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Abstract

During the manufacturing process of a product, variability in its parts is unavoidable. Tolerance analysis allows estimating the consequences of the
component’s deviation of a mechanism on its functionality. Nowadays, it is possible to determine the contribution of each surface and/or contact
on the final result in isostatic mechanisms by using the tools already presented in the literature; however, it is still a challenge to do so in over-
constrained mechanisms. In previous works, we introduced a method based on prismatic polyhedra to model over-constrained mechanisms. In this
paper, several simulations based on the previous approach are performed, varying the tolerances of the surfaces and contacts of the mechanism.
The use of statistical methods to analyze the previous simulations’ data is proposed to quantify the contribution of local deviations with respect
to the total variation of the mechanism. This analysis determines the most relevant contacts, hence the most critical parts of the mechanism. The

process is applied to a pump as an over-constrained case study and uses the prismatic polyhedra method for tolerance analysis.

© 2022 The Authors. Published by Elsevier B.V.
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1. Introduction

Dimensional and geometrical deviations on the components
of a mechanism are unavoidable due to manufacturing and mea-
surement imperfections [21].To limit those deviations, the de-
signer must specify and allocate tolerances. The assigned toler-
ance values affect not only the functionality of the mechanical
system but its quality, and the manufacturing cost of its parts
[10].

Traditionally, there are two complementary approaches in
tolerance design: i) the first approach, known as tolerance anal-
ysis, consists in analyzing the functionality of a product taking
into account the variabilities of the individual parts, and calcu-
lating the resultant assembly variation and yield; ii) the second
approach, called tolerance synthesis (or tolerance allocation),
consists in allocating tolerances to maintain proper functional-
ity of the final product [14, 12].

Among the literature, the methods developed to do toler-
ance analysis can be classified into two approaches: the meth-
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ods based on parametric approaches [1, 5, 22]and the methods
based on sets of constraints (SOCs) [6, 7, 11]. The main ad-
vantage of the methods based on SOCs is that they allow to
model over-constrained mechanisms and characterize the ge-
ometric variation and the contacts. Among these methods we
can find domains [11], T-Maps [7], polytopes[3] and prismatic
polyhedra [2, 9].

The prismatic polyhedral approach’s main advantage is that
it allows working directly with unbounded sets in the 6-
dimensional space of deviations, taking into account the de-
grees of freedom (DoFs) and reducing the calculation time
since it does not limit virtually the DoFs through cap half-
spaces.

Tolerance allocation is usually done to minimize the direct
manufacturing cost or the sensitivity of tolerances to variations
(design for quality and design for reliability) [13]. The assign-
ment of design tolerances is typically performed on a trial and
error method [16]. The compliance of the tolerances with the
requirements is verified using tolerance analysis methods and,
in case of non-compliance, uncritical tolerances are modified to
satisfy the functional requirement [10].

Detection of critical tolerances in a system is usually related
to robust design and tolerance sensitivity. Robust design aims
to improve the quality of a product by minimizing the effects
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of variations without removing the causes; this means the mini-
mization of sensitivity of a performance parameter concerning
one or more uncertain variables [18].

There are several researches in the application of statis-
tics for the tolerance analysis. In [22, 15] the authors used o
the GapSpace approach to ensure the assembly conditions of |
assemblies of parts exhibiting statistical variability. In [19],
Skowronski and Turner proposed a method of statistical toler-
ance analysis that calculates the effect of tolerance values on as- o
sembly dimension and provides an estimate of the gradient (de-
sign function sensitivities). In [13], Kusiak and Feng used the
design of experiments (DOE) approach based on the fractional
factorial experiment to minimize the sensitivity of tolerances
with respect to manufacturing variations in a probabilistic case,
using statistical analysis (ANOVA). Shoukr et al. [17] also used
DOE to minimize the manufacturing cost; and instead of solv-102
ing the optimization problem for all dimensional tolerances, itis
solved for the significant dimensions only and the insignificant
dimensional tolerances are set at lower control levels, here the:105
significant dimensions were also found using statistical analysis, _
(in this case ANOM). o7

The former applications have been performed on isostatic
mechanisms, and over-constrained mechanisms have not been109
treated yet. This paper aims to determine the critical tolerances110
of an over-constrained mechanism during the tolerance analy-
sis by means of statistical methods. The polyhedral approach is
used to model the tolerance variations and calculate the cumu-
lative stack-up of variations in the system. A factorial design is
used to define the number of simulations and the input set of tol-
erances in each simulation. Finally, a linear regression method,
and the statistical method (ANOVA) is used to determine Which11
tolerances have a statistically significant effect on the resulting |
stack-up of variations of the mechanical system.

The article is subdivided into three major parts: firstly, sec-
tion 2 presents the tolerance model that will be used to calculate
the stack-up of variations in a study case that will be presented
all along the paper to illustrate an application of the methodol-
ogy. After, section 3 illustrates the creation of the factorial de-
sign, defining the independent variables and the response vari-
able of the tolerance problem. Section 4 shows the results of the
statistical analysis. Finally, the conclusions and future work are
presented. The application is made taking as hypotheses: i) no
form defect in surfaces, ii) no local strain due to the contact and
iii) no deformable parts. It is important to specify that in this
work, statistics is not used to model the statistical variability of
the defects but the statistical significance of the operands in the
stack-up of the tolerance analysis.

12

122

2. Polyhedral approach

The polyhedral approach, or prismatic polyhedra method, in-
troduced in [9] models each SOC through a six-dimensional
prismatic polyhedron. Prismatic polyhedra allow modelling the
bounded displacements and the DoFs of a system simultane-
ously. Mathematically, a prismatic polyhedron I" can be decom-
posed into a polytope P (bounded displacements) and a set of

Sonia C. Garcia et al. / Procedia CIRP 114 (2022) 123—128

straight-lines 3} A; representing the degrees of freedom (DoFs),
r=Po) A (1)
j

Once all the geometrical and contact polyhedra are calcu-
lated, the tolerance reduction of a mechanical system is made
by combining them. Minkowsky sums are used for serial con-
tacts and intersections for parallel contacts. In the end, it is pos-
sible to determine the relative location between the two handle
surfaces (the surfaces among which the functional requirement
is defined) in the mechanical system. Finally, the system con-
formity is verified if the resulting SOC is inside the functional
SOC, modelling the functional requirement. Figure 1 depicts
the former process.

A pump will be used as an example all along the paper to il-
lustrate the method. This pump is conformed mainly of what
we will call the shaft (impeller + the central rotating shaft)
and the housing. The housing is made up of two parts joined
through four pins (see Figure 2). Two degrees of mobility are
allowed between the shaft and the housing (rotation and trans-
lation along x). No degree of mobility is permitted between
the two parts of the housing, the type of joint between them
is hyper-static. The proper functioning of the pump depends on
the coaxiality between the impeller and the housing.

According to the enumeration of the parts and the surfaces
(Figure 2), the topological model of the assembly is presented
in Figure 3. In the contact graph, nodes designated as (a.3) rep-
resent the nominal model of the part when 8 = 0, and the sub-
stitute surfaces when 8 # 0. The geometrical and contact devia-
tions presented in the contact graph are going to be represented
by geometric and contact polyhedra respectively.

The reduction of the contact graph to simulate the relative
position of the handle surfaces (surfaces 3.3 and 1.7 identified
in red on Figure 2) is made as follows:

I'r=Tigpo@l70133 2

where, ' is the resulting polyhedron, I'; 7 and I'53 are the
handle surfaces, and

Tio/30 =T10s3.0, N L1030,

Ti0/30, =T1020 @26 © 10631 T3 &)
Fiopo, =T16®T 16320132

—

CAD model

N

{ Prismatic Polyhedron Ji

Prismatic polyhedra operands
polytope & straight-lines

Sum and intersection

Sum when serial contact
Intersection when parallel contact

Kinematic and tol-
erance compliance
The straight lines of the result
must be included in the target

The resulting polytope must be
included in the target polytope

Contact graph

Tolerance model

Contact reduction

Compliance verification

Figure 1: Tolerance analysis with the polyhedral approach
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BCP: Ball-and-Cylinder Pair

Figure 3: Contact graph of the pump
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3.3
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Right Housing Shaft

123 The projections of the geometrical polyhedra in the sub-
12« space of the bounded displacements of the contact polyhe-
125 dron of each edge is homothetic. The former means that the
126 Minkowsky sum of the three elements of each edge is a homo-
12z thetic transformation of its contact polyhedra. Equations 2, 3
12sand 4 are simplified and rewrited to:

A A
IR =T1030® Esrm ® 791"343 Q)

with,

4 .
Tio30 =Ios30, N 71"1‘6/342 with,

A
Iio/30, =T10/20 @ ?zrz.é/&l
13 /14 15 /16 /17
r ==T n=r Nn=r Nn=T N —=Tis'
1.0/2.0 5 1.1/2.1 2 12/22 5 1.3/23 2 1.4/2.4 5 15
(6)
120 where each polyhedron operand is defined as
k
U= {xeR : 1+a,x +...+a,% >0 )
i=1
130 and, A; with i = 1---9 are the sums of the tolerances of

(4131 each edge. Changing the value of the A; coefficients in the for-

! The contact between the two planar surfaces is null and the two polyhedra,
T'15 and I'; 5, are homothetic
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mer equations results in a homothetic transformation of theiss
operands without changing their topology. 167

Once the reduction of the contact graph is made, it is neces-1es
sary to verify the compliance of the system with respect to theies
functional condition I'r. The calculation of the functional con-o
dition is made by doing the Minkowsky sum of the prismaticin
polyhedra of the handle surfaces, and the compliance verifica-172

tion is done in a two steps way[9] checking: 173
174

o the kinematic compliance of the mechanical system 175

o the functional tolerance compliance 176

177

All the operands involved in the Equations 5 and 6 areis
created with the open-source software PolitoCAT [8] and cal-17
culated at the point M (5,0,0). Each feature with non-lineariso
boundaries is discretized in 8 points. This number of pointsies
seems to be a good compromise between precision and com-e
putation efficiency, as discussed in [3]. 183
184

3. Design of experiments 1%
186

Design of experiments is a statistical tool that allows to ma-"*’

nipulate multiple input factors and to determine their effect on'®
a desired output (response)[4]. There are different types of de-'*
sign of experiments: one-at-a-time (OAT) analysis, Factorial'®
designs, Taguchi’s design and Space-filling design.

191
192
3.1. Factorial design methodology 198
194

To perform a factorial design, it is necessary first to define'®
the independent variables, also known as factors, and the values'®
that they are going to take along the experimentation (levels)."’
The number of levels and factors will define the total amount of
experiments required; for example, in a two-level full factorial'®
design with M factors, the necessary amount of experiments is**
2M in three-level designs it is 3™ and so on. Once the factors®
and levels are set, the response variable, also called the depen-**
dent variable, must be identified. 203
In the pump, the factors are the tolerances and clearances®*

that modify the prismatic polyhedra involved in the tolerance®®
206

207

208

2? \ 209
Left ®)
Housing

210

Figure 4: Graphical representation of the independent variables in the contact
graph of the pump

Sonia C. Garcia et al. / Procedia CIRP 114 (2022) 123—128

reduction, see Equation 5 and Figure 4. The factors (4; - - - dg)
are independent and can vary continuously in between their
respective limits. The minimum value of the factors V,,;, is
0.002 to avoid some numerical issues while operating with null
operands. The maximum value of the factors V,,,, were calcu-
lated using Least Material Condition (LMC), see Table 1.

The response variable of the “experiment” has to be related
to the resulting polyhedron, but it cannot be the polyhedron it-
self because it is embedded in a 6-dimensional space. In sec-
tion 2, it is highlighted that to achieve the compliance of the
mechanical system with respect to the functional condition, it
is necessary to verify the tolerance and the kinematic compli-
ance. The kinematic compliance is directly related to the DoFs
of the system, and the variation of the tolerances cannot mod-
ify it. On the other hand, tolerance compliance can be mod-
ified while variating the system’s tolerances since this varia-
tion changes the topology of the polytope of the resulting poly-
hedron. Hence, the volume of the polytope of the polyhedron
seems a good indicator of the variation of the resulting polyhe-
dron due to the set of tolerances of the system(the factors).

The objective of the “experiment”(simulation) is to ascertain
the relative importance of each of the factors presented in Table
1 on the volume of polytope of the resulting polyhedron Volp,.
Here we will use a Two-level Full Factorial Design, meaning
that there will be 2° different combinations of the levels.

Figure 5 illustrates the process to carry on two simulations
(A and B). In the first step, the parameters (4;) are set, and the
tolerance reduction is made to obtain the resulting polyhedron
for each simulation. The 3D prismatic polyhedra presented in
the figure, are 6D projections into the sub-space of translations
in y (ty) and z (#;) and the rotation along x (r,). Since ry is a
DoF of the system, both the target and the resulting polyhedron
must include it to fulfill the kinematic compliance; in the Figure
5, this DoF is represented using a straight line. Finally, as the
result of the simulation, the volume of the polytope (describing
the bounded displacements) is obtained. Until here, it is possi-
ble to know which is the result of a tolerance reduction and de-
termine if the resulting polyhedron is compliant with the target;
however, it is still not possible to understand which parameters
impact the variation of the resulting polyhedron.

Once all the simulations have been carried on, the statistical
analysis can be made. Since the dependent variable of the sim-
ulations Volp, is neither categorical nor ordinal, it is possible to
use the analysis of variance (ANOVA) to determine which in-
dependent variables have a statistical impact on the dependent

Table 1: Independent variables for the DOE of the Pump

Variable  Edge or surface Vinin Vinax
A 2.6 -3.1 0.002  0.062
A 1.6-3.2 0.002  0.062
A3 1.1-2.1 0.002  0.056
Ay 12-22 0.002  0.056
As 1.3-23 0.002  0.056
A6 14-24 0.002  0.056
A7 1.5-25 0.002 0.02
Ag 1.7 0.002  0.015
Ay 33 0.002  0.015
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Parameters
. . A1
Simulation A A
A9
Tolerance
Reduction
Parameterspg
. . A
Simulation B A:
Ag

Definition of the value
of the parameters (\;)

Projection of the resulting polyhedra I'p
of each simulation and the target poly-
hedron I'z in the subspace (r4,ty,t.)

127

FH‘\

VOZPA

DoF  Verification of the kinematic
compliance and calculation of
the polytope

VOZPB

Calculation of the
volume of the polytope

Figure 5: Process to follow to execute two simulations A and B, each one with its own set of parameters, and to obtain the correspondent response variable

variable. The results of the ANOVA is reliable if three assump-
tions about the dependent variable scores are fulfilled:

e Normality
e Independence
e Homoscedasticity

The resulting statistical tests can be misleading when the in-
dependence assumption is violated. Violations of normality are
less problematic, “results from various studies that considered
up to 10 variables and small or moderate sample sizes indicate
that deviation from multivariate normality has only a small ef-
fect on type I error”[20].

In general, the null hypothesis for an ANOVA is that there
is no significant difference among the groups, which means that
the factor has no statistical effect on the dependent variable. The
decision rule for accepting or rejecting a null hypothesis is:

e I[fthe P-value is bigger than the significance level (usually
0.05), the null hypothesis cannot be rejected.
o If the P-value is equal to or smaller than the significance®*®

level, the null hypothesis is rejected 248
247

248

4. Results and discussion 249
250
The statistical analysis is performed using Python’s functionss:
Ordinary Least Squares (OLS). The results obtained are pre-zs2
sented in Table 2. After running the test of independence, nor-zss
mality and homoscedasticity. Normality is not fulfilled; how-zss
ever, since normality violation has a small effect on the riskess
making error type I, this is not going to be considered.
In Table 2, it is possible to notice that some factors do not af-2s7
fect the dependent variable. The statistical analysis is performedass
again while eliminating the variable with a bigger p—value eachas
time until obtaining a statistically significant set of variables,zso
see Table 3. 261
The results obtained through the ANOVA show that the mostas2
significant edge is the one related to the cylindrical pair be-zes
tween the right housing and the shaft (factor 1,). The two han-z

256

Table 2: Summary of the complete statistical analysis with ANOVA (Factors:
all the tolerances - Response variable: Volp,)

Variable coef p — value

A1 0.0443 0.17

A 0.8402 0

A3 0.0262 0.378

Ag 0.0027 0.927 R-squared 0.721
As 0.024 0.42 Adj. R-squared  0.713
A6 —-0.0061 0.838

A7 0.0424 0.153

A 0.1833 0

Ag 0.2332 0

Table 3: Summary of the complete statistical analysis with ANOVA (Factors:
just the statistically significant tolerances - Response variable: Volp,)

Variable coef p — value
A 0.8568 0 R-squared 0.716
Ag 0.1819 0 Adj. R-squared  0.713
A9 0.2316 0

dle surfaces (Ag and Ag) are also statistically significant, and the
other variables do not seem to affect the dependent variable in
a meaningful way.

The two handle surfaces were expected to be significant
since they are the same surfaces with which the functional re-
quirement is calculated, so this result validates the proposed
method. Following this idea, the fact that A, has a bigger signif-
icance value than the two handle surfaces was surprising; how-
ever, in Table 1 it is possible to notice that the range of variation
of A, is more than 4 times the range of variation of Ag and Ag
what can justify this result.

The connection between the two parts of the housing seems
not to be significant; this result is interesting because this is the
part of the mechanism that makes it over-constrained. The for-
mer can be explained because the contact between the housing
components and the contact between the housing-left and the
shaft are in serie between them, and their Minkowski sum is
in parallel with the one related to A,. Since parallel architec-
tures are reduced by means of the intersection of the operands
and both operands (the one resulting of the Minkowsky sum
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and the one related to ;) are in the same subspace of boundingszo
displacements, it is only the smaller polyhedron the one that is

going to preponderate. ez
323

324

325

5. Conclusions and perspectives w25

327

In this paper, the DOE was proposed to be used to deter-szs
mine the most critical tolerances in over-constrained mecha-32
nisms. The polyhedral approach is used to model the stack-up®*
of deviation of the mechanical system and the volume of the:Z1
resulting polyhedral is used like response variable for the DOE.,,,

In the results obtained with the statistical analysis (ANOVA),ss4
the handle surfaces were statistically significant, meaning thats
they are critical surfaces, as expected. In the study case used, the®*
pump, it seems that the over-constrained joint between the two:;:
housing components is not critical. It is worth mentioning that,,,
this analysis is valid only for this mechanical system with thisso
specific functional condition. If the functional condition and/ors+
the mechanical system changes all the process has to be made®?
again. As stated in the results, the assumption of normality has::j
not been fulfilled; it can be worth it to do further studies by us-,,,
ing non-parametric approaches or other statistical tools to treatss
this kind of data.

The results obtained in this paper are promising and can be
used in future work related to tolerance synthesis. Since one ofz :Z
the tolerance synthesis’s main objectives is optimizing the in-,
dividual tolerances of the components of a mechanism, takingss:
into account manufacturing and quality costs, detecting the crit-35
ical tolerances can reduce the number of variables and simplify®*
the optimization problem. Additionally, one of the biggest in-zzz
convenient while working with N-dimensional operands is to,,
quantify the quality of the solution of a tolerance analysis pro-sss
cess and not only the compliance with a given target; the intro-3°
duction of the volume of the polytope as a criteria for the result®®
can be a first step towards finding equivalent representation toz?
criteria used normally in 1D such as range.

347
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