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De Rham logarithmic classes and Tate conjecture

Johann Bouali

April 24, 2023

Abstract

We introduce the definition of De Rham logarithmic classes. We show that the De Rham class of
an algebraic cycle of a smooth algebraic variety over a field of characteristic zero is logarithmic and
conversely that a logarithmic class of bidegree (d,d) is the De Rham class of an algebraic cycle (of
codimension d). We deduce the Tate conjecture for smooth projective varieties over fields of finite
type over Q and over p-adic fields for Q) coefficients, under good reduction hypothesis.

1 Introduction

In this work, we introduce for X a noetherian scheme, the definition of logarithmic De Rham cohomology
classes which are for each j € Z, the subgroup H/OLx (H},(X, Q% 1,,)) C HL(X,Q%) =: H}g(X) of
the De Rham cohomology abelian group. The subcomplex OLx : Q% ), < Q% of abelian sheaves on X
consisting of logarithmic forms is introduced in definition 1.

Let X be a smooth algebraic variety over a field of characteristic zero k. To an algebraic cycle
Z € Z4(X), we associate its De Rham cohomology class [Z] € H#%,(X), which is by definition, as for any
Weil cohomology theory, the image of the fundamental class [Z] € H 12)‘131 (X)) by the canonical morphism
HE 7(X) — H?*(X). In section 3, we show (c.f. theorem 1(i)) that [Z] € Hp}R(X) is logarithmic of
bidegree (d, d), that is

[2] = H**OLx ([Z]1) € HER(X), [Z]1 € HE(X, Q% 1)

where H% (X, Q%)log) C H2(X, 0% 10g) 18 the canonical subspace, as all the differentials of Q% . vanishes
since by definition a logarithmic form is closed. This fact is a consequence of two properties :

e the Euler class of a vector bundle of rank d over an algebraic variety is logarithmic of bidegree (d, d)
(c.f. proposition 2)

e the motivic isomorphisms applied to De Rham cohomology preserve logarithmic classes (c.f. propo-
sition 1). The key point is that logarithmic De Rham forms on algebraic varieties over k are closed,
(trivially) A} invariant and compatible with the transfers maps induced by finite morphisms of alge-
braic varieties and in particular finite correspondences. Since Qfog C Q! are (trivially) A} invariant

presheaves with transfers on the category of smooth algebraic varieties over k, by a theorem of

Voevodsky the cohomology presheaves of Aj invariant presheaves with transfers are A} invariant.

Conversely, we show (c.f. theorem 1(ii)), that a logarithmic class w € H#%(X) of bidegree (d, d) is the
De Rham class of an algebraic cycle (of codimension d).

The proof works as follows : A logarithmic class of bidegree (p, ¢) is locally acyclic for the Zariski topology
of X since it is the etale cohomology of a single sheaf. This allows us to proceed by a finite induction
using the crucial fact that the purity isomorphism for De Rham cohomology preserve logarithmic classes
(c.f. proposition 3). The proof of proposition 3 follows from the fact that the purity isomorphism is
motivic (see [5]), that the Euler class of a vector bundle of rank d over an algebraic variety is logarithmic
of bidegree (d, d) (c.f. proposition 2) and that the motivic isomorphisms applied to De Rham cohomology



preserve logarithmic classes (c.f. proposition 1). At the final step, we use, for simplicity, the fact that for
a scheme Y, HL (Y, Q%,Jog) = H(Y,0%) is the Picard group of Y. In the case X projective, we also get
a vanishing result (c.f. theorem 1(iii)’) : H2?OLx(H% *(X, Q?f{f)g)) =0 for k£ > 0.

Let X a smooth projective variety over a field k of finite éype over Q. Let p be a prime number
unramified over k such that X has good reduction at p, o, : £k — C, a fixed embedding and k the
algebraic closure of k inside C,. Denote by /%gp C C, the p adic completion of £ with respect to o,. We
show (c.f. proposition 7) that Tate classes o € H2¥(X},Z,)(d)¢ of X gives by the p-adic comparison
isomorphism

H*'Ro(X) : H(Xc,, Zp) ®z, B = Hpp(X) @k B

cris,k(,p cris,kap ’

a Zyp linear combination of logarithmic classes

w(a) == H*Ra(X)(a) == > Nw(a)L; € HER(Xc,), Ai € Z,
i=1

with for each 1 <i <s, A\; € Z, and w(a)r; € H2dOLXH§f(XCP,Q§Z log)» using a result of [6] together
with results of [8] on the pro-etale topology, and a GAGA result on Iiogarithmic De Rham classes (c.f.
proposition 5) whose proof is motivic and similar to the proof of theorem 1. We deduce, by theorem 1(ii)
and (iii)’, the Tate conjecture for X with Q, coefficient (c.f. theorem 2). Note that for a p-adic field
K c C,, dim Hgt(ch,Zl)G > dim Hgt(X@p,Zp)G for I # p in general. Hence it is not clear whether
Tate conjecture holds for smooth projective varieties over finite fields kg, since the base change for etale
cohomology for f : X — Ok, Ox = W (ko) only holds for Z; coefficients, | # p. In particular it is not
clear if point (iii) of corollary 1 of [4] holds.

Let X a smooth projective variety over C. Choose an isomorphism C ~ C, with p € N a prime
number such that X¢, has good reduction at p. As Tate conjecture holds for X¢, with Q, coefficients,
the standards conjectures holds for X (corollary 2).

I am grateful for professor F.Mokrane for help and support during this work.

2 Preliminaries and Notations

Denote by Top the category of topological spaces and RTop the category of ringed spaces.

Denote by Cat the category of small categories and RCat the category of ringed topos.

For § € Cat and X € S, we denote S/ X € Cat the category whose objects are Y/X := (Y, f) with
YeSand f:Y — X is a morphism in S, and whose morphisms Hom((Y”, /'), (Y, f)) consists of
g:Y’' =Y in S such that fog= f'.

For (S,0g) € RCat a ringed topos, we denote by

— PSh(S) the category of presheaves of Og modules on S and PShp, (S) the category of presheaves
of Og modules on 8, whose objects are PSho (S)° := {(M,m), M € PSh(S),m : M @ Og — M},
together with the forgetful functor o : PSh(S) — PSho,(S),

— C(S) = C(PSh(S)) and Cp4(S) = C(PSho4(S)) the big abelian category of complexes of
presheaves of Og modules on S,
= Cog2)fi(S) := C(2)7a(PShog(S)) C C(PShog(S), F, W), the big abelian category of (bi)filtered

complexes of presheaves of Og modules on S such that the filtration is biregular and PSho 2)7:(S) :=
(PSho,(S), F,W).

e Let (S,05) € RCat a ringed topos with topology 7. For F' € Cog(S), we denote by k : F — E (F)
the canonical flasque resolution in Co4(S) (see [3]). In particular for X € S, H*(X, E,(F)) =
H* (X, F).



e For f: 8 — S a morphism with §,8" € RCat, endowed with topology 7 and 7’ respectively, we
denote for F' € Cp4(S) and each j € Z,

— f*i= HIT(S, koad(f*, f.)(F)) : H/(S,F) — HI(S', f*F),

— f* = HIT(S, koad(f*™°d f)(F)) : H/ (S, F) — H/(S', f*modF),
the canonical maps.

e For X € Cat a (pre)site and p a prime number, we consider the full subcategory
PShz, (X) C PSh(N x X), F = (Fy)pen, p"F, =0, Fopq/p" = F,
Cz,(X) := C(PShz, (X)) C C(N x X) and
Ly = Ly x = ((Z/p"Z)x) € PShz, (X)

the diagram of constant presheaves on X.

e Denote by Sch C RTop the subcategory of schemes (the morphisms are the morphisms of locally
ringed spaces). For a field k, we consider Sch /k := Sch / Spec k the category of schemes over Spec k,
that is whose object are X := (X, ax) with X € Sch and ax : X — Speck a morphism and whose
objects are morphism of schemes f : X’ — X such that f oax = ax. We then denote by

— Var(k) = Sch'* /k < Sch /k the full subcategory consisting of algebraic varieties over k, i.e.
schemes of finite type over k,

— PVar(k) c QPVar(k) C Var(k) the full subcategories consisting of quasi-projective varieties
and projective varieties respectively,

— PSmVar(k) C SmVar(k) C Var(k), PSmVar(k) := PVar(k) N SmVar(k), the full subcategories
consisting of smooth varieties and smooth projective varieties respectively.

For a morphism of field ¢ : k — K, we have the extention of scalar functor

@kK :Sch/k —Sch /K, X = Xk =Xk o =X K, (f: X' =5 X)) (fk:=f1: X = Xkg).
which is left ajoint to the restriction of scalar

Resy i : Sch /K — Sch /k, X = (X,ax)— X = (X,00ax), (f: X' > X)— (f: X' = X)

The extention of scalar functor restrict to a functor

QK : Var(k) = Var(K), X = Xg = Xgo =X K, (f: X' =5 X) = (fk =1 : X;x = Xk).
and for X € Var(k) we have 7, (X) : X — X the projection in Sch /.

e For X € Sch, we denote XP¢* C Sch /X the pro etale site (see [2]) which is the full subcategory of
Sch /X whose object consists of weakly etale maps U — X (that is flat maps U — X such that
Ay : U — U xx U is also flat) and whose topology is generated by fpqc covers. We then have the
canonical morphism of site

vy XP 5 X (U — X)) (U — X)

For F € C(X*),
ad(vx, Rvx.)(F) : F — Rvx..vx F

is an isomorphism in D(X ), in particular, for each n € Z

vi HYL(X,F) = HEL (X, v F)

pet

are isomorphisms, For X € Sch, we denote



— Ly, =lim VX (Z/p"L)xer € PSh(XP?¢) the constant presheaf on X,
= lpx = (p(*)) : Zp . — vx(Z/pZL)xe+ the projection map in PSh(N x xret),

e An affine scheme U € Sch is said to be w-contractible if any faithfully flat weakly etale map V' — U,
V' € Sch, admits a section. We will use the facts that (see [2]):

— Any scheme X € Sch admits a pro-etale affine cover (r; : X; — X);e; with for each i € I, X;
a w-contractile affine scheme and r; : X; — X a weakly etale map. For X € Var(k) with k£ a
field, we may assume I finite since the topological space X is then quasi-compact.

— If U € Sch is a w-contractible affine scheme, then for any sheaf F' € Shv(UP®t), H!

pet(U7 F) =0
for i # 0 since T'(U, —) is an exact functor.

e Let X € Sch. Considering its De Rham complex Q% := DR(X)(Ox), we have for j € Z its De
Rham cohomology H%,R(X) = HJ(X,Q%). For X € Var(k), the differentials of Q% := Q% are
by definition k-linear, thus H7, r(X) has a structure of a k vector space. If X € SmVar(k), then
Hp(X) = H,(X, Q%) since Q9 € C(SmVar(k)) is Al local and admits transfers where

Q9 € C(SmVar(k)), X — Q7 (X) :=T'(X,Q%),
(f: X' = X) = Q(f) = [ T(X, Q%) = [(X', Q%)

(see [3]).

e Let X € Var(k). Let X = U?_, X; an open affine cover. For I C [1,..., s], we denote X := N1 X;.
We get X, € Fun(P([1,...,s]), Var(k)). Since quasi-coherent sheaves on affine noetherian schemes
are acyclic, we have for each j € Z, H},p(X) = I'(X,, Q%.).

e For X € Sch noetherian irreducible and d € N, we denote by Z(X) the group of algebraic cycles of
codimension d, which is the free abelian group generated by irreducible closed subsets of codimension
d.

e For K a field which is complete with respect to a p-adic norm, we consider Og C K the subring of
K consisting of integral elements, that is € K such that |z| < 1. For X € Var(K), we denote by
X9 € Sch /Ok a (non canonical) integral model of X, i.e. satisfying X© ®o, K = X.

e For X € Sch and p a prime number, we denote by c : X® - X the morphism in RTop which is
the completion along the ideal generated by p.

e Let K a field which is complete with respect to a p-adic norm and X € PVar(K) projective. For
X9 € Sch /Ok an integral model of X, i.e. satisfying X© ®0, K = X, we consider the morphism
in RTop

ci=(c®I): XP .= X%P g, K- X°®0, K=X.

We have then, by GAGA (c.f. EGA 3), for F' € Coho(X) a coherent sheaf of Ox module,
¢t HH(XO, F) = HF(XO:®) c*med P for all k € Z, in particular

¢ HN (X, QF") S HNX P, 020

for all k,1 € Z.

e For k a field of finite type over Q and X € SmVar(k), we denote d(k,X) C N the finite set
consisting of prime numbers such that for p € N\§ a prime number £ is unramified at p and such

that there exists an integral model X ]? of X; with good reduction modulo p for all embeddings
op 9p

op k= Cp, l%gp C C,, being the p-adic completion of k with respect to o,. To see that §(k, X)
is a finite set, considering k = ko(x1, -+ ,xq)(x4+1) where x1,--- 24 are algebraicaly independent



and kg is a number field one can take an integral model Y — Oy, [z1, - ,xat+1]/fa+1 of X, a
desingularization of Y — Y of Y and then see that §(k, X) is contained in the discriminant of the
family Y/ =Y — O, 21, , at1]/ far1-

Denote by AnSp(C) C RTop the full subcategory of analytic spaces over C, and by AnSm(C) C
AnSp(C) the full subcategory of smooth analytic spaces (i.e. complex analytic manifold). Denote by
CW C Top the full subcategory of CW complexes. Denote by Diff(R) C RTop the full subcategory
of differentiable (real) manifold.

Denote Sch? ¢ RTop? the subcategory whose objects are couples (X, Z) with X = (X,0x) € Sch
and Z C X a closed subset and whose set of morphisms Hom((X', Z"), (X, Z)) consists of f : X' —
X of locally ringed spaces such that f~*(Z) c Z'.

Let k a field of characteristic zero. Denote SmVar?(k) C Var?(k) C Sch® /k the full subcategories
whose objects are (X, Z) with X € Var(k), resp. X € SmVar(k), and Z C X is a closed subset,
and whose morphisms Hom((X’, Z’) — (X, Z)) consists of f : X’ — X of schemes over k such that
f~Y(2)cz.

Let k a field of characteristic zero. For X, X’ € Var(k), with X’ irreducible, we denote Z7/¢/X' (X’ x
X) C Z24,,(X’" x X) which consist of algebraic cycles o = >, njo; € Zq,, (X’ x X) such that,
denoting supp(«) = U;a; C X' x X its support and p’ : X/ x X — X’ the projection, p?supp(a) :
supp(a) — X' is finite surjective. We denote by Cor SmVar(k) the category such that the objects
are {X € SmVar(k)} and such that Homcor smvar(e) (X', X) := ZIs/X (X x X).

For X € Top and Z C X a closed subset, denoting j : X\Z < X the open complementary, we will
consider
F\Z/ZX = COIle(ad(j!,j*)(Zx) Zj!j*ZX — Zx) € C(X)

and denote for short vy := Y (Zx) : Zx — I'}Zx the canonical map in C(X).

For X € Var(k) and Z C X a closed subset, denoting j : X\Z < X the open complementary, we

will consider
I'}Zx := Cone(ad(jy, j*)(Zx) : Zx — Zx) € C(Var(k)*™/X)

and denote for short vy = % (Zx) : Zx — I',Zx the canonical map in C(Var(k)*™/X). If
X € SmVar(k), it gives

ax3T'yZx := Cone(axy o ad(jy, j*)(Zx) : Z(U) — Z(X)) € C(SmVar(k)).
Then Mz(X) = aXﬁF\Z/ZX S DA(IC)

We denote I" := [0,1]™ € Diff(R) (with boundary). For X € Top and R a ring, we consider its
singular cochain complex

* o (X, R) := (ZHomre, (", X)¥) ® R

sing

(X,R) := H"C?_(X,R). In particular, we get by

sing

and for | € Z its singular cohomology Hsling
functoriality the complex

O;(,Rsing € CR(X)a (U C X) = :ing(Ua R)
We will consider the canonical embedding

C*12inz)0(X) : Cle (X, 2inZ) — Cf o (X,C), a = a® 1

sing sing



whose image consists of cochains a € Csjing(X, C) such that a(v) € 2inZ for all v € Z Homrp (I*, X).

We get by functoriality the embedding in C(X)

C*L2iﬂZ/C,X : C;(,inZ,sing — C;(,C,siny
(U - X) = (C*L2i7rZ/(C(U) : :ing(Ua 2Z7TZ) — :ing(Uv C))
We recall we have
— For X € Top locally contractile, e.g. X € CW, and R a ring, the inclusion in Cr(X)
cx : Bx — C%, is by definition an equivalence top local and that we get by the small

chain theorem, for all I € Z, an isomorphism H'cx : H'(X, Rx) = Hsling(X, R).
— For X € Diff(R), the restriction map

R sing

rx: ZHomDiﬂ'(R)(H*vX)v — G (X7 R)a W= w ((b = w(¢))

sing
is a quasi-isomorphism by Whitney approximation theorem.
We introduce the logarithmic De Rham complexes

Definition 1. (i) Let X = (X,0x) € RCat a ringed topos, we have in C(X) the subcomplex of
presheaves of abelian groups

OLx : Q% 1og = %, s.t. for X° € X andp e N, p > 1,
Qg(,log(Xo) =< dfoa/fou AR dfap/fapu Jou € F(XO,OX)* >C Q%(XO),
where Q% = DR(X)(Ox) € C(X) is the De Rham complex and I'(X°,Ox)* C T'(X°,Ox) is the

multiplicative subgroup consisting of invertible elements for the multiplication, here <, > stand for
the sub-abelian group generated by. By definition, for w € Q5 (X°), w € Q&)log(X") if and only if
there exists (ni)lgigs € 7Z and (fi,ak)lgigs,lgkgp S F(XO,O)()* such that

w= " nidfia,/fion N+ Ndfia,/ fisa, € W (XO).

1<i<s
For p=10, we set ngog = 7.
(ii) For k a field of characteristic zero, we get from (i), for X € Var(k), the embedding in C(X)
OLx : Q% 105 <= Q% = Q% s,

such that, for X° C X an open subset and w € Q5 (X°), w € ngog (X°) if and only if there exists
(ni)lgigs € 7Z and (fi,ak)lgigs,lgkgp S F(XO,O)()* such that

w=Y idfia,/fion N Adfiay/ fio, € (X0,

1<i<s

and for p = 0, Qg(,log = Z. Let k a field of characteristic zero. We get an embedding in
C(SmVar(k))

OL : Q5 10g < Q9 given by, for X € SmVar(k),
OL(X) := OLx : QY 10,(X) == T(X, 0% 105) = ['(X, Q%) =: Q7,(X).

(iii) Let K a field which is complete for a p-adic norm. Let X € Var(K). For X© € Sch /Og an integral
model of X, i.e. satisfying X© ®o,, K = X, we write for short

. . L4 —— L4 ° [
OLX = OLX oyl QXet710g,O = QXO*et,log — QXCt,log — QXct



the embedding in C(X®) consisting of integral logarithimc De Rham forms, with v : Q —

Q;(Ct,log' We will also consider the embeddings of C'(XPet)

.
XOet log

m o (OLX ® I) : Q;{pet,logﬁo & Zp = erpet,logﬁo ® @X — Q;(pet, (w & )\n)nEN — ()\n)nEN - w

and

L O 1 * e .
OL g = (OLxo pn)nen : Q%) 100 0 7= WM VX500t jpn 10g = D
neN

where we recall ¢ : X?) — X the morphism in RTop is gwen by the completion along the ideal
generated by p. Note that the inclusion QlXo,et log/p" C Q;(O,et/pn log is strict in general. Note that

o ek O® pet
QXpet7log)O = VXQXﬁt,log,O S O(X ),
but

Ly, = %V}(Z/p"Z)Xet € C(XP), and Q}((P),log,(’) = %V}on,et/pnﬁlog € O(XPet)

are NOT the pullback of etale sheaves by vx.

3 De Rham logarithmic classes

3.1 The De Rham classes of algebraic cycles vs De Rham logarithmic classes

Let X € Sch. Recall we have the canonical sub-complex OLx : Q% 1,, = Q% in C(X) (c.f. definition
1). All the differential of % 1oz vanishes since by definition the logarithmic forms are closed. For j € Z,
the De Rham logarithmic classes consist of the image

HIOLx (H., (X, % 105)) C HL(X, Q%) = H o (X).

The filtered complex I'(X, Eet (%<t 1oq, 1)) € Crit(Z) has its differentials at the Ey level vanishes since
the logarithmic forms are closed, hence we have a canonical splitting

) . y
Hit(Xa QX,log) = ®0Sl§ngt (X’ QfX,log)'

Let X € Sch a noetherian scheme. We have by definition the exact sequence in C(X*)

dl
0— F* = 0% =% Qxlog — 0

where F' is a prime field (ie. F = Q or F' = Z/pZ for p a prime number). Hence H} (X, Qx 10g) =
HY(X,0%) and HL(X,Qx 10g) = HL(X,0%) =0 for ¢ < 2. Let X € Sch a noetherian proper scheme.
We have H(X, Qf&log) =0.

Let k a field of characteristic zero. We get (see definition 1) the embedding in C(SmVar(k))

OL: Q;k)log — Q;k, given by, for X € SmVar(k),
OL(X) 1= OLx : Q7 154(X) := I'(X, Q% 105) = T'(X, Q%) =: Q)4 (X).

We have also the sheaves
Oy, O;, € PSh(SmVar(k)), X € SmVar(k) — Ok (X) := O(X), O;(X) := O(X)",
(g Y — X) — aq(X) : Ox(X) — Oy(Y), Ox(X)* — Oy(Y)*

The sheaf O} € PSh(SmVar(k)) admits transfers : for W € X’ x X with X, X’ € SmVar(k) and W finite
over X" and f € O(X)*, W*f := Nyw,x/(p% f) where px : W — X’ x X — X is the projection and



Ny xr + k(W)* — k(X')* is the norm map. This gives transfers on Q}mog € PSh(SmVar(k)) compatible
with transfers on Q}k € PSh(SmVar(k)) : for W C X’ x X with X, X’ € SmVar(k) and W finite over X’
and f € O(X)*,

Wrdf ) f = dW"f/W"f = Trw;x (px (df / f)),
where where px : W < X’ x X — X is the projection and T'ry,/x/ : Ow — Ox is the trace map. Note
that d(fg)/fg=df/f + dg/g. We get transfers on

0092k 10 ©0, 2}y, € PSh(SmVar(k))
since ®<l@9}k,1og = HO(®é’lQ}kﬁlog) and ®lOkQ}k = H%@é’iQ}k). This induces transfers on

@rycn,... . AR =(wdw HweWwEW’)

®52) 1 10¢) € PSh(SmVar(k)).

.....

®rycq,..., 1AL =(w@uw —wuwew")

) @, Q) € PSh(SmVar(k)).

.....

Let X € Var(k). We have by definition the exact sequence in C'(X®)

dl
0= k* = 0% =% Qxlog — 0

Hence HY (X, Qx10g) = HL(X,0%) and HL(X, Qx 10g) = HL(X,0%) =0 for ¢ < 2. For X € PVar(k),
we have H°(X, QlXJOg) = 0.

Let (X,Z) € Sch® with X € Sch a noetherian scheme and Z C X a closed subset. We have the
deformation (DzX,A}) — Al (DzX,A}) € Sch? of (X, Z) by the normal cone Cz,x — Z, i.e. such
that

(DzX,Ay)s =(X,Z), s € ANO, (DzX,A;)o = (Cz/x,Z).
We denote by i1 : (X,Z) — (DzX,A}) and ig : (Cz/x,Z) — (DzX,A}) the closed embeddings in
Sch?.
We recall the following facts (see [5] and [3]):

Proposition 1. Let k a field a characteristic zero. Let X € SmVar(k) and Z C X a smooth subvariety
of codimension d. Then Cz,;x = Nz;x — Z is a vector bundle of rank d.

(i) The closed embeddings i1 : (X,Z) < (DzX,AY) and io : (Cz/x,Z) — (DzX,Ak) in SmVar®(k)
induces isomorphisms of motives Z(i1) : Mz(X) — My (DzX) and Z(io) : Mz(Nz/x) =
My, (DzX) in DA(k). We get the excision isomorphism in DA(k)

Pyx = L(ig) " 0 Z(i1) : Mz(X) = Mz(Nz)x).

(ii) For each j € Z, the excision isomorphism induced by (i)

HIQ(Pz,x) := H’ Ee(Q9,)(Z(i0)) 0 H? Eet (Q),,)(Z(i1)) 7" :
Hjyp 7(X) = HT2(X, Bt (Q%)) = Hhp 7 (Nzyx) == H'Tz(Nz/x, Ea(2%,,,)

preserve logarithmic De Rham classes, that is for each | € Z,

HJQ(PZJ()(HJOLX(HZ;é (X’ QfX,log))) = HjOLNZ/X (Hg;,é(NZ/Xv QéVZ/X,log))



Proof. (i): See [5].

(ii): The de Rham complex Q29, € C(SmVar(k)) admits transfers using trace map for commutative rings,
that is Q* € C(CorSmVar(k)) (see [7]) and the inclusion OL : Ql/k,log[_l] < Q9 in C(SmVar(k)) is
compatible with transfers. Since Ql/k,log € PSh(SmVar(k)) is A} invariant (O;gl1c = k* and for \ € k* we
have d\ = 0) and admits transfers, for each j € Z, the presheaves Hg;lQl/k)log € PSh(SmVar(k)) are A},
invariant by a theorem of Voevodsky (c.f. [5] for example). It then follows from (i) (see [5] or [3]) that

HjQ]OE(PZ;X) = HjEet(Q7k,log)(Z(i0)) ° HjEet( 7k,log)(Z(i1))_l :

Hgt,Z(Xv le,log) - Hgt,Z(NZ/X’ QlNZ/x,log)'
Hence,
) ) - . j—1
HIQ(Py,x ) (HIOLx (Hl, (X, O 10)) = HIOL, Doy (P,x) (2 (X, ¥ 1))
g HjOLNZ/X(Hé;é(NZ,X;QINZ/X,log))'
O

Remark 1. Let k a field a characteristic zero. Let X € SmVar(k) and Z C X a smooth subvariety of
codimension d.

(i) The statement of proposition 1(ii) also holds for the subcomplex 97}68:0 — Q9. of closed forms
by the same argument since the inclusion Ql/’szo[—l] = Q9 in C(SmVar(k)) is compatible with

transfers.

(ii) The statement of proposition 1(i) does NOT hold for presheaves which do not admits transfers. Note
that the result of proposition 1(ii) does NOT hold for the embedding in C(SmVar(k)), associated to
an embedding o : k — C,

HAI =] = A®, X € SmVar(k), T(X, Hie ) [=1] = T(X, A%gn)

of the subsheaf of harmonic differential forms, the sheaves of differential forms A € C(SmVar(k))
does NOT admits transfers (finite algebraic correspondences are not smooth and for f : X' - X a
morphism with X', X € Diff(R) vector fields on X only lift if f is a smooth morphism i.e. if the
differential of df is surjective), transfers maps are only defined on cohomology.

Let k a field of characteristic zero. Let X € SmVar(k) and Z C X a smooth subvariety of codimension
d. We have for each j € Z, the purity isomorphism given by H/Q(Pyz x) (see proposition 1) and the cup
product with the Euler class of of the normal tangent bundle Nz, x — Z :

HIQ(Pz, x) ((—)-e(Nz/x)~"
— -

HjDR(PZ,X) : H{)R,Z(X) H{)R,Z(NZ/X) H{;fd(Z),
Now, we have the following :

Proposition 2. Let k a field of characteristic zero. Let p: E — X a vector bundle of rank d € N with
X, E € SmVar(k) connected. Then

(i) the Buler class e(E) € Hply x(E) is logarithmic of type (d,d), that is e(E) = H**OLg(e(E)) €
le)dR,X(E) with G(E) € Hg(,et(E7 Q%,log)7

(ii) the Buler class e(E) € Hyly y(E) induces for each i,j € Z an isomorphism

(=) e(E)) : HHOLx (HL(X, U 1o5)) =+ H* T HOLp (HI (B, Q)



Proof. (i):Let X = U;X; an open affine cover such that E; := Ex, is trivial : (s1,---,84) : Ejx, —
X, x A with s; € T(X;, E). Then

e(E)x, = 0(ds1/s1 N+ ANdsa/sa) € H**OLp, (HE,(Ei, Q% 104))
where 8 : H™ N (E\X;, Q% ,,) = HE, (Ei, Q% ) is the boundary map. Hence
G(E) € HQdOLE (HO (E7 H?(QdE,log)) = Hedt,X(Ev Q%‘,log) - HO(Ea Hg(dQ.EZd) C H%dR,X(E)'

(ii):Follows from (i) and Kunneth formula for De Rham cohomology : let X = U; X; an open affine cover
such that E; := E|x, is trivial and consider the morphism of bi-complexes of abelian groups

(=) - e(E)) : OLx (T'(Xq, Bt (X 105))) = OLp(T(Eo, Bt (U 1,)))[24].

By (¢) an Kunneth formula for De Rham cohomology, ((—)-e(E)) induces an isomorphism on the E; level
of the spectral sequences for the filtrations associated to bi-complex structures on the total complexes.
Hence, ((—) - e(F)) is a quasi-isomorphism. This proves (ii). O

We deduce from proposition 1 and proposition 2, the following key proposition

Proposition 3. Let k a field of characteristic zero. Let X € SmVar(k) and Z C X a smooth subvariety
of codimension d. For each j € Z, the purity isomorphism

HIQ(Pz, x) ((=)-e(Nz/x)™"
— -

HjDR(PZ,X) : H%)R,Z(X) H%)R,Z(NZ/X) H%J_n?d(z)

preserve logarithmic De Rham classes, that is for eachl € Z,
HY DR(Pz,x)(H/OLx (H]; 7(X, 9 10,))) = HIOLz () (2.0 15)-
Proof. Follows from proposition 1(ii) and proposition 2(ii). O

Let k a field of characteristic zero. For X € SmVar(k) connected, we have the cycle class map for De
Rham cohomology

Z € 29(X) = (2] := H*Q(v)([2])) € HER(X), [Z] € HBg 7(X),
H>'Q(vy) : H%dR,\Z|(X) — HpR(X)

where
Q(vz) := Hom(v3(Zx), Eet (%)) : T2(X, Bt (%)) = T(X, Bt (Q%))

and, as for any Weil cohomology theory, we have the isomorphism given by purity : if X° C X is an open
subset such that Z¢ := X° N Z has smooth components we have the isomorphism

HQdDR(PZO,XD) : H%dRJZ\(X) = H%dR,\Zo\(XO) = HJQDdR,|Z°|(NZ°/XD) = H/%R(|Zo|)-

where the first equality follows from dimension reason : for X € SmVar(k) and Z’ C X smooth, we have
Hpp 7/(X) =0 for i <2codim(Z’, X) by the purity isomorphism H*DR(Pz x).
The main result of this section is the following :

Theorem 1. Let k a field of characteristic zero. Let X € SmVar(k). Let d € N.

(i) The De Rham cohomology class of an algebraic cycle is logarithmic and is of type (d,d), that is, for
Z € ZYX)
2] := H**Q(vy)([2]) € H*'OLx (H, (X, 9% 1)) © HER(X).
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(i) Conversely, anyw € H*?OLx (HZ (X, Q% log)) 18 the class of an algebraic cycle. Note that it implies

w € WoHES(X) as it is easily seen for d = 1 by the Chow moving lemma since j* : Pic(X) —
Pic(X) is surjective if j : X — X is a smooth compactification of X, X € PSmVar(k) and since
H (Y, Qy104) = Pic(Y) for Y € Var(k).

(iii) We have HOLx (H. (X, QX .,)) = 0 for 21 < j.
(i3)” If X € PSmVar(k), we also have HjOLX(Hgt_l(X, leﬁlog)) =0 for 2l > j.
Proof. (i):We have
2] := H**Q(vy)([2]) = H*'OLx o H'Qfl, (72)(1Z]) € HER(X), [Z] € HE, ) 7)(X, 0% 10g)

where
Qlog (/YZ) Hom(’YZ (ZX) et (QX log)) : FZ(X7 Ee (Qg(,log)) — F(X7 Eet (Qg(,log)%
since if X C X is a Zariski open subset such that Z° := X°NZ has smooth components and Nzo/xo — Z°
is the normal tangent bundle, we have by proposition 3 the isomorphism
H*'DR(Pzo,x0) : H*OLx (H 7/(X, Q% 10)) = H*OLx(HE | 70/(X% Q%0 10g))
= HQdOLX(Hedt,\Zﬂ(NZO/XDaQ%Zo/xo,log))'

(ii):By assumption we have
w=H'OLx(w) € HER(X), w € HL(X, 0% 1)

As Q4 Xlog € PSh(X¢) consist of a single presheaf, that is a complex of presheaves concentrated one
degree there exist an etale open cover r = r(w) = (r; : X; = X)i<i<s, depending on w, such that
rfw=0¢€ HL(X;, Q% log) for each é. Choose i =1 and denote j: U :=r1(X1) = X the corresponding
(Zariski) open subset. As QX,log has no torsion and admits transfers, we have j*w = 0 € H%(U, Qg{,log)
Hence, denoting D := X\U, we have

w = H2dOLX( ) w e HdQlog( )(Het D(X7 Qg(,log))'

We may assume, up to shrinking U, that D C X is a divisor. Denote D° C D its smooth locus and
l: X°— X a Zariski open subset such that X°N D = D°. We then have by proposition 3

'w € H**DR(Ppo xo)(H**"2OLpo (HE (D%, QF1,))-

We repeat this procedure with each connected components of D° instead of X. By a finite induction of
d steps, we get
w = H2dOLX (w)a w e HdQlog (’YZ)(Het Z(Xa Qg{,log))a

with Z := Dy C --- C D C X a codimension d (Zariski) closed subset and w = Y, n;[Z;] € HER(X),
where n; € Z and (Z;)1<i<t C Z are the irreducible components of Z, using in the final step the
isomorphism

Hl (Dd 17g2DD

d—1’

log) = Helt(DgfhoBd,l) = Pic(Dg_,).
(iii):Let j > 2I. By the proof of (ii) there exists Z C X a closed subset of codimension ! such that
w=HIOLx(w), w e H™'Qoy(v7) (H], 7(X, s o).

By a finite induction of dx — [ steps, restricting to the smooth locus of closed subsets of Z, w = 0 since
H*OLz (HX(Z',Z)) =0 for all k > 0 and all Z’ € SmVar(k).
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(iii):Let j < 2I. By the proof of (ii) there exists Z C X a closed subset of codimension [ such that
w = HjOLX(w)v we H'™ lQlog(’YZ)(Hgt é(X QX log))

Let I : X° — X be an open embedding such that Z° := Z N X° is the smooth locus of Z. We have by
proposition 3
'w e HY(2°,93.1.,)-

Since 0l*w =0 € Hjt )l;r\lxo(Z QY log) We get by proposition 3, by induction on smooth locus of subsets
o o * 21
of the pair (X\X°,Z\Z°), 0l*w =0 € H], 2z (Zs QZlng) that is

w e HY(2,95,2).
Hence w = 0 since H°(Z', Q’%,Jog) =0 for all £ > 0 and all Z’ € PVar(k). O

3.2 Complex integral periods

Let k a field of characteristic zero.
Let X € SmVar(k) a smooth variety. Let X = U{_; X, an open affine cover. We have for ¢ : k — C
an embedding, the evaluation period embedding map which is the morphism of bi-complexes

ev(X)s : I'(X,,0%,) — ZHomDiH(H',XEﬁ)V ® C,

wh € T(X1, Q) = (ev(X)}(wh) : ¢ € ZHompi(I', X&7)" ® C v vl (wh)(6h) = / gt
I

given by integration. By taking all the affine open cover (j; : X; — X) of X, we get for o : k — C, the
evaluation period embedding map

ev(X):=  lim ev(X)s : lim I'(X,., Q%,) — lim Z Hompgr) (I°, X&Ty)Y @ C
(i: X 5 X) (ji: X 5 X) (Ji: X X)

It induces in cohomology, for j € Z, the evaluation period map

Hlev(X) = Hlev(X)s: Hhp(X) = H'I'(X.,Q%,) — Hgmg(Xgn, ) = H’ (Homp;g ) (I°, X¢7%)¥ @ C).
which does NOT depend on the choice of the affine open cover by acyclicity of quasi-coherent sheaves on
affine noetherian schemes for the left hand side and from Mayer-Vietoris quasi-isomorphism for singular
cohomology of topological spaces and Whitney approximation theorem for differential manifolds for the
right hand side.

Proposition 4. Let k a field of characteristic zero. Let X € SmVar(k). Let o : k — C an embedding.
(i) Let w € H)p(X) = H/(X,0%) = H.,(X,Q%). If

pet

w € H'OLx (H pet(XC,QXet log))

then Hiev(X)(w) € H, (X&", 2inQ).

sing

(1) Let p € N a prime number and o, : k — C, an embedding. Let j € Z. Let w € H{)R(X) =
H](X 95 ) = pet(X 95 ) ]f

w = ﬂ-k/(Cp(X)*w S HjOLX(HZt(X(C;ﬂQ;{E;,log,o))

then Hiev(X)(w) € HZ _(X&",2inQ). Recall that H’

sing pet

(Xc, Q8 HY, (Xc, Q8

XP“ lo g,O) Xgt log, o)
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Proof. (i): Let _ ‘ ‘
w € Hpp(X) =H/(X,0%) = HT(X., Q%)

where (r; : X; = X)i<i<s is an affine etale cover. Let X&" = U]_;D; an open cover with D; ~ D(0 , 1),
Denote jr; : X; NDy — X7 the open embeddings. Then by definition HYev(X)(w) = Hjev(X“")(jf o
an’, w) with

jo o ank, w € H'T(XJE N Da, Q%an ).

Now, if w = H'OLx (H,(Xc, Qxct log)): We have a canonical splitting

w—ZwU ! Zw’J Le pr(Xc), wlL’jflEHj_l(Xc,QlXEtylog), whi=t H]OLXer( ;l).

Let 0 <[ < j. Using an affine w-contractile pro-etale cover of X, we see that there exists an affine etale
cover r = (w1 = (r; : X; = X)1<i<n of X (depending on w"/~!) such that
w = [(wi)1] € HOLxer (HI7'T(Xc,0, O 10e)) € BT (Xc 0, Q%)

Note that since X is an algebraic variety, this also follows from a comparison theorem between Chech
cohomology of etale covers and etale cohomology. By [4] lemma 2, we may assume, up to take a desingu-
larization 7 : X’ — X of (X,U;(r;(X\X;))) and replace w with 7*w, that r;(X;) = r;(X;(w)) = X\D;
with D; C X smooth divisors with normal crossing For 1 <1 < j, we get

w7 =" df, [ fo AN Ndfu fo € T(Xer, Q).

v

For [ =0, we get _ _
w®’ = [(A1)] € H'T(Xc,1,Ox, ,), A € I(Xc,1,Zxg,)

There exists k' C C containing k such that wlLJI_l e ' X 1, Qle,) for all 0 <[ < j. Taking an embedding
o’ : k' — C such that U|/k = o, we then have

deoany, w=j;((m - wi’ocicy) = (wi’y Dirs € HT(XEE NDa, Q%gn).

where for each (I, J,1) with cardl + cardJ +1 = j,
Wiy =it € DIXTENDy, Qlyan).

We have by a standard computation, for each (I, J,1) with cardl + cardJ +1 = j,
H o (X7eNDy, Z) =< 31,y Yeardl >,

where for 1 < i < cardl, v; € Hom(A*, XienD J) are products of loops around the origin inside the
pointed disc D*\0. On the other hand,

o Wil =355, dfu/for N N f) € T(XEE D, Q4an) for 1 <1<,

0,5 _ :
o wpy = A7 is a constant.

Hence, for p € P([1,---,s]) with cardy = I, we get, for I = 0 Hlev(Xg")I,J(w%)jLJ) = 0 and, for
1<1<y,

H'ev(X&);, J(U]LI 7 25,,#2171' € 2inZ.
k

where 7y, := Y, - - vu,. We conclude by [4] lemma 1.
(ii):It is a particular case of (i). See [4] proposition 1. O
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Let k a field of characteristic zero. Let X € SmVar(k). Let X = Uj_;X; an open affine cover with
X; = X\D; with D; C X smooth divisors with normal crossing. Let ¢ : & — C an embedding. By
proposition 4, we have a commutative diagram of graded algebras

H*ev(X)

HBR(X) H:lng(X(gna (C)
CT TH*C*L%'WQ/C(XEn)
" " . N H*ev(X) N an o
H*OLx (Hz (X, Q5er 10g)) N Hp(X) Hg (XE", 2imQ)
where
C™t2inq/c(XE") : Cng (X", 2imQ) — O, (X", C)

is the subcomplex consiting of o € €V,

Jng(X&", C) such that a(y) € 2inQ for all v € C5"¥(Xg", Q). Recall
that

Hev(Xc) = H*RU(Xg", a(X)) o D(Xg", Baor(Qanx))) : Hpp(Xc) — Hing(X2", C)
is the canonical isomorphism induced by the analytical functor and a(X) : Cxar — Qg%m, which gives
the periods elements H*ev(X)(Hpx(X)) C H,\o(XE", C). On the other side the induced map
H*ev(Xc) : H*OLx (Hg, (X, et 165)) = H t2ing/c Hing (X2", 2iQ)
is NOT surjective in general since the left hand side is invariant by the action of the group Aut(C) (the

group of field automorphism of C) whereas the right hand side is not. The fact for a de Rham cohomology
class of being logarithmic is algebraic and invariant under isomorphism of (abstract) schemes.

Corollary 1. Let X € PSmVar(C). Then the Hodge conjecture holds for X if and only if the Hodge
classes are given by logarithmic De Rham classes.

Proof. Follows from theorem 1. O

3.3 Rigid GAGA for logarithmic de Rham classes

Let K a field of characteristic zero which is complete for a p-adic norm. Denote by SmVar(K)P¢* the big
pro-etale sheaf. We will consider

O oe0 € CSmVar(K)P*), X = Q% 10, o (X P, (F: X' = X) = Q(f) = f*
and the embedding of C'(SmVar(K)?®") (see definition 1(iii))

OL/k.an : Q5 1op 0 = Q5" for X € SmVar(K),

/K,log,O /K
OL/K,an(X) = OLX(F) (X) : Q;A((P),log,O(X(p)) — Q;A((p) (X(P))

We have the analytification map C(SmVar(K)P¢?) given by completion with respect to (p)

¢ QY = QU for X € SmVar(K), ¢ : Q% (X) = Q%,, (XW),

which induces for each j € Z the morphism

¢ Hjp(X) = H

pet(Xv Q;{) :_> Hj

pet

(Xa Q;Z(p)) = Héet (X(p)v Q.X(p))

which is an isomorphism by GAGA (c.f. EGA 3) and the properties of w-contractile rings (for the
pro-etale toplogy ¢, = Rec,). On the on the other hand, it is well-known (see [8]) that

H;Jo-et (X(p)a Q}((p)) = Hgt (X(;D), Q}((p))a
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that is, _ _
H;Jnet (X5 Q}((p)) = szet (X7 Q;”((p) )

We have also the sheaves

0,0 € PSh(SmVar(K)), X € SmVar(K) = O(X) := lim O(X},.), O*(X) := lim O(X},.)",

neN neN

(g:Y = X) = (ag(X)0))nen : O(X) = O(Y), O(X)* = O(Y)*

The sheaf O* € PSh(SmVar(k)) admits transfers : for W ¢ X’ x X with X, X’ € SmVar(K) and W
finite over X’ and f € O(Xﬁn)*, W*f = Nw,x/(p% f) where px : W — X’ x X — X is the projection
and Ny, x: : k(W)* — E(X')* is the norm map. This gives transfers on Q}ﬁﬁog,@ € PSh(SmVar(K))
compatible with transfers on Q};n € PSh(SmVar(K)) : for W C X' x X with X, X’ € SmVar(k) and W

finite over X’ and f € O(X/(;n)*,

Wrdf [ f = dW”" f/W* f = Trw;x (px (df/ f)),

where where px : W < X’ x X — X is the projection and T'ry,x/ : Ow — Ox is the trace map. Note
that d(fg)/fg=4df/f + dg/g. We get transfers on

®f@pﬂ}’l‘§ﬁog70, %Q};;” € PSh(SmVar(K))

. 1 1l,an o 0 Lil~l,an 1 l,an __ 0 Lil~1l,an PO
since @, Q1105 0 = H (®Qp Q/K,log,o) and @€ ;" = H (®O Q) ). This induces transfers on
fa) Ary:=(w@w —wRww’)
l 1,an L -1 ~1,an IpCll,....l] =12 1 1,an
/\QPQ/K,Iog,(’) 1= coker(®r,c[1,...,1 ®q, Q/K,log,o ®QpQ/K,log,(’))

€ PSh(SmVar(K)).

and

,an _ an ®ncn,.. AL =(wew Hwduwew') an
N = coker(®nc,.. ) © ' QKT — : ) @, Q2" € PSh(SmVar(K)).

The result of this section is the following :

Proposition 5. Let K a field of characteristic zero which is complete for a p-adic norm. Let X €
PSmVar(K). For each j,1 € Z, the isomorphism ¢* : HJ (X,Q%) = H) (X, Q%) and its inverse
preserve logarithmic classes, that is

¢ (Y (m o (OLx @ D)(Hiz (X, Quet g 0 © Z)) = HIOL g (i (X, )

is an isomorphism.

Proof. Consider, for j,l € Z, the presheaf

LY70i= HIOL i an(Hy ot Q7 0. 0) € PSh(SmVar(K)).

By definition, for X € SmVar(K),
LY7HX) i= HIOL g (Hpel (X, Q) 100 0)) =1 HYOL ¢ o (H7~ Hom(Z(X), By (3100 0))

Consider also for X € SmVar(K) and Z C X a closed subset,

1,71 j j— . l,an j j—1
LZJ (X) = HJOL/K,an(HJ lHom(Z(X,X\Z), Epet(Q/K)]og)O))) = HJOLX(P) (H;et)Z(Xa Ql)}'(p)ylogﬁo))'
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By the local to global spectral sequence for the pro-etale topology, we have
1j—1 -
Ly 7(X) = H'"'Hom(Z(X, X\Z), Ep.,(L"")).

since ape; L7 = 0 and Rk, LY~ = 0 for j # | where ape; : PSh(SmVar(K)) — Shv(SmVar(K) is
the sheaftification functor and k : X\Z <+ X denote the open embedding. The presheaves LI~
PSh(SmVar(K)) are Al invariant and admit tranfers. Hence by a theorem of Voevodsky (c.f. [5] for
example), they are A! local. This gives in particular, for Z C X a smooth subvariety of (pure) codimension
d, by proposition 1(i) an isomorphism

[Py x): LY 7HX) = LY (N ) = L2324 7).

Let

a € LMUX) = HIOL 4, (HI (X, QL

0 (X0 ) 1 0)) = HI ™ Hom(Z(X), By (L10))

There exists by [2] a w-contractile affine pro-etale over r = (r; : X; = X)1<i<,. This gives an open
subset r;(X;) C U; := U;(a) C X depending on « such that jfa = 0 € LY~1(U;), where j; : U; — X
denote the open embedding. Considering a divisor such that X\U; C D, we get

a=HITEp (L") (vp)(a), a € Ly 7'(X).

Similarly to the proof of theorem 1, we get by induction (restricting to the smooth locus of the divisors)
a closed subset Z’ C X of codimension ¢ = min(l, j — [) such that

° l,j—1
o= H] lEpet(LLO)(/Y%)(a)? ac LZJ (X)
Hence, as in the proof of theorem 1,
o if j # 2], a = 0, we use the fact that X is projective for j < 2,

o if j =2, o € B1<i<sZp[Z;], where (Z;)1<i<t C Z are the irreducible components of Z.

4 Tate conjecture

Let k a field of finite type over Q. Denote k the algebraic closure of k and G = Gal(k/k) the absolute
Galois group of k. Let X € PSmVar(k) be a smooth projective variety. Let p € N a prime number.
Consider an embedding o, : k < C,. Denote k,, C C, the p-adic completion of k with respect to o,.

. . . . N an,pet
We consider the commutative diagram in Cy | ) & (X(Cp )

a(X) R
(Barxc,, F) (%, F) @0, (OBuarxe, . F) ,
L’Xget::ml,l TOLX®I:—(w®>\n)nEN,_,(w®,\n)nEN
! pet :=(1,0)
@Xc (QS(CP Jlog, O ® Zpu Fb)

Let p € N\d(k, X) a prime number. Consider an embedding o}, : k < C,. Then X has good reduction
modulo p and let Xf? S Sch/O be a smooth model, i.e. X]? ®o k,,p = X; and XO is smooth
op op

op

with smooth special fiber. The main result of [1] say in this case that the embedding in C’((XO YFalty

O[(X) :IBECM'S,Xfc — QQ*Q;(O,- Ko, o0 OBCT’iS,X}:
op h

k(,-p p
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is a filtered quasi-isomorphism compatible with the action of Gal(C,/ l;:gp) and the action of the Frobenius
¢p, and gives if X ]? has good reduction modulo p, for each j € Z, a filtered isomorphism of filtered

abelian groups

HIR e HIT(ax Beris) " 7 Falt
o(X) : H(Xc,, Zyp) @z, B > H(X)") Beris x;, )

cris, ko, et

HIRD(XY ,a(X))
p

H%)R(Xk ) ®

op k(,p cris,k(,p

compatible with the action of Gal(C,/ I;gp) and of the Frobenius ¢,,.

Definition 2. Let k a field of finite type over Q. Denote k the algebraic closure of k and G = Gal(k/k)
the absolute Galois group of k. Let X € PSmVar(k). Let p € N\d(k,X) a prime number. Consider
an embedding o, : k — C,. Denote k,, C C, the p-adic completion of k with respect to o,. For
o€ Hgt(X@p,Zp), we consider

w(a) == HR(X)(a ® 1) € Hpp(X; ) ®;

op op crzs,k:(,p :

the associated de Rham class by the p-adic periods. We recall

HIR(X) : HY,(Xc,,Zp) @2, B = H)p(Xg, ) ©;

cris,kap op op cris,kap

is the canonical filtered isomorphism compatible with the action of Ggp and with the action of the Frobenius
bp-

We recall the following result from Illusie:

Proposition 6. Let k a field of finite type over Q. Let X € SmVar(k). Let p € N\d(k,X) a prime
number. Consider an embedding oy : k — C,. Denote k,, C C, the p-adic completion of k with respect

to 0,. Consider Xi?c, € Sch /Ofcap a smooth model of X,;gp, i.e. Xlgzp ®of%p l%gp = Xf%p and Xf? 18

smooth with smooth, special fiber. Recall G := Gal(((:p/l;:gp) denote the Galois group Let | € Z. For each
n € N, the sequence in C(th )
op

(-)®1)00L 50 n

0= x5 O s ax0%, (5 ©0y0 OBerix,, )/1")°
op Tp
¢p—1 3
~—r axak, (U ®o,0 OBerisx, )/p") =0
ko 7P

is exact as a sequence of complexes of etale sheaves (i.e. we only have local surjectivity on the right),
where ae : Xo = X, a = (a; : X; — X)1<i<s s an affine open cover of X such that we have a lift of the
Frobenius ¢y,.

Proof. (1):It follows from [6] for n = 1. Indeed, since it is a local statement for etale cohomology, we may
assume that X is affine and connected so that X’ := Xg) = Spec R with R = Oy_[z1,---2n]/I, and that
there is a lift of the Frobenius 7, : R/pR — R/pR. Denote R := @(R_)S)n‘ﬁ (R — S) where n.f. means
normal finite extensions. The sequence is then in this case
o>l ((=)x1)oOL_ , e>] 5 G Pl exi B /. G
0= Q% piog —— (% pr Or/pR R/pR)¢ === (o OR/pR R/pR)¢ — 0.

Since (R/pR)é = R/pR, the sequence is then in this case

> (5)x1)oOL  e>1  ¢p—1 o1
0= Q% R10g Qrpr Qripr = 0,
which is exact by [6]. It then follows for n > 2 by devissage. O
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We have the following key proposition (the projective case of [4]), we state and prove it for smooth
projective varieties, the case for smooth varieties is obtained in the same way using a smooth compacti-
fication with normal crossing divisors. The projective case suffices for our purpose:

Proposition 7. Let k a field of finite type over Q. Let X € PSmVar(k). Let p € N\d(k, X) a prime
number. Consider an embedding o, : k — C,. Denote k C k,, C C, the p-adic completion of k with
respect to oy.

(i) Let j,l € Z. We have, see definition 1(iii),

j j j *\ — j j >
FU (X)) 0 B Ra(X)(H(Xc, ) = ()7 (HOL g (X, 92, )
op kop 777
- HJDR(XIACUP) ®1Ac<,p cris,fcap )

where we recall ¢ : Xép) — X is the completion with respect to (p), and
op Ip

* . opd
¢ Hyy

(X, %, ) = B (X, W)
kop

is an isomorphism by GAGA and the properties of w-contractile open covers.

(i1) Let j,1 € Z. We have, see definition 1(iii),

FUH) (X3, ) N I Ra(X) (Y (Xc, . 2,)) = H(m o (OLx © D) (e, (X, 05 1, 0 ©7,))

C Hpp(Xy, ) ®;, B

cris,kap ’

(i)’ For « € Hgt(X@p,Zp) such that w(a) € FIH{)R(XA ) (see definition 2), there exist

o
(Ai)1<i<n € Zyp and (wri)i<i<n € Hiet(ch,Q}i,log,o)
such that

w(@)= Y Ai-wri € Hyy(Xe,, Q57)) = F'H) p(Xc,), wii = HOLx (wLy).
1<i<n

Proof. (i): Consider Xi? € Sch /O;,  a smooth model of X; , i.e. Xg) ®o. l%gp = X; and Xg)
op p p op p

kgp op

xXow  x ]? the morphism in RTop which is the formal completion along

P P .
the ideal (p). By [1], a € H},(Xc,,Zy) is such that w(e) € F'H},z(X;, ) if and only if there exists an
w-contractile pro-etale affine cover (r; : X; — X)i1<;<, such that

is smooth. Consider c :

; o> 3 j o>l €

w(a) € HJF(X.),;%,QX—,? @00 OIB%ms’X%p )Gbr = HJF(X-,M’QXENM ®0 0.4 OBC”S*X@% )Giér

where the equality follows from GAGA (c.f. EGA 3). Recall that the action of G commutes with the

action of ¢, since elements of G are by definition (continuous) field automorphisms. Note that the

differentials of the De Rham complex DR(X; )(OBcys, X; ) commutes with the Frobenius action. On
op op

the other hand, the sequence

M Xe ko, OL g )

o>] kop o>] ) G
0— F(X.,ic(,p SO ,1og,o) F(X.,iq(,pa (%0, @040 OBCHS,X,;%) )
kap kap
P(X. k ’¢P_I) ~
top o> G
F(X. k 2 co.tm @00 OBeris,x, )7 —0
kop? T XC X [

kap
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is exact by proposition 6 and by the properties of w-contractile pro-etale affine covers (see [2]). Hence
o € HY,(Xc,,Zy) is such that w(a) € F'HL (X} ) if and only if
op

w(a) € HjF(X.jg(,p ) Q;icf ®Oxo OBCTZ‘S,XIACUP )G,qbp
Tp

j j o>] j o>]
= H]F(X-,pr ’ OLX;CZ) )(H]F(X'xf%p ’ Q){;Ecp) ,logﬁo)) - OLXIE:’) (H:JDEt (Xi%p ’ Q){ép) ,log,(’)))’
P op op op
>
X9
kn‘p
(ii): Follows from (i) and proposition 5.

(ii): By (ii), if (r; : X3 = X)1<i<r is a w-contractile affine pro-etale cover

for the first equality note that €2 ®0,0 OB.is, x, € C(X; ) is acyclic for the Galois action.
op op

’LU(O&) = ( Z )\iJ'wLiJ)JC[l,...,r],cardJ:j S HjF(X.jquamO(OLX(g)I))(HjF(X.)]}

o>l
) Q‘Xfc(, ,]og7O®ZZD))a
1<i<ny P

p

o>/’

with wr;; € I‘(XJ,QX]% 710g70), I">1and Ay € Z,. Since w(a) is a Chech etale cycle (i.e. closed for

the Chech differential) without torsion and since the topology consists of etale covers of X € PSmVar(k)
(which we way assume connected), ny; = n and \;; = \; € Z, for each J, which gives

’LU(O() = Z )\i WL € H;et(Xvaﬂ;(i) = FlHéR(X(CP), Wwri ‘= HjOLx(’wLi).

1<i<n

We also have

Proposition 8. Let k a field of finite type over Q. Denote k the algebraic closure of k. Denote G :=
Gal(k/k) its absolute Galois group. Let X € PSmVar(k) a smooth projective variety. Let p € N a
prime number. Consider an embedding o, : k — C,. Denote k C l%,,p C C, being the p-adic completion
with respect to the p adic norm induced by o,. Then G'UP = Gal(Cp/l%Up) C G = Gal(k/k). Let
a€ Hgt(XCp,Zp). Consider then its associated De Rham class (see definition 2)

w(a) == H/Ra(X)(a ®1) € Hhp(Xe,) Oc, Banc, -

Then o € HI,(Xc,,Z,)(1)% if and only if w(a) € F'H)R(X;, ) = F'HLR(Xe,) N Hpp(Xy, ). That

is we have
Hl\(Xe,, Zy) (1) @2,Q, =< FleDR(X,;Up)ﬂHjRa(X)(Hgt(XCP,Zp)) >q,C Hl(Xc,, Zp xot)@Barc,
where < — >q, denote the Q, vector space generated by (—).

Proof. Follows immediately from the fact that H JRa(X) is a filtered quasi-isomorphism compatible with
the Galois action of G, by [1]. O

These propositions, together with the results of section 3 implies the Tate conjecture :

Theorem 2. (i) Let k a field of finite type over Q. Let X € PSmVar(k). Let p € N\d(k, X) a prime
number. Then the Tate conjecture holds for X. That is for d € Z, the cycle class map

29(X) ® Qp = H (X5, @), Z + [Z]

is surjective, where G = Gal(k/k).
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(ii) Let K a p-adic field which is unramified. Let X € PSmVar(K) with good reduction. Then the Tate
conjecture holds for X. That is for d € Z, the cycle class map

ZY(X) ®Qp — ngtd(XCpan)Ga Z— [Z]
is surjective, where G = Gal(C,, K).

Proof. (i):Consider an embedding o, : k < C,. Then k C k C C, and k C l%,,p C C,p, where /Acgp is the p-
adic field which is the completion of k with respect the p adic norm given by o,,. Let a € H2( X}, Z,)(d)®.
Using definition 2, by proposition 7 and proposition 8 there exists (A;)i<i<n € Zp and

(wri)i<i<n € H2, (XtcpaQSij,log,o)
such that
wle) = Y Ai-wpi € Hpet(X(cp,Q'>d) FIHEL (Xc,), wii = H*OLx (wg).
1<i<n

By theorem 1(ii) and (iii)’, there exists Z; € Z4(X¢,) such that wz; = [Z;] € Hi%(Xc,). Hence,

= Y AilZi] € 2%Xc,) ®Q,p

1<i<n

satisfies w(a) = [Z] € HE(Xc,). By [1], we get a = [Z] € HE(X}, Zy). Since [Z] is G invariant,

7" :=1/card(9Z,g € G) Z gZ € Zd(X) ®Qp
geqG

satisfy [Z'] = [Z] = o € H}{( X}, Zy).
(ii):Similar to (i).

It is well known that theorem 2 implies the following :
Corollary 2. Let X € PSmVar(C). Then the standard conjectures holds for X .

Proof. Standard. Let k& C C of finite type over Q such that X is defined. Denote G = Gal(k/k) the
Galois group. Denote dx = dim(X) and for short X = X. Let L € H2X"%(X x X, Q) the class

sing

inducing the cup product with of the intersection of j hyperplane sections on H dx ](X Q) and zero

sing
on H  (X,Q), i # dx — j. Let A7 € HZX*(X x X,Q) inducing the inverse of L; on H;fffgﬂ (X,Q)
and zero on I‘I;mg(X7 Q), i # dx + j. Consider an isomorphism o, : C = C,, such that k,,p cC,is

unramified and X has good reduction. We have, for i € Z, ¥’ C C a subfield and Y € Var(k’), the
canonical morphism

T(Y) = Tl(y) Hszlng( (éML?@) - Hszlng(yan7(@l7) ; Hét(Y([j, Qp) l> H;t (YEU@P)

We have T(X x X)(L7) € HX* 7% ((X x X);,Q,) since it is the class of an algebraic cycle. Hence

T(X x X)(A) € HXX V(X x X);,Q,)¢ since the inverse of a Galois invariant morphism is Galois
invariant. Hence, by theorem 2(i), A7 = [Z], with Z € 29X+ (X x X) ® Q.

o
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