p + 1-square complex matrix X.
Let X’ be the p-square submatrix of X obtained by deleting a row and a column: we
denote by s > --- > s, > 0 its singular spectrum.

26

).



Points 1. and 3. of Theorem 6.3 yields interlacing inequalities which where first

observed by Thompson [23]:

Y3 é S1 é/}/l)
Y4 < 82 < o,

’Yj-i-ZSSjS’Yju 1§]§p_27
Tp < Sp—2 < Yp—25

Sp—1 < Yp—1,
Sp < Yp-
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