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Marne-la-Vallée, France.

Revision February, 08 2024

Abstract. We consider a pure-jump stable Cox-Ingersoll-Ross (a-stable
CIR) process driven by a non-symmetric stable Lévy process with jump
activity a € (1,2) and we address the joint estimation of drift, scaling and
jump activity parameters from high-frequency observations of the process
on a fixed time period. We first prove the existence of a consistent, rate
optimal and asymptotically conditionally Gaussian estimator based on an
approximation of the likelihood function. Moreover, uniqueness of the drift
estimators is established assuming that the scaling coefficient and the jump
activity are known or consistently estimated. Next we propose easy-to-
implement preliminary estimators of all parameters and we improve them
by a one-step procedure.

MSC 2020. 60G51; 60G52; 60J75; 62F12.

Key words: Cox-Ingersoll-Ross process, Lévy process; parametric infer-
ence; stable process; stochastic differential equation.

1 Introduction

Stochastic equations with jumps are widely used to model time-varying phe-
nomena in many fields such as finance and neurosciences. Recently some ex-
tensions, including jumps, of the classical Cox-Ingersoll-Ross process (CIR
process) introduced in [7] to model interest rates evolution in finance have
been considered in the literature (see Jiao et al. [14] and [15]). These exten-
sions, called a-stable CIR processes, belong to the larger class of continuous-
states branching processes with immigration (CBI processes) appearing in
the description of large populations evolutions. An important literature is
devoted to CBI processes, we refer to the recent survey paper by Li [18],
and their dynamics can be described by the stochastic equation (see Fu and
Li [10])

t t t
Xt:xo—i—at—b/ Xsds—i—a/ \/XSdBS—i—(S/ xYeqre +>o,
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where (By)¢>0 is a standard Brownian motion and (L§')¢>¢ a non-symmetric
a-stable Lévy process with a € (1,2). In this paper, our aim is to study
parametric estimation of the process from high-frequency observations on
the time period [0,7] with T fixed and without loss of generality, we will
assume that 7' = 1. In this framework, we know that the drift parameters
cannot be identified in presence of a Brownian Motion. Consequently, we
focus in this work on the pure-jump stable CIR process (o = 0 in the
previous equation), for which the estimation of all parameters from the fixed
observation window [0, 1] is possible, and we consider the joint estimation of
the drift parameters a and b, the scaling parameter § and the jump activity
.

Before presenting our methodology, we briefly review existing estimation
results for the stable CIR process. Although there is an abundant litera-
ture devoted to the estimation of stochastic equations with jumps, only few
results relate to this process. Barczy et al. [1] studied the estimation of
the parameter b in presence of a Brownian component, assuming that the
process is observed continuously on [0, 7] with 7" going to infinity. Their ap-
proach is based on the explicit form of the likelihood function obtained from
Girsanov’s Theorem. Li and Ma [19] considered the estimation of @ and b by
a regression method for a pure-jump stable CIR process observed discretely
with fixed time-step and observation window growing to infinity. Yang [31]
estimated the parameters a, b and ¢ from high-frequency observations of a
pure-jump stable CIR process with small noise. Thus joint estimation of all
parameters (including the jump activity) has never been studied before for
this process and this is the purpose of this work.

To perform the estimation of (a, b, §, ), the main idea is to approximate
the conditional distribution of X,,; given X; by the stable distribution
appropriately centered and rescaled. This methodology has been used in
Masuda [23] and also in Clément and Gloter [5] for stochastic differential
equations with Lipschitz coefficients, driven by symmetric stable processes.
However these results do not apply to the pure-jump stable CIR process
as the driving Lévy process is spectrally positive and the scaling coefficient
z1/® is non-Lipschitz and non-bounded away from zero. Thus parametric
estimation of this process requires a specific study. A preliminary key result
is a bound of the g-moment of 1/X;, for ¢ > 0. We also establish some
accurate rates of convergence in LP-norm (with p < «) for increments of the
process in small time. These tools allow to control the error that arrises in
approximating the conditional distribution of X, ; given X; by the stable
distribution for small time-step h.

The paper is organized as follows. Section 2 presents the pure-jump sta-
ble CIR process and gives some key moment estimates. Section 3 describes
the estimation method, based on estimating equations. It also contains some
limit theorems that allow to prove our main statistical results. The main
results are stated in Section 4. We establish the existence of a rate optimal
joint estimator, global uniqueness is also obtained for the estimation of the
drift parameters. We also propose some first step estimators. Using power
variations methods, we first estimate the jump activity a and the scaling



parameter . Next plugging these estimators in the estimating equations,
we estimate the drift parameters. Finally the asymptotic properties of these
first step estimators are improved by a one-step procedure. The main results
are proved in Section 5.

Throughout the paper, we denote by C (or Cp if it depends on some
parameter p) all positive constants.

2 Preliminaries

We consider a stable Lévy process (L{);>0 with exponent a € (1,2) defined
on a filtered probability space (€2, F, (F¢)t>0,P), where (F;)>0 is the natural
augmented filtration generated by (L§);>0. We assume that (L{);>o is a
spectrally positive Lévy process with characteristic function

(I)(’U,) — E(ezuL?) — 67|u|a(17itan(ﬂa/Q)sgn(u)). (21)

This non-symmetric Lévy process is strictly stable (see for example Sato
[26]) and admits the representation

t
?:// 2dN(ds,dz), N =N —N,
0 JRy

where N is a Poisson random measure with compensator N given by

N(dt,dz) = dtF*(dz) for F*(dz)= %1}07+O@[(2)dz.

From Lemma 14.11 in Sato [26], we have

ala—1) . /Oo 1
Co = — . with T(a) = alo=rgy. 0.
I['(2 — a) cos(ma/2) with I'() 0 voean az

We will study parametric estimation of a pure-jump stable Cox-Ingersoll-
Ross process given by the stochastic differential equation

dX, = (a — bX,)dt + 6X/*dL®, Xo=z0 te€0,1], (2.2)

where a, b, § are real parameters. Assuming a¢ > 0, § > 0 and ¢ > 0,
equation (2.2) admits a pathwise unique strong solution (see Fu and Li [10],
Li and Mytnik [20]) which is non-negative. It is also shown that (X¢)ejo1]
is a Markov process.

In all the paper we will assume the stronger condition a > 0, b € R,
d > 0 and xp > 0. Under this assumption, it is established that (X¢),co,1
is positive (see Foucart and Uribe Bravo [9] and Jiao, Ma and Scotti [14] ),
that is P(V¢ € [0, 1]; X; > 0) = 1.

Since (X¢) is not bounded away from zero, we need to control 1/X; and
we first establish that (X;) admits moments of order p < a. As mentioned in
the introduction, the process (X:):>0 belongs to the class of CBI processes
introduced by Kawasu and Watanabe [17] (we also refer to Li [18]) and



consequently its Laplace transform has an explicit expression in terms of its
branching mechanism and immigration rate. This allows to establish the
following result, where the case (ii) (0 < p < «) is a direct consequence of
Proposition 2.8 in Li and Ma [19].

Proposition 2.1. Let (X;)icjo,1) be the solution of (2.2). Then we have

(i) V¢g>0, supE 1q < 400, (2.3)
te(0,1] X

(1) YVO<p<a, Vs, t €0,1], E ( sup Xﬁ]]—"s> <Cp(1+XP). (24)
s<u<t
We now assume that we observe the discrete time Markov chain (X : )o<i<n,

where (X¢)¢e[o,1) solves (2.2). The next result gives some rate of convergence
occuring in the discretization of the process (X;). We mention that (i) fol-
lows from Proposition 2.7 in Li and Ma [19].

Proposition 2.2. Let (X;)ico,1) be the solution of (2.2). We have ¥V 0 <
p<«

(7) E(sup io1 i fz 1X1/adL0‘

m 'n

(i) E (supse[%’%]

(iii) E (

| Fit 1> <G (1+Xp/°‘>

XS—Xﬂ

JE (X V?W

n

|]-'z

3 Estimating functions and limit theorems

In this paper, our aim is to estimate the parameters (a,b,d,«) and we
will follow the methodology developed in [5] based on estimating equa-
tions. From the previous estimates, we prove that the rescaled increment
(X —Xia —%—l—%Xﬂ)/(éXﬁ) converges in LP-norm (for 1 < p < «)

n

to nl/ (LG — L%.,). Moreover, using the scaling property of the Lévy pro-

n

cess (LY)¢>0, the distribution of nl/o‘(LO‘ L% ) is equal to the distribution
of L{. Consequently the conditional distribution of X i given Xi-1 = x

can be approximated by the distribution of =+ a/n — b:(:/n + 5x1/°‘La/n1/a
Denoting by ¢, the density of the non-symmetric stable variable L{ with
characteristic function (2.1), we will then approximate the conditional dis-
tribution of X given X.-1 = x by

nl/a nl/a ( g N bj)
5:171/0‘(pa dxl/a yoT= n n’J’




To estimate 0, we therefore consider the following approximation of the log-
likelihood function

z": nl/e Y Xi—Xia —%—I—%Xi&
L,(0) = log | ——=¢a | n'/*— = = . (3.1)
P sx /e 5xX e

The stable density ¢, has an explicit serie representation (see [26] and
[32]) but in practice, it is more convenient to use the representation given in
Nolan [25]. To derive our results, we do not need the explicit representation
of o but only the properties that we recall in (3.4).

From now on we assume that the observations (X /n)ogz‘gn are given by
the stochastic equation (2.2) for the parameter value 6y = (g, Bo, 0o, ap) €
(0,400) x R x (0,400) x (1,2).

To simplify the presentation, we write L; = L, we introduce the nota-
tion A?L = Li — L;—1 and we set for § = (a,b,0, a)

n

2M(0) = nl/® % n o (3.2)

A natural choice of estimating function is the approximation of the score
function based on the quasi-likelihood function (3.1)

Gn(0) = =VoL,(0) = —(0aLn(0), 0y Ln(0), 05 Ln(0), Do Ln(0))*,  (3.3)

where M7 denotes the transpose of a matrix M. We will estimate 6 by
solving the estimating equation G,,(0) = 0.

Since the estimation method requires the computation of the score func-
tion G, and also of the hessian matrix VyG,,, we recall some properties of
the density ¢, and introduce some more notation.

The map (x,) — @qo(z), defined on R x (1,2), admits derivatives of
any order with respect to (x,«) and from Theorem 2.5.1, Corollary 2 and
Theorem 2.5.2 in Zolotarev [32] (we also refer to Chap.3 -14 in Sato [26]), we
have the following equivalents. For each k > 0, p > 0 there exist constants
Ci.p.a and Cl/f,p,a such that

OO 00 () ~i—stoo Crpat 74 F(Inz)?, (3.4)

2—a+2k a—1

_ X
ORORPalw) ~amr—oe Chpat 50 (Infal)"e™,  where & = (a —1)|

For k = p =0, Co o, and Cj g, are uniformly bounded away from 0 for «
in any compact subset of (1,2). For k # 0 or p # 0, Cyp o and C,’C%a are
uniformly bounded for « in any compact subset of (1,2).
From these equivalents, we deduce that E|L{P < oo for p € (0,«) and
we also have
E(|LT["1r3<0) < o0, Vg >0.



In what follows, we will use the notation (where ' = 9, f):

/
haw) = £2(@), ha(e) = 14 aha(a), Julo) = 2P2w). (35)
Pa Pa
We have hq, kq, fo € C°(R x (1,2),R), note also that f/, = dqha.
These functions and their derivatives are not bounded (contrarily to the
symmetric stable case) but from the previous equivalents they satisfy, as
well as their derivatives, Assumption 3.1 below.

Assumption 3.1. h: R x (1,2) — R is continuously differentiable and for
any compact set A C (1,2), there exist C > 0 and q > 0 such that Vx € R

sup (|h(z, )| + [0:h(@, )| + Oah(z, a)]) < C (1 + [2"Lcq + (n(1 + 2))L420)
acA

This allows to deduce that h., k., fo and their derivatives are integrable
with respect to the density .. Moreover we can prove that

E(ha(LT)) =0, E(ka(L7)) =0, E(fa(L7)) =0, (3.6)

where the first equality follows from [ ¢/, (2)dz = 0, the second one from the
integration by part formula [ z¢) (z)dz = — [ pq(z)dz = —1 and the third
one from Lebesgue dominated Theorem [ Onpqa(x)dz = 0. With similar
arguments, we also have the connections

), E(f(/x(L?)) = _E((fahaxL(ll)%
)7 E(ktlx(L?)) = _E((haka)(L(lx))v

E(hq(L$)) = ~E(ha(LY)
E((Oafa)(LT)) = ~E(f2(LF)

E(L$ fo(L$)) = ~E((faka) (L)), E(LYk4(LT)) = ~E(ka(L1)).

We just detail the first two ones. Since [ bl (z)pq(z)dz = — [ ho(x)@l, (z)dx =
—f ha ()20 (x)dr, we deduce the first result. Combining that 0,fs =
02 P00~ I With [ 92 (w)dz = 0, we obtain (9 fo) (L3)) = —E(f2(LF)).
Using the previous notation, we now give an explicit expression of the
estimating function G,,. We first compute the partial derivatives of 2 (0)

nt/e 1 nt/e Xiza z(0
0a2'(0) = i Ozl (0) = —71"/a, 05z (0) = —= ( ),
U ¢iy no5x, 0
In (n/Xﬂ)
0azi'(0) = —T"z?(e),
and we obtain
1/a ™ 1
GL(0) = —0uLn(0) = = o(21(0)), (3.8)
n 2 ox/s
) nl/a Z Xio1
GL(0) = —0pLn(0) = — “—ha(zi'(0)), (3.9)
no= Xy



n

G3(0) = —05Ln(0) =Y <kalz (3.10)
=1

| =

ln(n/XZ ) . - .
ka(2'(0)) = fa(2(0)) | - (3.11)

M:

GL(0) = =0, Ln(
=1
To state our main statistical results, we need to establish some limit theo-
rems for such functions, after appropriate normalizations. The first result
is an uniform law of large numbers, where the uniformity is obtained for
(a,b) in any compact subset A of (0,+00) x R and for (§,a) € Wi a
neighborhood of (&g, ag) defined for n > 0 by

W = {(6,a); (g 50) H <n} with (Inn)%w, — 0Vqg >0,
(3.12)
where || - || denotes the Euclidean norm. This uniform law of large numbers

is stated with a rate of convergence (Inn)? for ¢ > 0 to compensate for the
loss of a factor In(n) in the joint estimation of the parameters.

Theorem 3.1. Let h satisfying Assumption 3.1 and let f : (0,400) X
(0,4+00) x (1,2) — R be continuously differentiable. We assume that for
all compact set A C (0,400) x (1,2), there exist C > 0 and q¢ > 0 such that
Yz € (0,4+00)

1
sup (| f(z,8, )| + | f' (2,6, )| + [95,a) f (x,0,0)]) < C <1 + 7+ q) :
(6,0)€A T

(3.13)
With W defined in (3.12), for any compact set A C (0,4+00) x R and
Vq > 0 we have the convergence in probability to zero of

1
sup (lnn)? Zf (Xiz1 1, d,a)h(z;'(0 ),a)/ f(Xs, o, ap)dsER(L1, )| -
9€A><W(”) 0

We next state a Central Limit Theorem for triangular arrays. This CLT
is obtained for the stable convergence in law which is stronger than the
usual convergence in law and appropriate to our statistical problem. This
convergence is denoted by £7% and we refer to Jacod and Protter [12] for
the definition and properties of the stable convergence in law.

Theorem 3.2. Let H = (hj)i<j<q : R — RL  We assume that V j €
{1,...,d} h; satisfies Assumption 3.1 and E(h;(L1)) = 0. Let F = (fij)1<k j<d :
(0,400) — R¥™ 9 be a continuous function. We assume that there exist
C >0 and g > 0 such that

Vi € (0,+00), ||F(z)]] gc<1+xq+;>. (3.14)

Then we have the stable convergence in law with respect to o(Ls,s < 1)

1 n L—s
NG iZIF<Xin1>H<zi (80)) == 212N, (3.15)




where N is a standard Gaussian variable independent of 3 and
1
Y= / F(X)Y'F(X)Tds with ¥ = ( ?CJ-), ;w‘ =E(hgh;(L1)) 1 <k, j <d.
0
With this background, we turn to the estimation problem.

4 Main results

4.1 Joint estimation

We first prove the existence of a rate optimal joint estimator. To this end
we consider u,, the block-diagonal rate matrix

1
14 0 1,12
Uy = nl/“0*6/2 2 n where Idy = (1 0) ,  Up = (U% U%) .
ﬁfun 0 1 Un Un

We assume that

rn(00)vn — T = (UH v12> with det(v) > 0 and r,,(0) = (
V21 U22

O il

5

HQ"’S
/'\v

We can choose for example v, = 7, 1(6p) and in that case 7 = Ids.
We next define the information matrix 1(0) by

T
10)= () e ) (4.3

I (9) and I?2(6) are symmetric matrices (for such symmetric matrices, we
only write the lower diagonal terms and just write symm for the upper
diagonal terms) given respectively by

]11(0) 6% fol ﬁdsE(hi(L’f)) symm
= 1 a 1 ? P )
b ) ZdsEA(LS) b fy s (L)
122(9) _ 1 E(ki([/?)) Symm)
— 5 Jo m(X)dsE(R3 (L)) — E(faka(LT)) 135(0))°
with

1 1
IB0) = 7 [ M XPaBEED) 43 [ 0 )AE foba LB

The matrix I%1(0) is given by

L _ds a 1 ; N
pggy — (30 SEEakall)) 3 Jg FrmdsEhaka(Ls)
131(9) 121(6)




where

1 n
B0 =~ || B oba(5) - § [ S EGa(E)

1 [ In(X,)X,
1321(9)2&)[2/0 ;1/)61 SE(haka( 5/

dsIEfa o(LT)).

With this notation, we can state our main result.

Theorem 4.1. Let Gy, be defined by (3.3). Then there exists an estimator
(én) solving the equation G (0) = 0 with probability tending to 1, that con-
verges in probability to 0. The information matriz I(0y) defined in (4.3) is
positive definite and we have the stable convergence in law with respect to
o(Ls,s < 1)

(6, — 6p) —> Is(600) 2N, (4.4)

where N is a standard Gaussian variable independent of Ix(6y) and Ix(6p)
is defined by

L5(6p) = <Ig2 ’UOT> 1(0) (Ing 2) with v given by (4.2).

Remark 4.1. Let us discuss the optimality of the previous estimation proce-
dure. The Local Asymptotic Normality (LAN) property or Local Asymptotic
Mized Normality (LAMN) property allows to identify the optimal rate of
convergence and the minimal asymptotic variance in estimating a parame-
ter 0. The LAN property has been established in Brouste and Masuda [3]
for the joint estimation of (a,d,a) based on high-frequency observations of
the process
Xt =at + (55,?‘,

where (S§') is a symmetric a-stable Lévy process. Extending their result to
the non-symmetric Lévy process (L§'), one can show that the LAN property
holds in the non-symmetric case with rate u, = diag(nl/&%w, ik . 1(0))
and information given by

SERZ(LY)  $Ehoka(L§) —3Efaha(L$)
I(a,0,0) = | §Ehaka(Ly)  ERL(LY)  —Efaka(Lf)
IEfoz ( ) _Efozka(L(ll) Efc%(L(lx)

For the pure-jump CIR process, the optimality of estimation procedure is
still an open problem (the LAMN property has not been yet established and
only partial results exist for pure-jump equations, see for example [6]) but
we conjecture that our estimator is rate optimal and probably efficient.

The previous result states the existence of a consistent and rate optimal
estimator but does not ensure the existence of a unique root to the equation
Gr(0) = 0, there might be other sequences solution to the estimating equa-
tion that are not consistent. However, global uniqueness can be obtained in



the drift estimation jf we assume that dp and «g are known or are consis-
tently estimated by 6, and &,. We focus now on the estimation of the drift
parameters (a,b) and consider the estimating function restricted to the drift

G\ (a,b) = =V (ap)Ln(a,b,dn, &n) = —(0aLn(a,b,dn, &), OpLn(a, b, on, én))".
(4.5)
In that case, we can prove global uniqueness.

Theorem 4.2. We assume that (ag, by) belongs to the interior of A, a com-

pact subset of (0,4+00) x R. Let G\ pe defined by (4.5) with %(Sn -

80, G — ) tight. Then any sequence (an,by,) that solves ng)(a,b) =0

converges in probability to (ag,bp). Such a sequence exists and is unique

in the sense that if (al,,0.,) is another sequence that solves e (a,b) =0

~

then P((a,b.)) # (én,by)) goes to zero as n goes to infinity. Moreover
1/ag—1/2 Ay, — ag L
n(lnin)? b, — b 1s tight.
In the next section, we give preliminary estimators (Sn,dn) satisfying
the assumptions of Theorem 4.2. Obviously, if §o and «g are known then

A~

(G, by,) has the asymptotic distribution of Theorem 4.1

pt/o0=1/2 <qn B a0> Loy I'Y(00)™Y2N with I (0g) defined in (4.3).

bn — bo n—oo

Remark 4.2. We have not been able to prove a global result in estimating
0 due to the non-symmetry of the stable process.

4.2 Preliminary estimators and one-step improvement

We now propose some preliminary estimators of the jump activity ap and
the scaling parameter §y. We will use well known power variation methods
studied for stochastic processes with jumps in Barndorff-Nielsen et al. [2].
We also refer to Woerner [30], Todorov and Tauchen [29], Todorov [28].

Following Todorov [28], we define the p-th order power-variation of the
second order differences of a pure-jump semimartingale X by

Vo(p, X) =) |ATX — A7 | X[P where A7X = X, — Xia,

n
i=2
n
Vip, X) =Y JATX = AL X + AT 5 X — AF X,
i=4

and consider the estimator of the jump activity

i (p) = plog2 1
ST Tog (V2 (p, X) [V (p, X)) POAVERX)

(4.6)
From Corollary 1 in [28], we know that &, (p) is consistent if p < ap and

if 201 < p < 9@\ /n(d,(p) — ap) stably converges in law. Since we have
agp > 1, we can use this result with p = 1/2 to estimate «y.

10



Next we estimate dp by plugging &n(%) in the normalized 1/2-power vari-
ation of second order differences of the process X. Let L] be an independent
copy of L{ and set

my(a) = EIL§ — L7 . (4.7)

Using (2.1), we check that E(ei“(L?_z?)) = ¢ 2% So LY — L has a
symmetric stable distribution and from Masuda [22] we have for 0 < p < «

gp/agpr(%ﬂ% — 2) oo
mp(a) = @~ withI'(a) = / e dx.  (4.8)
? Vrl(1— %) 0
We next define for p < ay
. 1 1 & o |ATX — AP X|P
on(p) = ——— =) pp/on) I . 4.9
) = G 2 X775 49)

n

We will prove that the estimator 8,(1/2) converges in probability to 53/ 2

with rate of convergence % and we estimate &y by [0, (3)]>.

Theorem 4.3. Let §, = [Sn(%)]2, with 6,(p) defined by (4.9). Then b,
converges in probability to oy and %(Sn — dp) is tight.

From the preliminary estimators 8, and d, := d,(1/2), and using the
global uniqueness result of Theorem 4.2, we estimate (a,b) with the esti-
mating equation G,(Id) defined by (4.5) and denote by (ay, Bn) the resulting
estimators. We obtain a preliminary estimator éO,n = (ap, En, Sn, ar,) which
is consistent and from Theorems 4.2 and 4.3, we know that In(n)~2u; ' (8., —
6p) is tight. We now describe a one-step method to improve the asymptotic
properties of éO,n- We also refer to Masuda [24] where a one-step method is
proposed for the estimation of Ornstein-Ulhenbeck type processes.

We define él,n by

A~ A~

91 n = 90,n - Jn(éo,n)_lGn(éO,n)7 (410)

where J,,(0) = VoG (0). It is shown in Section 5.6 that the convergence in
probability holds

sup ||uan(9)un — I(60)|| = 0, (4.11)
(a,b)EA, (5,0)eW D

where () is positive definite, Wén) is defined by (3.12) and A is a compact
subset of (0,+00) x R. We deduce then that ul.J,,(6y,)un converges to
I5(0y). Let us denote by D,, the set where uan(éom)un is invertible. We
have P(D,,) — 1 and él,n is well defined on this set. Considering 0, the
estimator defined in Theorem 4.1, we will prove that u,, l(él,n —6,) = 0in
probability.

11



From now on, we assume that u, is given by (4.1) with v, = ry L(00)
(defined in (4.2)) such that v = Id. We have Gy,(6,) = 0 on D,, with
P(D,) — 1 and so from Taylor’s formula, we have on D,, N D,,

1
gl,n - 90,n - Jn<90,n)71 / Jn(en + t(HO,n - Hn))dt (60,77, - gn)
0
Hence
1
Hl,n - 971 - Jn(ao,n)il <Jn(00,n) - / Jn(en + t(HO,n - Hn))dt) (90,71 - en);
0

and we deduce

t (Brn = 0n) =(ul Ta(Bon)n) ™ (1] To(Bo )it

A~

1
—ul / Jn (O + (B0, — 0y))dt un] Uy (Oo.n — On).
0

Using the tightness of (Inn)~2u; (6o, — 6o), we may assume that 6y, €

Ax WT(ZW) (as well as 0,, +t(éo7n - én) for t € [0, 1]), so we obtain from (4.11)
and Remark 5.1 that Vg > 0

1
(Inn)? ||ul Jn (00 n)un — uf/ In(On, + (00 — 0))dt up|| — 0,
0

and it yields the convergence in probability u,, 1(9A17n — én) — 0. Recalling
that 6,, satisfies
1.4 £— _
u; (0, — 00) == Ii(6y) /2N,
n—oo

we obtain the following result.

Corollary 4.1. The one-step estimator élm converges in probability to O
and we have the stable convergence in law

u;l(élm — (90) % I(@o)il/Q./\/’,

with 1(6y) defined by (4.3), and u, given by (4.1) with v, = ().

We conclude with some comments on the implementation of our estima-
tion method. From (4.6), (4.9) and (4.8) with p = 1/2, the estimators &,
and 6, are very simple to compute. Moreover, from the proof Theorem 4.2
(an,by) is the unique maximum of the approximated log-likelihood function
Ln(a,b,6,,éy,) given by (3.1), where the density of the non-symmetric sta-
ble distribution ¢, can be evaluated from the results of Nolan [25]. Finally,
the score function GG, and the hessian matrix J, appearing in the one-step

correction can be computed using finite differences.
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5 Proofs

5.1 Proof of Proposition 2.1

Only (i) requires a proof since (ii) is stated in Proposition 2.8 of [19].
We recall that Vt > 0, X; > 0. By Fubini and integration by parts, we

can show that )
E|l\w )= C'q/ ud R (e ) du.
Xi R4

The Laplace transform of X; has the explicit expression (we refer to Li [18],
see also Section 3.1 in [14] and Proposition 2.1. in [1])

]E(equt) = exp <—xovt(u) — /v:L(u) Zgz; dZ) s (5.1)

where t — v;(u) is the unique locally bounded solution of

& () = ~Ru(w)), wo(w) = u (5:2)

For the a-CIR process, the branching mechanism and the immigration rate
are given by

0%

4]
R(z) = Ezo‘ +bz, F(z)=az, z€]0,+),

with § = d(ar/| cos(%2)[)1/. Equation (5.2) is a Bernoulli differential equa-

tion, which we solve using the change of variables z;(u) = W We get

the following expressions of vy(u) (see example 2.3 in Li [18])

—bt

i£h£0 wv(u)= - ue — (5.3)
(1 4 %ua—l (1 _ e—(a—l)bt)) a-l

ifb=0 c a 5.4

ifh=0 wlu)=u <a + (a— 1)5aua1t> ' (54)

We have vg(u) = u and by equation (5.2) t — v;(u) is non-increasing for

u > Uug, where
0 ith>0,
O (@hEE b <o,
Hence for u > ug we have Vt > 0,u > vi(u) > 0.
Splitting E(1/X}) in two parts

1 ug+1 00
E <q) = C'q/ uI T E(e N du + C, u? T E(e X)) du
Xt 0 up+1
< Cylug) + Cy uq_lE(e_uxt)du,
up+1

13



we deduce that to prove (2.3) we only have to check that

o0
sup / ul B (e "Xt du < 4-00. (5.5)
t€[0,1] Jug+1

Let us fix n € |0, — 1[. We have

sup/ uqlE(e“Xt)dug/ u?™t sup E(e *Yt)du

t€[0,1] Jup+1 ug+1 tef0, 5]
oo
+/ u?™t sup E(e *¥*)du.
up+1 te[uin,l}

But using that ¢ — v¢(u) is non-increasing for u > ug, we obtain from (5.1)

sup E(e™X) < sup exp(~aovy(u)) < exp(—aovy (u)),

te[0, 2] te(0, 2
sup E(e7"Xt) < sup exp —/ F(Z)dz
tel27.1] tel1] vi(u) B(2)

< o <— (4= v ®) w) |

«

and then

[e.e] o
sup / uI TR (e X)) du < / u? "t exp(—zov 1 (u))du
t€(0,1] Jup+1 wo+1 u”l

—I—/ u?texp [—(u—v%(u))éaa du.

0+1 ue—l+p

a

From expressions (5.4) and (5.3), we have v (u) - C’u%, and recalling
u U—700

that 0 < 5 <1 and o < 2, we get (5.5).

5.2 Proof of Proposition 2.2

(1) The result can be deduced from Proposition 2.7 in [19], but we give here
a different proof. Using the Markov property
p)

T
E sup / thade‘
i1

se[=1, 1]

P
|Fioa | =Epex, ( sup

n 56[0,%}

/ xHeare
0

Using Lemma 2.4 in [21] with F(u) = u? and p < «
s » 1 p/a
E, [ sup / x/*dre| | < CyE, / X, dt
se[O,%] 0 0
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Hence using Proposition 2.1 equation (2.4)

x( sup / Xl/ast
s€|0, 1]

(ii) Similarly we have

E sup
se[t=—=

Xs—Xia

P
|Fici | =Ep—x, , | sup |Xs—zf ).
" e 56[0,%

From equation (2.2) we have that

1 S S S o
Vs € [O,], Xs—x:/ adt—/ bXtdt—iré/ thf dLy.
n 0 0 0

Using Proposition 2.1 equation (2.4) and Proposition 2.2 (i), we get that

L]
n ‘'n

1 C
_ 2P Py L~ p/o P P
E$<sup | X m|><C< (1+2P)+ /a<1+x ))gnp/a(lm).
(iii)

86[0,%
p p
E ( ‘f”> - ]Ea::Xi_l ( ) .

Using Lemma 2.8 in [19] with p < «

1 p 1
E, ( / (XM gl/eygre ) < C,E, (/ ‘X;&“ _ gl
0

0
But from Taylor’s Formula, we have

i

e - xias

n

1
/ (X =gy
0

N p/a
ds>

Cly — =
rl-1/a’
(5.6)

_ 1
oy €0 +ool, et = L2 [ ety et <
0

and we obtain

1 N p/a C 1
E, / X;ﬁa—xl/a‘ ds < P E; | sup |Xs—=x|”|.
0 pp—p/c pp/ o

SE[O,%]
Hence combining with (ii) it yields

&<

1

/ (X — atydL,

0

P
Cp 1

P

)< (14507),
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5.3 Estimation of 2"

We prove in this section that the rescaled increment z'(#) defined by (3.2)
converges to nl/@ AT L. We also give a bound for the conditional expectation

of [27(0)|711.r(g)<0y. We recall that W™ is defined by (3.12).

Lemma 5.1. Let 0 < p < ag. Then for A C (0,400) X R a compact set we
have for some constant ¢ > 0

E sup z'(0) — nl/aoA?L‘p | Fiz1
(ab)€A, (B.)eW” "

<Cp |1+ X7

n

and for the true value 0y we have the better rate of convergence

5(

Proof. We first prove (5.7). Using the Markov property, we have to bound

Cp 1
p
/ao 1+ X7 + X’Zl . (5.8)

n

21(6p) — nl/O‘OA?L‘p Fir) <

20(0) — /L, 8

Ee—x,_, sup

" (a,b)EA,(S,0) WS

Since X solves (2.2) for the parameter value 6y, we have conditionally to
XO =T

1/ % %
) = 2 (1(a0—a) / (bo X — bx)ds + 6 /0 in“OdLs)

&El/a 0
(5.9)
Observing that 27'(0) — nl/O‘OL% = 27(0) — %Onl/o‘OL% + (SO(S—_‘Snl/O‘OL%, we
deduce
1/a _ 1/a bo — b 1/a %
nioy o 1jaoy . T (ag—a) n/*(bp—bz n B
A0) —n Ll == nsala gt f, (Ks—a)ds
Sonl/e0 [ oo 1/ao
+ 5:1;1/040/0 (XS— — X )dLS
(50 Tll/ao l/a 1/a0 1/04() 5 —0 1/a
S e (1 o / XL, + 2Ly

For (6,a) € Wi we have |0 — 60| < Cwy, and | — ag| < Cw,. Moreover
using Taylor’s formula

nl/a—l/ao

— a7 | = In/) (/e = 1/ag)| ¥, with [y| < | In(n/x)(1/a ~ 1/ao)|.
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We have |In(n/z)(1/a — 1/ag)| < Cln(n) (1 + 2+ 2) w, and using that
wy, In(n) goes to zero, we also observe that el¥l < Ced™@) < C(1+2°+ L)
for ¢ > 0. We then deduce

nl/afl/ozo 1
~ et <C <1 + 29 + xq) In(n)w, for ¢>0. (5.10)
It yields
1 1/a0
sup 21 (0) - nl/aOLl/n’ =C (1 + 27+ q) [”
(a,b)EA, (5,0)eW " T n

nl/ao

+

1
o sup X af /o] [ gty
0

56[0,%]

1
+ln(n)wnnl/o‘0|/n XslfaodLs|
0

+ Cw,n'/®|L,|.

Combining this result with Proposition 2.2, and using that E(|n1/°‘0L1/n|p) =
E(|L1|P) < 400, for p € (0, o), we deduce finally for some ¢ > 0

np/eo 1

p 1
Ee s |0 /0Ly, < 00+ Lt a)
(a,b)€A, (5,0)eWS™ x

el
+(In(n)w,)?],

and (5.7) is proved.
Turning to (5.8), we have the simpler decomposition conditionally to
Xo==x

nl/ao

(5()561/0‘0

2(0) —n'/* Ly, = —by / (X5 — ) ds + / (X0 _ gl/aoyqr,.
0 0

331/060

Using Proposition 2.2 we obtain

1
E, [2}(00) — nl/C“OLl/n‘p < Cr <1 +—+ xp> .
X

np/ao
O

Lemma 5.2. Let Qi = {sup,cp ] Xs < K} and Wi be defined by (3.12).
We have for any compact set A C (0,4+00) X R and Vg > 0

1
XL,

n

Xs < K}. Since

E s (1O gy<0) T Fimt | < Coc |14
(a,b)EA, (6,0)eW,™ "

Proof. We introduce the localisation Qan = {sup seli=t ]

Qg C Qi}", we just have to bound

D sup (|Z?(9)\q1zg(9)<o> LoinFiza |
(a,b)EA, (8,0)eW™ n

17



and from the Markov property, this reduces to bound

Ee-x,, sip (1O L <0) Lope
T \(abea, Fa)ew”

From equation (5.9), conditionally to Xy = z, we can write

n 1 n do a—1/ag n
21'(0) = 1/ <Y9’ + j"l/ Y OI1> )

1/a %
yon _ n(S (i(ao ~a) _/0 (boXs — bx)ds) ,

1
7 = pl/ao /” xYeoqr,.
0

where

and

Observing that
sup hagdh!
(a,b)eA, (d,0)eW,"

Qln < Ck,

there exists a constant My > 0 such that

—-M

Using the decomposition

Lp@<o = Lot} 1tk ool

we deduce then

1
(a,b)€A, (8,0)eW ™ ! K x4 {1p<0} ) Tk

Consequently, we just have to bound Em|l?|q1{1f<o}lﬂ1,n. To this end, we
K
first remark that from Fubini’s Theorem we have

+o00
E, (]Iﬁql{l?@}lg}{,n) :/0 gs 1P, (Q};”m{]? < —s}) ds. (5.11)

Using the change of time described in Theorem 1.5 of [16], that we can apply
as Vt > 0, Xy > 0, we have the representation

1
' = LTn ¥ where Tn,l = /n Xds,
’ 0
and (L;)i>0 is a ag-stable Lévy process (with characteristic function (2.1))

defined on the same probability space. By definition of Q}(”

0< 1Ty <K,

1,n
QK

18



then
Vs>0, P, (Q}{‘ n{m< —s}> <P, < inf L, < —s) :

and from Lemma 2.4 in [8] we obtain

ap @
— 1 ap—1 ap—1
Vs >0, P, (Q}g"ﬁ{[{‘<—s}> < exp _<a0 > - 01 :
o Ko‘071

(5.12)
Reporting (5.12) in (5.11), it yields
E, (|1;l\q1{l?<0}19}(,n) <O,k
This allows to conclude that
E su (|z”(c9)|q1 n ) 1,0 | <C, 1+ Ll
T p 1 2] (0)<0 ot | = q,K 21 )
(a,b)EA, (J,a)GW,Sn)
d

5.4 Proof of Theorem 3.1

We first remark that if h satisfies Assumption 3.1 then using Taylor’s formula
we have Va, o/ € (1,2) and Vz,z € R

|h(z, ) — h(z, )] <C'|x — 2| (1 + |2|"13<0 + (In(1 + 2))91 .50
+|2]91 <0 + (In(1 + 2))91,50) , (5.13)
|h(z, ) = h(z,0/)| < C | — /| (1 + [#]15<0 + (In(1 4 2))T1z50) -

To prove the result of Theorem 3.1, we check the following convergences in
probability

1 n
sup  (Inn)? —Z( f(Xz 1 50,a0)) h(z]*(0),a)| — 0,
GGAXW(") it
(5.14)
1 n
sup ()7 |~ 3" F(Xi1,d, 0) (h(z?<e>,a>—h(nl/amm,a>)| ~0,
oeAx W (st "
(5.15)

sup  (Inn)? | 3" F(X i1, 60, a0) (h(nl/O‘OA?L,a) - h(nl/amyL,ao))
geAx W = "

(5.16)
(Inn)? Zf Xiz1, 80, o) (h(nl/aoA?L,ao) —E(h(Ll,ag)))‘ =0,
(5.17)
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n

1 1
ﬁZf(Xﬂﬁo,Oéo) —/ f(Xs, 60, 0)ds
n 0

=1

(Inn)? — 0. (5.18)

To simplify the presentation, in the proof of (5.15)-(5.18), we omit the de-
pendence in (dg, «p) in the expression of f.

Proof of (5.18). First we have fol |f(Xs)|ds < 400 a.e. as a consequence
of Proposition 2.1 and as s — X; is cadlag. Next we set

n

L SNt

i=1

I, = (Inn)?

- [ ks

Introducing the localisation Qx = {supse[o’l] Xs < K}, we just have to prove
the convergence to zero of I,1q, , V K > 0. But from Taylor’s formula

1
In1g, < (Inn)? /0 (f(XS) —f(XM)) ds| 1o,
< cxtmny [ 5, X (14 4o+ o |
= bglin s — X [ns] i+ = | ds.
0 Tn X X1,

n

Therefore using successively Fubini’s Theorem and Hoélder’s inequality with
l<p<ag

/
o\ /P

p)l/p El1+ 1 n 1
Xt XL

Lns|

1
E(I,1q,) < CK(lnn)q/ (IE ‘XS — X
O n

From Proposition 2.2 and Proposition 2.1, we get E (I,1q, ) < Cp x (Inn)9/n'/0
and we deduce the result.

Proof of (5.17). We recall classical results on the convergence in probability

of triangular arrays (see [12]). Let (¢*) be a triangular array such that (" is
Fi—1-measurable. To prove that y ;" ; (™ — 0 in probability, it is sufficient

to check the following convergences in probability

3 (G 1Fim)

=1

—0 and ZE(|§?|2|]-"%)—>O.
i=1

Setting

o= (lnn)qf(X%) (h(nl/aoA?L,ao) _ E(h(L1,Oéo))) ,

! n

we check immediately E(¢"|Fi=1) = 0. Next we deduce from Assumption
3.1 !

Vp >0, E(|h(Ly,ap)P) < o0,
and it yields

n2 Ty (Inn)* RV
E(G T Fiz) = f(Xiz1)"Var(h(L1, a0))-

’]’L2 n
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We conclude using the convergence in probability 5.18

1y 2 ' 2
ngf(X“) %/0 f(X,)2ds.

n

Proof of (5.14). We use as previously the truncation Qg and set

T, = sup
(a,b)EA, (8,0)eW, P

1o,

(1Hn”)q S <f(Xinl 0, @)= (X1, b, ao)) h(z'(0), )

=1

A Taylor expansion, assumption (3.13), and the definition of W,(Ln)

give
(Inn)%w, — 1 n
Ty SCKTZ 1+XT sup ‘h(zz (9),0&)’1QK,
i=1 =1 J (ab)eA, (5a)eW,”

and taking the expectation

(Inn)%w, — 1 n
Eln < Cx— — D El(1+ <7 B sup [h(2i(0), @) 1o | Fizs

i=1 = (a,b)EA, (8,0)eW, "
But from Assumption 3.1
sup h(z'(0), )| 1g, <C [ 1+ sup |23 (0)]7 Lor (9)<0
(a.b)€A, (5,0)eW," (a.b)€A, (5,0)eW,"
+ sup (In(1 + z?(G)))qlzg(gbo 1o,
(a,b)EA, (5,0)eW,™
Observing from (3.2) that
1
sup In(1+ |2 (0))1a, < CklIn(n) (1 + X ) ,  (5.19)
(a,b)EA, (8,0)eW, M o
and using Lemma 5.2, we deduce
1
E sup |h(2(0), a)| 1oy |Fizi | < Cg(lnn)? | 1+ 7
(ab)eA, (8,a)eW," " =

Hence from Proposition 2.1 ET, < Cgk(lnn)%w, and we conclude using
(3.12).
Proof of (5.16). We get from Assumption 3.1, (3.13), (5.13) and the defini-

tion of Wén)

sup io1) (h(nl/aoA?L, a) — h(nl/O‘OA?L,ao)> 1o,

(a,b)EA, (5,0)eWD

(lnnn)q En: f(X
=1

(Inn)%w, —
< O~ 1
< Cr— ;( +

1
) (L I AL L e s

n

(141 ALL) /e 0]
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Taking the expectation, using the properties of the Lévy process (L;) and
Proposition 2.1, we deduce the result.
Proof of (5.15). Using Assumption 3.1, (3.13) and (5.13)

(Inn)?

n

1o )

2(0) = '/ ATL| 10, Hi |

>~ F(X) (A (9),0) = hn!/*0 AT L, )
i=1

E < sup
(a,b)EA, (5,a)€WT(Ln)

(Inn)? &
<Ok Z E sup
T \(apea, $.a)ew ™

(5.20)

where

Hi= (4 5g) 1+ s (O Lp@<olax)
i—1

i=1 (a,b)EA, (8,0)eW, P

n

+ sup (ln(l + zf(@))qlzﬂg)wlgf{)
(a,b)EA, (J,a)GW,Sm

q q
S RN I WO (TR TRLING A)) R VS B

We use Holder’s inequality with % + 1% =1 and p < o to bound (5.20).

From Lemma 5.2, Proposition 2.1 and (5.19) we have immediately

E(H,) < Cyx(nn)”.

Moreover since Qg C {Xi-1 < K}, we deduce combining Lemma 5.1 equa-
tion (5.7) with Proposition 2.1

p/ao
2(0) — /o ArE[ 1, | < Cpuc(*—

E sup + (In(n)wy,)?).

(a,b)€A, (5,a)€W,§n)

]

Since Vg > 0 (Inn)%w, — 0, we obtain the convergence to zero of the right-
hand side term of (5.20).

5.5 Proof of Theorem 3.2
We first prove the following convergence in probability for &, j € {1,...,d}

n

jﬁ S fii(X 1) (b (8(60)) — hy(n /0 AT L)) = 0. (5.21)
=1

Using Assumption 3.1, (3.14) and (5.13) with the truncation Qg

].QK)

;' (0o) — nl/QOA?L‘ IQKHi,n,0> ,

E(U,; ifmxg;) (31 (00)) = hy(n /™ AT L))
=1

1 n
SCK\/EE]E(
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where

Hino=1|1+ <1 + 12" (60)|"L2n 99) <01y + In(1 + 27" (60))71.r (55)> 010

X7,
AL, sy co 4 1L AT 050 )

We use Hélder’s inequality with % + % =1 and p < ag. As previously, we
have

E <H£n,0) < Cp'aK(ln n)plv

and from Lemma 5.1 equation (5.8)

B(

Consequently we obtain

“

b
KnP/O‘O )

Z?((go) — nl/aoA?L‘p ]_QK) S CP»

Vnlnn

1 n
NG Zlfk:j(Xinlae(J) <hj(2?(90)) - hj(nl/O‘OA?L)) 1QK) < oK™ Tjag

The results follows from aio > %
‘We now show that
1 n 1 L—
il v /oo AT s 1/2
NG ;F(X1n1)H(n ATL) —= SN (5.22)
1=

We will prove the stable convergence in law with respect to o(Lg,s < 1) of
the process

[t ]
n 1 1/« n
I = \/ﬁ;ljp(xinl)ﬂ(n [oARL), tel0,1],

in D([0, 1], RY) equipped with the Skorokhod topology, following the proof
of Theorem 3.2 in [4]. To this end we introduce the processes

[nt]
L =Y A'L, telo1],
=1

[nt ]
n 1 « n
T = %E H(n'/*A7L), te0,1].
=1

The process (L} )¢ converges in probability to (L) for the Skorokhod topol-
ogy and according to Lemma 2.8 in [11], if (I},T}") converges in law to
(L1,~") where 4 is a Gaussian variable independent of L; with variance ¥’/
where for 1 < 5,k <d

ik = E(hjhy(L1)), (5.23)
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then there exists a d-dimensional standard Brownian motion (B;) = (B )< j<d
independent of (L;) such that the processes (L", T, T"") converge in law to
(L,T, (X)Y/2B), where

t
Ft:/ F(X,)(2)Y2%dB,.
0

This result implies the stable convergence stated in Theorem 3.2.

To study the convergence in law of (Z?, I'"), we denote by ®,, the char-
acteristic function of (I}, T7) and by ¢, the characteristic function of the
(L1, f (nl/O‘OL%)).

Then we have
log &, = nlog ¢y,

and we just have to study the asymptotic behaviour of ¢,. By definition
L 1/(10L
Vu€eR, ve Rd, oOn(u,v) =E <€w 1+ v f hj(n 1 )) .

A Taylor expansion of the exponential function gives

d
1
¢n(u,v) _ ewL}z i Z’UJEGWL% ) 1/a0L1) . 5 ZU]ZE il g h2( 1/aoL%)
j=1
1 iul 1 1/
- — Z vjvgEe  whjhi(n/*°L1) 4 o(1/n),
1<j<k<d "

where we used that V1 <j<d, Vp>0, E(|hj(L1)]") <400 to get

. 1 iul | 1/ 1

1<4,kl<d —=|E nhjihih L < ——=E(|hjhth| (L1)) = o(1/n).
v SRS n\/ﬁ ( kl( %))—n\/ﬁ (|]kl|( 1)) 0(/”)
We now study each term in the expansion of ¢y,.
1. EeH = (Eetl)l/n = 1 4 op(u)/n + o(1/n) where 1 is the Lévy-
Khintchine exponent of L.

2. For 1 < j < d using the self-similarity property IE@ %h( Veor,, ) =
Ee/I1/m/* h(Ly). But ‘E(ewh/n”% — Dhj(L)| < 4-E(|Lihy(L1))),

i/
and E(|Li1hj(L1)]) < +oo by Holder’s inequality using a(; > 1. Hence
Ee""% h;(n nt/?0L1) = o(1/y/n) since Ehy(Ly) = 0.
3. For 1 < j < d using the self-similarity property and by dominated
convergence
iul 1

1 « i nl/e
Ee""% h3(n!/ °L1i) =Ee Lm0 R2(L1) = ER3(L1) + o(1).

iul 1

4. Tn the same way for 1 < j,k <d, Ee whjhu(n'/*L1) =Eh;hy(L1)+
o(1).

Putting all these results together, we finally obtain the convergence

log ®,, = nlog ¢, — ¥(u) — = szEh2 (L) = Y wvjurBhihg(Ly),
1<j<k<d
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and we get the convergence in law of the vector (L], T%) to (L1,~') where +/
is a Gaussian variable independent of L with variance where 7/ is a Gaussian
variable independent of Ly with variance 4" defined by (5.23). This achieves
the proof of Theorem (3.2).

5.6 Proof of Theorem 4.1

To prove existence, consistency and asymptotic normality of estimating func-
tions based estimators, we adapt to our framework the sufficient conditions
established in Sgrensen [27] (to obtain Theorem 2.3, Corollary 2.5 and The-
orem 2.8), we also refer to Jacod and Sgrensen [13]. We recall that the
estimating function G,, is given by (3.8)-(3.11), that u,, is defined in (4.1)
and we set J,,(0) = VgG,(0). With this notation, Theorem 4.1 is a conse-
quence of the two following sufficient conditions :

1. Vn > 0 we have the following convergence in probability

sup Huan(H)un - IF(HO)H — Ov
0<{||un ' (0—60)[|<n}

where I5(6) is a positive definite matrix.

2. (ul'Gp(00))n stably converges in law with respect to the o-field o(Ls, s <
1) to Iz(60) />N where N is a standard Gaussian variable independent
of IU(QO)

The matrix J,(0) = V¢G,,(0) has the following expression

VoG, (0)"
_ | VeGROT | _ (N0 T2 O)T
PO wcior | = e 2o ) O
VngL(H)T
with
a0 symm
Jrlll(e) & 2 Xi—ln X3, )
e e (CHON e r A )
1 / Xiz1 /
e s k(2 (0) S )
T2 () =" N N
= V) P T
§a2X1/O{ a\“g 5X1‘£? a\“g n,:,22
L — S lka(2(0)) + 2L (O)k4 (1(0))] symm
J 9 - nln I
n (0) > _1(/X2;1 n OV (10 4 O g s
P a2 PO (2 (0)) + EL L (16) T2 00(6))
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In (n/X%> Xio1 Xia

i) = s x5 ko (2'(0)) — 5le£ ACACHE
2
In(n/Xi-1)
Tn22(0) = =0a fa(27(6)) — <4”) (7" (0)ka (2 (6)))

In <n/X%>

a2

. (- 2raterio) + 2001116

1. Convergence of u! .J,(0)u,. We will prove the convergence in probability

sup [ Ju(O)un — I5(00)]| 0.
(a,b)EA, (6,06)6{/[/7(177)

for A a compact subset of (0,+00) x R and W™ defined in (3.12). Using
the expressions of J,, u, and 7, (defined in (4.2)), we obtain after some

calculus

n2/« nl/e
T g (0)uy, = n22/cx0 17111(0) n11/a0 Igl(G)Trn(H)vn
M T e T (9)121(0) oL r T (0)122(0)r (6)vn + v Ru(0)vn )
nl/ag “n'n n n'n n n n n='n n
(5.25)
with
1 n
o [CEREEE)
17111(9)—5 Xif1n L n i1 L im )
T\ S Ge) b e)
Xi—1
1 ! (. m R N )
o SR IO) IR 0)
In (6) == ;Z ln(lel) , . / 9
T T RO+ e faEO) R a6)
n —2M(0)k,(27(0)) symm
IELQ(G) —_— l h’l(Xifl) 5
nS a2 A Ok (271(0)) + 27 (0) fo(2](0)) 177 50(0)
5 (X ) Xiow Xy
n,z,22(6) - (5042Xﬁ a(zi (9)) - (SXﬁf ( % (9)>7
99 (ln(Xz:l1))2 n , n ln(Xz:ﬁ) n L n n
In,z,22(0) = - ot 2 (e)ka(zz (9))_2 o2 2 (e)fa(zz (0))_8afa(zz (9))>
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Now using the definition of r,, and W}ﬁ) we have

sup  ||rn(6) — rn(60)|] < C'ln(n)wny,
(8,0)ew ™

hence by definition of ¥

sup  ||loprn(8) —0|| = sup  ||vprn(Bo) — T 4 vp(rn(0) — rn(6))]| — 0.
(6,a)EWT(L"> (d,a)EWT(Ln)

Moreover from Theorem 3.1, observing that E(kq,(L1)) = 0 from (3.6) and
that ||v,|| < C'ln(n), it is immediate that

sup HUTTLRn(Q)UnH — 0.
(a,b)EA, (5,0)eW, P

Consequently from the factorisation (5.25) and observing also that

1/a
"

sup — 0,

ozEWfln)

nl/ao

the uniform convergence of u’.J,,(6)u, reduces to the uniform convergence
of I,(6), for 0 € (a,b) x W7,

From Theorem 3.1 combined with the connections (3.7) we deduce the
convergence in probability,

sup [[1n(6) — 1(60)[| — 0,
(a,b)EA, (J,a)EW,(Lm

with I(0y) defined by (4.3) and finally from (5.25), we obtain

sup ||ul T (0)un — L5(60)]| — 0.
(a,b)EA, (8,0)eW

It remains to check that I(fp) is positive definite. Let X = (z,y, z, w)’ € R*
and consider the quadratic form Q(X) = XT1(6p)X. An explicit calculus
leads to the factorisation

X)= l d d LR h 1 _Xs h
Q(X) = ) spa(u)du 5 x /o0 ao(“)x_%@ a (W)Y

In(X5)

2
kg ()2 — [fg(u) + 2D <u>}w) ,

and the result follows.
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Remark 5.1. If v, = r,(0g) !, then v = Idy and

sup  |[vnrn(0) —3|| < (Inn)?w,.
(5,0) €W,

So in that case we obtain the convergence in probability

Vq > 0, sup (Inn)? Huan(Q)un — I(OO)H — 0.
(a,b)EA, (5,0)eW P

2. Stable convergence in law. To study the convergence in law of ul G,,(6p)
we write

1 n
@hozo(zi (o))
e (22(60)
1 [(Id 0 - ——— = ha (27 (6o
T — 2 5 le/ao 0\~
ttn Gn(60) \/ﬁ< 0 vgrn(eo)T>Z i
=1 ) Koo (2] (60))
n(X;—1

g (2 (00)) — oo (27 (60))

where hq,, ko, and fo, satisfy Assumption 3.1 and from (3.6)

E(hao(L1)) = Ekay(L1)) = E(fuy (1)) = 0.

So we can apply Theorem 3.2 with

1
o0 e
Sozi/a0 ha
Fay= o ™" 1 ol T={w |
g
0 I | fao
0

and since by assumption 7, (fg)v, — U, we conclude that ul G,,(6p) stably
converges in law with respect to the o-field o(Ls, s < 1) to Iy(6g)'/2N where
N is a standard Gaussian variable independent of I(6y).

5.7 Proof of Theorem 4.2

We consider the normalised criteria

) . Mﬁha(zzn(e))
_ n (GL(6) 1
Gula,b,6,0) = —— (28 0 ) = =72 > | x4 (526
(a a) n2/a (Gi(e)) nl/e Zl #ha(zn(e)) ( )
=\ ax g !

n

and we set

G\ (a,b) = Gula, b, b, n).

Solving G\ (a,b) = 0 is equivalent to solve éfld) (a,b) = 0 and using The-
orem 2.7.a) of Jacod and Sgrensen [13], the global uniqueness result is a
consequence of the following conditions (recalling that (ag, bp) is an interior
point of A, where A is a compact subset of (0, +00) x R) :
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(i) there exists G'" defined on A, continuously differentiable, such that we
have the convergence in probability éfld) (ap,bo) — 0, é(d)(ag, bp) =0
and (ag, bo) is the unique root of é(d)(a, b) =

(ii) we have the convergence in probability

(aszlle)AHV(ab)G D (,6) = Vi@ (a.b)|| > 0,

and V(a,b)é(d) (ao, bp) is non-singular with probability one.

We start by proving (ii). A simple computation gives

s i, (27(a,b, 80, Gn)) symm
1 n n 121
V(a b)G ﬁ Z Xi—l ~ _X%—l

52 XQW]&»,L hiin <zzn(a/7 b7 5717 dn))
n<ti—1

n n

and we set

(d) <(a0 o fO 52)(—72/(10 - (bo B b) f01 2X82£%0> IE(hgéo (Ll))
G (a,b) = %X

sds XZds
(0= 3 25ty - o0 ) 25 ) B0 (L0)

For n > 0, we consider the neighborhood of (&g, ap)

n o — 50
111 a —

Wi satisfies (3.12) and since ﬁ(cs — 8o, Gy, — ) 1s tight, we have

Inn

" = {6, a);

sup P((0,, i) ¢ W) —— 0.

n—00

So introducing the localisation 1 we just have to prove the con-

(571 & = n)ew(”]
vergence in probability

sup (an)G Gn(a,b,d,a) — V(a,b)é(d) (a, b)H — 0.

(a,b)€A, (4, a)EW

This convergence is immediate from Theorem 3.1. Moreover, from (3.7) we
check )
VianG " (ao, bo) = I (60),

which is non-singular from Theorem 4.1.
We now turn to (i). We have from Taylor’s formula

G (ag, bo) = Ga(ao, bo, 5o, @) (5.27)
1 ~
+/ V (65.0)Gn (@0, bo, 0o + t(85, — o), g + t(dn, — ag))dt (5 50) _
’ Qn — O
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Since E(hq, (L1)) = 0, we deduce from Theorem 3.2 that "\;ﬁo Gr(agp, bo, b0, ap)

converges in law and using 1/cg > 1/2, we conclude that G, (ao, bo, 5o, o)
converges in probability to zero.
For the second term, introducing as previously the localisation 1

(5 ain) €W
we just have to prove the convergence in probability

/VM (0,0, 80 + £(8 — 80), ao—l—t(a—ao))dt(d 50)H—>o.

sup
(6,c) 6W<") >~ Go
(5.28)
But from (5.26)
1
o (FEERCe) 0.0,
Vs,0)Gnla,b,6,0) = —— " Xii L, ,
WS i e O) 0aG,4(0)
with
—In(n/Xia 1 91
~1 n n n n{n n
aaGmw):(w)k;(zi () +— e P O+~ (:2(6)),
da2 X’ 50X S da2X 'S
L, ln<n/Xﬂ>X¢_1 / Xioa ) 2In(n) X
OaGiyi(0) = . ko (2 (0)) =75 fa (20 (0) ————7a—ha(zi'(0))
! sa2x /e sx e 502X 1S

Using Theorem 3.1, we see from the expression of V((g’a)én that

nl/a

() ¥ @ Gn(a0,bo, 0, 0)

sup
(57O¢)EWT(LT’)

nln(n) (6 — do
nl/oe \a— ag

we deduce (5.28) and we conclude that @fld) (ap, bo) converges to zero in

is tight and since

sup — 0,

(5,a)€W7(ln>

(Inn)?
’ < Cnl/aofl/Q

probability. Finally, from the expression of é(d), we see immediately that
(ao, bo) is the unique root of é(d)(a, b) = 0 and (i) is proved.

1/ ~
0 ( "

To finish the proof of Theorem 4.2, it remains to show that \/%(ln e

ag, by — bp) is tight. We have @fld) (G, l;n) =0 on a set D,, with P(D,,) — 1,
and from Taylor’s formula, we obtain on D,

1
~G\7 (a0, bo) = / V(0 G (a0 + t(@n — ao), bo + t(bn — b))dt(b ZO>
0 — 00
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From ii) and using that (a,, b,) converges in probability to (ag, by), we have
the convergence in probability

1
—(d A 2 —(d
/ V(mb)Gg )(ao+t(an—a0), bo—l—t(bn—bo))dt — V(a’b)G( )(ao, b()) = 111(90),
0

where I'!(6) is non-singular.

Consequently, we just have to prove the tightness of %Gfﬁ) (a0, bo).
We study each term of the expansion (5.27). As in the proof of (i), we see
from Theorem 3.2 that \/@(l/ ”‘0)26 (ag, bo, do, ap) converges in probability to
zero. Turning to the second term in (5.27) and proceeding as in (i), we have

the tightness of SUP (5 e nl;/(fl)v(d a)G (ag, bo, 0, H and by definition
of W,&")
S 2
sup nllll(n) <5 )H < C\/ﬁ(llnn) .
Ga)ew 1T e\ — ag nl/eo

This shows the tightness of

1/a0 N 5 50
m/ v5a)G (ao,b0,50—|—t(5 5 ),a0+t(an—a0))dt <an_a0>
We conclude that —2/ 5 (an — ag, by, — bp) is tight.

Vn(inn)

5.8 Proof of Theorem 4.3

Using that

o =0 = (u(5) = 8/ )Bu(5) + 81/,

the proof reduces to show that o, (3) — & /2 and that hl@) (Sn(%) - 53/2)

is tight. We recall that d, := d,(3) and On (1) are respectively defined by
(4.6) and (4.9). We start with the decomposition

N 1 — 1 1/~ n l/ao 1/ém)/2 .
5a(3) = oy (1 (@) (1 ZA (1+xt H),
(5.29)
where
e (an) = m%(ao) - m%(an) €2 (&) = n(1/@n—1/a0)/2 _q
m%(an) ’ " ’

|ATX — AT |1/2
X1/2cx0

i—2
n

n _ . 1/2a9
Al =n

We will prove below that % iy Al converges to m1 (ozo)éé/ *in probability
2
and that \/n(1 3", A7 — m;(ag)ééﬂ) converges stably in law. Now since
2
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Vn(éy, —ap) is tight, we will use the localisation {a, € W}(ﬁ)} where W\ =
{a; |V/n(a—ay)| < n}. So we deduce (recalling (4.8))

C Cl1
sup |ela)l < S sup |2 < S0
e vn e Vn
L C
sup X,(E/an Lan)/2 _ 1’ < — )ln(X%g) .
aeivn | n

Combining these results with (5.29), we can write

1 ap sy 1 oGt o
bn(5) = % ZA (ao)en(an)n;Al—kRm

WM
2

D=

where %Rn — 0 in probability. But from Taylor’s formula

1
€2(ap) = —In(n) (@, — ag) e with || < iln(n)ll/dn —1/agl,

26<na0

and recalling that /n(&, — ap) stably converges in law we obtain both the
convergence of 4y, (3) to 51/ and the tightness of \([) ((5n(§) — 58/2).
Convergence of 1 = > iy A7 We end the proof of Theorem 4.3 by show-

ing that L 3" ) A" converges to mi (040)53/2 in probability and that /n( S , A?—

mi (ag)é(l)/ 2) converges stably in law. We have the decomposition
2

% > A - my (a)oy :% S (A — 60t arL - AT L]?)

=2

n
1/2 l 12ac0 AT _ AT 1/2
+ 6, (ngn AL — A7 L mi(ao) | .

Following Todorov [28] (Term A; in the proof of Theorem 2), we have that

1 1/2a0| AN n 1/2
ﬁ(nz IAPL — AT L m (ao)

=2
converges stably in law and we conclude by showing that

1 Z ( 1/2 1/2a0‘AnL An |1/2> — OP(\/lﬁ)' (530)

We have from (2.2) after some calculus

1/a0 n n 1 2
Xl/ao (ATX — A} X) =& + &,
i—2
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with
& = 0on!/*(ATL — A7 L),
—panlt/oo - o
512:* (/ (Xs—XM)dS—/ (Xs—XM)CLS‘)
XZK(QXO % n i;? n

n

sont/oo ([ N o o
s (/1 (X}/%0 — X}/30)dL, — /ig (Xy/o0 Xﬁ/f)dLs)

Xl/ozo —

i—2 n n

6 e e
+ Xlﬁao (X0 — Xgoymt/ AT L,
i—2 n n

n

Consequently with this notation

1 n
*Z( S8/ n PO ATE — AT L) = = S (gl 4 €212 — Jgl2).

i=2
(5.31)
But we have the bound

¢l 1/2‘ _ 16 + &1 - 1€]
& + &2+ 162

=¢ ('52'1’_1/2|5z‘2|1|£3|>en + |£3|1/21\5g\g€n) )

e+

where from Proposition (2.1) and Proposition (2.2),

1
Cp np/ao’

VO<p<ag, E(EP)<

Now using the fact that the density of a symmetric a-stable distribution
is bounded, we have P(|¢}| < €) < Ce. Moreover we have V p € (—1, ),
E(|€}?) < +ox.

From Holder’s inequality with p < «g, choosing p arbitrarily close to ag
hence 1/p" arbitrarily close to aoagl and p'/2 > 1

- . /v
E (120 5., ) < (BIEPP1g0.)) " (EIER)”

_ i—p! _ 1/17/ 1
< (B I 2 M g,)) T (EIEHR)Y

/ / 1
< Qe V2=l oo with [ > 0 arbitrarily small.
n [e%

Moreover using Hélder’s inequality with p/2 < «p, choosing p arbitrarily

close to 2« hence 1/p’ arbitrarily close to 0=1/2

’ 1/p
E (11 1g)<,, ) < P& < )7 (BIE2P7)

1

<O~
- Cen n1/2a0
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1
Taking €, = n °ot! and observing that O%O 4+ Lo (@l _1/2) > 1/2 and

ap+1\ o

ﬁ + ﬁ%;iol/z > 1/2, we conclude that for some [ > 0
B(|jel + 212 — jerpr2)y < =S
R i = pl/2+le

Taking the expectation in (5.31) and combining with the previous inequality
we obtain (5.30).

This work was supported by french ANR reference ANR-21-
CE40-0021.
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