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Abstract. The physical models and numerical methodologies of Computational Fluid Dynamics (CFD) are
historically linked to the concept of continuous medium and to analysis where continuity, derivation and
integration are defined as limits at a point. The first consequence is the need to extend these notions in a
multidimensional space by establishing a global inertial frame of reference in order to project the variables
there. In recent decades, the emergence of methodologies based on differential geometry or exterior calculus
has changed the point of view by starting with the creation of entangled polygonal and polyhedral structures
where the variables are located. Mimetic methods and Discrete Exterior Calculus, notably, have intrinsic
conservation properties which make them very efficient for solving fluid dynamics equations. The natural
extension of this discrete vision relates to the derivation of the equations of mechanics by abandoning the
notion of continuous medium. The Galilean frame of reference is replaced by a local frame of reference
composed of an oriented segment where the acceleration of the material medium or of a particle is defined.
The extension to a higher dimensional space is carried from cause to effect, from one local structure to
another. The conservation of acceleration over a segment and the Helmholtz–Hodge decomposition are two
essential principles adopted for the derivation of a discrete law of motion. As the fields covered by CFD are
increasingly broad, it is natural to return to the deeper meaning of physical phenomena to try a new research
or new path which would preserve the properties of current formulations.

Keywords. Conservation of acceleration, Navier–Stokes equations, Mimetic methods, Discrete exterior cal-
culus, Discrete mechanics, Helmholtz–Hodge decomposition.

Published online: 11 October 2022

1. Introduction

The last five decades of the evolution of mechanics from the theoretical point of view [1–4] have
seen the emergence of numerical simulation as a discipline in its own right [5, 6]. Although un-
knowns remain, in particular on the problem of the existence and the uniqueness of solutions
to the Navier–Stokes equations according to the initial conditions given in three dimensions
of space, mathematics has opened up prospects for the development of new numerical meth-
ods and schemes. Computational Fluid Dynamics (CFD) has been marked by the extraordinary
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progress of numerical methodologies and computer resources; they have led to in-depth im-
provements to the knowledge of the physical behavior of fluids and solids subjected to ever more
extensive stresses. However, numerical resources are not the only elements that have allowed the
acceleration of CFD. The development of schemes adapted to the resolution of boundary prob-
lems for incompressible or compressible flows have, for example, facilitated the consideration of
shock waves by limiting numerical diffusion.

As the diversity of the problems treated has increased with the mechanical equations taken
into account—Navier–Lamé, Stokes, Euler, Navier–Stokes—the formulations used needed to be
adapted, for example to approach in monolithic form problems of Fluid–Structure Interaction.
The formulation in velocity–pressure primitive variables (v, p) is often associated with a conser-
vation equation of mass, for example ∇·v = 0 for an incompressible movement, and a state law
to ensure the link between pressure and density ρ. The methods for solving partial differential
equations, in particular Navier–Stokes equations, are numerous, with finite differences, finite vol-
umes, finite elements spectral methods, etc. For almost a century, they have constantly evolved,
sometimes towards hybrid approaches with new properties. The adoption of staggered grids with
the Marker And Cell method [7] probably marked a turning point in the correspondence between
the locations of the variables and those of the geometrical structure considered; this has led many
authors to reflect on this duality. The progress of mathematical analysis applied to the resolution
of mechanical equations has also led to the development of specific formulations, such as projec-
tion methods [8, 9] which decouple the pressure and the velocity when the Navier–Stokes equa-
tion is solved. Strong coupling techniques like that of the Augmented Lagrangian [10] make it
possible to ensure incompressibility without introducing artifacts linked to decoupling. Analy-
ses on the conservative properties of these methods have shown their remarkable suitability with
balance equations [11–14].

In addition to solution methods based on partial differential equations, many other tech-
niques are available to access solutions of boundary problems in fluid mechanics. A number of
them mimic physical phenomena at small scales up to the macroscopic level, Molecular Dynam-
ics, Lattice Gas Cellular Automata, etc. The most promising one seems to be the Lattice Boltz-
mann method which is particularly flexible to represent many physical phenomena with a re-
duced modeling [15, 16].

Recently, resolution methods resulting from differential geometry and exterior calculus have
given new impetus to CFD, in particular, based on the Discrete Exterior Calculus (DEC) and
mimetic methods. Under the impulse of Shashkov [17], mimetic methods were developed to
solve the classical equations of mechanics [18,19], and the Maxwell equations [20–22]. Since then,
methods preserving certain quantities, for example a mass, energy, enstrophy and vorticity con-
serving (MEEVC) [23, 24] in spectral or by summation-by-parts operators [25], have shown that
high precision levels could also be obtained. Schemes for solving the Stokes or Navier–Stokes
equations have also been developed on these bases, in particular the Compatible Discrete Oper-
ator (CDO) [26,27] method. At the same time, differential geometry and exterior calculus allowed
the emergence of new methods of resolution associated with simplicial meshes, successfully ap-
plied to incompressible Navier–Stokes equations [28].

The numerical methods and the various formulations of the equations of mechanics pre-
sented succinctly above are all based on the notion of continuous medium and apply to equa-
tions formulated in this context. It is possible to step outside of this historical framework to ap-
proach the derivation of the equations of mechanics from a geometric point of view, which is
the object of discrete mechanics as conceptualized recently [29]. This discrete physical model ex-
presses that the intrinsic acceleration of a material medium or of a particle is equal to the sum
of the accelerations which are applied to it within the geometrical structure. The two main accel-
erations corresponding to the effects of compression and shearing are immediately dissociated
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Figure 1. Geometric structures of discrete mechanics, primal in blue and dual in red. The
primal surface S is defined by the edges σ, whose collection forms the boundary Γ of the
surface; each edge oriented by the unit vector t is delimited by two points a and b. Similarly,
the dual surface D is composed by segments δ, which are associated with the barycenters c
of each of the facets S and oriented by the unit vector n and whose collection forms the
boundary ∆. The unit vectors are orthogonal by definition, n · t = 0. Besides, the direct
orientation of circulation along Γ or ∆ is on agreement with the Maxwell’s corkscrew rule.

within the equation of discrete motion; the corresponding terms within this equation are orthog-
onal. However, it is possible to revert to the concept of continuous medium if necessary; all terms
of the discrete equation of motion can indeed be transformed to find the continuous form of
the Navier–Stokes equations [30]. The discrete equation of motion resulting from this formalism
leads directly to a numerical methodology of the mimetic or DEC type, insofar as the differential
operators used for the physical model correspond to the discrete operators.

2. Discrete mechanics framework

2.1. Geometrical structures

The discrete mechanics developed in other articles [31–34] is condensed here to present the
essential points. Geometric construction is the foundation of the physical model; it is formed
by two entangled structures, one primal and the other dual, presented in Figure 1.

The acceleration and the velocity are located on oriented segment σ of the primal structure of
ends a and b and of unit vector t. The primal planar face S is bounded by a collection of segments
σwhose unit normal is n. The dual face D , delimited by segments δ, is also assumed to be planar.
The global physical domain is formed by a tessellation of elementary structures similar to those
in Figure 1 using the meshes generator.

The vectors or, rather, the components on σ of the vectors of space, like acceleration γ and
velocity v, are assumed to be constant on this segment. Axial vectors or pseudo-vectors, or rather
their components, like ψ, are orthogonal to the planes of primal space; the two unit vectors
are orthogonal n · t = 0 by construction. The scalars are assigned to the vertices of the primal
structure.
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In this context, the discrete differential operators take on meanings that are different from
their classical forms defined in a continuous medium. The gradient ∇φ = (φb −φa)/dht is the
restriction of the classical gradient on the oriented segment σ. The primal curl ∇×v corresponds
to the classical curl projected on the normal n. The divergence of velocity ∇·v is calculated on the
dual volume and assigned to point a. Finally, the dual curl ∇d ×ψ is calculated as the circulation
of the vector along contour ∆ formed by elementary segments δ; this operator projects the
result onto segment σ. This last operator does not exist within the framework of the continuous
medium; which leads to a differentiation of the vectors to which they apply: axial or polar.

The overall structure exhibits remarkable properties of orthogonality. Some of them mimic
those of the continuous medium, ∇·∇×ψ= 0 and ∇×∇φ= 0, whether the geometric structures’
element bases are polygons or polyhedra.

2.2. Physical model

Acceleration, the material derivative of velocity, is considered an absolute quantity in discrete
mechanics, unlike other quantities such as velocity or displacement; indeed, the derivatives of
higher order have no particular physical significance. The integration of γ along its rectilinear
trajectory on segment σ represents the energy per unit mass necessary to change the velocity
of the material medium or of a particle between a and b over a time interval dt . Thus the
acceleration of the medium subjected to an external acceleration h is kept on the segment. The
fundamental law of dynamics in terms of accelerations is then written as follows:

γ= h (1)

where γ is the intrinsic acceleration of the material medium or of the particle with or without
mass on a segment, and h the sum of the accelerations applied to it.

The time lapse dt is a physical parameter which fixes the time scale in which a phenomenon is
observed. The current time t = t o+dt is defined with respect to a reference time t o corresponding
to a previous moment of mechanical equilibrium. Likewise, the length scale must be in line
with it. A characteristic length, called discrete horizon dh = [a,b] corresponding to the length of
segmentσ, is then defined by dh = cl dt where cl is the celerity of the longitudinal waves. Velocity
v and displacement u at time t are related to time t o by:{

v = vo +γdt
u = uo +v dt .

(2)

The principle of velocity relativity is satisfied when velocity vo or displacement uo at instant
t o no longer appear in the equation of motion when these are uniform, translated or rotated at a
constant velocity.

Like any vector, acceleration can be decomposed into a component with curl-free and another
with divergence-free in the form of a decomposition of Helmholtz–Hodge [35–37]:

γ=−∇φ+∇d ×ψ (3)

where φ and ψ are the scalar and vector potentials of the acceleration respectively.
From a physical point of view this observation is essential; in discrete mechanics the acceler-

ation of the material medium on a segment is due to a direct action represented by the scalar po-
tential linked to the propagation of longitudinal waves and an induced action fixed by the vector
potential related to transverse waves. This is the object of Maxwell’s remarkable discovery [38],
which introduced the entanglement of magnetic and electric fields through their respective dy-
namics. In mechanics this translates the fact that the effects of compression can in no case be
transformed into shearing or vice versa without an evolution in time. This parallel between elec-
tromagnetic and mechanical effects is not just a simple analogy, it is the same concept.
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Therefore, the variation in total energy per unit mass between the ends of segment σ is equal
to:

Φb −Φa =
∫ b

a
γ · tdl =−

∫ b

a
∇φ · tdl +

∫ b

a
∇d ×ψ · tdl . (4)

The physical modeling of current potentials φ and ψ according to their values at instant t o ,
φo and ψo is carried out based on simple compression and shear experiments [29]. The energy
balance on the segment is read as:∫

σ
γ · tdl =−

∫
σ
∇(φo −dt c2

l ∇·v) · tdl +
∫
σ
∇d × (ψo −dt c2

t ∇×v) · tdl (5)

whereφo andψo are named the retarded potentials, similar to those of Liénard and Wichert [39]:

φo =−
∫ t o

0
c2

l ∇·v dτ; ψo =−
∫ t o

0
c2

t ∇×v dτ. (6)

The transition from this one-dimensional vision to two- or three-dimensional spaces is
achieved without difficulty, considering that the interactions between the segments of all the en-
tangled primal and dual structures are cause and effect; the same point a of the primal structure
is shared by other segments of space. Finally, the system of equations of discrete mechanics in
terms of displacements is put in the form:

d2u

dt 2 =−∇(φo − c2
l ∇·u)+∇d × (ψo − c2

t ∇×u)

φ= (1−αl )φo − c2
l ∇·u

ψ= (1−αt )ψo − c2
t ∇×u.

(7)

The longitudinal cl and transverse ct celerities are known physical quantities which may
depend on potentials or on other variables such as temperature. The quantities αl and αt

are called the attenuation factors of the longitudinal and transverse waves. They express the
dissipation of these waves in the form of heat; the energies per unit of mass φ and ψ are then
reduced by this degradation. As expected, the conservation of mass is not added to this equation
of motion insofar as it expresses the conservation of total energy. The equivalence of mass and
energy resulting from the theory of relativity rules out maintaining redundant physical quantities.

To express the acceleration as a Helmholtz–Hodge decomposition, it is necessary for all the
other terms of (3) to be in this same form. This is not the case for the classical expressions of
inertia, v · ∇v, ∇ · (v ⊗ v) − v∇ · v or from ∇(|v|2/2) − v ×∇× v. Discrete mechanics establishes
inertia in the form of two terms [33], the first to curl-free and the second to divergence-free,
∇(|v|2/2)−∇d × (|v|2/2n). The equation of motion in terms of velocity is then written as:

∂v

∂t
+ 1

2
∇(|v|2)− 1

2
∇d × (|v|2n) =−∇(φo −dtc2

l ∇·v)+∇d × (ψo −dtc2
t ∇×v)

φ= (1−αl )φo −dtc2
l ∇·v

ψ= (1−αt )ψo −dtc2
t ∇×v.

(8)

For a viscous Newtonian fluid αt = 1, the shear energy is entirely dissipated in heat. Indeed,
for time constants τ> 10−10 s corresponding to the molecular reorganization under the effect of
a shear, quantity dtc2

t is replaced by the kinematic viscosity ν.
In the general case of movements of several fluids, for example for two-phase flows, the

interfaces must be advected using adapted methods in Eulerian or Lagrangian description (TVD,
Front-Tracking, Volume Of Fluid, Level-Set, ALE, etc.). This problem of advection of fields or
interfaces, which also arises for a single fluid, does not interfere with the proposed formulation,
it is described by the term −v · ∇ρ within of the mass conservation equation. The rest of the
continuity equation, ∂ρ/∂t = −ρ∇ · v, can be integrated separately. Indeed, irrespective of the
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reasons for variations in density, effects of compression, fluxes of mass or heat, this is only a
function of the local divergence of the velocity. The density can then be integrated at a point
explicitly by:

ρ = ρoe−dt∇·v (9)

where ρo is the density at time t o . Even if this, like pressure, is no longer a variable retained
in discrete mechanics, it can be updated like the scalar potential of the acceleration. It again
becomes a physical characteristic of the environment, which may be dependent on the main
variables (φ,v).

In discrete equation (8), it is possible to integrate source terms resulting from gravitational,
capillary or other interactions, in the form of accelerations. Each of these terms will be written as
a Helmholtz–Hodge decomposition, preserving the unity of the formulation of the equation.

In form (8) or that of (7), the law of motion is like Maxwell: an equation of waves. Only the
celerity of light is replaced in mechanics by the celerity of acoustic waves. To be convinced of
this, it is sufficient to consider a celerity cl = ct = c, neglect the inertia terms and use the formula
of vector calculus ∇2u =∇∇·u−∇×∇×u to get:

∂2u

∂t 2 − c2∇2u =−∇φo +∇d ×ψo (10)

where the first member of this equation is a d’Alembertian äu:

äu ≡ 1

c2

∂2u

∂t 2 −∇2u (11)

where the second member corresponds to the Helmholtz–Hodge decomposition of the retarded
acceleration.

The boundary conditions are not expressed as continuum mechanics by direction using
partial derivatives on the velocity. In discrete mechanics they are the same operators as those
used in the equation of motion, which translate the interactions from one local geometrical
structure to another. If σp represents a jump in scalar potential, for example due to capillary
pressure, and τp a jump in vector potential, the general boundary conditions or those at the
interfaces (fluid and solid) are written as:{

dt c2
l1∇·v1 = dt c2

l2∇·v2 +σp

dt c2
t1∇×v1 = dt c2

t2∇×v2 +τp .
(12)

The equation of motion (8) has particular properties due to its Helmholtz–Hodge type config-
uration. In particular, the application of the divergence and curl operators directly to the equa-
tion of motion eliminates existing terms in classical formulations. They reflect the observation
that a compression effect cannot generate shearing without assigning it a dynamic way. If the
time derivative is zero, ∂v/∂t = 0, then it is possible to separate the equation of motion (8) into
two components: {∇(φo

B −dt c2
l ∇·v) = h

∇d × (ψo
B −dt c2

t ∇×v) = h
(13)

where φo
B = φo + |v|2/2 and ψo

B = ψo + |v|2/2n are the Bernoulli scalar and vector potentials.
Vector h is a harmonic term with both divergence-free and curl-free.

It should be noted that (7) is composed of two Lagrangians, the first one relating to the effects
of compression and the second associated with the effects of shearing. Each of the Lagrangians
consists of an oscillator, φo or ψo , setting aside or releasing the energy per unit mass over
time. These particular forms of Lagrangian or Hamiltonian equations give them properties of
symmetry and conservation according to the theorems of Noether [40, 41]. Each invariance in
time or space, in translation or rotation, corresponds to the conservation of a fundamental
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quantity: energy, angular momentum, etc. The conservation of these quantities is of course
essential for the laws of mechanics and the numerical methodologies which make it possible
to solve them.

2.3. Numerical methodology

The distinction between the physical model and the associated numerical methodology is very
minimal in discrete mechanics. The step of spatial discretization of continuous equations to
form an algebraic system is not necessary; the discrete operators are those used to establish
the algebraic system on the principal unknown, the component of velocity v on each edge. The
numerical methodology already described with precision [34] is similar to mimetic methods;
applying the gradient, primal curl, dual-curl and divergence operators to the scalar and vector
potentials reprojects the results as accelerations on segment σ. Integration in time makes it
possible to determine the solution at the current time according to the solution at the previous
times.

As shown by the results of the simulations in many situations with a simple fluid or in two-
phase flows, whether unsteady, incompressible or not, in two or three-dimensional spaces, the
solutions are of order two in space and time [31–34].

3. Application to few laws of mechanics

The mechanics of continuous media, supposed to unite solid mechanics and fluid mechanics,
has not completely achieved its objective. This observation does not in any way affect the validity
of each equation—Euler, Stokes, Navier–Lamé, Navier–Stokes—or their representativeness or the
results of the simulations carried out with each of them. Solid and structural mechanics, fluid
mechanics or the propagation of nonlinear waves still appear to be related fields. Even if the
Navier–Stokes equation makes it possible to comprehend certain problems in linear elasticity
or of wave propagation, essential differences remain. For example, Navier–Stokes equations are
made up of a vector equation on the momentum and an adjoint equation, the conservation of
mass, while the Navier–Lamé equation is autonomous. The links between moduli of elasticity
and the Lamé coefficients for fluids have not been established satisfactorily and the controversies
of the last century [42] on this point are not over. In fact, Stokes’ law is incorrect [43, 44] and
the bulk viscosity is not zero. The impact of the confusion between compressive viscosity and
the compressibility of a fluid is greatly reduced thanks to the overlap due to the association of
the continuity equation. Other paradoxes or biases present in these equations are due to the
nature attributed to them, which is independent of the time frame in which the observation of
the physical system is carried out.

Table 1 summarizes the expressions of the discrete equations for a number of equations of
continuum mechanics.

The Stokes equation −∇p+µ∇2v = 0 can be reformulated without the scalar potential −∇(r∇·
v)−∇d × (ν∇×v) = 0 where the numerical parameter r ensures incompressibility. For the Euler
equation, the conservation of mass is not required and the state law is integrated within the scalar
potential. For example, for an isentropic transformation, the pressure is deduced a posteriori
from p = ρφo . The incompressible Bernoulli law can be completed here for a compressible
unidirectional flow. The generalized law of Darcy is obtained by associating with the term of
compression a term of linear drag function of permeability K of the porous medium. The velocity
which appears in the diffusion equation represents a flux of mass or heat and its divergence serves
to update the scalar potential associated with the concentration or with the temperature.
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Table 1. Discrete expressions of some equations of continuum mechanics where ν is
the kinematic viscosity, µ the dynamic viscosity, ρ the density, p the pressure, φg the
gravitational potential, K the permeability of porous medium, a the heat diffusivity, κ a
dissipation coefficient and r a numerical parameter imposing incompressibility

Equation Application

Navier–Stokes
dv

dt
=−∇(φo −dt c2

l ∇·v)−∇d × (ν∇×v)

Navier–Lamé
d2u

dt 2 =−∇(φo − c2
l ∇·u)+∇d × (ψo − c2

t ∇×u)

Stokes −∇(r ∇·v)−∇d ×
(
µ

ρ
∇×v

)
= 0

Euler
dv

dt
=−∇(

φo −dt c2
l ∇·v

)
, φo = p

ρ

Bernoulli −∇
(
φo + |v|2

2
−dt c2

l ∇·v+∇φg

)
= 0

Darcy
∂v

∂t
=−∇(φo −dt c2

l ∇·v)− ν

K
v

Diffusion
∂v

∂t
=−∇(φo −a∇·v)−κv

Waves
d2u

dt 2 − c2∇2u =−∇φo +∇d ×ψo

The adaptation of discrete equation (8) to other areas of field theory is possible by abandon-
ing the classical physical variables and parameters and defining only the physical parameters
of this equation; for example, thermal diffusion at all space and time scales [32] can thus be rep-
resented using the discrete model. Given the origin of the discrete physical model, which is very
similar to the concepts of electromagnetism, its application to this framework is natural.

4. Outlook

Contrary to the numerical methodologies of CFD which progress regularly, the laws of mechanics
have evolved little over the centuries; this observation is probably the mark of the excellent rep-
resentativeness of these equations. As always, the new laws and theories do not call into question
the more traditional laws established previously, validated by innumerable observations; instead
they prolong them by widening, for example, their field of validity. The differences then become
much more subtle, of the second order. They can be completely negligible in simple cases and
considered as simple biases or paradoxes of classical equations. The use of these equations to
predict solutions in complex or extreme situations can then give rise to real failures. The equa-
tions of mechanics and the numerical methodologies to solve them, in particular for CFD, be-
come more and more inseparable in the perspective of solving problems of interactions of fluids,
solids and waves.

This evolution towards discrete equations in no way alters their capacities to represent phys-
ical phenomena at all spatial scales greater than the mean free path of molecules. The reduc-
tion towards a point for continuum mechanics is replaced in discrete mechanics by a homothetic
reduction of the primal and dual structures by decreasing discrete horizon dh. Discrete equa-
tions thus preserve the continuous character of classical mechanics. In addition, the absence of
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density within the equation of motion explicitly makes it possible to define each of its terms as
an acceleration, and this applies equally well to a material medium as to particles with or without
mass. Finally, all the quantities, variables or physical properties can only be expressed with two
fundamental units, a length and a time.
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