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De Rham logarithmic classes and Tate conjecture

Johann Bouali

June 4, 2023

Abstract

We introduce the definition of De Rham logarithmic classes. We show that the De Rham class of
an algebraic cycle of a smooth algebraic variety over a field of characteristic zero is logarithmic and
conversely that a logarithmic class of bidegree (d,d) is the De Rham class of an algebraic cycle (of
codimension d). We deduce the Tate conjecture for smooth projective varieties over fields of finite
type over Q and over p-adic fields for QQ, coefficients, under good reduction hypothesis.

1 Introduction

In this work, we introduce for X a noetherian scheme, the definition of logarithmic De Rham cohomology
classes which are for each j € Z, the subgroup H/OLx (H},(X, Q% ,,)) C HL (X, Q%) =: Hpg(X) of
the De Rham cohomology abelian group. The subcomplex OLx : % ), < 2% of abelian sheaves on X
consisting of logarithmic forms is introduced in definition 1.

Let X be a smooth algebraic variety over a field of characteristic zero k. To an algebraic cycle
Z € 2% X), we associate its De Rham cohomology class [Z] € HZ%(X), which is by definition, as for any
Weil cohomology theory, the image of the fundamental class [Z] € H I%dR) 7(X) by the canonical morphism
HEh ,(X) — H?*A(X). In section 3, we show (c.f. theorem 1(i)) that [Z] € H%(X) is logarithmic of
bidegree (d, d), that is

[2) = H*'OLx([Z]1) € HER(X), [Z]p € HE (X, Q% 1og)

where HZ, (X, Q%log) Cc HX(X, 0% 10g) 18 the canonical subspace, as all the differentials of Q% ,,, vanishes
since by definition a logarithmic form is closed. This fact is a consequence of two properties :

e the Euler class of a vector bundle of rank d over an algebraic variety is logarithmic of bidegree (d, d)
(c.f. proposition 2)

e the motivic isomorphisms applied to De Rham cohomology preserve logarithmic classes (c.f. propo-
sition 1). The key point is that logarithmic De Rham forms on algebraic varieties over k are closed,
(trivially) A} invariant and compatible with the transfers maps induced by finite morphisms of alge-
braic varieties and in particular finite correspondences. Since Qfog C Q! are (trivially) A} invariant

presheaves with transfers on the category of smooth algebraic varieties over k, by a theorem of

Voevodsky the cohomology presheaves of A invariant presheaves with transfers are A} invariant.

Conversely, we show (c.f. theorem 1(ii)), that a logarithmic class w € H%(X) of bidegree (d, d) is the
De Rham class of an algebraic cycle (of codimension d).

The proof works as follows : A logarithmic class of bidegree (p, ¢) is locally acyclic for the Zariski topology
of X since it is the etale cohomology of a single sheaf. This allows us to proceed by a finite induction
using the crucial fact that the purity isomorphism for De Rham cohomology preserve logarithmic classes
(c.f. proposition 3). The proof of proposition 3 follows from the fact that the purity isomorphism is
motivic (see [5]), that the Euler class of a vector bundle of rank d over an algebraic variety is logarithmic
of bidegree (d, d) (c.f. proposition 2) and that the motivic isomorphisms applied to De Rham cohomology



preserve logarithmic classes (c.f. proposition 1). At the final step, we use, for simplicity, the fact that for
a scheme Y, HL (Y, Q%,Jog) = H(Y,0%) is the Picard group of Y. In the case X projective, we also get
a vanishing result (c.f. theorem 1(iii)’) : H2?OLx(H% *(X, Q?f{f)g)) =0 for k£ > 0.

Let X a smooth projective variety over a field k of finite éype over Q. Let p be a prime number
unramified over k such that X has good reduction at p, o, : £k — C, a fixed embedding and k the
algebraic closure of k inside C,. Denote by /%gp C C, the p adic completion of £ with respect to o,. We
show (c.f. proposition 7) that Tate classes o € H2¥(X},Z,)(d)¢ of X gives by the p-adic comparison
isomorphism

H*'Ro(X) : H(Xc,, Zp) ®z, B = Hpp(X) @k B

cris,k(,p cris,kap ’

a Zyp linear combination of logarithmic classes

w(a) == H*Ra(X)(a) == > Nw(a)L; € HER(Xc,), Ai € Z,
i=1
with for each 1 <i <s, A\; € Z, and w(a)r; € H2dOLXH§f(XCP,Q§Z log)» using a result of [6] together
with results of [8] on the pro-etale topology, and a GAGA result on Iiogarithmic De Rham classes (c.f.
proposition 5) whose proof is motivic and similar to the proof of theorem 1. We deduce, by theorem 1(ii)
and (iii)’, the Tate conjecture for X with Q, coefficient (c.f. theorem 2). Note that for a p-adic field
K c C,, dim Hgt(ch,Zl)G > dim Hgt(X@p,Zp)G for I # p in general. Hence it is not clear whether
Tate conjecture holds for smooth projective varieties over finite fields kg, since the base change for etale
cohomology for f: X — Ok, Oxg = W (kg) only holds for Z; coefficients, | # p.

Let X a smooth projective variety over C. Choose an isomorphism C ~ C, with p € N a prime
number such that Xc, has good reduction at p. As Tate conjecture holds for X¢, with Q, coefficients,
the standards conjectures holds for X and any absolute Hodge class of X is the class of an algebraic cycle
(corollary 2).

I am grateful for professor F.Mokrane for help and support during this work.

2 Preliminaries and Notations

Denote by Top the category of topological spaces and RTop the category of ringed spaces.

Denote by Cat the category of small categories and RCat the category of ringed topos.

For § € Cat and X € S, we denote S/ X € Cat the category whose objects are Y/X := (Y, f) with
YeSand f:Y — X is a morphism in S, and whose morphisms Hom((Y”, /'), (Y, f)) consists of
g:Y’' =Y in S such that fog= f'.

For (S,0g) € RCat a ringed topos, we denote by

— PSh(S) the category of presheaves of Og modules on S and PShp, (S) the category of presheaves
of Og modules on 8, whose objects are PSho (S)° := {(M,m), M € PSh(S),m : M @ Og — M},
together with the forgetful functor o : PSh(S) — PSho,(S),

— C(S) = C(PSh(S)) and Cp4(S) = C(PShp.(S)) the big abelian category of complexes of
presheaves of Og modules on S,
= Cog2)fi(S) := C(2)7a(PShog(S)) C C(PShog(S), F, W), the big abelian category of (bi)filtered

complexes of presheaves of Og modules on S such that the filtration is biregular and PSho 2)4(S) :=
(PSho,(S), F,W).

e Let (S,05) € RCat a ringed topos with topology 7. For F' € Cog(S), we denote by k : F — E (F)
the canonical flasque resolution in Co4(S) (see [3]). In particular for X € S, H*(X, E.(F)) =
H* (X, F).



e For f: 8 — S a morphism with §,8" € RCat, endowed with topology 7 and 7’ respectively, we
denote for F' € Cp4(S) and each j € Z,

— f*i= HIT(S, koad(f*, f.)(F)) : H/(S,F) — HI(S', f*F),

— f* = HIT(S, koad(f*™°d f)(F)) : H/ (S, F) — H/(S', f*modF),
the canonical maps.

e For X € Cat a (pre)site and p a prime number, we consider the full subcategory
PShz, (X) C PSh(N x X), F = (Fy)pen, p"F, =0, Fopq/p" = F,
Cz,(X) := C(PShz, (X)) C C(N x X) and
Ly = Ly x = ((Z/p"Z)x) € PShz, (X)

the diagram of constant presheaves on X.

e Denote by Sch C RTop the subcategory of schemes (the morphisms are the morphisms of locally
ringed spaces). For a field k, we consider Sch /k := Sch / Spec k the category of schemes over Spec k,
that is whose object are X := (X, ax) with X € Sch and ax : X — Speck a morphism and whose
objects are morphism of schemes f : X’ — X such that f oax = ax. We then denote by

— Var(k) = Sch'* /k < Sch /k the full subcategory consisting of algebraic varieties over k, i.e.
schemes of finite type over k,

— PVar(k) c QPVar(k) C Var(k) the full subcategories consisting of quasi-projective varieties
and projective varieties respectively,

— PSmVar(k) C SmVar(k) C Var(k), PSmVar(k) := PVar(k) N SmVar(k), the full subcategories
consisting of smooth varieties and smooth projective varieties respectively.

For a morphism of field ¢ : k — K, we have the extention of scalar functor

@kK :Sch/k —Sch /K, X = Xk =Xk o =X K, (f: X' =5 X)) (fk:=f1: X = Xkg).
which is left ajoint to the restriction of scalar

Resy i : Sch /K — Sch /k, X = (X,ax)— X = (X,00ax), (f: X' > X)— (f: X' = X)

The extention of scalar functor restrict to a functor

QK : Var(k) = Var(K), X = Xg = Xgo =X K, (f: X' =5 X) = (fk =1 : X;x = Xk).
and for X € Var(k) we have 7, (X) : X — X the projection in Sch /.

e For X € Sch, we denote XP¢* C Sch /X the pro etale site (see [2]) which is the full subcategory of
Sch /X whose object consists of weakly etale maps U — X (that is flat maps U — X such that
Ay : U — U xx U is also flat) and whose topology is generated by fpqc covers. We then have the
canonical morphism of site

vy XP 5 X (U — X)) (U — X)

For F € C(X*),
ad(vx, Rvx.)(F) : F — Rvx..vx F

is an isomorphism in D(X ), in particular, for each n € Z

vi HYL(X,F) = HEL (X, v F)

pet

are isomorphisms, For X € Sch, we denote



— Ly, =lim VX (Z/p"L)xer € PSh(XP?¢) the constant presheaf on X,
= lpx = (p(*)) : Zp . — vx(Z/pZL)xe+ the projection map in PSh(N x xret),

e An affine scheme U € Sch is said to be w-contractible if any faithfully flat weakly etale map V' — U,
V' € Sch, admits a section. We will use the facts that (see [2]):

— Any scheme X € Sch admits a pro-etale affine cover (r; : X; — X);e; with for each i € I, X;
a w-contractile affine scheme and r; : X; — X a weakly etale map. For X € Var(k) with k£ a
field, we may assume I finite since the topological space X is then quasi-compact.

— If U € Sch is a w-contractible affine scheme, then for any sheaf F' € Shv(UP®t), H!

pet(U7 F) =0
for i # 0 since T'(U, —) is an exact functor.

e Let X € Sch. Considering its De Rham complex Q% := DR(X)(Ox), we have for j € Z its De
Rham cohomology H%,R(X) = HJ(X,Q%). For X € Var(k), the differentials of Q% := Q% are
by definition k-linear, thus H7, r(X) has a structure of a k vector space. If X € SmVar(k), then
Hp(X) = H,(X, Q%) since Q9 € C(SmVar(k)) is Al local and admits transfers where

Q% € C(Var(k)), X = Q3,(X) := T(X, 0%),
(f X' = X) = Q5(f) = f* : T(X, Q%) — T(X',0%)

(see [3]).

e Let X € Var(k). Let X = U?_, X; an open affine cover. For I C [1,..., s], we denote X := N1 X;.
We get X, € Fun(P([1,...,s]), Var(k)). Since quasi-coherent sheaves on affine noetherian schemes
are acyclic, we have for each j € Z, H},p(X) = I'(X,, Q%.).

e For X € Sch noetherian irreducible and d € N, we denote by Z(X) the group of algebraic cycles of
codimension d, which is the free abelian group generated by irreducible closed subsets of codimension
d.

e For K a field which is complete with respect to a p-adic norm, we consider Og C K the subring of
K consisting of integral elements, that is € K such that |z| < 1. For X € Var(K), we denote by
X9 € Sch /Ok a (non canonical) integral model of X, i.e. satisfying X© ®o, K = X.

e For X € Sch and p a prime number, we denote by c : X® - X the morphism in RTop which is
the completion along the ideal generated by p.

e Let K a field which is complete with respect to a p-adic norm and X € PVar(K) projective. For
X9 € Sch /Ok an integral model of X, i.e. satisfying X© ®0, K = X, we consider the morphism
in RTop

ci=(c®I): XP .= X%P g, K- X°®0, K=X.

We have then, by GAGA (c.f. EGA 3), for F' € Coho(X) a coherent sheaf of Ox module,
¢t HH(XO, F) = HF(XO:®) c*med P for all k € Z, in particular

¢ HN (X, QF") S HNX P, 020

for all k,1 € Z.

e For k a field of finite type over Q and X € SmVar(k), we denote d(k,X) C N the finite set
consisting of prime numbers such that for p € N\§ a prime number £ is unramified at p and such

that there exists an integral model X ]? of X; with good reduction modulo p for all embeddings
op 9p

op k= Cp, l%gp C C,, being the p-adic completion of k with respect to o,. To see that §(k, X)
is a finite set, considering k = ko(x1, -+ ,xq)(x4+1) where x1,--- 24 are algebraicaly independent



and kg is a number field one can take an integral model Y — Oy, [z1, - ,xat+1]/fa+1 of X, a
desingularization of Y — Y of Y and then see that §(k, X) is contained in the discriminant of the
family Y/ =Y — O, 21, , at1]/ far1-

Denote by AnSp(C) C RTop the full subcategory of analytic spaces over C, and by AnSm(C) C
AnSp(C) the full subcategory of smooth analytic spaces (i.e. complex analytic manifold). Denote by
CW C Top the full subcategory of CW complexes. Denote by Diff(R) C RTop the full subcategory
of differentiable (real) manifold.

Denote Sch? € RTop? the subcategory whose objects are couples (X, Z) with X = (X,0x) € Sch
and Z C X a closed subset and whose set of morphisms Hom((X’, Z’), (X, Z)) consists of f : X' —
X of locally ringed spaces such that f~*(Z) c Z'.

Let k a field of characteristic zero. Denote SmVar?(k) C Var?(k) C Sch? /k the full subcategories
whose objects are (X, Z) with X € Var(k), resp. X € SmVar(k), and Z C X is a closed subset,
and whose morphisms Hom((X’, Z’) — (X, Z)) consists of f : X’ — X of schemes over k such that
12z cz.

Let k a field of characteristic zero. For X, X' € Var(k), with X’ irreducible, we denote Z/%/X" (X’ x
X) C Z4,, (X’ x X) which consist of algebraic cycles a = 3, nja; € 24, (X’ x X) such that,
denoting supp(«) = U;a; C X' x X its support and p’ : X/ x X — X’ the projection, p?supp(a) :
supp(a) — X' is finite surjective. We denote by Cor SmVar(k) the category such that the objects
are {X € SmVar(k)} and such that Homcor smvar(e) (X', X) := ZfS/X,(X’ x X).

For X € Top and Z C X a closed subset, denoting j : X\Z < X the open complementary, we will
consider
F%ZX = COIle(ad(j!,j*)(Zx) Zj!j*ZX — Zx) S C(X)

and denote for short vy := Y (Zx) : Zx — I'}Zx the canonical map in C(X).

For X € Var(k) and Z C X a closed subset, denoting j : X\Z < X the open complementary, we
will consider

I'}Zx := Cone(ad(jy, j*)(Zx) : Zx — Zx) € C(Var(k)*"/X)

and denote for short vy := v%(Zx) : Zx — I'}Zx the canonical map in C'(Var(k)*”/X). Denote
ax : X — Speck the structural map. For X € Var(k) and Z C X a closed subset, we have the
motive of X with support in Z defined as

My (X) = axiTya'xZ € DA(k).
If X € SmVar(k), we will also consider
axyl'yZx = Cone(axy o ad(jy, j*)(Zx) : Z(U) — Z(X)) =: Z(X, X\ Z) € C(SmVar(k)).
Then for X € SmVar(k) and Z C X a closed subset
Mz(X) = axiTya'yZLx = axyTyZx =: Z(X, X\Z) € DA(k).
We denote I := [0,1]" € Diff (R) (with boundary). For X € Top and R a ring, we consider its
singular cochain complex
e (X, ) i= (Z Homrop(I", X)) & R

and for | € 7Z its singular cohomology H'

sing (X5 R) == H"C
functoriality the complex

sing

(X, R). In particular, we get by

O;(,Rsing € CR(X)a (U C X) = O:ing(Ua R)



We will consider the canonical embedding

C*12in7)0(X) 1 Cling (X, 2inZ) — Cfe(X,C), a = a® 1

sing sing

whose image consists of cochains a € Csjing(X, C) such that a(v) € 2inZ for all v € Z Homrp (I*, X).

We get by functoriality the embedding in C(X)

O*LinZ/C,X : O;(,Ziﬂl,sing — O;(,(C,sing7
(U C X) = (C*LinZ/C(U) : :ing(Uu 2”TZ) — C:ing(Uv (C))
We recall we have

— For X € Top locally contractile, e.g. X € CW, and R a ring, the inclusion in Cr(X)
cx + BRx = C%, is by definition an equivalence top local and that we get by the small

(X,R).

Rsing
chain theorem, for all I € Z, an isomorphism H'cx : H/(X, Rx) — H!

sing
— For X € Diff(R), the restriction map
rx : ZHompigr) (I*, X )V = CLo(X, R), w = w : (¢ = w(¢))
is a quasi-isomorphism by Whitney approximation theorem.

We will use the following theorem of Voevodsky (see e.g. [5]): Let k a perfect field (e.g. k a field of
characteristic zero). Let F' € PSh(SmVar(k)). If F is A! invariant and admits transfers, then for
all j € Z, H E2,(F) € PSh(SmVar(k)) are A! invariant. That is, if F' is A! invariant and admits
transfers then F is A! local.

We introduce the logarithmic De Rham complexes

Definition 1. (i) Let X = (X,0x) € RCat a ringed topos, we have in C(X) the subcomplex of

(i)

presheaves of abelian groups

OLx : Q% 1og = 2%, s.t. for X° € X andp € N, p > 1,
08 10g(XO) =< dfar [ fon N+ Ndfa, ] faps for, € T(X?,0x)* >C Q5 (X?),

where Q% = DR(X)(Ox) € C(X) is the De Rham complex and I'(X°,Ox)* C T'(X°,Ox) is the
multiplicative subgroup consisting of invertible elements for the multiplication, here <, > stand for
the sub-abelian group generated by. By definition, for w € Q% (X°), w € Q&)log(X") if and only if
there exists (n;)1<i<s € Z and (fia, )1<i<s1<k<p € ['(X°, Ox)* such that

128,13 R>

w= " nidfia,/fion N+ Ndfia,/ fia, € W (XO).

1<i<s

For p =0, we set Q%J% =Z. Let f : X' = (X',0x/) - X = (X,0x) a morphism with X, X' €
RCat. Consider the morphism Q(f) : Q% — f.Q%/ in C(X). Then, Q(f)(2% 10g) C f+O2% 1og-

For k a field, we get from (i), for X € Var(k), the embedding in C(X)
OLX : Q;(,log — QB( = Q;{/k’

such that, for X° C X an open subset and w € Q% (X°), w € ngog (X°) if and only if there exists
(ni)lgigs € 7Z and (fi,ak)lgigs,lgkgp S F(XO,O)()* such that

w = Z nidfs.an [ fian N Ndfia, ] fia, € Q5% (X°),

1<i<s



and for p =0, Q% ., = Z. Let k a field. We get an embedding in C(Var(k))

OL : QY 10g = Q7 given by, for X € Var(k),
OL(X):=0Lx : Q;k,log(X) =X, 0% 10g) = T'(X,0%) = Q;k(X)

and its restriction to SmVar(k) C Var(k).

(iii) Let K a field of characteristic zero which is complete for a p-adic norm. Let X € Var(K). For
X9 € Sch /Ok an integral model of X, i.e. satisfying X© ®0,. K = X, we write for short

OLx := OLx 01 Q%et 1050 1= Qx0.et 105 > Dt 10g > Qe

the embedding of C(X ) consisting of integral logarithimc De Rham forms, with ¢ :
Q%et 1og- We will also consider the embeddings of C(XPet)

.
Xo’et,log —

m o (OLX ® I) : Q;{pet,logﬁo & Zp = Q.Xpetﬁlogﬁo ® @X — Q;{pet, (w & )\n)nEN — ()\n)nEN - w

and
o . ° R 1 * ° °
OLX(P) = (OLXO/pn)neN : QX(P),log,O = @ VXQXO,et/pn’log — QX(P)’
neN

where we recall ¢ : X?) — X the morphism in RTop is giwen by the completion along the ideal
generated by p. Note that the inclusion QlXo,et log/p" C Q;(O,et/pn log is strict in general. Note that

° Lk ° pet
QXpet7log)O = VXQXﬁt,log,O S O(X ),
but

Zyp

Zp, = lm Vi (Z)p"7) xet € C(XPY), and Q% 0 = MM v Qo pn 1og € C(XPet)

X @) log,
neN neN

are NOT the pullback of etale sheaves by vx. We denote by Var(K)P' the big pro-etale site and
consider the embedding of C(Var(K)Pet)

OL /k.an = Q75 — Q5" forX € Var(K),

/K,log,O /K
OLykan(X) = OL 3y (X) : Q%) 105 0 (X P) = Q%) (X )

and its restriction to SmVar(K)P¢t C Var(K)Pet.

3 De Rham logarithmic classes

3.1 The De Rham classes of algebraic cycles vs De Rham logarithmic classes

Let X € Sch. Recall we have the canonical sub-complex OLx : Q% j,, = Q% in C(X) (c.f. definition
1). All the differential of Q% )., vanishes since by definition the logarithmic forms are closed. For j € Z,
the De Rham logarithmic classes consist of the image

HIOLx (HL (X, 0% 105)) C HL, (X, Q%) = Hpp(X).

The filtered complex I'(X, Eet (%t 1oq, 1)) € Cru(Z) has its differentials at the £y level vanishes since
the logarithmic forms are closed, hence we have a canonical splitting

1 . j—1
Hit(Xa QX,log) = @OSISngt (X5 QlX,log)'



Let X € Sch a noetherian scheme. We have by definition the exact sequence in C(X )

dl
O%F*%O}—%Qx,log—ﬂ)

where F' is a prime field (i.e. F = Q or F' = Z/pZ for p a prime number). Hence H} (X, Qx 10g) =
HL(X,0%) and HL(X,Qx 10g) = HL(X,0%) =0 for ¢ < 2. Let X € Sch a noetherian proper scheme.
We have H(X, Q% ) = 0.

Let k a field of characteristic zero. We get (see definition 1) the embedding in C(SmVar(k))

OL : Q9 105 = Q7;, given by, for X € SmVar(k),
OL(X) 1= OLx : Q9 1,,(X) := I'(X, Q% 1o5) = T'(X, Q%) =: Q) (X).

We have also the sheaves

Oy, 0, € PSh(SmVar(k)), X € SmVar(k) — Oi(X) := O(X), Ox(X) := O(X)*,
(g:Y = X) = ag(X): Ox(X) = Oy (Y), Ox(X)* = Oy (Y)*

The sheaf O; € PSh(SmVar(k)) admits transfers : for W C X’ x X with X, X’ € SmVar(k) and W finite
over X" and f € O(X)*, W*f := Ny,x/ (pxf) where px : W — X' x X — X is the projection and
Ny xr+ k(W)* — k(X')* is the norm map. This gives transfers on Q}mog € PSh(SmVar(k)) compatible
with transfers on Q}k € PSh(SmVar(k)) : for W C X’ x X with X, X’ € SmVar(k) and W finite over X’
and f € O(X)*,
Wrdf ) f = dW"f/W"f = Trw;x (px (df / f)),

where where px : W < X’ x X — X is the projection and T'ry,x/ : Ow — Ox is the trace map. Note
that d(fg)/fg=df/f + dg/g. We get transfers on

D02k 1o ©0, 2}y, € PSh(SmVar(k))
since ®<l@9}k,1og = HO(®é’lQ}kﬁlog) and ®lOkQ}k = H%@é’iQ}k). This induces transfers on

®rycq,..., 1AL =(ww —»wuwew")

®52) 1 10¢) € PSh(SmVar(k)).

.....

Srycp,..., Z]AI2::(w®w'>—>w®w®w’)

) @b, Q) € PSh(SmVar(k)).

.....

Let X € Var(k). We have by definition the exact sequence in C'(X®)

dl
0= k" = 0% =% Qxlog — 0

Hence HY (X, Qx 10g) = HL (X, 0%) and HL (X, Qx 10g) = HL(X,0%) =0 for ¢ < 2. For X € PVar(k),
we have H°(X, QlXJOg) = 0.

e Let (X,Z) € Sch? with X € Sch a noetherian scheme and Z C X a closed subset. We have the
deformation (DzX,AL) — A, (DzX,AL) € Sch® of (X, Z) by the normal cone Czix = Z, ie.
such that

(DzX,A})s = (X,2), s € ANO, (DzX,A})o = (Cz/x,Z).

We denote by i1 : (X,Z) — (DzX,A}) and i : (Cz/x,Z) — (DzX,A}) the closed embeddings
in Sch®.



e Let k a field of characteristic zero. Let X € SmVar(k). For Z C X a closed subset of pure
codimension ¢, consider a desingularisation € : Z — Z of Z and denote n: Z % Z € X. We have
then the morphism in DA (k)

Z(€)

ZEDe, M(Z) ()2 2 M(Z) ()2

GZ,X . M(X)

where D : Hompa ) (Mc(Z), Mo(X)) = Hompa ) (M(X), M(Z)(c)[2c]) is the duality isomor-
phism from the six functors formalism (moving lemma of Suzlin and Voevodsky) and Z(n) :=
ad(m,n!)(oa!XZ)l noting that ny = n. since n is proper and that a'y = a’[dx] and a!Z = a}[~dz]
since X, resp. Z, are smooth (considering the connected components, we may assume X and Z of
pure dimension).

We recall the following facts (see [5] and [3]):

Proposition 1. Let k a field a characteristic zero. Let X € SmVar(k) andi: Z C X a smooth subvariety
of pure codimension d. Then Cz,x = Nz/x — Z is a vector bundle of rank d.

(i) The closed embeddings i1 : (X,Z) < (DzX,AY) and iy : (Cz/x,Z) — (DzX,Ak) in SmVar® (k)
induces isomorphisms of motives Z(i1) : Mz(X) = My (DzX) and Z(io) : Mz(Nz/x) =
My (DzX) in DA(k). We get the excision isomorphism in DA ()

PZ,X = Z(i0)71 o Z(’Ll) : Mz(X) = MZ(NZ/X)-
We have

Th(Nzx) o Pzx 07%(Zx) = Gzx = D(Z(i)) : M(X) — M(Z)(d)[2d].

(ii) For each j € Z, the excision isomorphism induced by (i)
HIQ(Pz,x) == H’ Ec(Q,)(Z(i0)) 0 H Ect(Q9,)(Z(i1)) ™
Hpp (X) 3= HT2(X, Bt(Q%)) = Hpp z(Nzyx) = HT2(Ny ., Ea ()

preserve logarithmic De Rham classes, that is for eachl € Z,

HIQ(Py,x )(H/ OLx (HY; (X, Q% 105))) = HOLn,, (H; 7 (Nz/x, U, tog)

Proof. (i): See [5].

(ii): The de Rham complex 09, € C (SmVar(k)) admits transfers using trace map for commutative rings,

that is Q* € C(Cor SmVar(k)) (see [7]) and the inclusion OL : Ql/k,log[_l] = Q7 in C(SmVar(k)) is

compatible with transfers. Since Ql/k,log € PSh(SmVar(k)) is A} inv@riant (Ogi = k* and for A € k* we

have d\ = 0) and admits transfers, for each j € Z, the presheaves Hg{lQl/kﬁlog € PSh(SmVar(k)) are A},

invariant by a theorem of Voevodsky (c.f. [5] for example). It then follows from (i) (see [5] or [3]) that
HleOg(PZ,X) = HjEet( 7k,1og)(Z(i0)) © HjEet( 7k,1og)(Z(il))_l :

J—1 l ~ j—1 l
Het,Z(X’ QX,log) - Het,Z(NZ/X’ QNZ/X,log)'
Hence,

HIQ(Py,x) (HOLx (Y, 5 (X, D 100)) = HIOL,  (Quog(Pz.x) (HZ; (X, O 1o,)))
HjOLNZ/X(ijl (Nzx, levz/x,log))-

et,



Remark 1. Let k a field a characteristic zero.

(i) The statement of proposition 1(i) also holds for the subcomplex Q;}f:O — Q9 of closed forms

by the same argument since the inclusion Ql/’szo[—l] — Q9 in C(SmVar(k)) is compatible with
transfers.

(i) The statement of proposition 1(ii) does NOT hold for presheaves which do not admits transfers
(they are A' invariant but not At local in general). Note that the result of proposition 1(ii) does
NOT hold for the embedding in C(SmVar(k)), associated to an embedding o : k — C,

HEI 1] A%, X € SmVar(k), D(X, H¥e!)[=1] = D(X, Axgr)

of the subsheaf of harmonic differential forms, the sheaves of differential forms A € C(SmVar(k))
does NOT admits transfers (finite algebraic correspondences are not smooth and for f: X' — X a
morphism with X', X € Diff(R) wvector fields on X only lift if [ is a smooth morphism i.e. if the
differential of df is surjective), transfers maps are only defined on cohomology.

Let k a field of characteristic zero. Let X € SmVar(k) and Z C X a smooth subvariety of pure
codimension d. We have for each j € Z, the purity isomorphism given by H'Q(Pz x) (see proposition 1)
and the cup product with the Euler class of of the normal tangent bundle Nz, x — Z :

HIQ(Pz, x) ((—)-e(Nzyx)~"
-z - 7

HjDR(PZ,X) : H{)R,Z(X) H{)R,Z(NZ/X) Hé}?d(z)-

Now, we have the following :

Proposition 2. Let k a field of characteristic zero. Let p: E — X a vector bundle of rank d € N with
X, E € SmVar(k) connected. Then

(i) the Buler class e(E) € Hply x(E) is logarithmic of type (d,d), that is e(E) = H**OLg(e(E)) €
le)dR,X(E) with G(E) € Hf)i(,et(E7 Q%,log)7

(ii) the Euler class e(E) € Hj%dRX(E) induces for each i,j € Z an isomorphism
(=) - e(B) : HOLx (HL(X, Qy 10)) =+ H*MHOL(HL (B, Q51 ,)-
Proof. (i):Let X = U;X; an open affine cover such that E; := Ex, is trivial : (s1,---,s4) : E|x, =
X; x A? with s; € T(X;, E). Then
e(E)x, = 0(ds1/s1 -+ Ndsa/sq) € H**OLp,(H%, (Ei, Q% 1))
where 0 : Hi™1(E;\ X5, QdEJOg) — HY (E;, Q%)log) is the boundary map. Hence
e(B) € H*OLg(H"(E, HY Q% 105)) = H, x (B, Q% 10p) C HO(B, HYQ37") € Hig x(E).

(ii):Follows from (i) and Kunneth formula for De Rham cohomology : let X = U; X; an open affine cover
such that E; := E|x, is trivial and consider the morphism of bi-complexes of abelian groups

(=) - e(E)) : OLx (T(Xa, Eet(x 10g))) = OLE(T(Ea, Eet (U f5,.)))[2d]-

By (i) an Kunneth formula for De Rham cohomology, ((—)-e(FE)) induces an isomorphism on the F; level
of the spectral sequences for the filtrations associated to bi-complex structures on the total complexes.
Hence, ((—) - e(F)) is a quasi-isomorphism. This proves (ii). O

We deduce from proposition 1 and proposition 2, the following key proposition
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Proposition 3. Let k a field of characteristic zero. Let X € SmVar(k) and Z C X a smooth subvariety
of codimension d. For each j € Z, the purity isomorphism

HIQ(Pz,x) ((=)-e(Nz/x)~*

j j j j—2d
HIDR(Pzx) : Hjp 5(X) H}p ;(Nz/x) H}Z24(Z)

preserve logarithmic De Rham classes, that is for each | € Z,
HIDR(Py,x)(HOLx (H}, 7(X. 9 100))) = B OLz(H}; ' (Z.0%0,)).
Proof. Follows from proposition 1(ii) and proposition 2(ii). O

Let k a field of characteristic zero. For X € SmVar(k), we have the cycle class map for De Rham
cohomology

Z € 2UX) m [2] = H*Q(v3)([2)) C HpR(X), [Z] € Hpg2/(X),
H*¥Q(yy) : H%JdR,\z|(X) — Hpp(X)
where
Q(yz) = Hom(vz(Zx), Eet(X)) : T2(X, Eet(Q% ) = T(X, Eet(Q%))

and, as for any Weil cohomology theory, we have the isomorphism given by purity : if X° C X is an open
subset such that Z¢ := X° N Z has smooth components we have the isomorphism

H*'DR(Pz0 xo) : Hpg 1 7/(X) = Hplg 70/(X%) = Hpg 70| (Nzox0) = Hpp(|1Z°)).

where the first equality follows from dimension reason : for X € SmVar(k) and Z’ C X smooth, we have
Hpp 7/(X) =0 for i <2codim(Z’, X) by the purity isomorphism H*DR(Pz x).
The main result of this section is the following :

Theorem 1. Let k a field of characteristic zero. Let X € SmVar(k). Let d € N.

(i) The De Rham cohomology class of an algebraic cycle is logarithmic and is of type (d,d), that is, for
Z € Z24X)
(2] := H*¥Q(v)(1Z]) € H*OLx (H&(X, Q% o)) C HBR(X).

(i) Conversely, anyw € H?*?OLx (H% (X, ng,log)) is the class of an algebraic cycle. Note that it implies
w € WoHES(X) as it is easily seen for d = 1 by the Chow moving lemma since j* : Pic(X) —
Pic(X) is surjective if j : X = X is a smooth compactification of X, X € PSmVar(k) and since
H (Y, Qy104) = Pic(Y) for Y € Var(k).

(iii) We have HIOLx (H? (X, QZX)log)) =0 for j,l € Z such that 21 < j.

(iii)’ If X € PSmVar(k), we also have HIOLx (H? (X, leﬁlog)) =0 for j,l € Z such that 21 > j. That
is, if X € PSmVar(k), we only have logarithmic classes in bidegree (d,d) for d € N, in particular
there is mo non trivial logarithmic classes for odd degree De Rham cohomology H%‘ﬁ'l(X).

Proof. (1):We have
(2] .= H**Q(vy)([2]) = H*'OLx o H'Qil, (v2)(1Z]) © HER(X), [Z] € Hfy | 7)(X, Q% 1g)

where

Qiiog (’Y%) = HOID(’Y% (ZX), Eey (ng,log)) Iz (Xv Ee (Qg(,log)) — F(Xv Ee (Qg(,log))v

since if X° C X is a Zariski open subset such that Z° := X°NZ has smooth components and Nzo/xo — Z°
is the normal tangent bundle, we have by proposition 3 the isomorphism

H*'DR(Pygo xo) : H*OLx(HY, 7/(X, Q% 105) = HOLx(HE | 50/(X%, Q%0 10)
H2dOLX(Hgt1‘Zo|(NZO/X°7Ql]iVZO/Xo,log))'
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(ii):By assumption we have
w=HOLx(w) € HER(X), w € HL(X, Q% 10z)

As Q%)log € PSh(X*) consist of a single presheaf, that is a complex of presheaves concentrated one
degree, there exist an etale open cover r = r(w) = (r; : X; — X)i<i<s, depending on w, such that
riw =0¢€ HL(X,, le(,log) for each i. Choose i = 1 and denote j : U := r1(X;) — X the corresponding
(Zariski) open subset. As Q?{,log has no torsion and admits transfers, we have j*w = 0 € HZ (U, Q§(710g).
Hence, denoting D := X \U, we have

w = HQdOLX (w)7 w e HdQldog (WB)(Hgt,D(Xv Qg{,log))'

We may assume, up to shrinking U, that D C X is a divisor. Denote D° C D its smooth locus and
l: X°— X a Zariski open subset such that X°N D = D°. We then have by proposition 3

'w € H**DR(Ppo xo)(H**"2OLpo (HE (D%, Q51,.)))-

We repeat this procedure with each connected components of D° instead of X. By a finite induction of
d steps, we get

w=H*OLx (w), w e H'O{,(v2)(He, 7(X, 0% 105)):
with Z := Dq C --- C D C X a pure codimension d (Zariski) closed subset and w = 3", n;[Z;] € H¥L(X),
where n; € Z and (Z;)1<i<t C Z are the irreducible components of Z, using in the final step the

isomorphism . .
Het(Dg—laQD;,l,IOg) = Het(Dg—lvO}de,l) = Pic(Dg_,).

(iii):Let j > 2I. Let w € HIOLx(HI; ' (X, leﬁlog)). By the proof of (ii) there exists Z C X a closed
subset of pure codimension [ such that

w=HIOLx (w), w € H ™'y (1) (HI; 7(X, O 1og)).
By a finite induction of dx — I steps, restricting to the smooth locus of closed subsets of Z, w = 0 since
by proposition 1(i), H/OLx (Hgt_é, (X, QlXJOg)) =0 for all Z’ € SmVar(k) such that codim(Z’, X) > .
(iii):Let j < 2I. Let w € HIOLx(H ' (X, le,log))- By the proof of (ii) there exists Z C X a closed
subset of pure codimension j — [ such that

w = (H'OLx o HI'QL (v%)(w), w € H; L(X, Q% ),

For Z' C X a closed subset of pure codimension ¢, consider a desingularisation € : Z' — Z' of Z' and
€

denote n: Z' 5 Z' € X. The morphism in DA (k)

Z(€)

DEO M2 (02 2D M (27 ()26

Gz x : M(X)

where D : Hompa () (M(Z'), M.(X)) = Hompa (1) (M(X),M(Z")(c)[2¢]) is the duality isomorphism
from the six functor formalism (moving lemma of Suzlin and Voevodsky) and Z(n) := ad(ni,n')(a'yZ),
is given by a morphism in C(SmVar(k))

Gz x t Lin(X) = Ee(CuZun(Z'))(c)[2¢].

Let [ : X° — X be an open embedding such that Z° := Z N X? is the smooth locus of Z. We then have
the following commutative diagram of abelian groups

j=l l r j—1 o Ol 9 j=l41 1
0 Het,Z(Xv QX,log) Het,ZO(X 7QX,log) Het,Z\ZO(X7 QX,log) T

Q(CAT‘Z,X)T DR(PZO,XO)T Q(éz,x)T

Ux 0 (70 2l—J o 1
Ho (Z 7QZ°,log) - Het,Z\Zo

—j 1—i
0—— Hgt(Z7 Q2Z,lojg) (Z7 Q2Z,lojg) -
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whose rows are exact sequences. Consider
* l o o o 21
'w = DR(Pz0,x0)(w°) € Hét 70(X°, QX log> w € HY(Z°, Q7 10g)

Since Ol*w = 0 € Hgt g{lzo (X, leylog), we get using proposition 3 applied to ((Z\Z°)°, X°°), where

(Z\Z°)° C Z\Z° is the smooth locus and X° C X is an open subset such that X N (Z\Z°)°
Xoon(2\z°),
21
uw® =0€ H,, 202,y lojg)

since Helt7(Z\Zo)\(Z\ZD)O (Z, QQZZ lojg) = 0 for dimension reasons, that is
w = Q(Gz.x)(w), withw € H%(Z, QQleojg)

Hence w = 0 since H(Z', Q’%,Jog) =0 for all £ > 0 and all Z’ € PVar(k). O

3.2 Complex integral periods

Let k a field of characteristic zero.
Let X € SmVar(k) a smooth variety. Let X = U{_; X, an open affine cover. We have for ¢ : k — C
an embedding, the evaluation period embedding map which is the morphism of bi-complexes

ev(X)s : T(X,,Q%,) = ZHOmDiﬂ‘(H.,XETZ.)V ®C,

wh € (X1 9,) = (eolX)} wh) : ¢} € ZHompun (1, XE)” © € enb)(6}) = [ o)
It

given by integration. By taking all the affine open cover (j; : X; — X) of X, we get for o : k — C, the
evaluation period embedding map

ev(X) = lim ev(X)g:  lim I'(X., Q%,) — lim Z Hompgr) (I°, X&7)Y @ C

It induces in cohomology, for j € Z, the evaluation period map

Hlev(X) = Hlev(X)s: Hhp(X) = H'I'(X.,Q%,) = Hgmg(Xg", ) = H7 (Hompg () (I*, X&%)Y @ C).
which does NOT depend on the choice of the affine open cover by acyclicity of quasi-coherent sheaves on
affine noetherian schemes for the left hand side and from Mayer-Vietoris quasi-isomorphism for singular
cohomology of topological spaces and Whitney approximation theorem for differential manifolds for the
right hand side.

Proposition 4. Let k a field of characteristic zero. Let X € SmVar(k). Let o : k — C an embedding.

(i) Let w € H)p(X) = H/(X,0%) = H.,(X,Q%). If

pet

w e H]OLX( pet(X(C’ Xet IOE))

then Hiev(X)(w) € H (X&",2inQ).

sing

(ii) Let p € N a prime number and o, : k < C, an embedding. Let j € Z. Let w € Hpp(X) =
(X 95 ) = pet(X Q5 ) If

w = Tg/C, (X)*w S HjOLX(HZt(XCp7 Q;(E;,log,o))

then Hiev(X)(w) € HZ _(X&",2inQ). Recall that H’

sing pet(XC?QXPGt lo g,O) H (X(CvQXef Jlog, (9)
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Proof. (i): Let _ ‘ ‘
w € Hpp(X) =H/(X,0%) = HT(X., Q%)

where (r; : X; = X)i<i<s is an affine etale cover. Let X&" = U]_;D; an open cover with D; ~ D(0 , 1),
Denote jr; : X; NDy — X7 the open embeddings. Then by definition HYev(X)(w) = Hjev(X“")(jf o
an’, w) with

jo o ank, w € H'T(XJE N Da, Q%an ).

Now, if w = H'OLx (H,(Xc, Qxct log)): We have a canonical splitting

w—ZwU ! Zw’J Le pr(Xc), wlL’jflEHj_l(Xc,QlXEtylog), whi=t H]OLXer( ;l).

Let 0 <[ < j. Using an affine w-contractile pro-etale cover of X, we see that there exists an affine etale
cover r = (w1 = (r; : X; = X)1<i<n of X (depending on w"/~!) such that
w = [(wi)1] € HOLxer (HI7'T(Xc,0, O 10e)) € BT (Xc 0, Q%)

Note that since X is an algebraic variety, this also follows from a comparison theorem between Chech
cohomology of etale covers and etale cohomology. By [4] lemma 2, we may assume, up to take a desingu-
larization 7 : X’ — X of (X,U;(r;(X\X;))) and replace w with 7*w, that r;(X;) = r;(X;(w)) = X\D;
with D; C X smooth divisors with normal crossing For 1 <1 < j, we get

w7 =" df, [ fo AN Ndfu fo € T(Xer, Q).

v

For [ =0, we get _ _
w®’ = [(A1)] € H'T(Xc,1,Ox, ,), A € I(Xc,1,Zxg,)

There exists k' C C containing k such that wlLJI_l e ' X 1, Qle,) for all 0 <[ < j. Taking an embedding
o’ : k' — C such that U|/k = o, we then have

deoany, w=j;((m - wi’ocicy) = (wi’y Dirs € HT(XEE NDa, Q%gn).

where for each (I, J,1) with cardl + cardJ +1 = j,
Wiy =it € DIXTENDy, Qlyan).

We have by a standard computation, for each (I, J,1) with cardl + cardJ +1 = j,
H o (X7eNDy, Z) =< 31,y Yeardl >,

where for 1 < i < cardl, v; € Hom(A*, XienD J) are products of loops around the origin inside the
pointed disc D*\0. On the other hand,

o Wil =355, dfu/for N N f) € T(XEE D, Q4an) for 1 <1<,

0,5 _ :
o wpy = A7 is a constant.

Hence, for p € P([1,---,s]) with cardy = I, we get, for I = 0 Hlev(Xg")I,J(w%)jLJ) = 0 and, for
1<1<y,

H'ev(X&);, J(U]LI 7 25,,#2171' € 2inZ.
k

where 7y, := Y, - - vu,. We conclude by [4] lemma 1.
(ii):It is a particular case of (i). See [4] proposition 1. O
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Let k a field of characteristic zero. Let X € SmVar(k). Let X = Uj_;X; an open affine cover with
X; = X\D; with D; C X smooth divisors with normal crossing. Let ¢ : & — C an embedding. By
proposition 4, we have a commutative diagram of graded algebras

H*ev(X)

Hpp(X) Hpg(Xe, C)
CT TH*C*Lm@/c(XE")
* * . . H”ev(X) X an o;
H*OLx (HZ (X, Q%er 10g)) N Hp(X) Hg (XE", 2imQ)

where
C*inwQ/C(X(f:m) : s.ing(X(gna 22#@) — Cs.ing(X(gna )

is the subcomplex consiting of a € c?

Ying (X&", C) such that a(y) € 2imQ for all v € C;i"g(Xg", ). Recall
that

H*ev(Xc) = H*RU(X¢", a(X)) o T(XE", Ezar(Qanx))) : Hpp(Xe) = Hing (X", C)
is the canonical isomorphism induced by the analytical functor and a(X) : C xan < Qg%m, which gives
the periods elements H*ev(X)(H} (X)) C H,\ (X&", C). On the other side the induced map
H*ev(Xc) : H*OLx (H}, (Xc, Q;(Etylog)) — H"19i70/c Heing (X", 2imQ)

ing

is NOT surjective in general since the left hand side is invariant by the action of the group Aut(C) (the
group of field automorphism of C) whereas the right hand side is not. The fact for a de Rham cohomology
class of being logarithmic is algebraic and invariant under isomorphism of (abstract) schemes.

Corollary 1. Let X € PSmVar(C). Then the Hodge conjecture holds for X if and only if the Hodge
classes are given by logarithmic De Rham classes.

Proof. Follows from theorem 1. O

3.3 Rigid GAGA for logarithmic de Rham classes

Let K a field of characteristic zero which is complete for a p-adic norm. Denote by Var(K)P¢ the big
pro-etale sheaf. We will consider

Qg0 € C(Var(K)™), X = 0% ) 1, o (XP), (£ X' = X) = Q(f) = f*

and the embedding of C'(Var(K)Pe!) (see definition 1(iii))

OL)k an Q;’;ﬁog)o — Q%" for X € Var(K),

/K

OL /¢ an(X) := OL 4, (X) : Q}((m)log)o(f((”)) = Q%) (X)),
and their restrictions to SmVar(K)P¢* C Var(K)P*. The morphism of site in RCat given by completion
with respect to (p)

¢:FSch /Ox — Var(K), X — X®),
where FSch /Ok is the category of formal schemes over O, induces the map in C(Var(K)Pet)

¢ = QU = e Q0 for X € Var(K), ¢ Q% (X) = Q% (X)),
which induces for each j € Z the morphism
¢t Hhp(X) = H, (X, Q%) =5 H, (X, Q%) = HL,(X®), Q%)
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which is an isomorphism by GAGA (c.f. EGA 3) and the properties of w-contractile rings (for the
pro-etale toplogy ¢, = Rc,). On the on the other hand, it is well-known (see [8]) that

Hg)et (X(p)v Q;A((p)) = Hit (X(p)v Q;”((p) )7 that iS, Héet (X7 Q;A((p)) = Hit (Xa Q;”((p))'

We have also the sheaves

0,0" € PSh(Var(K)), X € Var(K) — O(X) = lim O(X{},.), O*(X) := lim O(X}.)",

neN neN

(g:Y = X) = (ag(X00))nen : O(X) = O(Y), O(X)* = O(Y)*

The sheaf O* € PSh(SmVar(k)) admits transfers : for W ¢ X’ x X with X, X’ € SmVar(K) and W
finite over X’ and f € O(Xﬁn)*, W*f = Nw,x:(p%x f) where px : W — X’ x X — X is the projection
and Ny x/ : k(W)* — k(X')* is the norm map. This gives transfers on Q}’;ﬁogp € PSh(SmVar(K))
compatible with transfers on Q};n € PSh(SmVar(K)) : for W C X' x X with X, X’ € SmVar(k) and W

finite over X’ and f € O(Xﬁ)n)*,

Wedf [ f = dW” f/W*f = Trw;x (px(df/f)),

where where px : W < X’ x X — X is the projection and T'ry,x/ : Ow — Ox is the trace map. Note
that d(fg)/fg=4df/f + dg/g. We get transfers on

l 1,an l 1l,an
®QPQ/K710g70, ®OQ/K € PSh(SmVar(K))

since @, Q}’;ﬁogp = HO(@@’:Q}’I’?Z%O) and ®ZOQ}}€a" = HO(®(L§’lQ}’I‘;"). This induces transfers on

! ’
. 1,an . -1 l,an Drycy,... . 1AL =(wRUW —wWRWRW') ! 1,an
/\QPQ/K,Iog,O T COker(@I2C[17mxl] ®Qp Q/K,log,@ ®QPQ/K,log,O)

€ PSh(SmVar(K)).

and

.....

/\ZA QLan = COker(®IgC[l

otk ) ®@L Q4" € PSh(SmVar(K)).

0 "/K

Lemma 1. Let K a field of characteristic zero which is complete for a p-adic norm. Consider, forl € Z,
the factorization in PSh(SmVar(K))

or! Cit
1 lan /K,an 1,0 .__ 1 l,an ’ l LOe,an
OL)k an * Qi nogo ——— L 0.= OL) i an(Q/K 10g.0) —or, g Q" w e [w].
(i) Let X € SmVar(K). Consider, for j € Z, the following commutative diagram of abelian groups

H/OLx

j—l1 l j .
H;Zet (Xv QX(p)ylog) Hi)et (Xa Qj()
W)
) Hi7toLY, ) .
Hi"'oLk H;et(X,TZIQX(p))
-t /

HIZN(X, M) —SPmisx, s, )

pet ’ pet ) X®)

where for A an abelian category and G € C(A), 72!G = (0 = GH9=0 — G — ...). Then,

5 1 . . . /. )
HIOLY s surjective, and 7' := IS (X0

and h == h, i are isomorphisms.
£ 10g) [Hp el (X9 ) P
,l0g

x(®) ,log
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(i) Let X € SmVar(K) and Z C X a closed subset. Consider, for j € Z, the following commutative
diagram of abelian groups

i—1 1 HjOLX y °
ngt;Z(X’ QX(P),log) Hg)et,Z(X’ QX)
HioLy :=rZY(OLx)
- j >lye
oL Hier,2(X, 72'0% )
i1 /
j—1 Loy T torhe iy !
I{;Zet,Z(‘XvL7 ) Hpet,Z(XvH QX(p))
3 1 . . . / — . . o - _

Then, H?OL'y is surjective, and 7" : T‘H;etl,Z(X’Qlj((p)’log) and h : h|H§ctl,z(X79§(p)’log) are 1somor

phisms.
Proof. (i): Let r = (r; : X; — X)) a w-contractile etale cover. Let

w = ([wy]) € T(Xe g, L")

We have then [wr]x,xxx; = [wslx;xxx; for all I,j. But since a logaritmic form is exact if an
only if it vanishes, (wr)x;xyx;, = (Ws)x;xyx, for all I,j. Hence, w = OLY(w), w = (w;) €
D(Xe,j—1, QL )?=9. This shows that HIZLOLY; is surjective. Obviously, 7/ and A’ are surjective.

) X ®) log
Let

l =0
w = (wr) € I'(Xa i, ng(p),]og)

If w = 9(8s) + (Qay), then By is of degree | and «y is of degree | + 1. Hence 7’ is injective. If
([(wr)]) = 0([Bs]), that is [wr] = [wy,x,] for all I,J, then wr = wy,x, for all I,J, since a logaritmic
form is exact if an only if it vanishes.
(ii):Follows from (i) applied to X and X\Z considering the distinguish triangle in DA(K)

M(xX\2) 225 M(x) 22 My(x) D M(X\2)[1]
where j : X\Z — X is the open embedding. O

The result of this section is the following ([4] proposition 2 (i)), we recall and give some precisions to
the proof :

Proposition 5. Let K a field of characteristic zero which is complete for a p-adic norm. Let X €
PSmVar(K). We have then the morphism c : X® X in RTop given by completion with respect to (p).
For each j € Z, the isomorphism ¢* : HJ,.,(X, Q%) = HJ (X, Q%) and its inverse preserve logarithmic
classes, that is for each j,l € Z,

* j j—1 i j—1
c (HJ (m ° (OLX ® I))(H;zjnet (Xv QfXPet,log,O ® Z;D))) = HJOLX(F) (H;J)et (X7 fo{(?),logy(’)))

is an isomorphism.

Proof. Consider, for j,1 € Z, the presheaf

LY = HIOL i an(Hjot' Q30 0) € PSh(SmVar(K)).
By definition, for X € SmVar(K),

j— i j—1 j j— ° l,an
LlJ Z(X) = HJOLX(P) (H;Zet (X7 fo((i’),log,(’))) = HJOL/K,an(HJ lHom(Z(X), Epet(Q/Kylogy(’))))
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Consider also for X € SmVar(K) and Z C X a closed subset,

LY 7NX) == HOL g o (H " Hom(Z(X, X\ Z), E;et(Ql/’}l(’flog)o))) = HIOL ¢, (H! ', (X, QlX(p)Jog) o))-

Consider the factorization in C(SmVar(K))

OLL/K,an

LM = OL g an (507 ) 208 HIQSA™ 4y s (]

1 . oban
OL/K,an :Q /K,log,O /K

/K log,©

and the exact sequence in PSh(SmVar(K))

0 — Lo ozt HIQ;;" - Q" —o0.

By lemma 1, we have

LYY X) = H~'Hom(Z(X), Ep.

(L'0))/ B! Hom(Z(X), B}y (Q°)
= H7~'Hom(Z(X), E3,(L"?))/H'~'~" Hom(Z(X), EZ,(Q""))
and
LY™H(X) = H' ™ Hom(Z(X, X\Z), Epe, (L") /H' ™'~ Hom(Z(X, X\Z), Epe, (Q"°))
— HI Hom(Z(X, X\Z), E%, (L") /B~ Hom(Z(X, X\Z), E%(Q"°)).

where the second equalities follows from the fact that

H];et(X7 Q}m)) = ngt(Xv Q}g(m )

The presheaves Ll’O,HlQﬁ;" € PSh(SmVar(K)) are A! invariant and admit transfers, hence Q"° &

PSh(SmVar(K)) is Al invariant and admits transfers. Hence by a theorem of Voevodsky (c.f. [5] for
example), L0 Q40 € PSh(SmVar(K)) are A! local since they are Al invariant and admit transfers.
This gives in particular, for Z C X a smooth subvariety of (pure) codimension d, by proposition 1(i) an
isomorphism

LY(Pyx): LY H(X) = LY (N ) = LEi124(7).
Let

ae LYV NX): = HjOLX(p)(Hg;l(X,QlX(m)logp))
= H/7'Hom(Z(X), Eg(L"%))/H?~" " Hom(Z(X), E%,(Q")).

As L'9 and QY consists of single presheaf, there exists an open subset U = U(a) C X depending on
a such that j*a = 0 € LY=Y(U), where j : U < X denote the open embedding. Considering a divisor
X\U C D C X, we get _

a=H'EL (L) (vp)(a), a € L (X).

Similarly to the proof of theorem 1, we get by induction (restricting to the smooth locus of the divisors)
a closed subset Z C X of pure codimension ¢ = min(l, j — [) such that

a=HTEL (L) (ry) (@), a € L7 7'(X).
Hence, as in the proof of theorem 1,
o if j # 2], a =0, we use the fact that X is projective for j < 2,

o if j =2, o € B1<i<sZp[Z;], where (Z;)1<i<t C Z are the irreducible components of Z.

18



4 Tate conjecture

Let k a field of finite type over Q. Denote k the algebraic closure of k and G = Gal(k/k) the absolute
Galois group of k. Let X € PSmVar(k) be a smooth projective variety. Let p € N a prime number.
Consider an embedding o, : & — C,. Denote I%gp C C, the p-adic completion of k with respect to oy,.
We consider the commutative diagram in Cy | ;) é., ( Xg:,pet)

a(X)

(BdT,ch ’ F)
L'XCp;t:—lHl.lT

@XCP (Q‘.XCP log, O ® Zp’ Fb)

(QS(CP ’ Fb) ®OXCP (O]BdT,ch ; F) )

OLx ®I::(w®>‘n)n€NH(w®>\n)neN
L pet :=(1,0)
xPe )
Cp

Let p € N\d0(k, X) a prime number. Consider an embedding o, : k& < C,. Then X; has good reduction
op

modulo p and let Xf? € Sch /O;_ be a smooth model, i.e. X9 ®o0, ko, =X, and Xf? is smooth
op Tp p op

ko, -

with smooth special fiber. The main result of [1] say in this case that the embedding in C’((Xg) YFalty
op

CY(X) :Bcris,Xf%p — ao*Q;(EO,. ®OXO OBCT‘iS,X,:
k(,-p p
is a filtered quasi-isomorphism compatible with the action of Gal(C,/ l%,,p) and the action of the Frobenius

¢p, and gives if X 1? has good reduction modulo p, for each j € Z, a filtered isomorphism of filtered
abelian groups ’

. . HiT(a Beris -1 . @
HIRa(X) : B (X, Z) @, By, ety (X)) (B x; )

HIRD(XY ,a(X))
p

H]DR(XEUP) ®fcc,p cm’s,fcc,p

compatible with the action of Gal(C,/ I;gp) and of the Frobenius ¢,,.

Definition 2. Let k a field of finite type over Q. Denote k the algebraic closure of k and G = Gal(k/k)
the absolute Galois group of k. Let X € PSmVar(k). Let p € N\6(k,X) a prime number. Consider
an embedding o, : k — C,. Denote k,, C C, the p-adic completion of k with respect to o,. For
o € H)(Xc,,Zy), we consider

w(o) == H'Ra(X)(a © 1) € Hha(X;, )@,

» cris,k:(,p .

the associated de Rham class by the p-adic periods. We recall

HIRa(X) :Hgt(ch,Zp) ®z, B ;HéR(X]Ac ) ®

cris,kap op op cris,kap

is the canonical filtered isomorphism compatible with the action of G'UP and with the action of the Frobenius

Pp-
We recall the following result from Illusie:

Proposition 6. Let k a field of finite type over Q. Let X € SmVar(k). Let p € N\d(k,X) a prime

number. Consider an embedding oy : k — C,. Denote k,, C C, the p-adic completion of k with respect

to o,. Consider X2 € Sch /O;, a smooth model of X;, , i.e. X0 ®o, ke, = X; and X9 s
ko op op kap kop p op k

P Ip
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smooth with smooth special fiber. Assume there exist lifts ¢y, : Xf? /p" = X]? /p"™ of the Frobenius
o : Xf? /p— X]? /p, such that for n' > n the following diagram commutes
ap Tp

p"- /p
OHOX)?U /pn/,n HOXSU /p"/ %OX,‘? /;D" %O
P P g

¢n’nT (oY T ¢71T

p" /p
O—>OX]? Jpn! —>0X;9 /o —>'OX]§’ Jpn — =90
9p op 9p

Letl € Z. For each n € N, the sequence in C(th )

9p

0 — o2 OLxo pn e n=T, (yo>I

_—
X© /pn,log X /pn X /pn =0
kop koyp kop

is exact as a sequence of complexes of etale sheaves (i.e. we only have local surjectivity on the right).
Proof. Tt follows from [6] for n = 1. It then follows for n > 2 by induction on n by a trivial devissage. O

We have the following key proposition (the projective case of [4]), we state and prove it for smooth
projective varieties, the case for smooth varieties is obtained in the same way using a smooth compacti-
fication with normal crossing divisors. The projective case suffices for our purpose:

Proposition 7. Let k a field of finite type over Q. Let X € PSmVar(k). Let p € N\d(k, X) a prime
number. Consider an embedding o, : k — C,. Denote k C k,, C C, the p-adic completion of k with
respect to op.

(i) Let j,l € Z. We have, see definition 1(iii),

4 _ , N 4 .
FUH (X, ) 0 Ra(X) (2 (Xe,, Zp)) = ()T H OL g (e (Xg, Q50 o))
Ip kap ’ ’
C H%R(XIACUP ) ®IA€(TP cris,fcap ’

where we recall ¢ : Xép) — X is the completion with respect to (p), and
op op

~

(Xfcap ) Q;( ) - H;J;et(X]%Upv ;E*EP) )

kap

* . opd
¢ Hy,,
kdp

is an isomorphism by GAGA and the properties of w-contractile open covers.

(i1) Let j,1 € Z. We have, see definition 1(iii),

FUHp(X;, ) N HIRa(X) (Y (Xe, Zy)) = HY(m o (OLx ® D)(Ho(Xg, 9% 100 ©7,))

C Hpp(X;, )@, B

cris,kap ’

(i1)’ For o € Hgt(X(cp,Zp) such that w(a) € FZH{)R(X,AC ) (see definition 2), there exist

p
(ANi)i<i<n € Zyp and (wri)1<i<n € Hiet(chaQ}i,log,o)
such that

’LU(O() = Z )\z WL € Hiet(X(cp,Q;ii) = FlHéR(X(CP), Wi = HjOLx(’wLi).

1<i<n
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Proof. (i): Consider Xf? € Sch /O;,  a smooth model of X; , i.e. Xg) ®o. l%gp = X; and Xg)
op p p op p

ko op
is smooth. Consider ¢: X2'® 5 x ]S) the morphism in RTop which is the formal completion along the

op op

ideal (p). Take a Zariski or etale cover r = (r; : X; — X )1<i<,r such that for each ¢ there exists an etale

map X; — A, Then, by [1], we have for each i explicit lifts of Frobenius ¢?, : X /p» — X% /p"
op

ik ik,

of the Frobenius ¢ : Xiofc /p— Xl_ol% /p, such that for n’ > n the following diagram commutes
ko, Koy

!’
pTL' /pn —n
0——>Oyo s ——>Oy0 > Ox0 o —>0
'L,kdp i,kn—p i,kn—p

%/TLT ¢:’,T ¢;T
p7l_ /p’n.lf’n.

0 ——Oxo Jpr!—n T Oxo Jpr! T Oxo  jpn —>0

i kop, ikoy, p ikop

and such that the action of ¢, on Q%o is a morphism of complex, i.e. commutes with the differen-

n
ikoy, /P

tials. On the other hand, by [6], we have action of the Frobenius on H%R(Xf% ) by

Pw(x. )
.7l . ~ J N . op J . ° ~ J .
¢-HDR(X190P)">H (XkdvaQX,Sj ) ——— H (Xkap’WQXif’ )——)HDR(X,CUP)
op Ip
We then have the following commutative diagram, where R :=[1,...,7] and X := X3 Xx -+ xx X,
e PN X, ) — 2 L FH (X, ) —— " sgr FHL (X ) o
DR Rk, DR\, i=1 DR\ ik,
I—-¢" I-¢ I—¢*
e P (X ) e FUH) (X ) O FUH) (X, )
DR\*R k,, DR\ ey, i=1 DR\ ik,
HIZYOL () HIOL _ () HIOL _ ()
R.kop ikop i kop
B j—1 X o> ) j A o> - A o>l I
Hpet (XRJ%’QXET’) log o> Hpet(kap’QXE” log o> @ilel’et(Xix’%p’QX@ log o>
o, 108 o 108 oy, 108

(1)

whose rows are exact sequences. By [1], o € Hgt(X(cp, Z,) is such that w(a) € FZH%,R(X,;U ) if and only
if

w(a) € ker(I — ¢ : FLHL (X ) = F'H (X))
On the other hand, for each I C [1,...,7], the sequence in C(X?*")

OL

¢(p)
X I I
> ko >1 ¢ —I:=(¢, —1)nen >1
0— Q% —5 ey ———————— V%, 20
X' log,© xXp I\
Ikop ko Ikoy

is exact for the pro-etale topology by proposition 6 and since for each /,n € N the map in PSh(X?¢t)
l 1
Q(/p) : ngﬁ /pn — QX?’ /pn+1
kgp kap
are surjective and since the pro-etale site is a replete topos by [2]. Hence the columns of the diagram (1)

are exact. This proves (i).
(ii): Follows from (i) and proposition 5.
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(ii): By (ii), if (r; : X3 — X)1<i<r is a w-contractile affine pro-etale cover

w(e) =( > Ny Wris)scit,.. reardi—j € HjF(X.J;UP,mO(OLX®I))(HjF(X.J;Up7Q;ii log.0 ®Zp)),

1§i§n,7

with wr;; € I‘(XJ,Q;(Z;/ 710g70), I">1and Ay € Z,. Since w(a) is a Chech etale cycle (i.e. closed for

the Chech differential) without torsion and since the topology consists of etale covers of X € PSmVar(k)
(which we way assume connected), ny; = n and \;; = \; € Z, for each J, which gives

w(a) = Z i -wp; € Hi;et(X«:p,Q}i) = F'H} »(Xc,), wri := H'OLx (wr;).
1<i<n

We also have

Proposition 8. Let k a field of finite type over Q. Denote k the algebraic closure of k. Denote G =
Gal(k/k) its absolute Galois group. Let X € PSmVar(k) a smooth projective variety. Let p € N a
prime number. Consider an embedding o), : k — C,. Denote k C l;:gp C C, being the p-adic completion
with respect to the p adic norm induced by o,. Then Ggp = Gal((Cp/l;:gp) C G = Gal(k/k). Let
o€ Hgt(X@p,Zp). Consider then its associated De Rham class (see definition 2)

w(0) = HIRa(X)(a ® 1) € Hhy(Xe,) Gc, Barnc, .

Then o € Hl\(Xc,, Zy)(1)%r if and only if w(a) € F'H}p(X; ) = F'Hpp(Xe,) N Hhp(X;, ). That
is we have

H\(Xe,, Zy)(1)C7r ®7,Q, =< F'HL p(X; )NH!Ra(X)(HZ,(Xc,,Zp)) >q0,C HL(Xc,, Zp xet)@Barc,,

op
where < — >q, denote the Q, vector space generated by (—).

Proof. Follows immediately from the fact that H JRa(X) is a filtered quasi-isomorphism compatible with
the Galois action of G, by [1]. O

These propositions, together with the results of section 3 implies the Tate conjecture :

Theorem 2. (i) Let k a field of finite type over Q. Let X € PSmVar(k). Let p € N\d(k, X) a prime
number. Then the Tate conjecture holds for X. That is for d € Z, the cycle class map

Z9X) @ Qp = HE (X5, Q)7 Z - [Z]
is surjective, where G = Gal(k/k).

(ii) Let K a p-adic field which is unramified. Let X € PSmVar(K) with good reduction. Then the Tate
conjecture holds for X. That is for d € Z, the cycle class map

Zd(X) ®@P — Hezéi(XvaQp)Gv Z — [Z]
is surjective, where G = Gal(C,, K).

Proof. (i):Consider an embedding o, : k < C,. Then k C k C C, and k C l;:gp C C,, where I%gp is the p-
adic field which is the completion of k with respect the p adic norm given by o,. Let a € H2 (X}, Z,)(d)“.
Using definition 2, by proposition 7(ii)’ and proposition 8 there exists (A;)i<i<n € Zp and

(wri)i<i<n € Ho, (XtcpaQSij,log,o)

22



such that

wle) = Y Ai-wpi € Hpet(X(cp,Q'>d) FHEL(Xc,), wii = H*OLx (wr).

1<i<n

By theorem 1(ii) and (iii)’, there exists Z; € Z4(Xc,) such that wr; = [Z;] € Hi%(Xc,). Hence,

= Y AilZi] € 2%Xc,) ®Qp

1<i<n

satisfies w(a) = [Z] € HxR(Xc,). By [1], considering the commutative diagram of abelian groups whose
rows are exact, where j : X\|Z| — X denote the open embedding,

Bcris,X ('Yg)

i
Hggz(Xlév Zp) ®Zp Beris Hthd(Xléa Zp) ®Zp Beris —— Hg{i((X\Z);;, Zp) ®Zp Beris
lRax*an(X) lRa(X)

DR(X)(OBeris,x)(7%) J
H%dR,Z(X]; ) ®fg Bcris “ H%dR(Xffa ) ®f€a Bcris - H%dR((X\Z)iCU ) ®i€“p Bcris

op p P P P

lRa(X\Z)

Sk

we get o = [Z] € H2} (X}, Zp). Since [Z] is G invariant,

Z":=1/card(gZ,g € G) Z 9Z € ZU(X) 2 Qp
geG/Gz

satisfy [Z'] = [Z] = a € H}( X}, Zy).
(ii):Similar to (i).

It is well known that theorem 2 implies the following :
Corollary 2. Let X € PSmVar(C).
(i) The standard conjectures holds for X.

(i) Let k C C a subfield of finite type over Q over which X is defined, that is X ~ X; ®; C in
PSmVar(C) with X, € PSmVar(k). For 6 € Aut(C/k), we have the isomorphism 6 : X — Xy in
Sch. Then 6 € Aut(C/k) induces, for each j € Z, an isomorphism

Hiev(X) ! Hiev(Xy)

6: HJ, (X, C) o (X) 25 1Y) 1 (Xo)

sing

H,o (X", C).

sing

Let d € N. Let a € FIH?(X Q) where FIH?*(X Q) := FIH¥,(X) N H2L, (X, Q) C

sing

H* (X C). If (o) € HX (X5™,Q) for all 0 € Aut(C/k), then a = [Z] with Z € Z4(X).

sing

Proof. Standard. We consider, for ¢ € Z, k' C C a subfield and Y € Var(k’), the canonical morphism

T(Y):=T'(Y): Hypp(YE", Q) = Hyg (YE", Qp) = Hy(Ye, Qp) = H,(Yi, Qp).

sing sing

(i): Let k C C of finite type over Q such that X is defined. Denote G = Gal(k/k) the Galois group.
Denote dx = dim(X) and for short X = X. Let L € H2X"%(X x X,Q) the class inducing the

sing

cup product with of the intersection of j hyperplane sections on H; dx=j (X,Q) and zero on H% (X,Q),

sing sing

i #dx —j. Let A e H2XT/(X x X Q) inducing the inverse of L; on HX™ (X Q) and zero on

sing sing

HY, o (X,Q), i # dx + j. Consider an isomorphism o, : C = C, such that ko s, C Cp is unramified and
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X has good reduction. We have T(X x X)(L7) € HZ> % ((X x X)i, Qp)¢ since it is the class of an
algebraic cycle. Hence, ‘ ‘
T(X x X)(A) € HEX T2 (X x X)g, @p)©
since the inverse of a Galois invariant morphism is Galois invariant. Hence, by theorem 2(i),
A = [Z], with Z € 2T (X x X)® Q.

(ii): As o € H?I['(X,,Qx), where X = U5_, X; is an open affine cover, there exists a subfield k C k' C C
of finite type over Q over which « is defined, that is @ € HZ% (X)) C HEL(X), where Xjr := X, @1 k' €
PSmVar(k') satisfy Xz @ C ~ X in PSmVar(C). Consider

T(Xw)(a) € H* (X3, Qp).

If O(a) € HX (X§", Q) for all § € Aut(C/k'), we get

sing

T(Xp)(a) = 1/card(Aut(C/E)a) Y 07"T(Xo)(0() € HE (X3, Qp) = HZH(X,Qp),
0€ Aut(T/k)

hence, for g € Gal(k'/k), we get

g-T(Xp)(a) = 1/card(Aut(C/k')a) Z g-07 T (X)(0(c))
6c Aut(C/k)
= 1/card(Aut(C/k)a) Y 07""T(Xp)(0() = T(Xp) () € HE (X3, Qp),
0c Aut(C/k)

that is, T({(;g/)(a) € H*!(X5,Q,)%, with G := Gal(k'/k). Hence, if 6(a) € Hs%ig
0 € Aut(C/k’), we get by theorem 2(i),

T(X)(a) =T (Xp)(a) = [Z], with Z € Z4X) 2 Q.

(X§™, Q) for all
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