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Abstract. We describe a theoretical proposal of a nanofibre-based trap for a
Rbs molecule prepared in the metastable state (1)323'. The trapping potential
results from the combination of a travelling and a standing-wave fields, both
carried by the fundamental guided mode HE;; of the fibre. We show that,
with an experimentally realistic choice of LASER frequencies and powers, one can
implement a ~ 200 uK-deep well at ~ 140 nm from the fibre surface accomodating
for &~ 500 translational molecular states.
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1. Introduction

For the past twenty years, an important effort has been devoted to the development of
quantum light-matter interfaces which are instrumental for future quantum networks
. In 2002, K. Hakuta and coauthors first suggested that a stretched optical fibre,
whose radius at its waist is less than the wavelength of the guided light, could be
a valuable candidate for such a platform. The strong evanescent component of the
guided field can indeed couple to neighbouring particles [2] and be used, e.g., to
optically trap single cold atoms in the close vicinity of the fibre [3]. The storage [4] [5]
and Bragg reflection [0, [7] of guided photons could also be demonstrated in arrays
of such trapped atoms along a silica nanofibre. Optical nanofibres moreover appear
as promising and versatile setups for the investigation of new non-linear quantum
optical effects involving cold atoms, and for applications in quantum computation,
communication and simulation [g].

Though less extensively explored than atoms, molecular systems have, however,
started to be considered for their potential applications in quantum technologies [9].
It has long been known that a qubit of information can be typically stored in two low-
lying long-lived energy eigenstates of a molecule [10, 1T} 12] T3, [14], while alternative
approaches resort to vibrational or spin degrees of freedom [I5, [I6]. Recently, a
theoretical scheme was put forward to robustly encode quantum information in the
rotational states of individual molecules [I7]. In view of their rich internal structure,
ultracold polar molecules trapped in arrays of optical tweezers were also reckoned as a
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promising tool for quantum simulation of many-body physics [18] and robust storage
and transmission of quantum information [19] 20} 2I]. The parallel preparation of five
NaCs molecules was recently achieved in such a structure which offers full internal
and motional state control [22].

In the present work, we take the first step towards building a platform for quantum
technologies which combines the potentialities of nanofibres and free single molecules
— we note that an optical-nanofibre-based interface was already implemented for
single organic molecules embedded within a crystal [23]. More precisely, our goal
here is to theoretically investigate how to trap the diatomic molecule Rbs in the
vicinity of a silica optical nanofibre. The electronic structure of the Rby molecule has
been the subject of several theoretical studies [24] 25], stimulated by the possibility
to photoassociate and manipulate cold molecules. The ground state (1)'3} and
the metastable state (1)3L both correlate in the asymptotic limit to a pair of
atoms in their ground state, 5s2S1. In particular, the metastable state (1)>%}
was experimentally produced in a ﬁ%ee—space photoassociation scheme involving the
excited state I, which correlates to the asymptotic limit 5529 %—I—E)sz% [24]. Tt was
also suggested that the photoassociation process may be made more efficient through
coupling to a photonic crystal [26]. Here, we show that the Rby molecule prepared
in its metastable state (1)>$;} can be optically trapped in the vicinity of an optical
nanofibre by the combination of a travelling and a standing-wave fields both carried
by its fundamental guided mode HE;.

Our article is structured as follows. In section [2| we present the system, recall
basic equations and provide useful molecular data. In section [3] we present our
numerical results, provide the frequencies and intensities of the trapping fields as
well as the shape and depth of the resulting trapping potential. We also discuss the
interest and limitations of our results — in particular we justify why the Casimir-Polder
force acting on the molecule may be safely neglected. Finally, we conclude in section [4]
and give perspectives of our work. Complementary information is given in appendices.

2. Presentation of the system

We consider the situation represented in figure[l] A diatomic molecule Rb, is located
in the vicinity of a silica optical nanofibre of radius @ = 200 nm, axis (OZ) and whose
optical index is ny = 1.45 for the frequencies of the LASER beams we shall consider
below. The centre of mass of the molecule, G, is at the distance R from the fibre axis
and the space- and molecular-fixed Cartesian frames are denoted by (OXY Z) and
(Gzyz), respectively.

A LASER beam of frequency w; is sent through the nanofibre and excites the
fundamental guided mode HEg)f) travelling along (OZ) and quasi-linearly polarized
along (OX), of electric field positive-frequency component Egﬂ. Another pair of
counter-propagating LASER beams induces a standing-wave in the fundamental guided
mode HEﬁ() at frequency wy < wy, whose electric field positive-frequency component
is denoted by Eéﬂ. Explicit expressions for E§+2) can be found in These
fields have a substantial evanescent component outside the fibre which interacts with
the molecule. The resulting optical potential writes

v=- 3 B Eew) B g

j=1,2
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Figure 1: A diatomic Rbs molecule is located in the vicinity of an optical nanofibre
of radius a = 200 nm. The distance from the molecular centre of mass to the fibre
axis is denoted by R. Inside the fibre, the refractive index is ny = 1.45 (silica in the
transparency window), outside it is ng = 1 (vacuum). The axis of the nanofibre is
arbitrarily chosen as the Z-axis. The space-fixed Cartesian and cylindrical basis unit
vectors (ex,ey,ez) and (eg, eg,ez) are introduced in inset (a). The position vector
of the molecular centre of mass, G, is Reg (©). The molecule-fixed frame Cartesian
basis unit vectors (e, ey, e.) and Euler angles (0, ¢, x) are represented in inset (b),
as defined in [28], pp.78-80.

where @ (w) denotes the molecular dynamic polarisability tensor at frequency w defined
relatively to the state of the molecule.

The analytical expressions of the spherical components of the molecular
polarisability tensor, a,, (u, v = —1,0,1), are provided in as sums over
transitions between the states under consideration, here the rovibrational states —
denoted by |¢,) — associated to the (1)3% electronic state and the rovibrational
states, |¢,), associated to other excited electronic states, see equation . Here
n and n’ stand for complete sets of quantum numbers including, among others, A,
the projection of the electronic orbital angular momentum onto the body-fixed z
axis (we recall that A = 0 for a ¥ electronic state, A = =£1 for II states), as
well as v and J the vibrational and rotational quantum numbers, respectively. In
practice, we restricted ourselves to the two perpendicular (A — A’ = +1) transitions
(1)3SF — (1)%, and (1)>Sf — (2)3I1,, and the two parallel (A — A’ = 0) transitions
(1)32F = (1)%%, and (1)3SF — (2)3%,. We included 500 vibrational states in the
calculations. The corresponding electronic transition dipole moments are given in
[25]. In the present case, because of the geometry of the molecule, only three spherical
components of the polarisability tensor are non zero : a_11, a1_1 and agg. From them,
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the three diagonal Cartesian components of the polarisability tensor are obtained:
axx = ayy = f% (1-1 4+ @—11), azz = agg. These Cartesian components provide
a simple geometrical interpretation of the results.

It is known that the best representation of the Rbs molecule is provided
by Hund’s case (b) [26, 27]. Then additional quantum numbers — the total
angular momentum J, M its projection on the Z axis as well as N, the total
angular momentum exclusive of spins — are necessary to fully characterize the
molecular state. In this case, the polarisability of the ground rovibrational state
{(1)3Ej,v =0,J=1,N=0,M = 0,:|:1> is independent of M and purely scalar
(neither vector nor tensor components). The scalar part given by

1
asc =3 > (—Droy—y
p=—1,0,1
is shown on fig. [2| as a function of w. The polarisability goes through divergences in
resonance bands associated to the transitions between rovibrational states supported
by the 3%, and 3II, potentials. For the sake of comparison, we also plotted the
approximate analytical form given by equation (8) in [29]. The latter was obtained
from a fit of another numerical calculation performed with different quantum chemistry
data. In particular, the numerical simulation in [29] took more excited electronic states
into account. Except in the resonance bands — where the fit is anyway not expected
to be valid — we observe a good agreement between our results and those of [29]. This
suggests that the restricted set of electronic states considered in our calculations is
sufficient to get accurate values for the polarisability.

We note that the polarisability is positive for frequencies lower than those in
the resonance band and negative above, as expected from the presence of factors
1/(«?,,~w?) in equation . Below we shall take advantage of this property to
design a bichromatic optical trapping potential.

Although it is not adapted to the molecule at stake, we shall also consider Hund’s
case (a). In this limit, polarisability has specific alignment properties and recovers
its full tensorial character. The projection of the spin angular momentum onto the
molecular-fixed z axis, ¥ = 0, &1, now becomes a good quantum number and so does
the total angular momentum projection, = A + ¥. The wavefunction has specific
rotational properties which reflect in the polarization alignment properties. Treating
the particular Hund’s case (a) goes beyond a purely textbook-like exercise since it
will allow us to draw general conclusions on how the trapping of a molecule by an
anisotropic electric field is influenced by its alignment properties.

3. Numerical results and discussion

In this section, we present the numerical results we obtained. First, we specify the
physical parametres we considered for the LASER fields and the molecular polarisability
tensor components at the relevant frequencies. We then analyse the trapping potentials
we calculated for the molecule treated in either Hund’s cases (a) or (b) and specify
their main features. Finally, we discuss some possible limitations and perspectives of
our calculations.
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Figure 2: Full line : Scalar polarisability of Rbo((1)32F) as a function of field
wavenumber, from our numerical simulation. Dashed line : the scalar polarisability
from the analytical fit given by equation (8) in [29]. The two vertical dashed-dotted
lines correspond to the wavenumbers of the two fields used to trap the molecule.

System parametres

Table provides the parametres of the travelling and standing-wave fields:
the (absolute) frequency, w, the adimensioned wavevector in vacuum, ka, the
adimensioned propagation constant, Sa, solution of the characteristic equation ,
the (adimensioned) parametres ha and ga as defined in equation , the parametre
s as defined in equation , the amplitude, A, and power, II, in atomic units.
Note that the standing-wave field intensity is periodic in Z and the period is given by
/P2 ~ 530 nm.

On the other hand, Table 2] shows the non-vanishing components of the molecular
polarisability tensor for the Rby molecule prepared in the metastable state (1)3X at
the LASER frequencies w; 2. The values were numerically calculated in the two limiting
Hund’s cases (a) and (b). In the latter case, it is restricted to its scalar component
and it does not depend on the value of M = 0,4+1. These results can be interpreted
in terms of the alignment properties of the molecular states, as we shall now see. The
molecular polarisability results from the combined contributions of ¥ — ¥ and ¥ — II
transitions, whose moments are respectively parallel and orthogonal to the molecular
axis. To be more explicit, the space-fixed Cartesian components of the polarisability

are given by [30]
Qi = Q0| + (1 — ai) o (2)
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Travelling field Standing-wave field

w wi = 14319 cm ™! wy = 9244 cm ™!

ka kia ~ 1.79938 koa ~ 1.16164

6(1 610, =~ 2.03575 ﬁga ~ 1.18227

ha hia =~ 1.62297 hoa =~ 1.19467

qa qra ~ 0.952109 g2a ~ 0.219907

S s1 ~ —0.856465 s9 ~ —0.971884

A | A; =~ 254951 x 10~ % a.u. Ay =8 x 1077 a.u.

II | II; =~ 6.80693 x 1076 a.u. | II; ~ 4.30252 x 10~% a.u.

Table 1: Physical parametres of the trapping LASER fields (see main text for the
definition of the quantities listed here).

where i = XY, Z, o 1 denote the respective contributions of ¥ — X and ¥ — 1I
transitions, and the a;’s quantify the degree of alignment of the molecular axis e, with

respect to the space axes for a given space-fixed molecular state |¢2) (see [Appendi

2

a; = (¢ (e;.e.)” [47,) (3)
with the obvious relation ), a; = 1. If the molecular were laid isotropically in space,
one would have a; = % Deviation from this value is therefore indicative of anisotropy

in the molecular layout. The alignment parametres extracted from the polarizabilities
in Table ] using equation [2] are given in the same table. As expected, only the
Hund’s case (b) state, N = 0, is fully isotropic. Note that the alignment parametres
a;’s can also be obtained directly from equation [3| by integration over the angles
(6,9) (figure[T]), since the states |¢%) depend on these angles through the symmetric
top rotational wavefunctions |JQM) (equation , which are known analytically as
Wigner rotation matrix elements (see [28], equation (3.125), p. 105). The alignement
parametres extracted from the polarisability tensor coincide with those obtained by
direct analytical angular integration.

Trapping potential

Figure [3| shows contour plots of the two-lobe trapping potential U we obtained in
Hund’s cases (a) (subfigures a, b, and ¢), and (b) (subfigure d) as a function of (X, Z)
for Y = 0 (left column) and (X,Y’) for Z = 0. This is complemented by figure [/ which
shows the behaviour of U as a function of R when © = 0 and Z = 0 (subfigure a),

© when Z = 0 and R is set to the value R;)in which minimizes the potential when

© =0 and Z = 0 for the state s considered (subfigure b), and Z when R = Riil)in and
© = 0 (subfigure c).

For the specific Hund’s case (b), a potential minimum U. ~ —4 mK is obtained

min
for R~ 1.7a ~ 340 nm, © = 0,7 and Z = vn/B with v € Z (subfigure 3| d). In this
, 2 _
case, the trapping potential is given by : U = —>>._, , o) E;Jr)‘ , where a{="?

denote the scalar polarizabilities at the travelling and standing-wave field frequencies,

2 2
respectively. Since ozé? ~ —agc) (see Table, one has U ~ —aé? (‘Eéﬂ‘ - ‘Egﬂ )

2 2
and the trap is located in the region of space where ’E;ﬂ‘ - ‘Egﬂ‘ is maximal.
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w1 w2
age = —3000.92 age = 2998.83
aj = —1034.53 a| = 6804.32
o) = —3984.11 a) = 1096.07
Hund’s case (a)
(O :|:1) axx = Qyy = —2804.28 aAxx = Qyy = 3379.37
(M, %) = { (£1 0) ozz = —3394.20 azz = 2237.73
’ aX:ay:O.4 aZ:0.2
axx —Qyy = —3394.20 axx = Qyy = 2237.73
(M,Z) = (0,0) Qqggz = —2214.36 Qg7 = 4521.02
aX:ay:O.Q aZ:0.6
(1 :|:1) axx —Qyy = —3099.24 axx = Qyy — 2808.55
(M,E) = { (7i :|:1) Azz = —2804.28 Aggz = 3379.37
’ aX:ay:0.3 CLZ:O.4
Hund’s case (b)
M:O,:lzl OLXX:Ozyy:OéZZ:73OOO.92 ‘ Ozxxiayy:OLZZ:2998.83
N=0 aX:ay:azzl/s

Table 2: Scalar, parallel, perpendicular polarizabilities and non vanishing space-fixed
Cartesian components of the molecular polarisability tensor {axx,ayy,azz} in the
Hund’s cases (a,b) for different (M,¥) and N quantum numbers. The alignment
parametres ax,ay,az are also given. The molecule is in the state (1)3%F, v =0,J =
1. The polarizabilities are in atomic units.

Approximating the potential around its minimum by three independent
harmonic oscillators along X, Y and Z axes, ie. U(X,Y,Z) = Upiy +
% (k;XX 24 kyY? 4+ kZZ2), we numerically find the following values for the spring

. : [k
constants kj—x y,z and associated energies fiw; = hy/ 72

kx ~ 9.5 mK - a2 hwy ~ 26 uK
ky ~1.0mK - a2 hwy ~ 9 uK
ky ~17.5mK a2 hwy ~ 35 uK

Figure [5] shows 3D views (subfigure a) and contour plots (subfigure b) of the two
lobes of the trapping potential around Z = 0. There, the boundary of the trap
was arbitrarily fixed at —3.8 mK, which corresponds to a trap depth of 200 nK.
For this choice, tunnel effect between different lobes was numerically checked to be
negligible and each lobe can accomodate for about 500 translational bound states of
the molecule. The dimensions of the trap along X, Y and Z are respectively found to
be approximately 0.4a = 80 nm, 1.3a = 260 nm and 0.3a = 60 nm.

Hund’s case (a) leads to qualitatively similar results as case (b). Now, as shown in
Table [2| the molecular polarisability tensor takes three different values corresponding
to three groups of (M,3X) components, each group being associated to a specific
alignement parameter az. For each of these state manifolds, the general shape of
the trap is the same as for Hund’s case (b) but the position of the minimum differs
in R, as can be seen in figures (34). The shape of the optical trap experienced by
the molecule in its different states results from the combined effects of its alignment
properties and the anisotropy of the electric field. The potential can indeed be written
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U=V +azW, with

vV

3 2 (o o) - o o) o}
% ,Z ( ") _ (f)) <’E§+)‘23‘E§+z) 2)

where E(+) denotes the Z component of the field E( ). When W > 0 (< 0), the
potentlal increases (decreases) with az. This observatlon allows us to explain the

W

ordering of the curves in Fig. {4f (¢). Around the trap minimum Z = 0, R = Ri;
and ©® = 0, W is found to be positive from inspection of the electric fields and U
increases with az : the smallest trap minimum is hence obtained for Hund’s case (a)
(M,%) = (0,4£1),(£1,0) characterized by az = 0.2, while the largest one is observed
for Hund’s case (a) (M,%) = (0,0) characterized by az = 0.6. By contrast, around
Z = ﬁ7 R = Ri:l)l and © = 0, W is negative and U decreases with az : the order
of the curves is therefore inverted with respect to the previous case.

Since for j = 1,2, al(lj) > aﬁf), the term W directly reflects the anisotropy
of the trapping fields. Note that, for our specific choice of LASER frequencies
and amplitudes, the term W(R,0,Z) is dominated by the standing-wave field
contribution for B ~ R | © ~ 0, Z =~ 0 or 2L The form of the standmg—

wave field in equation @l therefore defines the sign of W. For Z = 0 the

standing-wave field is indeed purely transverse, hence W (R( 9 0= 0,Z = ()) ~

min’

2
1 ( ‘(lz) a(z)) ‘Egﬂ) > 0. Conversely, it is purely longitudinal for Z = ﬁ and
hence W (R 1 ©=0,7=2)=-3%". o’ = af? ED < 0. To put it
ence min’ 5 ) = 5 2.j=12 ay 7 . To put i

in a nutshell, aligning the molecule axis with the strong field axes favours trapping.

Discussion

We finish this section with a few remarks. First, we underline that, in the analysis
above, we did not take into account the Casimir-Polder interaction between the
molecule and the nanofibre. We can give a rough estimate of the associated energy shift
through approximating the fibre by a half dielectric space — this crude approximation
is all the better as the molecule is closer to the fibre and overestimates the Casimir-
Polder shift induced by the presence of the fibre. Denoting by D the distance of the
molecule centre of mass from the surface of the half-space (we assume the X axis is
orthogonal the medium surface), one gets the following expression for the Casimir-
Polder shift §F,, of the state |¢2) in the nonretarded regime [31]

1 1 n?-1
6E, = — ’ 4
dmeg 16D3 n? + 1 ; )

S| 78 s \[2 S35 | 4S8 \|2 S 1.8 s \12
(Kesldi i) + (@3ldzlon)I + 2163 ldxlo3) )
where d? (i = X,Y, Z) denotes the space fixed transition dipole vector (Appendix BJ.
With [(¢2|d|#2,)| = 4 au (see figure Al in [29] and figure 7 in [25]) and D ~ a = 200
nm, one finds §F, ~ 6 pK which is completely negligible with respect to LASER-
induced trapping potential.
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Figure 3: Contour plots of the trapping potential U (X,Y, Z) (in mK) as a function of
(X,Z) for Y =0 (left column) and (X,Y) for Z = 0 (right column) for Hund’s cases
(a) (subfigures a,b,c) and (b) (subfigure d). In the left column, we restricted the Z
range to one period of the potential, i.e. one period of the standing-wave guided field
(/B2) ~ 530 nm.
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(a)
U(mK)
| —— Hund (a), (M,Z)=(0,£1),(x1,0)
. Hund (a), (M,£)=(0,0)
Ky e Hund (a), M,Z)=(1,£1),(~1,%1)
_2"‘;_.;}& T Rla ___ Hund (b), M=0,%1
AN
(b)
U(mK)
—1.5¢

—— Hund (a), M,X)=(0,%1),(x1,0)
Hund (a), (M,X)=(0,0)

........ Hund (a), M,Z)=(1,£1),(~1,+1)

----- - Hund (b), M=0,+1

—— Hund (a), M,X)=(0,%+1),(x1,0)
Hund (a), M,X)=(0,0)

S Hund (a), M, X)=(1,%£1),(-1,%1)

----- - Hund (b), M=0,+1

Figure 4: Trapping potential U (R, 0, Z) (in mK) for Hund’s cases (a,b) as a function
of (a) Rfor Z=0and ©® =0, (b) © for R=R"". and Z =0, (¢) Z for R = R

min min
and © = 0. Here RSl)in denotes the value of R for which the trapping potential is
minimal when © = 0 and Z = 0 for the state s (defined by the Hund’s case and M, ¥),

as determined on figure (a).
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Figure 5: Trap obtained in Hund’s case (b). (a) Three-dimensional plots of the
two lobes (left) and upper lobe (right) of the trap located around Z = 0. (b)
Two-dimensional cuts of the upper lobe in the planes (from left to right) Z/a =
0,0.05,0.1,0.15,0.1535. The trap boundary is arbitrarily fixed at U = —3.8 mK and
one lobe has approximate extensions 0.4a = 80 nm along X, 1.3a = 260 nm along
Y and 0.3a = 60 nm along Z. The potential accommodates for an array of identical
two-lobe traps periodic along Z with period 7/ = 530 nm.

We also want to emphasize that, in Hund’s case (b), the molecule prepared in any
of the states with magnetic numbers M = 0,+1 will be submitted to exactly the same
trapping potential. Translational motion of the molecule in the trap will therefore
cause no dephasing between the different M components. A qutrit of information
can hence be safely encoded on those states. In the same way, in case (a), two
manifolds, each of which comprises four states, can be used to safely store two qubits
of information. This is promising for future quantum technology uses of free molecule-
nanofibre interfaces.

4. Conclusion

This article presented a theoretical proposal of a two-colour optical trap for a
diatomic molecule, Rby, prepared in the metastable state (1)3%; implemented in
the fundamental guided mode of a silica optical nanofibre. The envisioned setup
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was described in detail, including trapping LASER beam frequencies, amplitudes and
polarizations as well as molecular tensor polarisability. Different Hund’s cases were
investigated and the influence on trapping efficiency of alignment of the molecule with
respect to the nanofibre axis was analyzed.

Combining the richness of molecular state space with the potentialities of
nanofibre-based setups, including chiral quantum optics, is very promising for, e.g.,
quantum simulation. The present article is a very preliminary step towards achieving
such a molecule-nanofiber platform.

Future works shall be devoted to the more detailed investigation of effects we have
neglected or dismissed here, for sake of simplicity, such as the hyperfine structure
of Rubidium [27]. Other molecular species shall also be considered as well as the
interactions between two molecules trapped in neighbouring sites.

Appendix A. Fundamental guided mode of the fibre

In this appendix we recall the expression of quasi-linearly polarized electric field of
the fundamental guided mode HE;; of an optical nanofibre of radius a and optical
index ny. We refer to figure [I] for the definition of Cartesian and cylindrical coordinate
frames.

The electric field at frequency w decomposes into its positive- and negative-
frequency parts, respectively denoted by E(Pe ¢ and E()elvt je. E = EFe 1wt 4

. *

ETet with EC) = [E(H] . The positive-frequency component at point
M (R,0,Z) of the field quasi-linearly polarized along X takes the following form
(for R > a), expressed in the Cartesian frame,

(+) _ i AifBZ hJy (ha)
EHEﬁ” (R,©,7) =ide (qu )
(1—-s)Ko(gR)+ (1+s) K3 (qR)cos20
X (14 s) K3 (¢gR)sin20

—if%Kl (gR) cos© vz

where f = =+ stands for the propagation direction, A is a real amplitude, (J;, K;)

denote the lth Bessel function of the first kind and lth modified Bessel function of the
second kind, respectively, and

h=\/kn? -2 q=+/B2—kinZ ko
_ 1 1 J1 (ha) Kj (qa)
"o me - <qa>2] i G et (a0 (A2)

Finally, 8 is known as the propagation constant and the solution of the eigenvalue
equation [32] 33]

w
C

(A1)

Jo (ha) _ _nf +n3 K] (qa) 1
haJy (ha) 2n}  qaKi(qa)  (ha)?

| [nt=n3 Ki(qa) r+</3)2 L
2n?  qakKi (qa) nik (qa)®  (ha)?

(A.3)

2
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Figure Al: Intensity distribution in a transverse plane of the fundamental guided
mode HEg)f) quasi-linearly polarized along (OX).

The amplitude A can be related to the the power of the LASER beam, II, as follows
(1 + 524 g—ﬁ) [J2 (ha) + J2 (ha)]
4ma? B —#(14—5) <1+s+g—z> J? (ha)
p— X 2
Hoc k . (th(ha)>2 (1 + 52— %) (K% (qa) — K3 (qa)]
K 2
qK1(qa) +ﬁ(1+8)(1+8—g3)f(12(qa)
The intensity distribution of this field in a transverse plane is plotted in figure [AT]
When two counter-propagating fields travel in the fundamental guided mode

quasi-linearly polarized along (OX) they create a standing-wave whose electric field
positive-frequency component writes

=A% x

(+) _oig (N (ha)
EHEﬁ”,sw (R,0,7) =2iA (qu (qa)) (A.4)
[(1—5)Ko(qR) + (14 s) K2 (¢R) cos20] cos (8Z)
X (14 s) K3 (gR)sin20 cos (8Z)

%Kl (gR) cos Osin (52) XYz

Appendix B. Molecular polarisability tensor

The dynamic polarisability at frequency w of an atomic or a molecular system prepared
in a quantum state |¢3) is generally a tensor @ whose spherical components are given
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by (equation (2.2) of ref. [34]):
2wy
(85, ) = 3 15 BN ) 0|17 (B.1)
n' n’'n
where pu, v = —1,0,1 label spherical components, n and n’ refer to sets of quantum
numbers characterising the initial |¢7) and final |¢7,) states of the transitions at
frequency w,,,. Whereas these transitions involve only electronic excitations in atomic
systems, they involve vibrational and rotational ones as well in the diatomic molecular
case which we focus on in this appendix.

The superscript s emphasizes that the initial and final states as well as the
spherical components of the transition dipole operator dj, are defined with respect to
the space-fixed frame (figure . Molecular data, however, like transition dipoles, are
known in the body-fixed frame. It is therefore necessary to perform a transformation
between space-fixed and body-fixed frames to calculate the polarisability tensor. The
space-fixed components can be expressed in terms of the body-fixed ones using [2§],
equation (3.103):

dy= > Dpn(6.0,X)d, (B.2)
m=—1,0,+1
where the superscript b refers to the body-fixed components (figure [1)). Similarly,
space-fixed molecular wavefunctions must be expressed in terms of body-fixed ones.
This task is easier if we can approximate the molecular states by Hund’s limiting cases
(vef. [35], p. 100). Below we consider Hund’s cases (a) and (b), which are the most
common.

Hund’s case (a) wavefunctions are labelled by the set of quantum numbers
n=(AS X0, J,Q M) (ref. [28], p. 298). In this case, electrostatic interaction is
strong enough so that the z component A of the electronic orbital angular momentum
is an approximate good quantum number. Similarly, the spin-orbit coupling is strong
enough in this case so that the z component ¥ of the electronic spin S is also an
approximate good quantum number. v is the vibrational quantum number, J the
total angular momentum, 2 = A + X and M its components on the body-fixed z and
space-fixed Z axes, respectively. The space-fixed molecular wavefunction can thus be
written:

|65) = |¢n)|TQM) (B.3)

where [JQM) is a symmetric top rotational wavefunction (see [28], equation (3.125),
p. 105) and |¢%) the body-fixed molecular one. This in turn can be decomposed into
orbital, spin and vibrational components (see [28], equation (2) p. 298):

|6h) = [Av])|SE) (B-4)

where |AvJ) is the product of the electronic state A and of the vibrational state v
supported by the electronic potential associated to A. It may (slightly) depend on
the rotational state J of the molecule. Then inserting equations (B.2] B.4) into

equation (B.1)), we obtain
(Dnldy 107, ) (n |l 7)) = by —pu 0505 05w O (B.5)
X (—1)H(2J +1)(2J" + 1) x [(AvJ|d5_ /| A0 T2

(T v 2 J 1 J’ 2
M - M CA—Y A—AN AN+
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where n’ denotes the set of quantum numbers (A’, 8", ¥/ v/, J', ', M) which label the
excited states of the transitions appearing in equation . The 3-j coefficients are
known analytically (ref. [28], equation (2.25) p. 49) and the body-fixed transition
dipole matrix elements (AvJ|d,_,,|Av'J’) are known from quantum chemistry
calculations.

If rotational interaction is significant, Hund’s case (b) is more appropriate. In
this approximation scheme, ¥ is no longer a good quantum number. By contrast
the norm of the total angular momentum without spin, N = J — S, becomes a good
quantum number, and so is its projection onto the body-fixed frame z axis, A, as
it was in Hund’s case (a) (ref. [35], p. 103). Finally, in Hund’s case (b) the set
of good quantum numbers is : n = (A, S, N,v,J, M) and the corrresponding basis
is obtained by recoupling the states |JQM) and |SE) (ref. [35], 3.2.4b p. 103 and
equation (3.2.61) p. 130) :

+S
|[JMSNA) = Y (JQ,8 — % =A—Q[JSNA)|JQM)|ST)  (B.6)
T=—5
which involves a Clebsh-Gordan coefficient. This equation can be used with equation
to compute Hund’s case (b) polarisability and we obtain :

(O51d5 |65 ) (Sl 03) = 8~ 0505000 gy ()M (B.7)
X (2N +1)(2N' +1)(2J + 1)(2J" + 1)[{AvJ|d% _ o [N o' T

AL (N NN gy
S N N A A-N N M —p M
where the quantity in curly brackets is a 6-j coefficient (ref. [28], equation (4.8) p.
145).
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