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Johann Bouali
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Abstract

We introduce the notion of De Rham logarithmic classes. We show that the De Rham class
of an algebraic cycle of a smooth algebraic variety over a field of characteristic zero is logarithmic
and conversely that a logarithmic class of bidegree (d,d) is the De Rham class of an algebraic cycle
(of codimension d). Moreover for smooth projective varieties, we show that there are non trivial
logarithmic classes of bidegree (p, q) for p # g. For smooth algebraic varieties over a p-adic field, we
also give an analytic version of this result. We deduce, from the analytic version, the Tate conjecture
for smooth projective varieties over fields of finite type over Q and over p-adic fields for Q, coefficients,
under good reduction hypothesis.

1 Introduction

1.1 De Rham logarithmic classes

In this work, we introduce in a first part for X a noetherian scheme, the notion of logarithmic De Rham
cohomology classes which are for each j € Z, the elements of the subgroup H'OLx (HZ,(X, Q;(,log)) C
HZ, (X, Q%) =: H%,R(X) of the De Rham cohomology abelian group, where OLx : Q% ,,, < Q% is the
subcomplex of abelian sheaves on X consisting of logarithmic forms is introduced in definition 2. Our
main result is that if X is a smooth algebraic variety over a field of characteristic zero, a de Rham
cohomology class which is logarithmic of type (d,d) is the class of an algebraic cycle of codimension
d. Let X be a smooth algebraic variety over a field k of characteristic zero. To an algebraic cycle
Z € 2%(X), we associate its De Rham cohomology class [Z] € HZL(X), which is by definition, as for any
Weil cohomology theory, the image of the fundamental class [Z] € H 12)‘131 (X)) by the canonical morphism
HE 7(X) = H*(X). In section 3, we show (c.f. theorem 2(i)) that

o for Z € ZY4X), [Z] € H¥,(X) is logarithmic of bidegree (d, d), that is
[2) = H*'OLx([Z]1) € HER(X), [Z]L € HE (X, Q% 1og)

where HZ, (X, le(,log) C H24(X, Q% 1og) is the canonical subspace, as all the differentials of Q% .,
vanishes since by definition a logarithmic form is closed. This fact is a consequence of the fact
that the motivic isomorphisms applied to De Rham cohomology preserve logarithmic classes (c.f.
proposition 1). The key point is that logarithmic De Rham forms on algebraic varieties over k are
closed, (trivially) A}C invariant and compatible with the transfers maps induced by finite morphisms
of algebraic varieties and in particular finite correspondences. Since Q{og C QO are (trivially) A}
invariant presheaves with transfers on the category of smooth algebraic varieties over k, by a theorem
of Voevodsky the cohomology presheaves of A}, invariant presheaves with transfers are A} invariant.

e Conversely, we show (c.f. theorem 2(ii)), that a logarithmic class w € HZk%(X) of bidegree (d,d) is
the De Rham class of an algebraic cycle (of codimension d). In the case X projective, we also get
a vanishing result (c.f. theorem 2(iii)’) : H*OLx(HL *(X, Qg;rl’f)g)) =0 for k> 0.
The proof works as follows : A logarithmic class of bidegree (p,)q) is locally acyclic for the Zariski



topology of X since it is the etale cohomology of a single sheaf. This allows us to proceed by a
finite induction using the crucial fact that the purity isomorphism for De Rham cohomology preserve
logarithmic classes (c.f. proposition 4). The proof of proposition 4 follows from the fact that the
purity isomorphism is motivic (c.f. [5], see proposition 1), that the Euler class of a vector bundle
of rank d over an algebraic variety is logarithmic of bidegree (d, d) (c.f. proposition 3) and that the
motivic isomorphisms applied to De Rham cohomology preserve logarithmic classes (c.f. proposition
2). At the final step, we use, for simplicity, the fact that for a scheme Y, Hg, (Y, Q5,,) = H' (Y, 05)
is the Picard group of Y.

For X an algebraic variety over a p-adic field, we also introduce the notion of logarithmic analytic De
Rham cohomology classes. In proposition 6 we give an analytic analogue of theorem 2, that is if X is a
smooth projective variety over a p-adic field with good reduction,

e a logarithmic analytic De Rham cohomology class of type (d,d) is the class of a codimension d
algebraic cycle,

e there are no non trivial logarithmic analytic De Rham cohomology classes of type (p, q) for p # ¢,

Le. H¥OL ¢ (HJ " (X, Q?ztfuog,o)) =0 for k # 0.

The proof of proposition 6 is motivic and similar to the proof of theorem 2 : a logarithmic analytic class
of bidegree (p, q) is acyclic for the pro-etale topology on each open subset U C X such that there exists
an etale map U — T C A% since it is the pro etale cohomology of a single sheaf, this allows us to
proceed by a finite induction using the crucial fact that the purity isomorphism for De Rham cohomology
preserve logarithmic analytic classes since the purity isomorphism is motivic (c.f. [5], see proposition 1).
The GAGA comparison theorem for de Rham cohomology of X induce, by proposition 6 and theorem 2,
a GAGA comparison result for logarithmic De Rham classes.

1.2 Tate conjecture

Let X be a smooth projective variety over a field k of finite type over Q. Let p be a prime number
unramified over k such that X has good reduction at p, o, : £k — C, a fixed embedding and % the
algebraic closure of k inside C,. We show the Tate conjecture for X with Q, coefficient (c.f. theorem

3). The proof works as follows. Denote by /Acgp C C, the p adic completion of k£ with respect to o,. We

then consider a smooth proper scheme X ]S) over O;  which is an integral model of X, i.e. such that
op Ip

XOXOE =X; . Letace H2(X},7,)(d)¢ be a Tate class of X In proposition 8, we show, using a
op Tp

result of [6] together with results of [8] on the pro-etale topology, that « gives by the p-adic crystalline
comparison isomorphism

H*'Ro(X) : H(Xc,, Zp) ®z, B = Hpp(X) @k B

cris,k:(,p cris,k(,p ’

an analytic logarithmic de Rham class
. pr2d 2d 2d o>d
w(a) := H**Ra(X)(a) € H OLXHPet(Xfcap’QX]ECP) ,log,o)'
Proposition 6 then implies that w(a) = [Z] € HE%(X; ), is the de Rham cohomology class of an
op
algebraic cycle Z € Z4(X i ) of codimension d. By the p-adic crystalline comparison isomorphism, we
get a = [Z] € HY(Xc,,Qp). Since a is G invariant, we get

a=[Z]=[2 € H}(Xc,,Qp), 2’ := (1/cardgZ) Y gZ € Z*(X).
geG-Z

Note that for a p-adic field K C C, and X a smooth projective variety over K, dim Hgt (XCP,ZZ)G >
dim H?, (XCP,ZP)G for [ # p in general. Hence it is not clear whether Tate conjecture holds for smooth



projective varieties over finite fields ko, since the base change for etale cohomology for f : X — Ok,
Ok = W (ko) only holds for Z; coefficients, I # p.

Let X a smooth projective variety over C. Then X is defined over a subfield k& C C of finite type
over Q, that is X = X, ®; C. Take an isomorphism C ~ C,, with p € N a prime number such that Xc,
has good reduction at p. As Tate conjecture holds for Xj, with Q, coeflicients, the standards conjectures
holds for X and any absolute Hodge class of X is the class of an algebraic cycle (corollary 2).

I am grateful for professor F.Mokrane for help and support during this work.

2 Preliminaries and Notations

2.1 Notations
e Denote by Top the category of topological spaces and RTop the category of ringed spaces.
e Denote by Cat the category of small categories and RCat the category of ringed topos.

e For § € Cat and X € S, we denote S/ X € Cat the category whose objects are Y/ X := (Y, f) with
Y eSand f:Y — X is a morphism in S, and whose morphisms Hom((Y”’, f'), (Y, f)) consists of
g:Y’' =Y in S such that fog= f'.

e For (S,0s) € RCat a ringed topos, we denote by

— PSh(S) the category of presheaves of Og modules on S and PShp, (S) the category of presheaves
of Og modules on S, whose objects are PSho, (S)? := {(M,m), M € PSh(S),m : M ® Os — M},
together with the forgetful functor o : PSh(S) — PSho,(S),

— C(S) = C(PSh(S)) and Cp4(S) = C(PShp.(S)) the big abelian category of complexes of
presheaves of Og modules on S,

— Cogs@2)fi(S) = C(2)7i(PShog(S)) C C(PShog(S), F, W), the big abelian category of (bi)filtered
complexes of presheaves of Og modules on & such that the filtration is biregular and PShog (2) ra (S) =
(PSho,(S), F,W).

e Let (S,05) € RCat a ringed topos with topology 7. For F' € Cog(S), we denote by k : FF — E,(F)

the canonical flasque resolution in Cog(S) (see [3]). In particular for X € S, H*(X, E,(F)) —
H* (X, F).

e For f: 8 — S a morphism with §,S8" € RCat, endowed with topology 7 and 7’ respectively, we
denote for F' € Cp4(S) and each j € Z,

— f*:=HIT(S, koad(f*, fx)(F)) : H/(S,F) — HI(S', f*F),
= f* = HIT(S, koad(f*™, f)(F)) : W/ (S, F) — H/ (S, f*"°F),
the canonical maps.
e For X € Cat a (pre)site and p a prime number, we consider the full subcategory
PShz, (X) C PSh(N x X), F = (Fy)pen, p"F, =0, Fopq/p" = F,
Cz,(X) := C(PShz, (X)) C C(N x X) and

Zp = Zp,X = ((Z/p*Z)X) S PSth (X)

the diagram of constant presheaves on X.



e For X € Top and Z C X a closed subset, denoting j : X\Z < X the open complementary, we will
consider
F%ZX = COHe(ad(j!,j*)(Zx) Zj!j*ZX — Zx) € C(X)
and denote for short vy := Y (Zx) : Zx — I'}Zx the canonical map in C(X).
e Denote by Sch C RTop the subcategory of schemes (the morphisms are the morphisms of locally
ringed spaces). We denote by PSch C Sch the full subcategory of proper schemes. For a field k,
we counsider Sch /k := Sch /Speck the category of schemes over Speck, that is whose object are

X = (X,ax) with X € Sch and ax : X — Speck a morphism and whose objects are morphism of
schemes f : X’ — X such that f oax, = ax. We then denote by

— Var(k) = Sch’* /k  Sch /k the full subcategory consisting of algebraic varieties over k, i.e.
schemes of finite type over k,

— PVar(k) € QPVar(k) C Var(k) the full subcategories consisting of quasi-projective varieties
and projective varieties respectively,

— PSmVar(k) C SmVar(k) C Var(k), PSmVar(k) := PVar(k) N SmVar(k), the full subcategories
consisting of smooth varieties and smooth projective varieties respectively.

For a morphism of commutative rings o : A — B, we have the extention of scalar functor
®aB:Sch/A—Sch/B, X = Xp:=Xp, =X®@aB, (f: X' > X)= (f:=f®I: X5 — Xp).
which is left ajoint to the restriction of scalar

Resa/p:Sch /B — Sch /A, X = (X,ax) = X = (X,00ax), (f: X' = X)— (f: X' = X)

For a morphism of fields ¢ : k — K, the extention of scalar functor restricts to a functor

QiK : Var(k) —» Var(K), X = Xg = Xgo =X K, (f: X' =5 X) = (fk =] : X;x = Xk).
and for X € Var(k) we have 7, (X) : X — X the projection in Sch /.

e For X € Sch and p a prime number, we denote by c : X® — X the morphism in RTop which is
the completion along the ideal generated by p.

e Denote Sch? ¢ RTop? the subcategory whose objects are couples (X, Z) with X = (X,0x) € Sch
and Z C X a closed subset and whose set of morphisms Hom((X', Z"), (X, Z)) consists of f : X' —
X of locally ringed spaces such that f~1(2) c Z'.

e Let k a field of characteristic zero. Denote SmVar?(k) C Var?(k) C Sch? /k the full subcategories
whose objects are (X, Z) with X € Var(k), resp. X € SmVar(k), and Z C X is a closed subset,
and whose morphisms Hom((X’, Z’) — (X, Z)) consists of f : X’ — X of schemes over k such that
Y(2)cZz.

e Denote by AnSp(C) C RTop the full subcategory of analytic spaces over C, and by AnSm(C) C
AnSp(C) the full subcategory of smooth analytic spaces (i.e. complex analytic manifold). Denote by
CW C Top the full subcategory of CW complexes. Denote by Diff (R) C RTop the full subcategory
of differentiable (real) manifold.

2.2 The pro-etale site of schemes

For X € Sch, we denote X?¢* C Sch /X the etale site and X?** C Sch /X the pro etale site (see [2]) which
is the full subcategory of Sch /X whose object consists of weakly etale maps U — X (that is flat maps



U — X such that Ay : U — U xx U is also flat) and whose topology is generated by fpqc covers. We
then have the canonical morphism of site

vx : XP = X (U = X) = (U — X)
For F € C(X*),
ad(vy, Rvx.)(F) : F — Rux.vx F

is an isomorphism in D(X¢), in particular, for each n € Z

vi H,(X,F) = H?

pet

(X, vx F)
are isomorphisms, For X € Sch, we denote
© Zp, =lim Vi (Z)p"Z)xe: € PSh(XP') the constant presheaf on X,
o I, x:=(p(x)): Ly — VX (Z/pZ)xe: the projection map in PSh(N x XPet).

An affine scheme U € Sch is said to be w-contractible if any faithfully flat weakly etale map V — U,
V' € Sch, admits a section. We will use the facts that (see [2]):

e Any affine scheme X € Sch admits a faithfully flat pro-etale map r : U — X with U w-contractile.

e Any scheme X € Sch admits a pro-etale affine cover (r; : X; — X);c; with for each i € I, X; a
w-contractile affine scheme and r; : X; — X a weakly etale map. For X € Var(k) with & a field,
we may assume [ finite since the topological space X is then quasi-compact.

e If U € Sch is a w-contractible affine scheme, then for any sheaf F € Shv(UP*), H} (U, F') = 0 for
i # 0 since I'(U, —) is an exact functor.

2.3 Integral models and p-adic completion of algebraic varieties over a p-adic
field

For K a field which is complete with respect to a p-adic norm, we consider O C K the subring of K
consisting of integral elements, that is € K such that |z| < 1.

e For X € PVar(K), we will consider X© € PSch /Ok a (non canonical) integral model of X, i.e.
satisfying X© ®o, K = X

e For X € Var(K), we will consider X© € Sch/Ok a (non canonical) integral model of X, i.e.
X% = XO\Z° for X € PVar(K) a compactification of X, Z := X\ X, where X© € PSch /O is
an integral model of X and Z© := V(I$) C X© is an integral model of Z.

For X € Var(K), we will consider X© € Sch /Ok a (non canonical) integral model of X, we then have
the commutative diagram of sites

Xret —Ls XOret (1 U = X9) = (t®0, K :U®o, K = X ®0, K =X)

Xet r 5 X(’),et

Let K a field which is complete with respect to a p-adic norm and X € PVar(K) projective. For
X© € PSch /Ok an integral model of X, i.e. satisfying X© ®0, K = X, we consider the morphism in
RTop

ci=(cxl): XP.=X0P g, K- X°®, K=X.



where we recall (see section 2.1) that ¢ : XO:() 5 XO is the morphism in RTop which is the completion
along the ideal generated by p. Then, by GAGA (c.f. EGA 3), for I € Coho, (X) a coherent sheaf of O
module, for all k € Z, the canonical map c* : H*(X©, F) = H*(X©®) ¢*m°dF) is an isomorphisms. In
particular, l l
* > ~ 3 o>
¢t HF (X, Q") S HANX P, 0F))
for all k,l € Z, where Q% := Q;(/K and Q;Z(m = Q;Z@)/K are the De Rham complexes.

2.4 De Rham cohomology

We recall some properties of the De Rham cohomology.
e We have
Q°® € C(Sch), X — Q*(X) :=T(X,Q%),
(f: X' = X)=Q%f) = f: T(X,0%) —» (X', Q%)

Let X € Sch. Considering its De Rham complex Q% := DR(X)(Ox), we have for j € Z its De
Rham cohomology H},(X) := H7 (X, Q%).

e We will consider

Q9), € C(Var(k)), X = Q7 (X) :=T(X,Q%),
(f: X' = X))~ Qu(f) = T(X, Q%) — X, 0%)

and its restriction to SmVar(k) C Var(k). Let X € Var(k). Considering its De Rham com-
plex Q% = Q% := DR(X/k)(Ox), we have for j € Z its De Rham cohomology H},p(X) =
HY(X,Q%). The differentials of Q% := Q%) are by definition k-linear, thus H{)R(X) = H (X, Q%)
has a structure of a k vector space.

If X € SmVar(k), then H},(X) = H/,(X,0Q%) since 29, € C(SmVar(k)) is A'! local and admits
transfers where (see [3]). Note that for X € Var(k) singular, we also consider its realized De Rham
cohomology _

H)p(X) =1 (X,,0%,) = H (X, RTxQ%)

where ¢ : Xo — X in Fun(A, SmVar(k)) is a simplicial desingularization of X and X < X is a closed
embedding with X € SmVar(k), and note that H}, ,(X) is NOT isomorphic to H7,,(X) in general since
Q9, € C(Var(k)) does NOT satisfied cdh descent.

Let X € Var(k). Let X = U;_, X; an open affine cover. For I C [1,...,s], we denote X; := N;er X;.
We get X, € Fun(P([1,...,s]), Var(k)). Since quasi-coherent sheaves on affine noetherian schemes are
acyclic, we have for each j € Z, H}, 5(X) = I'(X., 2%.).

2.5 Singular chains

We denote I" := [0,1]" € Diff(R) (with boundary). For X € Top and R a ring, we consider its singular
cochain complex
:ing(X, R) := (ZHomr,,(I*, X)) ® R

and for [ € Z its singular cohomology H. (X, R) := H"C%_,(X,R). For f : X’ — X a continous map

: TUsing sing
with X, X’ € Top, we have the canonical map of complexes

[ Cong (X, R) = Cipg (X, R), 0 ffo = (v = a(f o).

sing
In particular, we get by functoriality the complex

O;(,Rsing € OR(X)a (U C X) = Cs*ing(Ua R)



We will consider the canonical embedding

C* tginzyc(X) : Cging (X, 2i7Z2) — Cgipo (X, C), a = a® 1

sing

whose image consists of cochains a € Csjing(X, C) such that a(y) € 2inZ for all v € ZHomro,(I*, X).

We get by functoriality the embedding in C(X)

C*L%WZ/(C,X : O;(,2i7rZ,sing — O;(,(C,sing7
(U C X) = (Ciginzyc(U) 1 Chg (U, 2iTZ) — Cf,, (U, C))

We recall we have

e For X € Top locally contractile, e.g. X € CW, and R a ring, the inclusion in Cr(X) ¢x : Rx —
Cx, Rsing 1S DY definition an equivalence top local and that we get by the small chain theorem, for

all [ € Z, an isomorphism H'cy : HY(X,Rx) — H. (X, R).

sing

e For X € Diff (R), the restriction map

rXx: ZHomDiH(R)(H*vX)V = C5 (Xa R)v W= w: ((b = w(¢))

sing

is a quasi-isomorphism by Whitney approximation theorem.

2.6 Algebraic cycles, motives and the theorem of Voevodsky

For X € Sch noetherian irreducible and d € N, we denote by Z¢(X) the group of algebraic cycles of
codimension d, which is the free abelian group generated by irreducible closed subsets of codimension d.

For X, X’ € Sch noetherian, with X’ irreducible, we denote Z75/X' (X’ x X) Z4,., (X' x X) which
consist of algebraic cycles a = ), na; € Z4,, (X’ x X) such that, denoting supp(a) = Usa; € X' x X
its support and p’ : X’ x X — X’ the projection, pi supp(a) ° supp(a) — X’ is finite surjective.

e Let k a field. We denote by Cor SmVar(k) the category such that the objects are {X € SmVar(k)}
and such that Homcor smvar(e) (X, X) = Zfs/X! (X" x X). See [5] for the composition law. We
denote by Tr : Cor SmVar(k) — SmVar(k) the morphism of site given by the embedding Tr :
SmVar(k) < Cor SmVar(k). Let F' € PSh(SmVar(k)). We say that F admits transfers if F = Tr, F
with F' € PSh(Cor SmVar(k)).

e Let A a commutative noetherian ring. We denote by Cor Sch®" /A the category such that the
objects are { X € Sch®™ /A} and such that Homgo, gchem 74(X', X) 1= ZI/X (X' x X). See [5] for
the composition law. We denote by Tr : Cor Sch®™ /A — Sch®" /A the morphism of site given by
the embedding Tr : Sch*™ /A < CorSch®™ /A. Let F € PSh(Sch*™ /A). We say that F admits
transfers if F' = Tr, F with F' € PSh(Cor Sch®™ /A).

We recall the following standard notion (see e.g. [5] or [3]) :

Definition 1. (i) Let F € PSh(Var(k)) or F € PSh(SmVar(k)). We say that F is A' invariant if for
all X € Var(k) (resp. X € SmVar(k)), p* := F(p) : F(X) — F(X x A') is an isomorphism where
p: X x Al = X s the projection.

(ii) Let F € PSh(Var(k)) or F € PSh(SmVar(k)). We say that F is A' local if for all j € Z and
all X € Var(k) (resp. X € SmVar(k)), p* := HIE.(F)(p) : H,(X,F) — H,(X x A} F) is an

isomorphism.

(ii)” Let F € C(Var(k)) or F € C(SmVar(k)). We say that F is A' local if for all j € Z and all
X € Var(k) (resp. X € SmVar(k)), p* := H E.,(F)(p) : H,(X,F) — HJ,(X x A", F) is an
isomorphism. Note that (ii) is a particular case of (ii)’.



For X € Var(k) and Z C X a closed subset, denoting j : X\ Z < X the open complementary, we will
consider
'} Zx := Cone(ad(jy, j*)(Zx) : Zx — Zx) € C(Var(k)*"/X)

and denote for short v} := v%(Zx) : Zx — I'}Zx the canonical map in C(Var(k)*™/X). Denote
ax : X — Speck the structural map. For X € Var(k) and Z C X a closed subset, we have the motive of
X with support in Z defined as

My (X) = axiIyaxZ € DA(k).
If X € SmVar(k), we will also consider
axyTyZx := Cone(axy o ad(jy, j*)(Zx) : Z(U) — Z(X)) =: Z(X, X\ Z) € C(SmVar(k)).
Then for X € SmVar(k) and Z C X a closed subset
Mz(X) = axiTya'vZ = ax;TyZyx =: Z(X, X\Z) € DA(k).

e Let (X,Z) € Sch? with X € Sch a noetherian scheme and Z C X a closed subset. We have the
deformation (DzX,A}) — Al (DzX,A}) € Sch? of (X, Z) by the normal cone Cz,x — Z, i.e.
such that

(DZXaAlZ)S = (Xa Z)a s € Al\oa (DZXvAlZ)O = (OZ/sz)'
We denote by i1 : (X,Z) — (DzX,A}) and ig : (Cz/x,Z) — (DzX,A}) the closed embeddings
in Sch®.

e Let k a field of characteristic zero. Let X € SmVar(k). For Z C X a closed subset of pure
codimension ¢, consider a desingularisation € : Z — Z of Z and denote n : Z < Z € X. We have
then the morphism in DA (k)

D(Z(n)) Z(€)

Gzx : M(X) M(Z)(¢)[2¢] == M(Z)(c)[2d]

where D : HomDA(k)(MC(Z),MC(X)) = HomDA(k)(M(X),M(Z)(c)[2c]) is the duality isomor-
phism from the six functors formalism (moving lemma of Suzlin and Voevodsky) and Z(n) :=
abd(m,n!)(a!XZ)7~ noting that ny = n. since n is proper and that a'y = a’[dx] and a!Z = a*ZLdZ]
since X, resp. Z, are smooth (considering the connected components, we may assume X and Z of
pure dimension).

We recall the following facts (see [5] and [3]):

Proposition 1. Let k be a field a characteristic zero. Let X € SmVar(k) and i : Z C X a smooth
subvariety of pure codimension d. Then Cz/x = Nz/x — Z is a vector bundle of rank d. The closed

embeddings i1 : (X, Z) < (DzX,A}) and i : (Cz/x,Z) — (DzX,AL) in SmVar®(k) induces isomor-
phisms of motives Z(i1) : Mz(X) = My, (DzX) and Z(io) : Mz(Nzx) = My, (DzX) in DA(k). We
get the excision isomorphism in DA (k)
Pz.x :=Z(io) " 0 Z(i1) : Mz(X) = Mz(Nz/x).
We have
Th(Nz/x)o Pz x ovy(Zx) =Gz x := D(Z(i)) : M(X) — M(Z)(d)[2d].
Proof. See [5]. O
We will use the following theorem of Voevodsky :

Theorem 1. (Voevodsky)Let k be a perfect field (e.g. k a field of characteristic zero). Let F €
PSh(SmVar(k)). If F is A invariant and admits transfers, then for all j € Z, H E2,(F) € PSh(SmVar(k))

are A' invariant. That is, if F is At invariant and admits transfers then F is At local.

Proof. See e.g. [5]. O



2.7

The logaritmic De Rham complexes

We introduce the logarithmic De Rham complexes

Definition 2. (i) Let X = (X,0x) € RCat a ringed topos, we have in C(X) the subcomplex of

(i)

(iii)

presheaves of abelian groups

OLx : Q% jog = 0%, s.t. for X° € X andp e N, p > 1,
Qg(,log(XO) =< dfoa/fou AR /\dfap/fapafak eI'(X° 0x)" >C Q%(XO),

where Q% = DR(X)(Ox) € C(X) is the De Rham complex and I'(X°,Ox)* C T'(X°,Ox) is the
multiplicative subgroup consisting of invertible elements for the multiplication, here <, > stand for
the sub-abelian group generated by. By definition, for w € Q5 (X°), w € Q&)log(X") if and only if
there exists (n;)1<i<s € Z and (fia, )1<i<s,1<k<p € ['(X°, Ox)* such that

128,13 R>

w = Z nidfi,al /fi,a1 A--- A dfi,ap/fi,ap S Q&(Xo)
1<i<s
For p =0, we set Q%J% =7Z. Let f: X' = (X',0x/) = X = (X,0x) a morphism with X, X’ €
RCat. Consider the morphism Q(f) : Q% — f.Q% in C(X). Then, Qf)(Q% 10g) C f2% 10g-

For k a field, we get from (i), for X € Var(k), the embedding in C(X)
OLX : 93(710g — QS( = Q;(/k’

such that, for X° C X an open subset and w € Q%5 (X°), w e Q% log (X ) if and only if there exists
(ni)lgigs € 7Z and (fi,ak)lgigs,lgkgp S F(XO,O)()* such that

w = Z nidfs.ar [ fian N Ndfia, ] fisa, € Q5% (X°),

1<i<s
and for p =0, Q%J% :=7Z. Let k a field. We get an embedding in C'(Var(k))

OL : Q9 1oy = Q9 given by, for X € Var(k),
OL(X) = OLx : 0% 1, (X) 1= T(X, 0% 0p) = T(X, %) = 2%, (X)

and its restriction to SmVar(k) C Var(k).

Let K be a field of characteristic zero which is complete for a p-adic norm. Recall that Ox C K
denotes its ring of integers. Let X € Var(K). Let X© € Sch /Oy an integral model of X, in
particular X© @0, K = X. We have then the morphisms of sites r : X — X and r : XP°' —
XOret sych that vxo or =1 ovx. We then consider the embedding of C(X®)

o— . [ — * L] L] [ ]
OLX = OLX oy QXct)10g7O =7r QXo‘et,lOg — Qxet)log — Qxet

consisting of integral logarithimec De Rham forms, with ¢ @ r*Q5

XO,et log — Q.Xct7log- We Uﬂll also
consider the embedding of C(X©:Pet)
OL o = (OLxo fpn)nen : D) 105 0 = J1 Vxo Lxo.et jpn 1og
neN

. 1 * .
— QXO’(P) = &%VXoQXO,Et/pn/(OK/pn)
ne

where we recall ¢ : XO:®) — X© the morphism in RTop is given by the completion along the ideal
generated by p. We then get the embeddings of C(XPet)

m o (OLX ® I) : Q;{pet7log7(’) & Zp = Q;{pet,log7o & @X — Q;{pet7 (w & )\n)nEN — ()\n)nEN W



and

Q.

OLX(p) =T OLXO (p) T Q X(p)/K7

= 1" Q% 0,0 — 05

X®) log,0 X0 T

where we recall ¢ := (¢ ®o, K) : X® — X the morphism in RTop. Note that the inclusion
QlXo,etJog/p" C Q;(o,ct/p”og 18 strict in general. Note that

Q;(petylog,o = V;(Q%e“,log,(’) € C(Xpet)a
but

]&11/ (Z/p"Z) xer € O(XP), Q% ,, € C(XP), and

neN

* 7. * pet
Q%0 log.0 =T l&n VxoQxo.et pn 10g € C(XP)
neN

are NOT the pullback of etale sheaves by vx.

(iii)” We consider Sch’™ /O := O(PSch? /Ok) C Sch'* /O the full subcategory consisting of integral
models of algebraic varieties over K, where O : PSch? JOx — Sch’ /O, O(X,Z) = X\Z is the
canonical functor, and Sch™*™ /O := Sch™ /Ox N Sch®™ Ok C Sch /Ok the full subcategory
consisting of integral models of (smooth) algebraic varieties over K which are smooth over Ogx. We
denote by SmVar(K)P°* and (Sch™"*™ /O )¢t the big pro-etale sites. We have then the morphism
of sites

7 : SmVar(K)Pe" — (Sch™*™ /O )P, X© € Sch™*™ /O + X© R0, K.
We will consider the embedding of C((Sch™ /O )Pet)

OL 0y an : Q75, O‘—>Q/’g”, forX© e (Sch™ ™ /O )Pet,

/K log,
OL;0s,an(X9) = OL 30,5 (X%) : Q%) 10 0o X P) = Q0. (X @)

and its restriction to (Sch™*™ /O )Pet C (Sch™ /O )Pet. We get the embedding of C'(SmVar (K )Pet)

OLyan = 1" OL 0y am : 7 QU0 o <3 Q0S5 Q320,

3 De Rham logarithmic classes

3.1 The De Rham classes of algebraic cycles vs De Rham logarithmic classes

Let X € Sch. Recall we have the canonical sub-complex OLx : Q% ;,, = Q% in C(X) (c.f. definition
2). All the differential of % 1oz vanishes since by definition the logarithmic forms are closed. For j € Z,
the De Rham logarithmic classes consist of the image

HIOLx (H., (X, % 10g)) C HL(X, Q%) = H o (X).

The differentials of the filtered complex I'(X, Eet(Q%ct 10, F4)) € Crat(Z) vanishes at the Ey level since
the logarithmic forms are closed, hence we have a canonical splitting

Hit(X7 Q;(,log) EB0<l<]‘E[ (X QX log)
Let X € Sch a noetherian scheme. We have by definition the exact sequence in C(X )

O—)F*—)OXMQX]Og%O

10



where F' is a prime field (ie. F = Q or F = Z/pZ for p a prime number). Hence H} (X, Qx 10g) =
H}(X,0%) and HY, (X, Qx 10g) = HL(X,0%) =0 for ¢ < 2. Let X € Sch a noetherian proper scheme.
We have H(X, Qf&log) =0.

Let k be a field of characteristic zero. We get (see definition 2) the embedding in C'(SmVar(k))

OL : Q7 105 < Q7;, given by, for X € SmVar(k),
OL(X) := OLx : Q) 105 (X) := D(X, Q% 10g) = T'(X, Q%) =: 27, (X).

We have also the sheaves

O, O}, € PSh(SmVar(k)), X € SmVar(k) — Op(X) := O(X), OL(X) := O(X)",
(9:Y = X) = ag(X): Ox(X) = Oy(Y), Ox(X)" = Oy (Y)"

Lemma 1. (i0) The sheaves Oj € PSh(SmVar(k)) and Q}k,log € PSh(SmVar(k)) admit transfers com-
patible with transfers on Q}k € PSh(SmVar(k)).

(i) For each | € Z, the sheaf Q/k log € PSh(SmVar(k)) admits transfers compatible with transfers
on Ql/k € PSh(SmVar(k)), that is Q9, € C(CorSmVar(k)) (see [7]) and the inclusion OL :

Ql/k logl 1 = Q3,, in C(SmVar(k)) is compatible with transfers.

(i) For each | € Z, the sheaf Q! € PSh(SmVar(k)) is Al invariant.

/k,log
Proof. (i0):The sheaf O} € PSh(SmVar(k)) admits transfers : for W C X’ x X with X, X’ € SmVar(k)
and W finite over X’ and f € O(X)*, W*f := Ny x:/(pkf) where px : W — X' x X — X is
the projection and Ny, x. : k(W)* — Ek(X')* is the norm map. This gives transfers on Q}k,log €
PSh(SmVar(k)) compatible with transfers on Q}k € PSh(SmVar(k)) : for W € X' x X with X, X' €
SmVar(k) and W finite over X’ and f € O(X)*,

Wedf/f = dW”" f/W* f = Trw;x (px(df /f)),

where where px : W < X’ x X — X is the projection and T'ry,x/ : Ow — Ox is the trace map. Note

that d(fg)/fg =df/f +dg/g.
(i): By (i0), we get transfers on

B0k 10g> €0, 2 € PSh(SmVar(k))

since ®QQ/k log = HO(®L ol

Jklog) 20d ®lokﬂl = HO(®L lQl .)- This induces transfers on

®rycqt,.... A =(w@uw —»wWRW")

/\QQ/k log 1= = coker(Dr,c1,....1 ®Q ! Q/k log ®6Q}k7log) € PSh(SmVar(k)).

and

®rycqt,.... A =(w@uw —»wWew')

Moy, = coker(®r,ci,...) O Q) ) @0, )y € PSh(SmVar(k)).

(ii): Follows from the fact that for X € Var(k), O*(X x Al) = O*(X) since for a commutative ring A,
(A[X])* = A*. O

Let X € Var(k). We have by definition the exact sequence in C(X )
* dlog
0=k = 0% — Qx1og = 0

Hence HY (X, Qx 10g) = HY(X, 0%) and HL, (X, Qx 10g) = HL(X,0%) =0 for ¢ < 2. For X € PVar(k),
we have H(X, Q% ,,) = 0.

11



Proposition 2. For each j € Z, the excision isomorphism induced by (i)

HIQU(Pz,x) := H? Bt () (Z(i0)) © HY By (9;,)(Z(ir)) ™" -
Hbp 7(X) = HIT7(X, Bt (2%)) = Hhp 7 (Nzyx) == H'T 2(Ng/x, Eu(Q%,,,))

preserve logarithmic De Rham classes, that is for each | € 7Z,
. ) . ) -
H]Q(PZX)(HJOLX (Hgt,Z(X7 Q{X,log))) = HJOLNZ/X (Hgt,Z(NZ/)O QlNZ/X,log))

Proof. Since Q! € PSh(SmVar(k)) is A} invariant and admits transfers by lemma 1, for each j € Z,

/k,log
the presheaves HI~! E (O ) € PSh(SmVar(k)) are A} invariant by a theorem 1. It then follows from

/k,log
proposition 1 that

HleOg(PZ,X) = HjEet(Q7k,1og)(Z(i0)) © HjEet(Q7k,1og)(Z(il))_l :

J—1 l ~ j—1 l
Het,Z(X’ QX,log) - Het,Z(NZ/X’ QNZ/X,log)'
Hence,

HIQ(Py,x) (HOLx (2, 5 (X, D 100)) = HIOL,  (Quog(Pz.x) (H; (X, O 1o,)))
= HjOLNZ/X(Hjil (NZ,X;QINZ/X,log))'

et,

Remark 1. Let k a field a characteristic zero.

(i) The statement of proposition 2 also holds for the subcomplex Q;}f:O — Q;k of closed forms by the
same argument since the inclusion Ql/’l?zo[—l] — €9, in C(SmVar(k)) is compatible with transfers.

(ii) The statement of proposition 2 does NOT hold for presheaves which do not admits transfers (they
are A invariant but not Al local in general). Note that the result of proposition 2 does NOT hold
for the embedding in C(SmVar(k)), associated to an embedding o : k — C,

HAI 1] > A, X € SmVar(k), T(X, Hyo!)[—1] = T(X, Akgr)

of the subsheaf of harmonic differential forms, the sheaves of differential forms A € C(SmVar(k))
does NOT admits transfers (finite algebraic correspondences are not smooth and for f: X' — X a
morphism with X', X € Diff(R) vector fields on X only lift if f is a smooth morphism i.e. if the
differential of df is surjective), transfers maps are only defined on cohomology.

Let k a field of characteristic zero. Let X € SmVar(k) and Z C X a smooth subvariety of pure
codimension d. We have for each j € Z, the purity isomorphism given by H'Q(Pz x) (see proposition 1)
and the cup product with the Euler class of of the normal tangent bundle Nz, x — Z :

HIQ(Pz, x) (=)-e(Nz/x)™"
— -

HjDR(PZ,X) : H%JR,Z(X) H%)R,Z(NZ/X) Hf;;d(Z),
Now, we have the following :

Proposition 3. Let k a field of characteristic zero. Let p: E — X a vector bundle of rank d € N with
X, E € SmVar(k) connected. Then

(i) the Buler class e(E) € Hply y(E) is logarithmic of type (d,d), that is e(E) = H*OLp(e(E)) €
Hf%dR,X(E) with e(E) € Hgf,et(E’ chlz,log)a

12



(ii) the Euler class e(E) € H%dRX(E) induces for each i,j € Z an isomorphism

(=) - e(B) : HHOLx (H (X, Qy 105)) =+ H*HHOLp(HL ™ (B, Q5 1,))-

Proof. (i):Let X = U;X; an open affine cover such that E; := Ex, is trivial : (s1,---,8q4) : Ejx, —
X; x A with S5 € F(XZ,E) Then
e(E)x, = 0(ds1/s1 A+ Ndsa/sq) € H*OLg, (H%, (Ei, Q% 10,))
where 8 : H™ N (E\X;, Q% ,,) = HE, (Ei, Q% ) is the boundary map. Hence
e(E) € H2dOLE(HO(E7 Hg(QdE,log)) = Hgt,X(Ea QdE‘,log) C HO(Ev Hg(dQ.EZd) - H%dR,X(E)'

(ii):Follows from (i) and Kunneth formula for De Rham cohomology : let X = U; X; an open affine cover
such that E; := E|x, is trivial and consider the morphism of bi-complexes of abelian groups

(=) - e(E)) : OLx (T(Xa, Eet(x 10g))) = OLE(T(Ea, Eet (U fc,.)))[2d)-

By (¢) an Kunneth formula for De Rham cohomology, ((—)-e(E)) induces an isomorphism on the E; level
of the spectral sequences for the filtrations associated to bi-complex structures on the total complexes.
Hence, ((—) - e(F)) is a quasi-isomorphism. This proves (ii). O

We deduce from proposition 2 and proposition 3, the following key proposition

Proposition 4. Let k a field of characteristic zero. Let X € SmVar(k) and Z C X a smooth subvariety
of codimension d. For each j € Z, the purity isomorphism

HIQ(Pz, x) ((—)-e(Nzyx)~!
— -

HjDR(PZ,X) : H%)R,Z(X) H%)R,Z(NZ/X) H%J_n?d(z)

preserve logarithmic De Rham classes, that is for each | € 7Z,

HIDR(Pyzx)(H'OLx (H?; [ (X, 1)) = H OLz(HZ (2,9 10,))-

Proof. Follows from proposition 2 and proposition 3(ii). O

Let k a field of characteristic zero. For X € SmVar(k), we have the cycle class map for De Rham
cohomology

Z € 29(X) = (2] .= H*Q(v)([2]) € HER(X), [Z] € HBg 7(X),
H>'Q(vy) : H%)dR,\Z|(X) — Hpp(X)

where
Q(yz) == Hom(vz(Zx), Eet(Q%)) : T2(X, Eet (%)) = D(X, Eet (%))

and, as for any Weil cohomology theory, we have the isomorphism given by purity : if X° C X is an open
subset such that Z¢ := X° N Z has smooth components we have the isomorphism

H*'DR(Pzo x) : Hpp 7(X) = HEp 70/(X%) = HEp 70/ (Nzox0) = Hpp(12°)).
where the first equality follows from dimension reason : for X € SmVar(k) and Z’ C X smooth, we have

Hpp 7/(X) =0 for i <2codim(Z’, X) by the purity isomorphism H*DR(Pyz x).
The main result of this section is the following :

Theorem 2. Let k be a field of characteristic zero. Let X € SmVar(k). Let d € N.

13



(i) The De Rham cohomology class of an algebraic cycle is logarithmic and is of type (d,d), that is, for
Z € ZYX)
2] := H**Q(vy)([2]) € H* OLx (H, (X, Q% 1)) © HBR(X).

(i) Conversely, any w € H*?OLx(H%(X, Qg(,log)) is the class of an algebraic cycle Z € Z4(X), i.e.
w = [Z]. Note that it implies w € WoH%(X) as it is easily seen for d =1 by the Chow moving

lemma since j* : Pic(X) — Pic(X) is surjective if j : X — X is a smooth compactification of X,
X € PSmVar(k) and since H,(Y,Qy,,,) = Pic(Y) for Y € Var(k).

(iii) We have HIOLx (H? (X, QlX)log)) =0 for j,l € Z such that 2l < j.

(iii)’ If X € PSmVar(k), we also have HIOLx (H? (X, le,log)) =0 for j,l € Z such that 21 > j. That
is, if X € PSmVar(k), we only have logarithmic classes in bidegree (d,d) for d € N, in particular
there is mo non trivial logarithmic classes for odd degree De Rham cohomology H%dg 1(X ).

Proof. (1):We have
(2] == H*Q(7)([2]) = H*'OLx o HQiL (v2)([Z)) € HER(X), [Z] € HE | 7/(X, Q% 1og)

where
Qiiog (’Y%) = HOID(’Y% (ZX)a Ee (ng,log)) Iz (Xv Ee (Qg(,log)) — F(Xv Ee (Qg(,log))v

since if X° C X is a Zariski open subset such that Z° := X°NZ has smooth components and Nzo/xo — Z°
is the normal tangent bundle, we have by proposition 4 the isomorphism

szDR(PZO7xo) . H2dOLX(Hgt7|Z\(X7 Q?{,log)) = H2dOLX(Hgta‘ZO|(XO7Qg(o’bg))
= HQdOLX(Hedt)‘ZOI(NZO/XO5Q?Vzo/xo,l()g))'

(ii):By assumption we have
w = HQdOLX(w) € H%dR(X)v w e Hgt(Xv Qg{,log)

As Q;lmog € PSh(X*®) consist of a single presheaf, that is a complex of presheaves concentrated one
degree, there exist an etale open cover r = r(w) = (r; : X; = X)i<i<s, depending on w, such that
rfw=0¢€ HL(X;, Q%)log) for each . Choose i = 1 and denote j : U := r1(X1) — X the corresponding
(Zariski) open subset. As Q%log has no torsion and admits transfers, we have j*w = 0 € H%(U, Qgﬂog).
Hence, denoting D := X\U, we have

w = H2dOLX (’LU), w e Hiniog(WB)(Hgt,D(X7 Qg(,log))'
We may assume, up to shrinking U, that D C X is a divisor. Denote D° C D its smooth locus and
l: X°— X a Zariski open subset such that X°N D = D°. We then have by proposition 4

"w € H* DR(Ppo xo)(H**?OLpo (HE ' (D°, Q5. 1.,)))-

We repeat this procedure with each connected components of D° instead of X. By a finite induction of
d steps, we get

w = H*OLx (w), w e H'Q{,(v2)(He, 7(X, 0% 105));

with Z := Dq C --- C D C X a pure codimension d (Zariski) closed subset and w = Y, n;[Z;] € HE(X),
where n; € Z and (Z;)1<i<t C Z are the irreducible components of Z, using in the final step the
isomorphism

Helt(Dgflv Qpe

d—1’

log) = Helt(DgfhoBd,l) = Pic(Dg_,).
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(iii):Let j > 2I. Let w € HIOLx(HI; ' (X, le,log))- By the proof of (ii) there exists Z C X a closed
subset of pure codimension [ such that

w=HIOLx(w), w € H™'Ql (v})(HI; (X, 1.0)),

By a finite induction of dx — [ steps, restricting to the smooth locus of closed subsets of Z, w = 0 since
by proposition 1, H/OLx (H7 L, (X, QY 1og)) = 0 for all Z’" € SmVar(k) such that codim(Z’, X) > 1.
(iii):Let j < 2l. Let w € HIOLx(H (X, leylog)). By the proof of (ii) there exists Z C X a closed
subset of pure codimension j — [ such that

w = (H/OLx o H/ ', (7)) (w), w € H 7(X, 0 1),
For Z' C X a closed subset of pure codimension ¢, consider a desingularisation € : Z' — Z' of Z' and

denote n: Z' 5 7' € X. The morphism in DA (k)

Gzx : M(X) 22 v 20 ()[2¢) 29 M(27)(0)[2¢]

where D : Hompa () (M(Z'), M.(X)) = Hompa (1) (M(X),M(Z")(c)[2¢]) is the duality isomorphism
from the six functor formalism (moving lemma of Suzlin and Voevodsky) and Z(n) := ad(ni,n')(a'yZ),
is given by a morphism in C(SmVar(k))

Gz x : Lun(X) = Eoy(CuZun(Z"))(¢)[2¢].

Let [ : X° — X be an open embedding such that Z° := Z N X° is the smooth locus of Z. We then have
the following commutative diagram of abelian groups

i1 - i1 o d i—1+1
0 Hgt,Z(X7 QlX,log) - Hgt,ZO (X 7QlX,log) — H] \ (X7 Q{X,log) -

et,Z\Z°
Q(GZ’X)T DR(PZD,XD)T Q(GZ’X)T
2l—j I o 2l—j %) 2l—j
0—— Hgt(ngz,lng) —=HY%(Z ,on)fog) —>He1t,Z\Z° (Z7QZ,lng) —_ .

whose rows are exact sequences. Consider

"w = DR(Pyo xo)(w°) € H, 7, (X°,Q \,), w® € HY(Z°,Q5, 7).

Since Ol*w = 0 € Hgt_;{lzo (X, leylog), we get using proposition 4 applied to ((Z\Z°)°, X°°), where

(Z\Z°)° C Z\Z° is the smooth locus and X° C X is an open subset such that X N (Z\Z°)° =
XN (2\z°),
o 2l—7
ow® =0¢€ Helt,Z\ZO(Z7 Q7 108)»

since Helt,(Z\Zo)\(z\zo)o (Z, QQZZIOJg) = 0 for dimension reasons, that is
w = Q(GZ,X)(w), withw € H%(Z, Q2Zli)Jg)

Hence w = 0 since H(Z', Ql%’,log) =0 for all £ > 0 and all Z’ € PVar(k). O

3.2 Complex integral periods

Let k a field of characteristic zero.
Let X € SmVar(k) a smooth variety. Let X = U?_, X; an open affine cover. We have for o : k — C
an embedding, the evaluation period embedding map which is the morphism of bi-complexes

ev(X)s : I'(X,,0%,) — ZHomDiH(T,XET’.)V ® C,

wy € D(X7, Q, ) = (ev(X);(w) : ¢ € ZHompia(I', X&Y)¥ ® C = evp(wh)(6)) = /l o7 wy)
I
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given by integration. By taking all the affine open cover (j; : X; — X) of X, we get for o : k — C, the
evaluation period embedding map

ev(X) = lim ev(X)s: lim I'(X., Q%,) = lim Z Homp;g(r) (I*, X&) @ C

It induces in cohomology, for j € Z, the evaluation period map

Hiev(X) = Hev(X)? HDR(X) = H'I'(X.,0%,) = H_ (Xg&",C)= H (Homp;gr) (I°, X&%)Y ® C).

sing

which does NOT depend on the choice of the affine open cover by acyclicity of quasi-coherent sheaves on
affine noetherian schemes for the left hand side and from Mayer-Vietoris quasi-isomorphism for singular
cohomology of topological spaces and Whitney approximation theorem for differential manifolds for the
right hand side.

Proposition 5. Let k a field of characteristic zero. Let X € SmVar(k). Let o : k — C an embedding.
(i) Letw € Hpp(X) = H/(X,Q%) = H (X, Q%). If

w € H'OLx (H pet(XC,QXet log))

then H7ev(X)(w) € Hsjmg(X(‘cm, 2irQ).

(i) Let p € N a prime number and o, : k — C, an embedding. Let j € Z. Let w € H{)R(X) =
(X Q5 ) = pet(X Q5 ) ]f

w = T/C, (X)*’LU S HjOLX(HZt(X(va Q;(Et 110g10))

then Hiev(X)(w) € HZ _(X&",2imQ). Recall that H’

sing pet

(Xc, Q

Xf:):tvlog,@) M, (Xc, 95

Xe' Jlog, O)

Proof. (i): Let ‘
w e Hip(X) =H/(X,0%) = HT(X., Q%)
where (r; : X; = X)i<i<s is an affine etale cover. Let X&" = U]_;D; an open cover with ID; ~ D(0, 1)<
Denote jrj : Xy NDy — X the open embeddings. Then by definition H?ev(X)(w) = Hﬂev(X‘m)(]f o
an’, w) with
jaoank, w € HIT(XJE N Dy, Qxan).

Now, if w = H'OLx (H,(X¢, QS

Xet log)): We have a canonical splitting

J

= wp’! Zw’J b e Hpp(Xe), wi’ ™' € HIH(Xe, et jog), w7 7" i= HIOLyee (wy? ™),
1=0 l=d

Let 0 <1 < j. Using an affine w-contractile pro-etale cover of X, we see that there exists an affine etale
cover r = r(w ) = (r; : X; = X)1<i<n of X (depending on w"/~!) such that

wh = = (w7 1] € HIOLyor (H'T(Xe,0, O 10g)) € HT(Xc 0, Q).

Note that since X is an algebraic variety, this also follows from a comparison theorem between Chech
cohomology of etale covers and etale cohomology. By [4] lemma 2, we may assume, up to take a desingu-
larization 7 : X' — X of (X,U;(r;(X\X;))) and replace w with m*w, that ;(X;) = r;(X;(w)) = X\D;
with D; C X smooth divisors with normal crossing For 1 <1 < j, we get

w7 = "df, [ fo N Ndfu ) fo € T(Xea, Q).
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For [ =0, we get ‘
w7 = [(Ar)] € HJF(X(C,I;OXCPJ); Ar € F(XCJ,ZXEZ:I)

There exists k' C C containing k such that wlL’j;l e N Xy 1, Qle/) for all 0 <[ < j. Taking an embedding
o’ : k" — C such that U|/k = ¢, we then have

deoank, w=j;((mi - wi’ oci<s) = (wi’y Dirs € HT(XEE NDa, Q%gn).

where for each (I, J,1) with cardl + cardJ +1 = j,
wllijlf] = jIJwLI E].—‘(X m]D)J,QXU,n)

We have by a standard computation, for each (I, J,1) with cardl + cardJ +1 = j,
Hs*lng(Xan N DJ; Z) =<1, s Yeardl >

where for 1 < i < cardl, v; € Hom(A*, XienD 7) are products of loops around the origin inside the
pointed disc D'\0. On the other hand,

1,j—1 an :
b wLJ[J_.]J(Z dfui/ for N '/\dfuz/fuz)GF(XI,CQDLQ{XE”) for 1 <1<y,
. w%,JLJ = \s is a constant.

Hence, for p € P([1,---,s]) with cardy = I, we get, for | = 0 Hlev(X(‘cm)J,J(w%f-LJ) = 0 and, for
1<i<y,

Hl'ev(X&);, J(wlL ) Z&,,ﬂm € 2inZ.
k
where 7, := Y, - - vu,. We conclude by [4] lemma 1.

(ii):It is a particular case of (i). See [4] proposition 1. O

Let k a field of characteristic zero. Let X € SmVar(k). Let X = U;_;X; an open affine cover with
X; = X\D; with D; C X smooth divisors with normal crossing. Let o : k — C an embedding. By
proposition 5, we have a commutative diagram of graded algebras

N H*ev(X) N an
HDR(X) Hsmg(X(C ’C)
CT TH*C*L%'WQ/C(Xgn)
" " . « H*ev(X) N an o
H OLX (Het(X7 QXe‘,log)) N HDR(X) Hbmg (X(C ’ 2Z7TQ)
where
C*LZiﬂ'Q/C (Xg ) Cs.lng (Xgna 22#@) — Cs.lng( )

is the subcomplex consiting of a € Csmg(X(‘cm, C) such that «(7) € 2iwQ for all y € C'Js»ing (X&™, Q). Recall
that

H*ev(Xc) = H*RU(X&", (X)) o T(X&", Esar(Qany))) : Hpyp(Xc) = HZ, o (XE, C)

sing
is the canonical isomorphism induced by the analytical functor and a(X) : C xgn = O Xens which gives
the periods elements H*ev(X)(Hpz(X)) C HY, . (X&",C). On the other side the induced map

sing

H'ev(Xc) : H*OLx (Hy (Xe, Qer o)) = H't2ing)c Hipng (X", 2imQ)

is NOT surjective in general since the left hand side is invariant by the action of the group Aut(C) (the
group of field automorphism of C) whereas the right hand side is not. The fact for a de Rham cohomology
class of being logarithmic is algebraic and invariant under isomorphism of (abstract) schemes.

Corollary 1. Let X € PSmVar(C). Then the Hodge conjecture holds for X if and only if the Hodge
classes are given by logarithmic De Rham classes.

Proof. Follows from theorem 2. O
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3.3 Rigid GAGA for logarithmic de Rham classes

Let K be a field of characteristic zero which is complete for a p-adic norm. Denote by O C K its ring
of integer. We consider Sch™ /O := O(PSch® /Ok) C Sch’/* /Ok the full subcategory consisting of
integral models of algebraic varieties over K, where O : PSch? /O — Sch'* /Ox, O(X,Z) = X\Z is
the canonical functor, and

Schint,sm /OK — Schint /OK N Sch®™ /OK C SCh/OK

the full subcategory consisting of integral models of (smooth) algebraic varieties over K which are
smooth over Og. Denote by SmVar(K)P** and (Sch™*™ /O )Pt the big pro-etale sites and by v :
SmVar(K)?** — SmVar(K) and v : (Sch”™*™ /Oy )Pt — Sch™"*™ /O the morphisms of sites given by
the embeddings v : SmVar(K) < SmVar(K)P¢* and v : Sch”™"*™ /O < (Sch™™*™ /O )P¢*. We then
have the morphism of sites

7 : SmVar(K)Pe — (Sch™*™ /O )P, X© € Sch™*™ /O — X© ®0, K
We will consider for each n € N
D 0rc frtog = ¥ L0 jpm) 1o € C(SD™ ™ O )P"),
X9 5 %0 jpn 10g(XO)s (f: X' = X) = Q(f) = f*
which gives

e.an T *()® int,sm e
Y/ k1og.0 = M0V 0, /) tog € C((Seh™*™ JO)"™),
ne

X Q%) 1050 XOT), (F: X' = X) = Q(f) = f*

together with the embedding in C/((Sch™™*™ /O )P!) (see definition 2(iii))

OL := OL 0y an * Qi nog.0 — Vs for X9 € (Sch™ ™ /O )P,

OL/OK,an(XO) = OLXOV(P) (XO) : Q;”(o,(p)ﬁlogyo(XO)(p)) — Q;{O,(p) (XO)(Z)))'
which induces the embedding of C'(SmVar(K)?P®") (see definition 2(iii))

T*OL/OK,an

OL := OLf an T*Q;}?ﬁog,o — T*Q;gz — Q;;n, for X € SmVar(K)P*,
OL/K,an(X) = (Q(e) © OLY(?) (Y)) :
hﬂ Q;A/(p),log,o(y(p)) = Q%) (X)),

YOe(Schintsm /O )Pet e: XY O x o, K=Y
We have also, for each n € N, the sheaves
On, O}, € PSh((Sch™"*™ /Ok)), X = 0,(X?) := O(X}).), O5(X°) := O(X7.)",
(9:Y = X) = ag(X70) : On(XP) = 0n(Y?), 04(XP)" = On(YO)",

and Oy, := r*O,, 0}, :=r*O} € PSh(SmVar(K)).
We will use the following :

Lemma 2. (i0) For each n € N, the sheaves O} = r*O,, € PSh(SmVar(K)) and T*Q}(OK/;D"),log

PSh(SmVar(K)) admit transfers compatible with transfers on T*Q}(OK/pn) € PSh(SmVar(K)).

S

(i) For each l,n € N, the sheaf Ql/(OK/p"),log = T*Ql/(OK/p"),log € PSh(SmVar(K)) admits transfers
compatible with transfers on Ql/(OK/p") = T*QI/(OK/p") € PSh(SmVar(K)), that is Q9 ox /) €

C(Qor SmVar(k)) and the inclusion OL : Ql/(OK/p"),log[_l] = Q%0 /pny C(SmVar(K)) is com-
patible with transfers.
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i) For each l,n € N, the sheaf ! € PSh(SmVar(k)) is A' invariant.
/(

Ok /p™),log
Proof. (10):The sheaves Q}(OK/Z)") € PSh(Sch®™ /Ok) admit transfers. On the other hand the sheaf

O3 € PSh(Sch®™ /O ) admits transfers : for W C X’ x X with X, X’ € Sch®™ /O and W finite over
X' and f € O(XZ)))*, W+*f = Nw/x:(pXxf) where px : W — X' x X — X is the projection and
Ny, xr + k(W)* — E(X')* is the norm map. This gives transfers on Q}(Ok/p),log € PSh(Sch*™ /Ok)
compatible with transfers on Q}(OK/p) € PSh(Sch®™ /Ok) : for W C X' x X with X, X’ € SmVar(k)
and W finite over X’ and f € O(Xﬁon)*,

Wrdf/f = dW”™ f/W* f = Trw;x (px (df / f)),

where where px : W < X’ x X — X is the projection and Ty, x, : Ow — Ox is the trace map. Note
that d(fg)/fg=df/f + dg/g. Considering the commutative diagram in PSh(Sch®"™ /Og)

Q(/p)

1 1 1
0 ——=Q 0 /pn-1)y = L0 /o) = 0k /p)

OLT OLT OLT
1 1 Q(/p) 1
0= 0w /pm 1108 0w /pm)108 — (0xc /) 108
we see by induction on n € N that the transfers on Q}(OK/;D”) € PSh(Sch®™" /Ok) send logarithmic
forms to logarithime forms. Hence the transfers on Q) oy == Q)5 0y € PSh(SmVar(K)) send

logarithmic forms to logarithime forms. This proves (i0).
(i): By (i0), we get transfers on

®lz/pn Q}(OK/p"),10g7 ®l()n Q}(OK/Z)") S PSh(SmVar(K))

. L,l 1,an _ L,l~l,an P
since ®lZ/p"Q}K,log = HO(®Z/p"Q}(OK/pn),log) and ®lOnQ/(OK/pn) = HO(®O Q/(OK/;D")' This induces

transfers on

@rycp,.. AR =(wew swewew’)

®Z/an}(OK/pn))log) € PSh(SmVar(K)).

and

76w V(0 Jpmy 1= COKeX(@ (1,0 €6 0rc /o)

Brycit,... )AL =(w@w —»wRWeW')

) ©0, (0 jpry € PSh(SmVar(K)).

(ii):Follows from the fact that for X € Sch /(Ok/p™), O*(X x A') = O*(X) since for a commutative ring
A, (A[X))* = A O

Denote FSch /Ok is the category of formal schemes over O. The morphism of site in RCat given
by completion with respect to (p)

¢:FSch /Ox — Var(K), X —» X := X9® g, K, X° € Sch™ /O, st XC @0, K =X
induces the map in C(Var(K)P¢t)
¢ QY = QU= Q" for X € Var(K), ¢ Q% (X) = Q% (X)),
which induces for each j € Z and X € Var(K) the morphism

¢ Hpp(X) = H, (X, Q%) = B}, (X, Q%)) = HL(XP, Q%)
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which is an isomorphism for X € SmVar(K) or X € PVar(K) by GAGA (c.f. EGA 3), and for each
j € Z and X € Var(K) the morphism
¢ Hp(X) = Hj (X, 0%) — H

pet

(Xv Q}((p)) = HZJet (X(p)v Q}((p))

which is thus an isomorphism for X € SmVar(K) since (see [8])

J
Hpet

(XP 0%,,)) =H,(XP %), that is, H,,(X,Q%,) = H,(X, Q%)
by considering an open cover X = U; X; such that there exist etale maps X; — Tidx; ¢ Adxi,

The result of this section is the following ([4] proposition 2 (i)), we recall and give some precisions to
the proof :

Proposition 6. Let K be a field of characteristic zero which is complete for a p-adic norm. Let X €
PSmVar(K) with good reduction. Let X9 € PSch /Og, smooth over Ok such that X© ®p,, K = X.
Consider the morphism ¢ : X?) — X in RTop given by completion of Xo with respect to (p).

(i) The analytic De Rham cohomology class of an algebraic cycle is logarithmic and is of type (d,d),
that is, for Z € Z4(X)

1) i= HH(3)((2]) € HHOL (L, (X, Q%) ) € HER(XW) = H3H(X).
(ii) Conversely, any w € H**OL ¢ (HZ, (X, Q?{(p) - o)) is the class of an algebraic cycle Z € ZUX)®
Qyp, i.e. w=1[Z].
(iii) We have HjOLX(Hg;l(X, QlX(p) log o)) = 0 for j,l € Z such that 2l # j. That is, we only

have analytic logarithmic classes in bidegree (d,d) for d € N, in_particular there is no non trivial
logarithmic classes for odd degree De Rham cohomology H%dgl(X(p)) = H%dgl(X).

(iv) ([4] proposition 2 (i)). For each j € Z, the isomorphism

(X,Q%,) = Hpo(XP))

¢ Hpp(X) = Hp, (X, Q%) & H o

pet

and its inverse preserve logarithmic classes, that is for each j,l € Z,

* j j—1 i j—1
¢*(H? (m o (OLx ® I))(Hpey (X, Qper 10,0 @ Lp))) = H? OL gy (Hpey' (X, 100 o)

is an isomorphism.

Proof. (i):Similar to the proof of theorem 2(i).
(ii) and (iii):Consider, for j,I € Z, the presheaf

(r*Q5em 1)) € PSh(SmVar(K)).

Li—l ._ 175 il e ;
Lt = HJOL/K@n(HJ E /K,log,O

pet
By definition, for X € SmVar(K) with good reduction,
j— j j— ° *l,an j j—1
LX) v= H?OL 0 (H ™ Hom(Z(X), Bp oy (r* Qi o ) = HIOL gy (Hpet' (X, Q) 1 0)):

Consider also for X € SmVar(K) with good reduction and Z C X a closed subset,

1,51 j j— . *l,an j j—1
LY 7NX) = HOL g on(H' "' Hom(Z(X, X\Z), Ef,(r Qi og.0)) = HOL gy (Hy gy (X, lem,log,o))-
For the second equalities of L5/~!(X) and LlZ’jfl(X), note that

*l,an _ *
a/etOL/K7an(T Q/K7log70)|xpet = a/etOLX(p) (T QX(T”),]Og,O)7
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where X7 C SmVar(K)P* is the small pro etale site and ae; : PSh(XP") — Shve, (X?¢') is the sheafti-
fication functor. For I, € N, consider the presheaves in (Sch”***™ /O )Pet

OL/OK,p" . Ql/(OK/p"),log — Ql/(OK/pn)7 fOI' XO S (SChint /OK pet,
1 oy ._ o l oy ._ o
Q)0 Jpm)10g(X ) = Qx0 /pn 10g(X7) = Q)0 jpmy (XT) 1= Qx 0 /pn (XT)
which induces the presheaves in SmVar (K )Pet
OL (0 /pm) = 1"OLj0scpm : 7" Yy(0c /1108 = T YO 1)

Note that by definition Ql/(OK/p"),log = V*V*Ql/(ok/pn) and Ql/(OK/p") = V*V*Ql/(oK/p")’ where v :

log

(Sch™ ™ /O )Pet — Sch™*™ /Oy We have then for X € SmVar(K) with good reduction

LX) = HjOLX(P)(l.&lHg;l(ngon/p”,log,O))
neN
= HjOL/K,anQiilHjilHom(Z(XaX\Z)vEe:t(r*ﬂl/(OK/p"),log)))a
neN

and for X € SmVar(K) with good reduction and Z C X a closed subset,

1,j—1 i . i—1
Ly (X) = HJOL;M(@Hit,z(Xa%O/pn,log,o))
neN
- HJ'OL/K,W(@ H7~' Hom(Z(X, X\Z), B3, (r*Q) 0, /pm) 10g)))-
neN

since, considering the restriction to X7 C SmVar(K)P*, we have

R ]&1 QlXo/pn,log,O = ]&1 Qé(o/p",log,(’) € D(Xpd)
neN neN

as the map in PSh(XP)
* "N L x Ol * )l
T Q(/pn ) T QXo/p"77ll,10g,O — T QXO/p",log,(’)7

is surjective for the etale topology, where / p" s X© /p" — X©/ p"~" is induced by the quotient map
/p" : Oxo/p"™™ — Oxo/p™, and as the pro-etale site is a replete topos (c.f. [2]), note that onl'gliel =
@iel o'z on C(XP¢) since they are both projective limits, hence Rz o R imiel = R@iel oRI'z on
D(XP¢!). The presheaves
l * )l
Q/(OK/p"),log =r Q/(OK/p"),log S PSh(SmVar(K)), l,n S N,

are A! invariant and admit transfers by lemma 2. Hence by theorem 1, they are A! local since they are
Al invariant and admit transfers. This gives in particular, for Z C X a smooth subvariety of (pure)
codimension d with good reduction, by proposition 1 an isomorphism

1j—1 ~ il ~ o ldjl
(Ql/(OK/p"),log(PZ7X))"EN : LZ] (X) — LZJ (NZ/X) - Ll bt d(Z)
Let

a= 0Lz (o) € L"Y(X) == HOL ¢, (H)' (X, ) 10g.0)) = H ™' Hom(Z(X), E;et(r*Ql/’;’flogﬂo)).

Let U C X an open subset such that there exists an etale map e : U — T C A. Let r = (r;) : Y :=
@ie ! U; — U be a faithfully flat pro-etale map with Y is w-contractile. In particular r : ¥ — U and

r; : U; — U are surjective. As Ql/’?(’flog) o consists of single presheaf, we have
rra=0¢€ Hhp(YP) = HIQ% (V) = H, (Y, %)),
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that is

r*a = 0= [0(nn)nen] = [(OMn)nen] € H{)R(Y(p))v with (1, )nen € Q;r(;l)) (Y).

Denote j : U — X the open embedding. Consider

j*a = [(wn)nEN] € H{)R(U(p)) = HjQ.A

X (U) = Hf)et(Ua Q% m)-

X (»)

Let n € N. There exists i, € I (depending on n) such that 1, = 7 7,, with 7, € QJ)‘;;(UM). Then,
there exists a;; : U;, — Ui, jn,ai; € I such that

T Wn = aj;00n, + 0B, € Q;(o/pn U;,)
Since r;, : U;, — U is faithfully flat,
Wy, = 0T + Bn) € Qg(o/pn(U).
Hence j*a =0 € LY=Y(U). Let 7o : Yo — U be a pro-etale cover by w-contractile schemes. Then,

jra=(0;) € H_ LU, Q%

pet X(P)710g70) = Hj_ll—‘(yn Ql )

X(®) log,©
Since j*a =0 € L=4(U), we have

9] = é[/|y1 + 6’}/[ S F(Y],Qg((p)),

with I ¢ I, 0 € I‘(Yp,QlX(m) and vy € I‘(YI,Q?{F&)). Since there is an etale map U — A%, Q! and

QZUZ are trivial vector bundles, and since a logarithmic form is exact if and only if it vanishes, we get we
get Oy = éI’IYz and

% ~ i1 -
] o= 8-(91') =0¢€ H;J)et (U, Qf}%(?)7log7(’)) = H’ lF(Y-a Qlj((m,log,o)-

Considering a divisor X\U C D C X, we get
a=H"E;

pet

*yl,an l,j—1

(T Q/KJog’O)(’yg)(a)? Qe LDJ (X)'

e Proof of (ii):By assumption we have w € L%4(X). Let U C X an open subset such that there exists
an etale map e : U — T9 c A%. Considering a divisor X\U C D C X, we get

. *yd,an d,d
w = HdEpet(r Q/K,log,o)(%)(w)a o€ LD (X)

Denote D° C D its smooth locus with good reduction and [ : X < X a Zariski open subset such
that X°N D = D°. We then have

'w € LEI(X°) = L 1471(D0)
We repeat this procedure with each connected components of D instead of X. By a finite induction
of d steps, we get

° * yd,an d,d o
w=HE}, (" Q¢ 0)(72)(w), w € Ly(X) = L*°(Z°).

with Z := Dy C --- C D C X a pure codimension d (Zariski) closed subset, thus o = >, n;[Z;] €
H%dR(X), where n; € Q, and (Z;)1<i<¢+ C Z are the irreducible components of Z,

e Proof of (iii) part 1: Let j > 2I. Let w € L"~!(X). By the proof of (ii) there exists Z C X a
closed subset of pure codimension [ such that

Q5 o) ()W), we LY (X).

— gi-lpe
w=H E /K log,©

pet

By a finite induction of dx — [ steps, restricting to the smooth locus with good reduction of closed
subsets of Z, w = 0 since LZZ’J,fl(X) = 0 for all Z' € SmVar(k) with good reduction such that

codim(Z’, X) > L.
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e Proof of (iii) part 2: Let j < 2I. Let w € L"“~=!(X). By the proof of (ii) there exists Z C X a
closed subset of pure codimension j — [ such that

w=H"'E®

et (1 QU o 0) (1) (w), w € L~ (X).

/K log,O
For Z' C X a closed subset of pure codimension ¢, consider a desingularisation e : 7' = 7' of 7'
and denote n : Z’ < Z' C X. The morphism in DA (k)

Z(¢€)

2, M(Z') (2] = M(Z')(e)l2]

GZ/,X . M(X)
where D : HomDA(k)(MC(Z'),MC(X)) = Hompa i) (M(X),M(Z")(c)[2¢]) is the duality isomor-
phism from the six functor formalism (moving lemma of Suzlin and Voevodsky) and Z(n) :=
ad(ni,n')(a’yZ), is given by a morphism in C(SmVar(k))

Gz x : Lip(X) = Bt (CoZey(Z27))(c)[2¢].

Let I : X? < X be an open embedding such that Z¢ := Z N X is the smooth locus of Z with good
reduction. We consider Z := V(I$) € X© so that Z° € Sch™ /O is an integral model of Z.
We then have the following commutative diagram of abelian groups

G—1 ! r j—1 o Ol 0 j—l+1 1 L
0 HpetyZ(X’ QX@),log,o) Hpet,ZO (X ’QX@),log,o) Hpet,Z\Z" (X, Qfdm,log,o)
Q(GZ,X)T Q(PZD,XO)T Q(éz,x)T

0 —— HJ,,

(Z0,Q2 ) —2- !

2—j L+ o 2—j
(Z’ & ) 1l )20 Zo(0) log,O pet,Z\Z° (Z’ QZ(P),log,O)

Z(®) log,O pet
whose rows are exact sequences. Consider

j—l 2l—j
"w = Q(Pgo xo)(w) € HY.! /. (X°, QlX(m)logo), w’ € H,,(Z°, on(i)7log)o).

Since dl*w =0 € Hg;fJZriZO (X, Qlfdm,log,o)’ we get, considering the smooth locus with good reduc-

tion (Z\Z°)° C Z\Z° and X°° C X is an open subset such that X N (Z\Z°)° = X°°N (Z\Z°),

o __ 1 2l7j
O =0 € Hhyy 1 70(Z, 95,7 ),

. 1 2l—j _ . . .
since Hpet,(z\zo)\(z\zo)o (Z, QZ@),log,o) = 0 for dimension reasons, that is

5 . 1—j
w =Gz x)(w), withw € H),,(Z, Q2Z(P)J,log,(9)'
Hence w = 0 since H%(Z’, Q];/(T’),log,o) =0 for all £ > 0 and all Z’ € PVar(K).
(iv):Follows from (ii),(iii) on the one hand, and on the other hand theorem 2(ii)and (iii). O

Remark 2. Let K be a field of characteristic zero which is complete for a p-adic norm. Let X €
PSmVar(K) with good reduction. Let X© € PSch /O, smooth over Ok such that X© ®o,, K = X. The
canonical map

(HjEet (Q(/pn))) : Hgt (X7 Q;(o,log) - @ Hit (X7 Q;(o/p",log) = Hiet (X7 Q}(O,(P))]og)
neN

is NOT surjective and NOT injective in general.
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4 Tate conjecture

Let k a field of finite type over Q. Denote k the algebraic closure of k and G = Gal(k/k) the absolute
Galois group of k.

Let X € SmVar(k) be a smooth variety. Let p € N a prime number. Consider an embedding
op : k — C,. Denote I%gp C C,, the p-adic completion of £ with respect to o,. We have the commutative

. . N an,pet
diagram in ClB%drfil,an (X(Cp )
a(X)
dr.Xc, » % Iv) ®ox,. (OBar x. ,F)
Bar.xc, ) (%, . ,
' —
Lxg;t'_b_)l'l OLX®I::(w®>"n)n€NH(w®>\n)neN
Lxget::(l70)
P .
_Pch (QXCP,log,O ® L, Fb)

Consider an integral model X l? € Sch™* / Op, of X ho, If X 9 has good reduction modulo p, we have
PO \Falty fo
(see e.g. [1]) the embedding in C((Xf%p) )

O[(X) :BC”Svacgp — QQ*Q;(SD,o ® o OBCT’iS,X’:

k(,-p p

which is a filtered quasi-isomorphism compatible with the action of Gal(C,/ l;:gp) and the action of the
Frobenius ¢,, where (X % )F alt denote the Falting site.

For k a field of finite type over Q and X € SmVar(k), we denote d(k, X) C N the finite set consisting
of prime numbers such that if p € N\d(k, X) is a prime number, k is unramified at p and there exists an
integral model X ]? € Sch™" / Oy, of X with good reduction modulo p for all embeddings o, : k — C,,

/Acgp C C,, being the p-adic completion of k£ with respect to op.

Remark 3. To see that 6(k, X) is a finite set, considering k = ko(x1,- - ,xq)(xq4+1) where x1,--- x4 are
algebraicaly independent and kg is a number field one can take an integral model Y — Oy [x1, -+ , xat+1]/ fa+1
of X, a desingularization of Y’ — Y of Y and then see that §(k, X) is contained in the discriminant of
the family Y' —Y — Oy, [21,- -, %as1]/ far1-

Let X € PSmVar(k) be a smooth projective variety. Let p € N\§(k, X) a prime number. Consider
an embedding op, : k < C,. Then X; has good reduction modulo p and let Xf? € PSch /Ofcc, be a

op

smooth model, i.e. X o ®o kgp = X and X O ig smooth with smooth special fiber. The main
result of [1] say in thls case that the embeddlng in C((XO yFralt)

O[(X) ZIBECM&X,Ac — CL.*Q;((Q,. ®OX‘9 OBCT’iS,X;
op h

ko op

induces a filtered quasi-isomorphism compatible for each j € Z, a filtered isomorphism of filtered abelian
groups

HIT(ax Beris) ™' 1)
cm’s,fcc,p X—) Hgt((X)Falt)(Bcris,Xfcgp )

HIRD(XP ,a(X))
Ip

HIRa(X) : H.,(Xc,,Zp) ®z, B

H%R(Xfcc,p) O

op ch’s,kgp

compatible with the action of Gal(C,/ /%gp) and of the Frobenius ¢,.
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Definition 3. Let k a field of finite type over Q. Denote k the algebraic closure of k and G = Gal(k/k)
the absolute Galois group of k. Let X € PSmVar(k). Let p € N\o(k,X) a prime number. Consider
an embedding o, : k — C,. Denote k,, C C, the p-adic completion of k with respect to o,. For
o€ Hgt(X@p,Zp), we consider

w(a) = H'Ra(X)(a © 1) € Hpp(X;, ) &;

op op crzs,k:(,p :

the associated de Rham class by the p-adic periods. We recall

HIRa(X) : H),(Xc,,Zp) ®z, B = Hhp(X, ) oy

cris,kap op op

cris,kap

is the canonical filtered isomorphism compatible with the action of G'UP and with the action of the Frobenius

Pp-
We recall the following result from Illusie:

Proposition 7. Let k be a field of finite type over Q. Let X € SmVar(k). Let p € N\d(k, X) be a prime

number. Consider an embedding o}, : k — C,. Denote by ks, C C, the p-adic completion of k with respect

to o,. Consider X]gg € Sch™ /O;._ a smooth integral model of X} , in particular Xf? ®o, ]%ap =
op op op op Ip

X;. and X]gg 18 smooth with smooth special fiber. Assume there exist lifts ¢y, : X]gg /" — X]gg /p" of

the Frobenius ¢ : X]? /p— X]? /p, such that for n' > n the following diagram commutes
op op

’
p" /p™ "
0—— OX;‘? Jpn! = - OX,? /o — OX/‘? Jpn T 0
op op -

¢n’nT ¢71’T ¢71T

p"- /P

0 —— OX/? /pn’*n —_— OX,? /p"' B — OX)? /p" . 0
op op op
For each n € N, the sequence in C(Xg’et)
op
OL o _
° X /pm ° dn—1 °
0— QX}? /p™,log ? X,‘f /p" E—— Xg /p" —0
op op o

is exact as a sequence of complexes of etale sheaves (i.e. we only have local surjectivity on the right).
Proof. Tt follows from [6] for n = 1. It then follows for n > 2 by induction on n by a trivial devissage. 0O

We have the following key proposition (the projective case of [4]), we state and prove it for smooth
projective varieties, the case for smooth varieties is obtained in the same way using a smooth compacti-
fication with normal crossing divisors. The projective case suffices for our purpose:

Proposition 8. (projective case of [4] proposition 4(i)). Let k be a field of finite type over Q. Let
X € PSmVar(k). Let p € N\d(k,X) be a prime number. Consider an embedding oy, : k — C,. Denote

by k C l;:gp C C, the p-adic completion of k with respect to o,. Consider Xf? € PSch/O;_ a smooth
op

p

integral model of X; , i.c. X]gg ®o; l%,,p =X; and Xf? 18 smooth with smooth special fiber. Let
op op op op op
j € Z. We have, see definition 2(iii),
H,p(X;, )N H Ra(X)(HL,(Xe,, Zy)) = (¢*) " (H/OL g (Hpeo (X,

o
7p UP7QX£ZL7IOg7O)))

kgp

- H%)R(X@ ) ®%

op op crzs,k(,p ’
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where we recall ¢ : )A(Sp) — X}
ko, op

is the morphism in RTop given by the completion of Xf? with respect
op
to (p), and ‘ ‘
C* : HJ (X]%Up s QS(A ) — Héet(Xfcap’ ;ZEP) )

pet P
o
P
kap

is an isomorphism by GAGA and by considering an open cover X = U; X; such that there exist etale
maps X; — T C Adxi,

Proof. Consider c : X S ) x 1? the morphism in RTop which is the formal completion along the ideal

Up o
(p). Take a Zariski or etale cover r = (r; : X; — X )1<i<, such that for each 7 there exists an etale map
X; — A% Then, by [1], we have for each i explicit lifts of Frobenius ¢}, : Xl_ol; /p" — Xl_ol; /p™ of the
Koy Koy

Frobenius ¢ : Xioic /p — XZ,OfC /p, such that for n’ > n the following diagram commutes
9 (Tp ) Up

’
pn_ /p’n. —n
00— OX_OA Jp' - T OXQ Jp T OX,OA /pn T 0
'L,kdp z,kn—p z,kgp

¢;/nT %T ¢;T
pTL . /p'n// —n

0——s OXoA /pnlfn e OXoA /pn’ —_— OXOA /p™ —0

ishoy, iskay ishoy,

and such that the action of ¢! on Q%0 is a morphism of complex, i.e. commutes with the differen-

o /p™
ko
tials. On the other hand, by [6], we have action of the Frobenius on H%,R(Xf%p) = H%’R(Xfip ) ®o;, ko,
by
) ‘i’;v(xfc ) )
O\ ~ o op - ~ o
qﬁszDR(XfC )—»HJ(X,;%,WQ;%Q )—)HJ(X];%,WQ;()? )——)HJJDR(X]; )
op op op op
We then have the following commutative diagram, where R :=[1,...,7] and Xp := X1 Xx - Xx X,
Hj—l(XO 0 Hj (XO ) i @r Hj (XO 1
DR R,fcgp) DR\ i=111DR i,fcap)
I—d)R I—¢ I*ﬁbi
. ijl(XO ) o HY (XO ) i @r H (XO ) 4 .
=1Hpp Riko, DR\, =1"DR\A >
Hjil’I‘*OLho,(p) H]‘T*OL"O,(F) H]‘T*OL"O,(F)
XR,,icap Xi,fcgp Xi,fcfrp
j—1 ) j ri j Ty
o Hmt (XRJA“% ’ Q;(E”) log (’)) Hpet (Xf“ffp ’ Q;(E”) log (’)) ®€:1Hpet (Xiﬁfcap ’ ;?Ep) log O) o
o, 108 ko, 108 o 108

(1)

whose rows are exact sequences. By [1], a € HZ, (Xc,,Zy) is such that w(a) € H%R(Xf%p) if and only if

w(a) € ker(I — ¢ Hyp(XP ) = Hhp(XP ).

9p

On the other hand, for each I C [1,...,r], the sequence in C’(X?’pet)

OLXIECO,(P) o Tm (sl 1)
° Ip ° — =@ —1)neN °
0 — QX(P} ,log,O 7 QXOL(p) > QXOL(”) — 0
Lkoy, Lkoy, Ikoyp

is exact for the pro-etale topology by proposition 7 and since for each I,n € N the map in PSh(XP¢)

Q(/p) : Qfx}? /p™ — leg /pntt
(Tp dp
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are surjective for the etale topology and since the pro-etale site is a replete topos by [2]. Hence, for each
IC[1,...,r], by applying r* where r : X7 — Xlo’pet7 the sequence in C(X?)

m"OL Lo,k , ,
ko ¢ —I:=(¢y,—I)nen .
0— r*Q°, — T Q. —— - T Qe -0
X® 10g.0 X©.® XO:®
Lkoy Lkoy, Ikoy

is exact for the pro-etale topology. Hence the columns of the diagram (1) are exact. This proves the
proposition. O

This proposition together with proposition 6 implies the Tate conjecture for smooth projective varieties
over fields of finite type over Q :

Theorem 3. (i) Let k be a field of finite type over Q. Let X € PSmVar(k). Let p € N\d(k,X) be a
prime number. Then the Tate conjecture holds for X. That is for d € Z, the cycle class map

Z9(X) @ Qp = HE (X5, Q)7 Z > [Z]
is surjective, where G = Gal(k/k).

(ii) Let K be a p-adic field which is unramified. Let X € PSmVar(K) with good reduction. Then the
Tate conjecture holds for X. That is for d € Z, the cycle class map

Zd(X) ® Qp - Hezg(XvaQp)Gv Z — [Z]
is surjective, where G = Gal(C,, K).

Proof. (i):Consider an embedding o, : k < C,. Then k¥ C k C C, and k C /%gp C C,, where l%,,p

is the p-adic field which is the completion of k with respect the p adic norm given by o,. Consider

Xg) € PSch /O;  a smooth model of X; , ie. Xg) ®o, ]%Up = X; and Xg) is smooth with
op op op op op op op

smooth special fiber. Let o € H2!(X%,Z,)(d)¢. Using definition 3, by proposition 8

pet op

w(e) € H*OL g, (Hpe (X;;Upaﬂ}(gp) log o)) C lede(Xépi) = Hpp(X;, )
kop ' 7 7

where we recall ¢ : X fip ) X i, s the morphism in RTop given by the completion of X ]? with respect to

op P op

(p). By proposition 6 (ii) and (iii), there exists Z € Z4(X; ) ® Q) such that w(a) = [Z] € H¥R(X; ).
p op

By [1], considering the commutative diagram of abelian groups whose rows are exact, where j : X\ |Z| —

X denote the open embedding,

Beris,x (V)

i
Hezgz(Xfcv Zp) ®Zp Beris ngfd(XEa Zp) ®Zp Beris —— Hgtd((X\Z),;,Zp) ®Zp Beris

lRax*an(X) lRa(X) lRa(X\Z)

%

J
Hl%dR(XfC ) ®f€ap Bepis —— H%dR((X\Z)f%p) ®f€ap Beris

9p

DR(X)(OBeris,x)(7y)

H 5 (X, ) 95, Bori
we get o = [Z] € H2} (X}, Zp). Since [Z] is G invariant,

Z":=1/card(gZ,g € G) Z 9Z € ZU(X) 2 Qp
geG/Gz

satisfy [Z'] = [Z] = a € H*(X}, Zy).
(ii):Similar to (i).
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It is well known that theorem 3 implies the following :
Corollary 2. Let X € PSmVar(C).
(i) The standard conjectures holds for X.

(i) Let k C C be a subfield of finite type over Q over which X is defined, that is X ~ X; ®; C in
PSmVar(C) with X;, € PSmVar(k). For 6 € Aut(C/k), we have the isomorphism 6 : X = Xy in
Sch. Then 6 € Aut(C/k) induces, for each j € Z, an isomorphism

; Hiev(X) 1! ; * ; Hiev(X ;
0: H OO (X)L 1 (X)) 220, i (xen, ).

sing

(X", C)

Let d € N. Let « € FIH?*/(X*",Q) where FIH?* (X", Q) := FIHER(X) N H3L, (X", Q) C
H2>{(X* C). If 0(a) € H3L(X§™,Q) for all 6 € Aut(C/k), then o = [Z] with Z € Z4(X).

Proof. Standard. We consider, for ¢ € Z, k' C C a subfield and Y € Var(k’), the canonical morphism

T(Y):=T'(Y) : Hiy (Yen, Q) L0t i

(Ye™, Qp) = Heit(YCva) = Hét(YE/an)-
For 6 € Aut(C/k’), we have the commutative diagrams in C(Y x N)

"V ad(An™,An,)(Z,
(/P" Inen An. Eusu(Z,) ( )(Zp) EoZyy,

An, Eusu(Z)
lad(@*ﬁ*)(—) lad(@*ﬁ*)(—) \Lad(@*ﬁ*)(—)

(/P" )nen 6.6* ad(An*,An
—_—

Z
0,.0* An, B\, (Z) 0.0* An, By (Z,) ~— 9*92*(15212]0% = EetZpye,

Any,Ang.)(Zp)

(/P")nen
_—

Ang, By 54 (Z) Ang. Eysu(Zp)

and

L(YE™ Q(An
AH* Eusu (Z) % An* Eusu (Q;/Can) ; eiEQ.C

lad(é*,é*)(—) \Lad(é*,é*)(—) lad(@*ﬂ*)(—)
)

(Y 0.0°Q(An
0.0° An,y Busu(Z) ——m 0.0% Ay Busu (Bon) —e 0,0° B O}, = B3,

(ven Q(Ang)
An@* Eusu (Z) —C’e> AnG* Eusu (Q;/Caz)

where An : Y™ — Y and Ang : Yy — Y are the analytical functors. Hence for a € Hging(YC‘m, Q) such
that 6(a) € H’ (Y%, Q), we have

sing
0°T(Y)(a) = T(Ys)(0(a)) € HI,(Yir, Q).

(i): Let & C C be a subfield of finite type over Q such that X is defined. Denote G' = Gal(k/k) the
Galois group. Denote dx = dim(X) and for short X" = X. Let L’ € H;igﬁj (X x X,Q) the class

inducing the cup product with of the intersection of j hyperplane sections on H:liffg*j (X,Q) and zero on

Hsiing(X, Q),i#dx —j. Let AV € H2dx+2i (X x X,Q) inducing the inverse of L; on Hgﬁ;j (X,Q) and

sing

zero on Hj;, . (X,Q), i # dx +j. Consider an isomorphism o, : C = C, such that IACUP C C, is unramified
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and X has good reduction. We have T'(X x X)(L7) € HX™* %1 ((X x X)i, @,)¢ since it is the class of
an algebraic cycle. Hence,

T(X x X)(N) € HE (X x X)g,Qp)°
since the inverse of a Galois invariant morphism is Galois invariant. Hence, by theorem 3(i),
A = [Z], with Z € ZXT(X x X)® Q.

(ii): As o € H*I'(X,,Qx), where X = US_, X; is an open affine cover, there exists a subfield k C k' C C
of finite type over Q over which « is defined, that is a € Hk%(Xy) C HEL(X), where Xp := X, @1 k' €
PSmVar(k') satisfy Xy @k C ~ X in PSmVar(C). Let p € N\6(k', Xi/) be a prime number. Consider

T(Xp)(er) € H* (X3, Qp)-

If O(a) € HX (Xg", Q) for all § € Aut(C/k'), we get

sing

T(Xp)(a) = 1/card(Aut(C/K)a) Y 607" T(Xy)(0(e) € HE (X, Q) = HE(X,Qp),

g€ Aut(T/k)
hence, for g € Gal(k'/k), we get
g -T(Xp)(a) = 1/card(Aut(C/K')a) Z g 07 T(Xp)(0(a))
g€ Aut(C/k)
= 1/card(Aut(C/k)a) Y 07T (Xo)(0(a)) = T(Xw)(e) € HY (X5, Qp),
9 Aut(C/k)

that is, T(Xp)(a) € H*(Xy,Q,)%, with G := Gal(k'/k). Hence, if 6(a) € H%

ang(Xg™, Q) for all
0 € Aut(C/k'), we get by theorem 3(i),

T(X)(a) =T (Xp)(a) = [Z], with Z € Z4X) 2 Q.
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