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Abstract. We made a comparison between a Discrete Duality Finite Volume
(DDFV) scheme and a Hybrid Finite Volume (HFV) scheme for a drift-diffusion
model with mixed boundary conditions on general meshes. Both schemes are
based on a nonlinear discretisation of the convection-diffusion fluxes, which en-
sures the positivity of the discrete densities. We investigate the behaviours of the
schemes on various numerical test cases.
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1 Motivation

We are interested in the numerical discretization of drift-diffusion model. Let Ω be a
polygonal connected open bounded subset of R2, whose boundary Γ = ∂Ω is divided
into two parts Γ = Γ D∪Γ N with m(Γ D)> 0. The problem writes:

∂tN−div(∇N−N∇φ) = 0 in R+×Ω ,

∂tP−div(∇P+P∇φ) = 0 in R+×Ω ,

−λ
2 div(∇φ) =C+P−N in R+×Ω ,

N = ND, P = PD and φ = φ
D on R+×Γ

D,

(∇N−N∇φ) ·n = (∇P+P∇φ) ·n = ∇φ ·n = 0 on R+×Γ
N ,

N(0, ·) = Nin and P(0, ·) = Pin in Ω ,

(1)

where n denotes the unit normal vector to ∂Ω pointing outward Ω . Regarding the data,
(i) the parameter λ > 0 is the rescaled Debye length of the system, which accounts for
the nondimensionalisation (relevant values of this parameter can be very small, inducing
some stiff behaviours), (ii) the initial conditions Nin and Pin belong to L∞(Ω) and are
positive, (iii) the doping profile C is in L∞(Ω), and characterises the semiconductor
device used. In the following, we also assume that the boundary conditions are the trace
of some H1 function on Ω , such that the following relation holds:

log(ND)−φ
D = αN and log(PD)+φ

D = αP on Γ
D, (2)



2 Stella Krell and Julien Moatti

where αN and αP are two real constants. It follows that ND and PD are positive.
The solution to (1) enjoys some natural physical properties: the densities N and P

are positive for all time, and the solution converges exponentionaly fast towards some
thermal equilibrium (Ne,Pe,φ e) -which is a stationary solution to (1)- where Ne =
eαN+φ e

, Pe = eαP−φ e
and φ e is the solution to the Poisson-Boltzmann equation{

−λ
2 div(∇φ

e) =C+ exp(αP−φ
e)− exp(αN +φ

e) in Ω ,

φ
e = φ

D on Γ
D and ∇φ

e ·n = 0 on Γ
N .

(3)

Relation (2) is a compatibility condition in order to ensure the existence of the thermal
equilibrium (3). When designing numerical schemes for (1), it is crucial to ensure that
the scheme preserves these properties at the discrete level. This structure preserving
feature is ensured by classical TPFA schemes on admissible orthogonal meshes (see
[1]). Unfortunately, these schemes cannot be used on general meshes. Following the
ideas introduced in [3], a nonlinear positivity preserving DDFV scheme for Fokker-
Planck equations has been introduced in [2]. In the spirit of these works, a nonlinear
structure preserving HFV scheme was introduced and partially analysed in [5]. The
aim of this paper is to introduce a nonlinear structure preserving DDFV scheme for (1)
based on the scheme of [2] and to compare it numerically with the HFV scheme of [5].

2 Descriptions of the schemes

The schemes used here are based on the same nonlinear strategy, introduced in [3],
consisting in the reformulation of the convection-diffusion fluxes:

∇N−N∇φ = N∇(log(N)−φ) and ∇P+P∇φ = P∇(log(P)+φ) .

At the discrete level, both schemes relie on discrete gradients operators to approximate
the continuous gradients. The major issue lies in the discretisation of the prefactors
P and N, which will be handled by local reconstruction operators. This discretisa-
tion strategy is a way of ensuring (at the theoretical level) the positivity of the discrete
densities. We refer to [5, Theorem 1] (HFV scheme for drift-diffusion system) and [2,
Theorem 2.1] (DDFV scheme for a single advection-diffusion equation) for proofs of
this statement. We also refer the reader to these proofs for more insight about the recon-
struction operators. Both schemes are based on a backward Euler discretisation in time.
To fix ideas, we will use a constant time step ∆ t > 0. For more precise descriptions and
statements about the schemes and the meshes, we refer to [2] (DDFV) and [5] (HFV).

Remark 1 (Generalisation to anisotropic models). In this paper, we consider isotropic
convection-diffusion equations for the charges carriers for the sake of brevity. One could
add anisotropic diffusion tensors and consider the framework described in [5].

Both schemes rely on a spatial discretisation (or mesh) of the domain Ω . The (pri-
mal interior) mesh M is a partition of Ω in polygonal control volumes (or cells). We
let ∂M be the set of boundary edges, seen either as degenerate control volumes (DDFV
framework) or as edges (HFV framework). The primal mesh M is defined as the re-
union of M and ∂M. Given a cell K ∈M, we fix a point xK ∈ K, called the center of
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K. For all neighboring primal cells K and L, we assume that ∂K∩∂L is a segment, cor-
responding to an internal edge of the mesh M, denoted by σ = K|L and we let Eint be
the set of such edges. We denotes by E = Eint ∪∂M the set of all (internal and exterior)
edges of the mesh, and define EK the set of edges of the cell K ∈M. For any K ∈M
and σ ∈ EK , we define nσK as the unit normal to σ outward K.
Given any measurable X ⊂ R2, we denote by mX the measure of the object X .

2.1 The DDFV scheme

In order to define the DDFV scheme, we need to introduce two other meshes: the dual
mesh denoted M∗ and the diamond mesh denoted D (see [2] for more details). The dual
mesh M∗ is also composed of interior dual mesh M∗ (corresponding of cells around
vertex in Ω ) and of boundary dual mesh ∂M∗ (corresponding of cells around vertex on
∂Ω ). For any vertex xK∗ of the primal mesh satisfying xK∗ ∈ Ω , we define a polygo-
nal control volume K∗ by connecting all the centers of the primal cells sharing xK∗ as
vertex. For any vertex xK∗ ∈ ∂Ω , we define a polygonal control volume K∗ by connect-
ing the centers xK of the interior primal cells and the midpoints of the boundary edges
sharing xK∗ as vertex and xK∗ . We define the set E ∗int of internal edges of the dual mesh
similarly as Eint . We denote by nσ∗K∗ the unit normal to σ∗ outward K∗. For each couple
(σ ,σ∗) ∈ E×E ∗int such that σ = [xK∗ ,xL∗ ] and σ∗ = K∗|L∗, we define the quadrilateral
diamond Dσ ,σ∗ whose diagonals are σ and σ∗ (if σ ⊂ ∂Ω , it degenerates into a trian-
gle). The set of the diamonds defines the diamond mesh D , which is a partition of Ω .

xL∗

xK∗

xL

xK τK∗,L∗

nσK

τK,L
nσ ∗K∗

σ = K|L, edge of the primal mesh
σ∗ = K∗|L∗, edge of the dual mesh
Diamond Dσ ,σ ∗

Vertices of the primal mesh
Centers of the primal mesh

xD

xL∗

xK∗

xL
xK

Fig. 1: Definition of the diamonds Dσ ,σ∗ and related notations.

Finally, the DDFV mesh is made of T = (M,M∗) and D.
We now introduce the space of scalar fields which are associated to each primal and

dual cell RT , and space of vector fields constant on the diamonds
(
R2
)D:

uT ∈RT ⇐⇒ uT =
(
(uK)K∈M ,(uK∗)K∗∈M∗

)
and ξD ∈

(
R2)D⇐⇒ ξD =(ξ D )D∈D .

To enforce Dirichlet boundary conditions, we introduce the set of Dirichlet boundary
primal and dual cells: ∂MD = {K ∈ ∂M : K ⊂ ΓD} and ∂M∗D = {K∗ ∈ ∂M∗ : xK∗ ∈
Γ D}, and, for a given v ∈C(Γ D), we define

EΓD
v = {uT ∈ RT | ∀K ∈ ∂MD, uK = v(xK) and ∀K∗ ∈ ∂M∗D, uK∗ = v(xK∗)}.
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We also define discrete bilinear forms on RT and
(
R2
)D by

JvT ,uT KT =
1
2

(
∑

K∈M
mKuKvK + ∑

K∗∈M∗
mK∗uK∗vK∗

)
, ∀(uT ,vT ) ∈

(
RT
)2
,

(ξD,ϕD)D = ∑
D∈D

mD ξ D ·ϕD , ∀(ξD,ϕD) ∈
((

R2)D)2
.

The DDFV method is based on the definition of a discrete gradient operator ∇D :RT →(
R2
)D, defined by ∇DuT =

(
∇

DuT

)
D∈D

, where

∇
DuT =

1
2mD

(mσ (uL−uK)nσK +mσ∗(uL∗ −uK∗)nσ∗K∗) ∀D ∈D. (4)

Finally, we introduce a reconstruction operator on diamonds rD. It is a mapping from
RT to RD defined for all uT ∈RT by rDuT =

(
rDuT

)
D∈D, where for D ∈D, whose

vertices are xK , xL, xK∗ , xL∗ , rDuT = 1
4 (uK +uL +uK∗+uL∗). One can now introduce a

DDFV discretisation of (u,w,v) 7→
∫

Ω
u∇w ·∇v, defined by

TD : (uT ,wT ,vT ) 7→ ∑
D∈D

mD rDuT ∇
DwT ·∇DvT .

Now, we first discretise the data by taking the mean values of Nin, Pin and C on the
primal and dual cells, which define N0

T , P0
T and CT . Then, for all n ≥ 0, we look for

(Nn+1
T ,Pn+1

T ,φ n+1
T ) ∈ EΓD

ND ×EΓD
PD ×EΓD

φD solution to:

rNn+1
T −Nn

T

∆ t
,vT

z

T
+TD(Nn+1

T , log(Nn+1
T )−φ

n+1
T ,vT ) = 0 ∀vT ∈ EΓD

0 , (5a)

rPn+1
T −Pn

T

∆ t
,vT

z

T
+TD(Pn+1

T , log(Pn+1
T )+φ

n+1
T ,vT ) = 0 ∀vT ∈ EΓD

0 , (5b)

λ
2
(

∇
D

φ
n+1
T ,∇DvT

)
D
=

r
CT +Pn+1

T −Nn+1
T ,vT

z

T
∀vT ∈ EΓD

0 . (5c)

In (5a) and (5b), we use the notation log(uT ) =
(
(log(uK))K∈M ,(log(uK∗))K∗∈M∗

)
.

2.2 The HFV scheme

In order to define the HFV scheme, we need to introduce a pyramidal submesh. To do
so, one has to assume that each cell K ∈M is star-shaped with respect to its center
xK (we recall that xK is not necessarily the barycentre of K). We then define PK,σ as
the pyramid (triangle) of base σ and apex xK . Given any σ ∈ E , we denote by xσ the
barycentre of σ , and by dK,σ the euclidean distance between σ and xK . Finally, we
define the hybrid discretisation (or mesh) as D= (M,E ).

We now introduce the space of discrete (scalar) hybrid unknowns VD:

uD ∈VD⇐⇒ uD =
(
(uK)K∈M ,(uσ )σ∈E

)
,

where the uK ∈ R are the cell unknowns and the uσ ∈ R are the edges unknowns (ap-
proximation of the trace of the solutions on the edges). To enforce Dirichlet boundary
conditions, for a given v ∈C(Γ D), we define
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VΓD
D,v = {uD ∈VD | ∀σ ∈ ∂MD, uσ = v(xσ )}.

As for the DDFV framework, we define a bilinear form on VD, discrete counterpart of
the inner product on L2(Ω) as

JuD,vDKM = ∑
K∈M

mKuKvK , ∀(uD,vD) ∈V 2
D.

The HFV method is based on the definition of a discrete gradient operator ∇D :
VD→ (R2)Ω which maps discrete hybrid unknowns onto piecewise constant functions
on the pyramidal submesh. More precisely, given vD ∈VD, K ∈M and σ ∈ EK ,

∇DvD|PK,σ
= GKvD+SK,σ vD,

where, for some η > 0, the consistent and stabilisation parts of the gradient are given
by

GKvD =
1

mK
∑

σ ′∈EK

mσ ′vσ ′nK,σ ′ and SK,σ vD =
η

dK,σ

(
vσ − vK−GKvK · (xσ − xK)

)
nK,σ .

One can now define the discrete counterpart of (u,v) 7→
∫

Ω
∇u ·∇v as

aD : (uD,vD) 7→
∫

Ω

∇DuD ·∇DvD.

Finally, we introduce as previously local reconstruction operators on cells rK : VD→R,

such that for any uD ∈VD, rK(uD) =
1
|EK | ∑

σ∈EK

uK +uσ

2
, where |EK | is the cardinal of

the finite set EK . One can now introduce a HFV discretisation of (u,w,v) 7→
∫

Ω
u∇w ·∇v,

defined by
TD : (uD,wD,vD) 7→ ∑

K∈M
rK(uD)

∫
K

∇DwD ·∇DvD.

We now discretise the data by taking the mean values of Nin, Pin and C on the cells and
edges, which define P0

D, N0
D and CD. Then, for all n≥ 0, we look for (Nn+1

D ,Pn+1
D ,φ n+1

D
)∈

VΓD
D,ND ×VΓD

D,PD ×VΓD
D,φD solution to:

rNn+1
D −Nn

D

∆ t
,vD

z

M
+TD(Nn+1

D , log(Nn+1
D )−φ

n+1
D

,vD) = 0 ∀vD ∈VΓD
D,0, (6a)

rPn+1
D −Pn

D

∆ t
,vD

z

M
+TD(Pn+1

D , log(Pn+1
D )+φ

n+1
D

,vD) = 0 ∀vD ∈VΓD
D,0, (6b)

λ
2aD

(
φ

n+1
D

,vD
)
=

r
CD+Pn+1

D −Nn+1
D ,vD

z

M
∀vD ∈VΓD

D,0. (6c)

As previously, we use the notation log(uD) =
(
(log(uK))K∈M ,(log(uσ ))σ∈E

)
.

2.3 Some structural differences between schemes

As highlighted by the unified presentation above, both schemes are very similar and rely
on the same features. Note that both local reconstruction operators rD and rK take into
account all the local unknowns of the geometric entity considered (diamond or cells),
this property is the key point of the analysis of this kind of schemes, see [2,5].
However, the schemes exhibit differences, some of which are listed below:
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– the discrete HFV gradient ∇D includes a stabilisation term for the sake of coercivity
and the stabilisation parameter η has to be chosen a priori, whereas the DDFV one
is simpler and do not need any choice of parameter;

– the DDFV unknowns are all ”volumic”, in the sense that there are associated to
geometric entities with non-zero two-dimensional measures, whereas the faces un-
knowns of the HFV method have no mass and have no influence on the discrete
time derivative terms

q
Nn+1
D −Nn

D,vD
y
M

and
q

Pn+1
D −Pn

D,vD
y
M

;
– the cells unknowns of the HFV scheme can be eliminated before solving linear

systems, using a static condensation procedure (see [5, Section 5.1.2.]), whereas
one has to solve a system including all primal and dual unknowns for DDFV;

– the HFV scheme can be used in 3D without any modification (the edges become
faces), whereas using a DDFV method in 3D requires more sophisticated changes
(see [4]).

3 Numerical experiments

The two numerical schemes described here are nonlinear, hence their algebraic real-
isations boil down to the resolution of nonlinear systems of equations. To do so, we
use Newton method, with an adaptative time stepping strategies: if the Newton method
does not converge, we try to compute the solution for a smaller time step 0.5×∆ t. If the
method converges, we use a bigger time step 1.4×∆ t. The initial time step is denoted
by ∆ tini, and we also impose a maximal time step ∆ tmax. For the HFV scheme, at each
system resolution, a static condensation is used to eliminate the cell unknowns (see [5,
Section 5.1.2.]), and we use η = 1.5. Note that we use N, P and φ as discrete unknowns
in the schemes.

The test case used below follow the framework used in [5] to describe a 2D PN-
junction, whose geometry is described in Figure 2.

N-region
C = 1

P-region
C =−1

Γ D
0

Γ D
1

Fig. 2: PN diode geometry.

The domain Ω is the unit square ]0,1[2. For the bound-
ary conditions, we split Γ D = Γ D

0 ∪Γ D
1 with Γ D

0 =
[0,1]×{0} and Γ D

1 = [0,0.25]×{1}. For i ∈ {0,1},
we let ND = ND

i , PD = PD
i and φ D =

log(ND
i )−log(PD

i )
2

on Γ D
i . To be consistent with the compatibility con-

dition (2) we assume that there exists a constant α0
such that log(ND × PD) = α0. Therefore for given
ND and α0 we set PD = eα0

ND on Γ D. Thus, one has
αN = αP = α0

2 . The doping profile C is piecewise con-
stant, equal to −1 in the P-region and 1 in the N-region (see Figure 2). Last, we
use the following smooth initial conditions: N0(x,y) = ND

1 +(ND
0 −ND

1 )(1−
√

y) and
P0(x,y) = PD

1 +(PD
0 −PD

1 )(1−√y).

3.1 Positivity

In this section, we compare the positivity preservation of the schemes. The test uses
the following values: λ = 0.05, ND

0 = 0.1, ND
1 = 1 and α0 =−4. We perform a test on



Comparison of DDFV and HFV structure preserving schemes 7

a distorted quadrangle mesh (mesh quad 6 of the FVCA 8 Benchmark), with ∆ tini =
1.410−3 and ∆ tmax = 0.1. We show in Figure 3 the evolution of the minimal values
of P and N, along with the time step and the number of Newton’s iterations needed to
compute the solutions at a given time for each time step. The minimal values are taken
on every unknowns (primal and dual cells for the DDFV scheme, cells and faces for
the HFV one). One can see that both schemes compute, as expected by the theoretical
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#
of

N
ew

to
n

ite
ra

tio
ns

# iterations (HFV) # iterations (DDFV) Time step (HFV) Time step (DDFV)

Fig. 3: Test-case. Evolution of the discrete minimal values, time step and cost

results, positive densities. The minimal values computed are of the same order for both
schemes. Moreover, both computations proceed without the need of a time step reduc-
tion. Regarding the cost, it appears that the HFV scheme needs more Newton iterations
than the DDFV one (90 vs 63). For both schemes, the number of iteration decay as the
time increases, since the solutions converge exponentially fast towards the equilibrium.

3.2 Long-time behaviour

Here, we investigate the long-time behaviour of the schemes. At the continuous level,
one usually quantify the distance between the solution (N,P,φ) and the equilibrium
(Ne,Pe,φ e) by looking at the relative entropy, defined as

E(t) =
∫

Ω

NeH
(

N
Ne

)
+
∫

Ω

PeH
(

P
Pe

)
+

λ 2

2
‖∇(φ −φ

e)‖2
L2(Ω),

with H : s 7→ s log(s)−s+1. One can check that (N,P,φ) coincides with the equilibrium
if and only if the relative entropy cancels. In the following, we are interested in the
evolution of the discrete counterparts of this quantities, defined as

En
D=

s
Ne
DH

(
Nn
D

Ne
D

)
,1D

{

M

+

s
Pe
DH

(
Pn
D

Pe
D

)
,1D

{

M

+
λ 2

2
aD
(

φ
n
D
−φ

e
D
,φ n

D
−φ

e
D

)
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for the HFV scheme (where 1D is the discrete elements whose coordinates are 1, and
the product, quotient and functions are applied coordinate-wise) and similar definition
for the DDFV scheme. Note that the HFV entropy does not take into account the edge
unknowns of the discrete densities. To compute the discrete equilibrium, we use a non-
linear scheme for (3) and get φ

e
D

, then we defined the associated densities following
the continuous relations Ne = eαN+φ e

and Pe = eαP−φ e
. We consider a test case with

physical data ND
0 = e, ND

1 = 1 and α0 = 0. We also use two different values of the De-
bye length λ , respectively 1 and 0.01. We perform simulations on a triangular mesh,
with a ∆ tini = ∆ tmax = 0.1. On Figure 4, we show the evolutions of the discrete relative
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Fig. 4: Long-time behaviour. Evolution of the discrete relative entropies.

entropies along time, for the two values of λ and both schemes. As expected, the con-
vergence towards the equilibrium is exponentially fast, as in the continuous framework.
Moreover, it is remarkable to notice that the decay rates are almost the same for both
schemes. Moreover, with the small Debye length (Figure 4b), both schemes are able to
capture the behaviour with a very fast evolution far from the equilibrium, then slower
once close to it.
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