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ALGEBRAIC GEOMETRY CODES IN THE SUM-RANK METRIC

ELENA BERARDINI AND XAVIER CARUSO

ABSTRACT. We introduce the first geometric construction of codes in the sum-rank metric,
which we called linearized Algebraic Geometry codes, using quotients of the ring of Ore
polynomials with coefficients in the function field of an algebraic curve. We study the
parameters of these codes and give lower bounds for their dimension and minimum distance.
Our codes exhibit quite good parameters, respecting a similar bound to Goppa’s bound for
Algebraic Geometry codes in the Hamming metric. Furthermore, our construction yields
codes asymptotically better than the sum-rank version of the Gilbert—Varshamov bound.
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INTRODUCTION

Linear codes in the Hamming metric have been playing a central role in the theory of
error correction since the 50’s. Codes in the rank metric, firstly introduced by Delsarte
for combinatorial interest [4], were rediscovered in the last 20 years in the context of
network coding and, in general, of error correction. Codes in the sum-rank metric were
introduced more recently. They can be defined as follows. Let &k be a field. For an integer
s, let W= (Wy,...,Ws) and V. = (V3,...,V;) be two s-uples of k-vector spaces. Write
m; = dimg W; and n; = dimy, V;. Let Homyg(W;, V;) denote the space of k-linear morphisms
from W; to V;. We set

Homy (W, V) = Homy (W7, V) X - -+ x Homg (W, V).
This is a vector space over k of dimension Zle min;.
Key words and phrases. sum-rank metric codes, algebraic curves, function fields, Ore polynomials, finite

fields.
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2 ELENA BERARDINI AND XAVIER CARUSO

Definition. Let ¢ = (¢1,...,9s) € Hom (W, V). The sum-rank weight of ¢ is defined as
Wk (@) = Z rk(¢;) Z dimg, ; (W,
i=1
The sum-rank distance between ¢, € Homy, (E, Z) is

dsrk(fa g) = Wsrk (f - g)

Definition. A code C in the sum-rank metric is a k-linear subspace of Homy (W, V') endowed
with the sum-rank distance. By defintion, its length n is Y ;_, m;n;. Its dimension k is
dimg C. Its minimum distance is

d = min {wx(p) | € C,p #0}.

Remark. For sake of clarity, we mention that the more standard definition of codes in
the sum-rank metric is given in terms of matrices. Let My, ,(k) denote the space of m x n
matrices with coefficients in the field k. It is clear that, after the choice of k-bases of W;
and V;, we have

Homy (W, V) Han

The definitions of the sum-rank weight and of the sum-rank distance previously introduced
can be applied straightforward to elements in [[_; My, n, (k). Then, a code in the sum-rank
metric is a k-linear subspace of []7_; My, n,(k), endowed with the sum-rank distance.
It is clear that the sum-rank distance stays unchanged when considering an element in
[Ty My, n, (k) or in Homy (W, V), since the rank is invariant under base change.

When n; =m; = 1foralli € {1,...,s}, the previous definition reduces to codes of length
s with the Hamming metric and, in the case where s = 1, to rank-metric codes. However, the
sum-rank metric does not reduce to a mere generalization of the two aforementioned metrics.
For instance, codes in the sum-rank metric offer a solution to problems in multi-shot linear
network coding, space-time coding, and distributed storage. We refer the reader to [13] for
a detailed introduction to the theory of sum-rank metric codes and their applications.

An important case of interest occurs when we are given a finite extension £ of k of
degree r, and we set V; = ¢ for every ¢. In this case, n;, = r for all ¢ and the ambient space
Homy (W, ¢) is itself a vector space over £. We are then more particularly interested in
¢-linear codes which are, by definition, ¢-linear subspaces C C Homy (W, ¢). Consequently,
we define (—variants of the parameters: the (-length of C is ng := >, m;, the {~dimension
of C is ky = dim, C, and the minimal distance d of C stays unchanged. Those three main
parameters are related by the equivalent of the Singleton bound in the Hamming metric, that
in the aforementioned setting reads d + k¢ < ny + 1 [11, Prop. 34]. Codes with parameters
attaining this bound are called Mazimum Sum-Rank Distance (MSRD).

Among the most used families of linear codes in the Hamming metric are the Reed—
Solomon codes [18]. They have parameters attaining the Singleton bound, and benefit from
efficient decoding algorithms. The counterpart of Reed—Solomon codes in the rank metric are
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Gabidulin codes [6], and linearized Reed—Solomon codes in the sum-rank metric [11]. These
codes have parameters attaining the analogue of the Singleton Bound in their respective
metric, and benefit from efficient decoding algorithms derived from the ones for Reed—
Solomon codes [2,10,17].

The main drawback of Reed—Solomon codes is that the storage size of the coordinates
of the vectors increases logarithmically with the number of coordinates: in order to have
long Reed—Solomon codes, one must work over large finite fields. The so-called Algebraic
Geometry (AG) codes, introduced by V. D. Goppa [8], generalize Reed-Solomon codes and
benefit from similar properties, while being free of this limitation. AG codes are constructed
by evaluating spaces of functions at rational points on algebraic curves. Since we can find
a curve with an arbitrarily large number of rational points, the construction proposed by
Goppa yields codes that are generally longer than the Reed—Solomon codes, and thus allows
to work on smaller finite fields. AG codes became particularly famous when Tsfasman,
Vladut, and Zink used them with modular curves to construct codes with parameters
asymptotically better than the Gilbert—Varshamov bound [24].

Motivations. In contrast with the situation of codes in the Hamming metric, only a few
constructions of codes are known in the rank and the sum-rank metric. In particular,
no geometric construction has been proposed in these two metrics so far. Furthermore,
MSRD codes, such as linearized Reed—Solomon codes, suffer from the same limitation as
Reed—Solomon codes. Indeed, keeping the same notation as before, and denoting by ¢ the
cardinality of k, in [1, Thm. 6.12] it is shown that if C C Homy (W, ¥¢) is a MSRD code with
minimum distance d < r + 2, then s < g+ 1if r =1 and s < ¢q otherwise. Furthermore, for
MSRD codes of {—~dimension 2, we have a similar bound, that we prove now.

Lemma. Let C C Endg(¢)® be a code in the sum-rank metric of (-dimension 2 and of
minimum distance rs — 1. Then, if r = 1 we have s < ¢+ 1, otherwise we have s < q — 1.

Proof. We consider a {-basis of C, say (fi1,..., fs),(g1,--.,9s) with f; and g; k-linear endo-
morphisms of ¢. For any ¢ € {1,...,s} and any = € £* := ¢\ {0}, we define the following
element of P1(¢):

viz = [fi(®) : gi(z)].
It is easy to check that for any a € k*, we have v; ; = v; qq.-
Let us prove that for 4,5 € {1,...,s} and x,y € £*, we have v; ; # v, unless ¢ = j and
x and y are k-collinear. Indeed, suppose that v; , = v;j,. Then, by construction, the vectors
(fi(z),gi(z)) and (f;(y), g;(y)) are collinear. Thus, there exist u, v, not both zero, such that

(ufi +vg:)(x) =0,

(ufj+vgj)(y) = 0.
If i # j, then uf; + vg; and uf; + vg; are both of rank smaller than 7, hence
werk ((wfn + Ugh)he{l,...,s}) < rs — 2, which contradicts the assumption on the minimum

distance of C. Similarly, if ¢ = j, but x is not k-collinear to y, then we deduce that wf; + vg;
is of rank at most r — 2, which again contradicts the hypothesis on the minimum distance
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of C. In conclusion, we must have i = j and x =y (mod k). We infer that the number of
pairs (i,7) with 2 (mod k) € £* is at most equal to the cardinal of P1(¢), i.e.

it <q +1,
q—1
and hence we have
q¢ +1
(1) s<@- D5
Since s is necessarily an integer, this implies s < ¢ — 1 when ¢" > 2¢g — 1, which happens as
soon as r > 1. If r = 1, then Equation (1) gives s < ¢ + 1. O

Remark. A bound similar to the one stated in the previous lemma can be retrieved
using [1, Thm. 6.12] on the dual of the MSRD code of dimension 2. However, this would
give a slightly worse bound, that is s < g instead of s < g — 1, when r > 1. Furthermore,
our proof makes use of completely different techniques than the ones developed in the
aforementioned paper, and we therefore believe it is of interest on itself.

Remark. The previous bound could be generalised to codes in Homy (W, ), i.e. to codes
whose components are rectangular matrices. However, for the purpose of this paper, we
focus on the bound for codes sitting in Endg(¢)%, i.e. to codes whose components are square
matrices, since this is the setting in which we will develop our geometric codes. In the
case of non-square matrices, multiple constructions of MSRD codes longer than linearized
Reed-Solomon codes were proposed in [12].

Our contribution. In this paper we present the first geometric construction of codes in the
sum-rank metric, from algebraic curves, that we call linearized Algebraic Geometry codes.

Gabidulin and linearized Reed—Solomon codes are constructed using so-called linearized
polynomials and Ore polynomials, as introduced by Ore in 1933 [15]. Taking inspiration
from the approach of [14], where the authors propose a construction of AG codes in the
Hamming metric using division algebras over the function field of a curve, in this paper we
work with algebras obtained as quotient of rings of Ore polynomials. We develop the theory
of Riemann—Roch spaces over Ore polynomials rings with coefficients in the function field of
a curve, by exploiting the classical theory of divisors and Riemann—Roch spaces on algebraic
curves. On the one hand, this allows us to propose an explicit construction of geometric
codes in the sum-rank metric from curves. On the other hand, we can exploit our theory to
study the parameters of these new codes.

The geometric codes that we propose are in general longer than linearized Reed—Solomon
codes, and have parameters that turn out to respect a similar bound to Goppa’s bound
for AG codes in the Hamming metric. Furthermore, we shall prove that, over a finite field
of the form F 2 with ¢ > 11, our construction yields codes with parameters beating the
sum-rank analogue of the Gilbert—Varshamov bound.

Organisation of the paper. Section 1 is devoted to the background on the rings of Ore
polynomials and to the proofs of some results on the algebras obtained as quotients of
the ring of Ore polynomial. In Section 2, after recalling some general notions on algebraic
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curves and their function fields, we present the theory of Riemann—Roch spaces over the
rings of Ore polynomials with coefficients in the function field of a curve, and we prove
a bound on their dimension using the classical Riemann—Roch theorem. In Section 3, we
construct linearized Algebraic Geometry codes, study their parameters and their asymptotic
behaviour with regard to the Gilbert—Varshamov bound. When considering the case of the
projective line, we retrieve linearized Reed—Solomon codes. Finally, Section 4 serves as a
general conclusion in which we compare our results with those of [14], and discuss several
perspectives.

1. ORE POLYNOMIAL RINGS

Throughout this section, we fix three positive integers r, d and m such that » = md. We
consider a field K, together with a Galois extension Lo/K such that Gal(Lo|K) ~ Z/dZ.
We denote by ®g a generator of the former Galois group. We set L := L{*, equipped with
the coordinate-wise product, and embed K and Lg diagonally into L, that is, sending an
element a to (a,...,a). We define

O:L—-L, (ar,...,am)— (@g(am),al, e ,am,l).

It is easy to check that ® has order r, and that an element x € L is a fixed point of ® if
and only if x lies in K. Besides, an element a = (a1, ..., a,) € L is invertible if and only if
a; # 0 for all i. We write L™ for the subset of invertible elements of L.

We denote by Nz, i : Lo — K the norm map of Ly over K and similarly, for a =
(a1,...,am) € L, we set

Npsk(a) = Npy/x(a1) - Ny (az) - Ny i (am)-
This defines a multiplicative function N, : L — K which sends L™ to K* := K \ {0}.

The goal of the rest of the section is to present some results from the standard theory of
central simple algebras. A classical reference in this context is [19]. Here we present the
results in our setting, that is for the ring of Ore polynomials, which allows us to give more
concise proofs.

1.1. The algebra Dy, ,. We let L[T; ®] denote the ring of Ore polynomials in the variable

T. We recall briefly that elements of L[T'; ®] are usual polynomials with usual addition;

however, the multiplication on L[T; ®| is twisted by the rule T - a = ®(a)T for all a € L.
Given an element z € K, x # 0, we define

Dy, = L[T;®]/(T" — z).

Since T" — x commutes with every element in L[T'; ®], the quotient Dy, , inherits a ring
structure.

Lemma 1.1. (i) Let u € L™ and write v = Ny i (u). We have an isomorphism of rings
Yu i Drg AN DL’,Uflx, T — uT.
(ii)) When x =1, we have an isomorphism of rings

EZDL’l éEndK(L), T+— &.
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Proof. 1t is easily checked that ~, is a well-defined ring homomorphism and that ~,-1 is
its inverse. This proves (i). For (ii), we first notice that € is well-defined, given that ® has
order r. Injectivity boils down to proving that the family {Id7 D, ... ,<I>T_1} is free over
L, which is a direct consequence of Artin’s theorem on linear independence of characters.
Surjectivity follows by comparing dimensions (over K). O

The quotient rings Dy, , are equipped with a so-called reduced norm map Nyq : Dy, — K
that we define now. For this, we first observe that Dy, , is a free L-module of rank r with
basis (1,7, ..., 77 1).

Definition 1.2. Let f € Dy, ,. The reduced norm of f, denoted by Nyq(f), is the determinant
of the L-linear map D, — Dz, g+ gf.

Concretely, the reduced norm of f = ag+a1T +...a,1T" " € Dy, . is the determinant
of the matrix

ag  r®(ar—1) -+ 0" Hay)
a1 D(ap) s 2@ ag)
(2) Mp=1 : :
ar—y  ®(ar_3) - P a,_q)
Qp_1 (I)(ar_g) cee ‘I)Tfl(ao)
One readily checks that
1 T
. 1
B(My) = | ’
z~! 1

from what we deduce that Nyq(f) = det(My) is invariant under ®; hence Nyq(f) € K as
we claimed earlier. Moreover, the reduced norm map behaves well with respect to the
isomorphisms , and € of Lemma 1.1, as showed in the following lemma.

Lemma 1.3. (i) For f € Dr, and w € L*, we have Nyg(f) = Nea(7u(f))-
(ii) For f € D1, we have Nyg(f) = det(e(f)).

Proof. (i) Write v = N,k (u) and let u (vesp p') be the L-linear endomorphism of Dr,,
(resp. Dy ,-1,) taking g to gf (resp. to g-yu(f)). The maps p and p' are conjugated under
the isomorphism ~,. Hence, their determinants agree, showing that Nyq(f) = Nya(vu(f))-

(ii) For f € L (resp. f € Dr1), let uy denote the right multiplication by f on L (resp.
on Dy, 1). We consider the tensor product L ®x L and view it as a L-vector space by letting
L act on the first factor. Since L/K is Galois with cyclic group generated by @, it follows
from Galois theory that we have a L-linear decomposition

Leoxg L — L"
TRY (w-fbl(y))ogiq.
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In the corresponding L-basis of L ® g L, the matrices of the endomorphisms 1 ® u, and
1 ® @ are, respectively,

a 1

P(a 1
(@) and

d71(a) ) 1

Hence, the matrix of the endomorphism 1 ® e(f) is exactly the matrix My defined in
Equation (2). The equality Nyq(f) = det(e(f)) follows. O

1.2. Over Laurent series rings. In this subsection, we fix a field k, and write Ok = k[t]
for the ring of power series in t. We set K = O[1/t] = k(t). We recall that K is the field
of fractions of O, called the field of Laurent series over k. The elements in K are series in
t with possibly a finite number of negative exponents. The smallest exponent appearing
in a Laurent series f is called its t-adic valuation and is denoted by vy(f). This defines a
function v; : K — Z U {oco}. The former extends uniquely to a valuation on Ly that, in a
slight abuse of notation, we continue to denote by v;. Recall that, in full generality, v; does
not take integral values on Ly; more precisely, if e denotes the ramification index of Ly/K,
vy defines a surjective function from Lo to 1Z L {oc}. Note that e divides d and hence 7.
We write Or,, for the valuation ring of Lg, that is the subring of Ly formed by elements
with nonnegative valuation.

We recall that we have defined L = Li'. We set Op = (Op,)™ accordingly. For
Jj €{1,...,m}, we consider the function v;; on L defined by vj(ci,...,cm) = v(c;) for
C1,--yCm € Lg. Similarly, for f =ag+ayT + -+ + a,—1T"1 € Dy, (with a; € L), we set

wjo(f) = min (Uj,t(ai) +i vt(x)) :

0<i<r r

This defines a function w;, : Dy, — 1Z U {oo} (for 1 < j < m). We further define
Wy = Minj<j<m Wj,. Given f,g € D ,, one checks that:

w; o (f + g) > min (w)(f), wj(g)) for 1 < j <m,

W (f + g) = min (wa(f), wa(g)),

wy(fg) = we(f) +wa(g),

wy(f) = oo if and only if f = 0.

We define Ay, as the subset of Dy, , consisting of elements f for which w;,(f) > 0 for all j;
it is a subring of Dy ,.

Lemma 1.4. Let u= (u1,...,uy) € L™ and set y = NL/K(U)_l-x. Let vy : Dy — Dry

be the isomorphism defined in Lemma 1.1.(1). If vy(uy) = -+ = ve(up,), then
wja(f) = wjy(vu(f))
forall j € {1,...,m} and all f € D, .. In particular, v, induces an isomorphism A, —

Apy.
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Proof. For simplicity, write v for the common value of vi(u1),...,vi(uy). The relation

y = Npk(u)"'-2 then implies that v (y) = vy(x) — r-v.
Consider now an element f =ag+ a1 T+ - +a,_1T7 ' € Dy, .. By definition,

r—1
Yulf) = aiu®(u)--- & (u) - T,
1=0
For all i and j, we have vj(a; u ®(u) - - ®~(u)) = vj(a;) + i-v. Hence

wjy(Yu(f)) = min <Uj,t(a7;) v Wf}ﬁ)

0<i<r

— min (Uj,t(ai) +i- vt(x)) = wjx(f),

0<i<r r

which proves the lemma. ]

Proposition 1.5. We assume that m =1, Lo/ K unramified and ged(ve(z),r) = 1. Then,
Dy, . has no nonzero zero divisor.

Proof. Let f and g be nonzero elements in Dy ,. We want to prove that fg cannot
vanish. By our assumption on m, we have v;; = v; and w;, = w,. We claim that the
minimum in the definition of w,(f) is reached only once; in other words, if f is written as
f=ao+aiT+ -+ a, 1T (with a; € L), there exists a unique index ir€{0,...,r—1}
such that

vi(z)

ve(aiy) +iy - — = wg(f).

Indeed, given that v¢(a;) is an integer for all 4 by the assumption on the ramification, such an
index iy has to satisfy the congruence if-v¢(x) = r-w;(f) (mod r). The latter has a unique
solution, given that v (x) is coprime with r. As a conclusion, we can write f = c;T i+ fi
where ¢; € L and f1 € Dy, satisfy wg(c;T) = wy(f) and wy(f1) > we(f).

Similarly, g = chig + g1 where 44 is an integer in the range [0,7), and ¢, € L and
g1 € Dr,, are such that wy(cyT%) = w,(g) and w,(g1) > ws(g). Computing the product
fg, we find

fg=rcp @7 (ce)TH" + hy,
with wy(h1) > we(f) + wy(g). On the other hand, we have

ve(z)
ve(x

Wy (cf o' (cg)Ting) = (cf q)if(cg)) + (if +1g) -

~—

= wv(cyp) +vileq) + (if +ig) -
= wz(f) +wx(g)'

Therefore ¢; %/ (cg)T% T cannot be equal to —hy (because the valuations differ), showing
eventually that fg # 0, as wanted. U

r

We now examine the relationships between the valuations and the reduced norm.
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Proposition 1.6. For all f € Dr,,, we have
vy (Nea(f)) > d- ij,z(f)'
j=1

Proof. Write f = ag + a1T + -+ + a,—1 1"~ with a; € L. Let My be the matrix defined
by Equation (2), and, for 1 < w,v < r, let m,, denote its entry in position (u,v). By
definition,
DU ay_y) if u>w,
My = 1 .
x - P (ay—ytr) otherwise.

We extend the valuation v; on L by

m

v(a) = = wjela)  (a€L).
j=1
We observe that v, agrees on Ly (embedded diagonally in L) with the valuation v; we
have defined previously; hence no risk of confusion is possible. Additionally, v; is invariant
under ®. Note, however, that v; is no longer a group morphism but it only satisfies
ve(ab) > vi(a) + ve(b) for a,b € L.

From the previous properties, we derive

() ve(ay—y) if u>w,
t(Muw) = .
“r Ve (@y—ptr) +vi(x)  otherwise.

On the other hand, it follows from the definition of w; , that vj(a;) > w;(f) — z@ for
all ¢ and j. Summing over j, we get

wla) > =S w(p) -,
j=1
and finally
W) 2 =S () + (v 2D
j=1

for all u,v € {1,...,r}. If o is a permutation of {1,...,r}, we then find

Ut (H mu,a(u)) >d- ij,$(f) + Utix) Z(O’(U) - ’U,)
u=1 j=1

u=1

The last sum vanishes given that ¢ is a permutation. We conclude that
vt (Nea(f)) = ve(det(My)) > d- D wja(f),
j=1

and the proposition is proved. O



10 ELENA BERARDINI AND XAVIER CARUSO

To conclude this subsection, we focus on the case x = 1. We recall from Lemma 1.1
that we have an isomorphism ¢ : Dz, ; — Endg (L), defined by T'— ®. It follows from the
definitions that, when f € Ay 1, the map (f) takes Of, to itself. Hence € induces a ring
homomorphism Ay ; — Endp, (Or). Reducing modulo ¢ on the right hand side, we get a
third ring homomorphism & : Ay 1 — Endy (O /tO}).

Proposition 1.7. For all f € A1, we have
o (Nrd(f)) > dimyg ker £(f).

Proof. Write k = dimy, ker £(f), and let €1, ..., &, be a k-basis of O, /tOr, such that £(e;) =0
fori e {1,...,k}. For 1 <i <r, we choose an element e; € O whose reduction modulo
t is €;. By Nakayama’s lemma [5, Cor. 4.8|, the family (e1,...,e,) is a basis of O, over
Ok. Let M be the matrix of e(f) in this basis. It has all entries in O, while the first &
columns of M have entries divisible by ¢ by construction. Therefore, det(M) is divisible by
t*. Finally, we know from Lemma 1.3 that Nyq(f) = det(M). The proposition follows. [

2. ALGEBRAIC CURVES

Throughout this section, we let k£ be a field.

2.1. Divisors on curves and Riemann—Roch spaces. In this subsection, we recall some
classical definitions and results on algebraic curves, and refer the reader to [20] for a nice
exposition of this theory.

We consider a smooth projective irreducible algebraic curve X of genus gx defined over
k and we set K = k(X) to be its function field. We denote by X* the set of places (or,
equivalently, closed points) of X. Given p € X*, we let K}, be the completion of K at the
place p 20, §4.2]. It is equipped with the p-adic valuation v,. We denote by O, its ring of
integers and by k, = O,/p its residue class field. The degree of p, denoted by degx (p) in
what follows, is by definition the degree of the extension ky/k.

Definition 2.1. The divisor group of X, Div(X), is the free abelian group generated by
the places of X. A divisor on X is therefore a formal sum

D= Z npp  with ny, € Z almost all zero.
peEX*

The degree of D is defined by degx (D) = >_,c x« np degx (p) and its support is supp(E) =
{p € X* | ny # 0}. The divisor E is called effective, written £ > 0, if n, > 0 for any p. Two
divisors are added coefficientwise.

The principal divisor associated to a rational nonzero function x € K is
(2) = > vpl@)p.
peX*

Since rational functions in K have the same number of zeros and poles, counted with
multiplicity, principal divisors have zero degree.
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For a divisor D € Div(X), we define the associated Riemann—-Roch space as
(3) Lx(D)={ze K*|(x)+ D >0} U{0}.
This is a k-vector space of finite dimension.

Theorem 2.2 (Riemann-Roch theorem). For any divisor D € Div(X) we have
dimy Lx (D) = degx (D) + 1 — gx + dimy Lx (Kx — D),

where Kx denotes a canonical divisor on X.

2.2. Riemann—Roch spaces in Ore polynomial rings. In what follows, we will work
extensively with Galois coverings of curves and their corresponding extensions at the level
of function fields. For definitions and classical results on this subject, we refer the reader
to [20, Chapter 3].

We consider two smooth projective irreducible algebraic curves X and Y defined over k,
together with a surjective map 7:Y — X. Let K = k(X) and L = k(Y") denote the fields
of functions of X and Y respectively. The map 7 induces a ring homomorphism K — L,
turning L into an extension of K. Moreover, we assume that L/K is Galois with cyclic
Galois group of order 7.

We denote by Div(X) and Div(Y') the group of divisors on X and Y, respectively, and
we set Divg(Y) := Div(Y) ® Q. To avoid confusion, we reserve the letter p (resp. q) to
denote places of X (resp. of V). We say that a place q divides p or, equivalently, that q is
above p, and we note q|p, when 7 maps q to p. Let p € X* and let K, be the completion of
K at the place p. We have the decomposition

(4) Ky ok L~ ][] L
qlp
For simplicity, we write Ly, = K, ®k L.
We fix a generator ® € Gal(L|K). For any place p € X*, we note that ® permutes
cyclically the Ly’s of Equation (4). Hence, they are all isomorphic and one can number the
places above p as follows

7 () = {41,920, Gy )
in such a way that ® maps Ly, to Lg;,, for all j (with the convention that q,,+1 = q1)-
The morphism @ then induces an automorphism ®, g of Lq, of order d, = r/m,. Setting
Lyo = Lg,, we finally see that the pair (Ly, K;) fits in the framework of Subsection 1.2.

Let x be a fixed function in K*. We consider the algebras Dy, , = L[T;®]/(T" — ) and
Dy, = Ly[T;®]/(T" — ). We recall that we have defined in Subsection 1.2 the valuations

Wiz Dpyo — 22U {00} (1< 5 <my).

Instead of indexing them by the integers j € {1,...,my}, it is more convenient here to index
them by the places above p, i.e. writing wg; » for w; .. For an element f € D, ., written as
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f=fo+r AT+ -+ fr1T771 (with f; € Ly), we then have
wQ,m(f) = min <Uq(f2) +7- UP(LU)) )

€q T

where e; denotes the ramification index at g, which is also the ramification index of the
extension Lg/K,. Since all the Lq’s are isomorphic, we see that eq depends only on the
place p below; for this reason, we will often denote it by e, in what follows.

For a place p € X*, we set

ep - Up(x)
Pp = Ta

and define ay and by, by p, = Z—“]’, where the latter fraction is irreducible and its denominator

b, is positive. Since vp(z) vanishes for almost all places p, we find that p, =0, a, = 0 and
b, = 1 for almost all p € X™.

Definition 2.3 (Riemann-Roch spaces of D ;). Let E =} . nqq € Divg(Y') where,
for all g, the coefficient ngq is in éZ where p = 7(q) is the place below q. We define the
Riemann—Roch space of Dy, , associated with E as

Apa(E) :={f€Dra|eqwga(f)+ng>0foralgey*}

Remark 2.4. We use the letter E (instead of D) to denote the divisor in order to lower
the risk to create confusion with the algebra Dy ,.

Keeping the notation of Definition 2.3, it follows readily from the definitions that
r—1 '
(5) Aro(B) =@ Ly (E) - T,
i=0

where, letting |-| denote the lower integer part function, the divisors FE; are defined by

E; = Z [ng+ i pa(g)] - a4 € Div(Y) (0<i<r),
qey’-

and the Ly (E;)’s are the “classical” Riemann-Roch spaces (on Y'), as defined in Equation (3).

Lemma 2.5. We have

r—1 2
Zdng(Ei) = r-degy (E) — 5
=0

Proof. Fix a place q € Y*, and write p = 7(q) and nqy = g—;. For ¢ € {0,...,r—1}, we have

, Cq +i-ap Cq+iap —Eiqg
an—i_z'pﬂ'(CI)J - \‘ bp J - bp )

where €; ; denotes the remainder in the division of ¢ + i-ap by by. From the fact that a,
and b, are coprime, we derive that for each value € € {0,...,b,—1}, there are exactly é
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indices ¢ for which ¢; 4 = €. Therefore, summing over 7, we get

I
—

T

. r(r—1) r(bp—1)
g+ pa(q)] = 7nq + 5 Pr) T T op
1=0 p
r—1 r(by—1)
=7rng + T-vq(x) — Q’;bp'

Summing over q and weighting by degy-(q), and using that > .y vq(z) degy (q) = 0, we
end up with

r—1

r b — 1
> degy(E)) =1 - degy (B) = 5 ) —%— degy (a).
i=0 gey* - m(a)

Noticing finally that degy-(q) = ———- degx(m(q)), we obtain the announced formula. O

Mp€p )

Corollary 2.6. For a divisor E' =} cy. nqq € Divg(Y) as in Definition 2.3, the space
Ap o (E) is finite dimensional over k and

dimy A o (E) 2r-degy (E) —r-(gy — 1)+

Proof. On the one hand, from Equation (5), we derive
r—1
dimk AL@(E) = Z dimk Ly(EZ)
i=0

On the other hand, it follows from the classical Riemann-Roch theorem (Theorem 2.2)
that dimy Ly (E;) > degy E; — (gy — 1). Combining this input with Lemma 2.5, we get the
corollary. O

Remark 2.7. We point out that equality in the bound of Corollary 2.6 is attained whenever
for any i we have dimy, Ly (F;) = degy E; — (gy — 1), which happens as soon as degy F; >
2gy — 1 for any 1.

3. LINEARIZED ALGEBRAIC GEOMETRY CODES

In this section we introduce codes in the sum-rank metric from algebraic curves, that
we call linearized Algebraic Geometry codes. We propose a general construction using
a morphism 7 : Y — X between two curves (Subsection 3.1). We give bounds for the
dimension and the minimum distance of our codes (Theorem 3.5). In Subsection 3.3, we
consider the case of isotrivial covers. In particular, when the curve X has genus gx = 0, we
retrieve the construction of linearized Reed—Solomon codes, as proposed in [3,11]. Finally,
in Subsection 3.4, we study the asymptotic behaviour of our codes in the isotrivial case and
compare it with the Gilbert—Varshamov bound.
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3.1. The code construction. We consider the setting of Subsection 2.2 and keep all the
notation from here. In particular, we fix a base field k£ and consider a map 7 : ¥ — X
between smooth projective irreducible algebraic curves defined over k. We write K := X (k)
and L = Y (k) for the function fields of X and Y, respectively. We assume that the extension
L/K is Galois with cyclic Galois group of order r, generated by ®. As in Subsection 2.2, we
continue to use the letter p (resp. q) to refer to places of X (resp. of V). We fix in addition:

e a function z € K*,
e adivisor E =}’ cy. nqq € Divg(Y) satisfying the condition of Definition 2.3,
e a positive integer s and s rational places pi,...,ps € X* which do not belong to
7(supp(E)).
For i € {1,...,s}, we write K; := K,, (the completion of K at the place p;) and set
L; = K; ® L. Since the p;’s are rational, we have an isomorphism K; ~ k((t;), where ¢; is
a uniformizing parameter at p;. We let m; be the number of places above p;.

We formulate several hypotheses, the second one depending on a place p of X:

(H1) the algebra Dy, , has no nonzero zero divisor,
(H2-p) for all places q above p, there exists uq € Ly such that ve(uq) = 2 - vp(x) and

L= H NLq/Kp (uq)’
alp

(H2) for allie {1,...,s}, the hypothesis (H2-p;) holds.

We recall that a place p is called inert if there is a unique place q above p, with e; = 1.

Lemma 3.1. The hypothesis (H1) holds as soon as there exists a place p € X* which is
inert in'Y and at which vy(x) is coprime with r.

Proof. Let p be a place satisfying the requirements of the lemma. We embed Dy , into
Dp,» = Ky ®k D . By Proposition 1.5, we know that the latter has no nonzero zero
divisor. The lemma, follows. O

The hypothesis (H2-p) clearly implies that v,(z) has to be divisible by é The next
lemma shows that the converse is true for unramified places over a finite field.

Lemma 3.2. We assume that k is a finite field. Let p be a place of X. If p is unramified in
Y and vy(x) is divisible by r, then (H2-p) holds.

Proof. Let my be the number of places of Y above p. Let q be a place over p. By assumption,
the extension Lq/K, is unramified of degree d, = r/m,. Since, moreover, the residue field
on K, is finite, we conclude that any element of K, of valuation divisible by d, is a norm in
the extension Lq/K,.

Since r divides vy(x), one can write z as a product = [],, 4 where each z4 € K,

alp
has valuation vy(x)/my. For each place q above p, one can then find uq € Lq such that
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Np,/K,(uq) = zq. This equality implies in particular that

_ vp(zq) _ vp(x) Up(x)'

va(tq) dy N mydyp o
On the other hand, by construction, we have Hq|p N, /K, (uq) = Hq‘p xq = x, which finally
ensures that the hypothesis (H2-p) is fulfilled. O

We are now ready to define our code. For i € {1,...,s}, we consider the k-algebras
Vi = O, /t;OL, which are finite dimensional of dimension . We form the k-vector space

H == Endg (V1) x Endg(V2) x - x Endg(V5).

which is the ambient space in which our code will eventually sit. We equip H with the
so-called sum-rank weight wg defined as in the Introduction by

s

Wark (P15 -, 0s) = 3 _ 1k(4p;).

i=1
We now assume the hypothesis (H2). For each ¢, we choose a family of elements u; 4 indexed

by the places q above p; satisfying the requirements of (H2-p;). We form the element
u; = (Uiq)qlp; € Li- By Lemma 1.1, we have an isomorphism

'Yui €
E; - DLz‘J»’ — DLiJ — EndKZ(Ll),

and Lemma 1.4 indicates moreover that v, induces an isomorphism Az, , — Ar, 1.

Take f € Dy, ,. Unrolling the definitions, we realize that ¢;(f) = f(u;®); hence the
morphism €; can be thought of as the evaluation map at u;®. It follows moreover from the
definitions (see Subsection 1.2) that ¢;(f) stabilizes the lattice O, whenever f € Ay, ,. For
those f, we let &;(f) € Endg(V;) be the reduction of £;(f) modulo t. Noticing finally that
the assumption that p; ¢ m(supp(E)) ensures that the Riemann-Roch space A, ,(E) (see
Definition 2.3) is included in Az, ,, we define the “multi-evaluation” map

a: Apg(E) — H
(6) fo= (5i(f))1gi§s'

Definition 3.3. The code C(x; E;p1,...,ps) is defined as the image of «.

Remark 3.4. The code C(x; E;p1,...,ps) depends on the choice of the u;’s for i = 1,...,s.
However, this dependence is quite weak, in the sense that changing the u;’s will eventually
result in a code which is conjugated to the initial one by an element of []7_; GL(V;). That
is the reason why we prefer omitting to mention the u;’s in the notation.

3.2. Code’s parameters. For a k-linear code C sitting inside H, we define:

e its length n as the k-dimension of the ambient space H, i.e. n == sr2,

e its dimension kK as its k-dimension, i.e. k := dimy, C,
e its minimum distance d as the minimal sum-rank weight of a nonzero codeword in C.
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Those parameters are related by the Singleton inequality which reads rd + k < n + r in our
setting [1, Thm. 3.1]. The next theorem provides explicit lower bounds for the dimension
and the minimum distance of our codes.

Theorem 3.5. We keep the previous notations. We assume (H1) and (H2), and that
degy (E) < sr. Then, the dimension r and the minimum distance d of C(x; E;p1,...,ps)
satisfy

k> r-degy(E) —r(9y — 1) — — Z
pEX*

d > sr—degy (E).

Proof. Let f € Ar ,(E) be a nonzero function and set w to be the sum-rank weight of
a(f), where « is the evaluation map defined in Equation (6). By definition, we have
i1tk &(f) = w, where we recall that the &’s are the components of a. We set d; =
dimy ker &;(f) for i € {1,...,s}. By standard linear algebra, we get

(7) Zd —ZdlmkV tk&(f) =sr—w

Recall that E' = quy* ngq. We introduce the divisor

Zdw > |2 | e piv),

peX™ | alp

where e, and my were defined in Subsection 2.2. It follows from Lemma 1.4 and Proposi-
tions 1.6 and 1.7 that Nyq(f) € Lx(E’). Besides, we have

degy (E Zd + Z 7d6gx m(q))

qeYy’*
= w — sr +degy (£),

the last equality coming from Equation (7) and the relation eymy, degy (q) = - degx (7(q)).
As a consequence, if w < sr — degy (F), we have Nyq(f) = 0. Since Nyq(f) is, by definition,
the determinant of the map py : Dp . — Dpz, g = gf, its vanishing implies that py is
not injective. In other words, f is a zero divisor in Dy, ,. Thanks to hypothesis (H1), we
conclude that f has to vanish. In conclusion, we showed that w > sr — degy (E), hence the
bound on d.

As a byproduct of what precedes, we obtain the injectivity of a. Therefore k =
dimy Ar »(F), and the announced lower bound on x now follows from Corollary 2.6. u

Putting together the bounds from the previous theorem we can highlight the defect of
our codes with respect to the Singleton bound.
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Corollary 3.6. Under the assumptions of Theorem 3.5, and still writing n, £ and d for the
length, the dimension and the minimum distance of C(x; E;p1,...,ps), respectively, we have

rd+Kk>n+r— Tgy+*z — deg(p)

pEX* bpep

Remark 3.7. More generally, one can consider k-subspaces W; C V; and replace a by the
restricted multi-evaluation map

ALyx(E) — Homk(Wl,Vl) X oo X Homk(Ws,Vg)
fo= (Ei(f)\W)KKS

Doing so, we obtain more general codes, for which the bounds of Theorem 3.5 stay valid.

3.3. The case of isotrivial covers. Let ¢ be a finite cyclic extension of k of order r. Given
X as before, we consider the curve ¥ = Spec £ Xgpec r X. We have a map 7 : YV — X
coming from the canonical map from Spec £ to Spec k. The theory developed earlier applies
to this setting. In this particular case, we notice that:

(1) the cover 7 : Y — X is unramified everywhere, i.e. e, = 1 for all places p € X*,

(2) the Riemann-Hurwitz formula |20, Thm. 3.4.13] asserts that gy — 1 =17 (gx — 1),

(3) all rational places of X are inert in Y and, more generally, all places whose residue field
is linearly disjoint from £ are inert; however, the reader should be careful that if p is an
inert place of X and q is the unique place above p, we have degy (q) = 7 degy (p),

(4) the residue field of any place of Y is a f-algebra; in particular the codes C(x; E;p1, ..., Ps)
are always f-linear, i.e. they are f-subvector spaces of H.

In this setting, it is relevant to work with the ¢-length and the ¢-dimension. Precisely, if C
is a f-linear code sitting inside H, we define:

e its (-length ny as the dimension over ¢ of the ambient space H, i.e. ng := sr,

e its /-dimension ky by k= dim,C.
The Singleton bound now reads d + k¢ < ny+ 1 where d still denotes the minimum distance.

For the code C(x; E;p1,...,ps) with parameters satisfying the hypotheses (H1) and (H2),
Theorem 3.5 provides the following lower bounds

bo—1
(8) ke > degy (B) = r-(9x = 1) — 5 oy P degx (),
peEX+ P

9) d > sr — degy (E),
from what we derive

by—1
d+re>ng+1—r(gx—1)+1+ Z”—degx)

PEX*

Remark 3.8. We point out that, particularly in the isotrivial case, it is not difficult to
construct a linearized Algebraic Geometry code. First, one chooses a curve X defined over
a finite field &, together with a function x in its function field. By choosing z carefully, it is
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possible to ensure hypothesis (H1) and (H2) with the help of the lemmas from Subsection
3.1. Precisely, one can proceed as follows. Let h be the smallest integer not less than
2¢gx, which is coprime with r; in particular this means that 2gx < h < 2gx +r —1. We
take a function x which has only one pole, say at P, of order h exactly. This is always
possible because the classical Riemann—Roch theorem implies the existence of a function in
Lx(h-P)\Lx((h—1)-P). It then follows from Lemma 3.1 that Hypothesis (H1) is satisfied
given that every place is unramified and vp(x) is coprime with r. Besides, it follows from
Lemma 3.2 that Hypothesis (H2) will be satisfied as soon as we choose rational places
{p1,...,ps} at which the function x does not vanish. Since x has at most h distinct zeros,
it is always possible to select s = #X (k) — h such places. Finally, one can take the divisor
E = n-P (for some positive integer n) and form the code C(z; E;p1,...,ps), to which the
estimations (8) and (9) apply.

Linearized Reed—Solomon codes. We now offer an explicit construction of linearized Algebraic
Geometry codes for X = ]P)/,lc and Y = IP’%, both viewed as curves over Spec k. We have
gx = 0. We call t the coordinate on X and Y. The function fields of X and Y are then
K = k(t) and L = £(t), respectively. A place p € X* (resp. q € Y*) corresponds to either
oo or to an irreducible monic polynomial in k[t] (resp. in £[t]). A place p € X* is rational
when the corresponding polynomial has degree 1, i.e. rational places of X are in one-to-one
correspondence with the elements in k.

We choose the function x =t € K*. For this choice, we have b, = 1 for all p € X™*,
except for the places corresponding to 0 and oo where b, = r. Moreover, the algebra

Dpao =L@)[T;@]/(T" — 1),

where ® is a given generator of Gal(¢|k), is canonically isomorphic to the fraction field of
([T, ®].

We consider the divisor £ = "-00 € Divg(Y) for a positive integer m. Coming back to
the definitions, we find that the Riemann-Roch space Ay ,(E) is equal to the set £[T; ®]<p,
of Ore polynomials in T" of degree at most m.

We fix rational places p1,...,ps corresponding to elements cy,...,cs € kLI {oo}. We note
that they satisfy the hypothesis (H2) if and only if ¢; € Ny, (£*) for all i; we assume this
from now on. The multi-evaluation morphism « is given by

a: UT;P<y, — H
f = (f(uiq)))lgigy

where u; € £* is a preimage of ¢; by the norm map. We then recover exactly the construction
of linearized Reed—Solomon codes [3,11]. The lower bounds (8) and (9) specialize to ky > m-+1
and d > sr —m = ny —m. The Singleton bound is then reached in this case, reproving that
linearized Reed—Solomon codes are MSRD codes.

3.4. Asymptotic behaviour of linearized AG codes and the Gilbert—Varshamov
bound. In this subsection we show that our geometric codes in the sum-rank metric are
asymptotically good. In particular, as in the Hamming case, we prove the existence of
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sequences of linearized AG codes beating the asymptotic Gilbert—Varshamov (GV) bound
in the sum-rank metric.

In what follows we will work with codes from isotrivial covers, as developed in Subsection
3.3, and therefore adopt the notation from there. We will also let ¢, the power of a prime p,
denote the cardinality of k. Consequently, £ is a finite field of cardinality ¢".

We start by giving the Gilbert—Varshamov bound as presented in [16, Theorem 7]. We
adapt the statement to our context, i.e. to codes sitting in H, and to our notation. We
recall that for a code of dimension &, length rs and minimum distance d, the rate is defined

as R := 7, and the relative minimum distance as ¢ := T%.

Theorem 3.9 (Asymptotic Gilbert—Varshamov bound). Let r be the extension degree of
C/k. For any positive integer s and any real numbers R,d € (0,1) with § > % and

1 0 og, (1+252) +log, (dsr — 1) log,(7,)

2 2
R< & -2+ )+14+— — —
- ( +sr> + +sr+32r2 7"2 rz

S

where v, = [[5o,(1 — ¢~ %)Y, there exists a sum-rank metric codes in Endg(€)® of rate at

least R and relative minimum distance at least 6.

Note that random linear codes in the sum-rank metric almost attain the GV bound
with high probability [16, Thm. 8]. When we let the number of blocks s go to infinity, the
previous bound is asymptotically

5 1 log, (1 +dr) log,(v,)
1 < _ 2 Y . o q _ g\ 'q
(10) R<(6—-1) . log, (1 + 67") 2 3 +o(1),
where we used that
587" 1 5r
1
Shm ; E logq == ) _/0 log, (1 + 5) dx

= or log, (1 + 517“> + log, (1 + d7).

Our aim now is to show that using our linearized AG codes we can beat the previous
GV bound when the length, in particular s, goes to infinity. To produce asymptotically
good infinite sequences of our codes, we need to consider sequences of algebraic curves. Let
{X;}ien be such a sequence, {g;}ien be the sequence of their genera and {#X;(k)};en be
the sequence of their number of rational points.

Following the construction of Remark 3.8, each curve X; yields a linearized Algebraic
Geometry code C; of length rs;, dimension x; and minimum distance d; satisfying the
following inequalities:

(11) S; > #Xi(k)—zgi—’l”—f—l,

(12) d; + Kk; > 1rs; — — 1 + Z degX p)
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We note moreover that we have complete freedom on the choice of k;, which can be any
integer between 0 and rs;. By definition, b, is the denominator of vy (z;)/r after reduction,
therefore b, < r. Using furthermore the fact that the function x; that served to the
construction of C; has at most 2g; + r zeros (counted with multiplicity), we obtain

r by—1 r—1)2g;+r—1
5> ey ) < PRI,
2 by 2

peX?
and Equation (12) rewrites as

r?—dr+1
—

By Equation (11), we know that we can take s; = #X;(k) — 2¢g; — r + 1. Sending the
length of our sequence of codes to infinity is equivalent to suppose that {#X;(k) — 2¢; }ien
goes to infinity. By the Hasse-Weil bound for a curve X of genus g, we have #X (k) —2¢g <
q+ 14 2g(\/q —1). Therefore, for fixed ¢, if #X;(k) — 2g; goes to infinity, so must g;.

Let A(q) be the Thara’s constant A(q), defined by

(13) di + ki >rs; — (2r—1)g; —

A(q) = limsup ¥ genus(X) -~ #X(k)
g—r+oo g

By the work of Ihara [9] and Tsfasman, Vladut and Zink [24], we know that A(q) < /g — 1.
Furthermore, when ¢ is a square, Drinfeld and Vladut [27] proved that A(q) > /g —1. Even
better, still assuming that ¢ is a square, there exist sequences of algebraic curves whose
number of rational points goes to infinity, and which attain the Drinfeld and V1ddut’s bound.
Examples of such sequences include modular curves (used by Tsfasman, Vladut and Zink to
beat for the first time the GV bound in the Hamming metric [24]) and the more explicit
towers of curves introduced by Garcia and Stichtenoth in [7].

Theorem 3.10. We assume that q is a square. For all real numbers R,6 € (0,1) such that

2 1

R<1—5—\/§_1+T(\/§_1)

there exists a £-linear linearized Algebraic Geometry code with rate at least R and relative
minimum distance at least §.

Proof. We consider a sequence { X, };en attaining Drinfeld and V1adut’s bound, i.e. such
that the genus of X;, denoted by g;, goes to infinity and

#Xi(k) _ Vi 1.

lim sup :
For each index i, we set s; = #X;(k) —2g; — r + 1 and k; = [rs;R|. By the discussion

i—>+00 gi
preceding the statement of the theorem, there exists a code C; of length rs;, dimension k;
and minimum distance d; satisfying the inequality (13). We write R; = "+ and §; = %;

they are respectively the rate and the relative minimum distance of C;. It follows from our
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oy 0 da — GV bound

1+ 1+ 1+ — Theorem 3.10

0 R 0 1 R 0 R
g=7,r=1 qg=112r=2 g=11%2, 7 =

FI1GURE 1. Comparison between GV bound and Theorem 3.10

choice of k; that R; > R for all ¢ and lim;_, ;- R; = R. Moreover, dividing Equation (13)
by rs; and passing to the limit, we get

2 1
R =limsup R; > 1 — liminfé; — + .
itoo im0 g—1  r(yg-1)
Consequently, for i large enough, the linearized Algebraic Geometry code C; does satisfy
the requirements of the theorem. O

When ¢ is a square and is large enough, the previous bound exceeds the Gilbert—Varshamov
one for any r, proving that some families of codes in the sum-rank metric from algebraic
curves are better than random codes. In Figure 1, we picture the comparison between the
GV bound and the bound from Theorem 3.10 in several cases. We observe that, for ¢ = 112,
there is a range where our bound improves on the Gilbert—Varshamov bound, for any r.
For ¢ = 72, this only happens when r» = 1. Nevertheless, our bounds could probably be
improved by optimizing the choice of the functions x; and the divisors E;.

4. CONCLUSION

In this article, we introduced a new family of codes for the sum-rank metric and provided
lower bounds on their dimension and minimum distance, showing that our codes exhibit quite
good parameters. Our construction is based on algebraic geometry and can be considered
as an extension of that of AG codes to a noncommutative framework.

4.1. Comparison with Morandi and Sethuraman’s codes. In [14], Morandi and
Sethuraman proposed a construction quite similar to ours, whose initial input is a maximal
order in a central simple algebra over the function field of a curve. Our approach meets
Morandi and Sethuraman’s one because the rings Dy, , we considered in this paper turns
out to be central simple algebras over K = k(X) (where we recall that X is a curve
defined over k). Additionally, the main ingredient in Morandi and Sethuraman’s article is a
noncommutative version of the Riemann-Roch’s theorem [14, Thm. 4] (which is initially due
to Van Geel [25,26]), which looks similar to our Corollary 2.6. Nevertheless, our contribution
differs from [14] in several important points.
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First, we are working with the sum-rank distance while Morandi and Sethuraman work
with the classical Hamming metric. Beyond this obvious separation, the setup of [14]
forces the authors to choose “evaluation points” which are totally ramified places of the
central simple algebra. In comparison, we have more freedom in our framework, being only
constrained by the hypothesis (H2-p), which is of different nature but usually much weaker.

Secondly, Morandi and Sethuraman’s construction uses maximal orders in the underlying
division algebra whereas the explicit rings Az , we introduced are usually non-mazimal
orders. Here, the divergence is more subtle but, in some sense, it is the same as the difference
between smooth and singular curves in the classical Riemann—Roch’s theorem. Indeed, in
the commutative setting, the ring of functions on smooth curves which are regular outside
one fixed place is a Dedekind domain which is a maximal order in the corresponding field
of functions. On the contrary, when the curve is singular, the order defined by the ring of
regular functions is no longer maximal (and desingularizing the curve consists in replacing
this order by the maximal one). Following this analogy, our Corollary 2.6 can be thought as
a (weak) instance of an hypothetic extension of the Riemann—Roch’s theorem for central
simple algebras to the singular case.

Lastly, on the practical side, our construction looks better suited for concrete imple-
mentation. Indeed, the main ingredients we are using are Ore polynomials and Riemann-—
Roch spaces. Both of them are available in standard softwares of Symbolic Computation
(e.g. MAGMA [21]|, SAGEMATH [23]), making rather concrete the perspective of implementing
our codes and potentially use them. Instead, Morandi and Sethuraman use abstract central
simple algebras (encoded by their Hasse invariants) and the general theory of maximal
orders inside them. Although these objects are very important in algebraic geometry, as
far as we know, a full support for manipulating them on computers is not yet available.
For sake of completeness, we mention however that an implementation in the framework of

number fields is available in PARI/GP [22], after the work of Aurel Page.

4.2. Perspectives. To start, we plan to understand the interactions between our construc-
tion and that of [14], and possibly to set up a general framework which encompasses both
approaches. This is a long-term project since, as discussed above, it will require at least to
extend Van Geel’s noncommutative version of Riemann—Roch’s theorem to the “singular
case”. It will also need to allow for more general divisors. Indeed, the shape of divisors
> q qq with which we have worked in the present article looks more general than the divisors
considered in |14, 25, 26|, which were restricted to the form Zp nypp (the sum is taken over p,
not over q).

Apart from this, we plan to study the decoding problem, at least in the case of unique
decoding. Indeed, efficient decoding algorithms are available for both AG codes and linearized
Reed—Solomon codes. It is then a natural question to try to extend those algorithms to the
setting of the present paper.

Finally, it would be desirable to have a duality theorem for the codes C(z; E;p1,...,ps),
in the spirit of the main result of [3]. Again, this is not immediate as it will require to
develop the theory of differential forms and residues in the framework of central simple
algebras. We nevertheless plan to go back on this question in a forthcoming article.
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