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In a hydrodynamic regime of electronic fluids, the electron scattering on impurities and phonons
inhibits the development of oscillating preturbulent phenomena (such as the Kármán vortex shed-
ding) and enforces a laminar flow. Working in a local generalization of the Navier-Stokes hydrody-
namics of incompressible two-dimensional fluids, we show that the critical relaxation time separating
these two regimes is described by a surprisingly simple fractional power function of the Reynolds
number. The critical exponent, α ' 4/3, sets particular experimental conditions for the observation
of preturbulent effects in electronic fluids.

Introduction. In certain solid-state systems, elec-
tronic transport exhibits collective hydrodynamic behav-
ior, which appears to be in sharp contrast with the ex-
pected diffusive drift of a Fermi liquid [1]. Instead, the
electron flow resembles a fluid when the momentum-
conserving electron-electron scatterings events occur
much faster than the timescale of the momentum-
relaxing interactions of electrons with phonons, impu-
rities, and the boundaries of the system [2, 3].

The hydrodynamic behavior of electrons reveals itself
via various transport properties in conductors of finite ge-
ometries. For example, the Gurzhi effect, which emerges
in clean conducting channels, discriminates between bal-
listic transport restrained by the scattering of electrons
with the boundaries of the channel and laminar flow of
electronic fluid, dominated by the momentum-conserving
electron-electron scattering events [4]. The robust signa-
tures of the electron hydrodynamic flow have been found
in various compounds via its imprints on the thermal and
electric transport [5–8].

The exceptional mobility of electrons in ultraclean
graphene offers another exciting possibility to investigate
their hydrodynamics [9]. Due to the viscosity of the elec-
tronic flow [10–13] a localized injection of the electronic
current can create whirlpools in the electron flow near the
contacts. The emerging electronic vortices were predicted
to generate a viscous backflow [14, 15] which leads to ex-
perimentally observable negative resistance [16] as well as
a strong violation of the Wiedemann-Franz law [17]. The
viscosity of electronic flow reveals itself in hydrodynamic
conductance in narrow constrictions [18], which allows
for the visual discrimination[19] of the high-temperature
diffusive Ohmic current from the low-temperature lami-
nar Poiseuille flow via spatial imagining of the electronic
current profiles [20–22].

The experimental efforts are mostly concentrated in
the laminar hydrodynamical regime characterized by low
values (Re� 1) of the Reynolds number:

Re =
UL

ν
, (1)

set by the characteristic linear dimension L of the hydro-
dynamic problem, the flow velocity U , and its kinematic
(shear) viscosity ν.

At higher Reynolds numbers, typically Re ' 10 . . . 103,
electronic transport may exhibit “preturbulent” phenom-
ena [9], which may experimentally be observed via fluctu-
ations of the electronic current past constrictions and lo-
calized impurities in the flow channel [23, 24]. In ordinary
fluid dynamics, the preturbulent regime is manifested via
a periodic detachment of hydrodynamic vortices, which
form the so-called Kármán vortex street [25, 26]. In con-
densed matter context, the formation of the Kármán vor-
tices has been theoretically predicted [27] and experimen-
tally observed [28] in the Bose-Einstein condensates of
cold atoms.

Contrary to the flow of ordinary fluids, which experi-
ence momentum-relaxing interactions only with the chan-
nel boundaries and macroscopic obstacles in the flow, the
electronic fluids can also lose their momentum at a micro-
scopic level via inelastic scattering of electrons on ther-
mal phonons and impurities of a crystal lattice. These
momentum-relaxing events can substantially inhibit the
development of the preturbulence regime.

The aim of our paper is to investigate the preturbulent
regime in two-dimensional incompressible fluids in the
presence of a uniform background of momentum-relaxing
events. We consider Navier-Stokes (NS) fluids extended
with a simple momentum-relaxing term and study its ef-
fect in the realm of electronic flows in graphene. Due to
the minimal and model-independent nature of the exten-
sion, this simple model can serve as a universal bench-
mark case of NS fluids with dissipation to be compared
with more elaborate models [23, 24].

Navier-Stokes hydrodynamics with relaxation.
A one-component electronic fluid is characterized by the
electronic density n of the charge carriers with the mass
m, the particle current density j = nu and the local ve-
locity u = u(r). We consider a fluid propagating slower
than plasmonic velocities which possesses incompressible
flow, ∇ · u = 0 [13, 14]. Its hydrodynamic regime is



2

described by the extended Navier-Stokes equation:(
∂

∂t
+u ·∇

)
u− ν∆u = − 1

mn
∇P − e

m
E− 1

τmr
u , (2)

which incorporates forces experienced by an element of
the fluid including (i) internal shear stress due to veloc-
ity gradients with the magnitude set by the kinematic
shear viscosity ν, (ii) the pressure-gradient ∇P , (iii) the
background electrostatic field E, and (iv) friction due to
electron scattering on phonons and crystal defects.

The parameterization of the friction term by the single
quantity, the scattering time τmr, turns out to be remark-
ably successful in explaining experimental results in the
linear-response regime [13, 16, 18, 29].

A steady laminar flow can be described by the simpli-
fied time-independent NS equation (2), with the mate-
rial derivative and pressure-gradient terms neglected [16]:
σ0E(r)− eL2

Gu∆j(r) + ej(r) = 0. The spatial hydrody-
namic length scale is set by the (diffusive) Gurzhi length

LGu =
√
ντmr . (3)

which, for example, determines the spatial size of the
electronic whirlpools in graphene [14]. At vanishing
viscosity, ν → 0, or at high momentum-relaxing colli-
sion rate, τmr → 0, the hydrodynamic length vanishes,
LGu → 0, and the NS equation reduces to the usual
Ohmic drift of electric current, J ≡ −ej = σ0E, set
by the Drude-like conductivity σ0 = n0e

2τmr/m.

Scales. The vortex shedding occurs in the non-linear
regime of the NS equation (2) which can be conveniently
rewritten in the following dimensionless form:

Re

(
∂

∂t0
+ u0 ·∇0

)
u0 −∆0u0 = −Rlu0 + f0 , (4)

where dimensionless quantities carry the subscript “0”:
x = Lx0, t = TLt0, u = Uu0, including the dimen-
sionless force f0 = −TL(∇0P )/(mnν) − eLTLE/(mν).
The hydrodynamics of fluid (4) is characterized by two
dimensionful time scales: the kinematic time TL = L/U ,
which sets, for example, the scale for the shedding fre-
quency of the Kármán vortices [see Eq. (11)], and the
kinematic relaxation time scale τL = L2/ν, which deter-
mines their attenuation. In Eq. (4), we also introduced
the dimensionless momentum-relaxation number,

Rl =
τL
τmr

=
L2

ντmr
=

L2

L2
Gu

. (5)

given by the ratio of kinematic, τL, and actual, τmr,
momentum-relaxation times. This parameter separates
regimes of fast (τL � τmr or Rl� 1) and slow (τL � τL
or Rl � 1) momentum relaxation. Thus, the hydrody-
namics can be fully described by only two dimension-
less numbers: The Reynolds number Re (1) and the
momentum-relaxation number Rl (5).

The critical line of preturbulence. We exten-
sively simulated the NS fluid (4) to elucidate the effects
of the momentum relaxation term on the onset of pretur-
bulence. We consider a circular impurity of the diameter
L placed in the center of a wide straight channel of the
large width W = 10L and use no-slip boundary condi-
tions with vanishing velocity at the boundaries.

In the absence of momentum relaxation, τmr → ∞,
the flow becomes unstable at high Reynolds numbers (1),
Re > Rec, where the critical value Rec depends on the
geometry of the hydrodynamic system. For a disk-shaped
two-dimensional obstacle in a channel of infinite width,
the Kármán vortices start to form if the Reynolds num-
ber exceeds the critical value Re(∞)

c ' 47 [30]. In our
geometry with a finite-size channel, the critical Reynolds
number in the relaxation-free (τmr =∞) regime is:

Rec = 52.4(5) , (at τmr →∞) . (6)

We found numerically that a finite momentum relax-
ation time τmr drastically affects the value of the criti-
cal Reynolds number by inhibiting the formation of the
Kármán vortices in agreement with Ref. [24]. The phase
diagram of the preturbulence in the (Re,Rl) plane is
shown in Fig. 1 (the amplitude of the flow velocity is
explored in more detail in Supplementary Figure S1).

The phase diagram possesses a laminar phase (at
τmr < τmr,c) and the pre-turbulent Kármán phase (at
τmr > τmr,c). We established that the critical line that
separates these phases is described by the fascinatingly
simple fractional power law:

Rl

Rl0
=

(
Re

Rec

)α
− 1, Re > Rec , (7)

where the best-fit parameters are as follows:

Rl0 = 3.63(7) , α = 1.348(2) ' 4/3 , (8)

and the critical Reynolds number is given in Eq. (6).
The excellence of the fit of the numerical data by the
phenomenological scaling (7) is demonstrated in Fig. S2.

The relative amplitude of the velocity oscillations,
δU/U , created by the vortices produced past the impu-
rity, takes its weakest values near the critical line (7).
The amplitude gets substantially enhanced as either the
Reynolds number Re or the relaxation time τmr increases.

In a nondissipative limit, when the relaxation time is
long, τmr � τL (Rl � 1), the vortices start to form
closer to the lowest critical Reynolds number (6). At
higher Reynolds values, the preturbulent vortex regime
sets in at a shorter momentum-relaxation time (for ex-
ample, according to Fig. 1, the critical relaxation time is
τmr,c ' τL/60 or Rlc ' 60 at Re = 400).

Equations (1), (5) and (7) imply that the Kármán vor-
tex phase is realized at the initial flow velocities higher
than the critical value u > uc:

uc(τmr) = Rec
ν

L

(
1

Rl0

L2

ντmr
+ 1

)1/α

. (9)
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FIG. 1. Phase diagram of the vortex formation in the plane
of the Reynolds number Re, Eq. (1), and the momentum-
relaxation number Rl, Eq. (5), past a circular impurity of a
diameter L in the channel of the width W = 10L. The criti-
cal line, described by the phenomenological fractional power
law (7) with parameters (8), separates the laminar flow (the
white region above the transition line at low τmr, high Rl) and
the preturbulent region with higher τmr (lower Rl), where the
flow produces the Kármán vortices. The examples of the lam-
inar flow and the oscillatory Kármán flow are shown in the
insets (a) and (b), respectively. The color displays the magni-
tude of velocity oscillations at the point r = L in the middle
of the channel past the obstacle.

In the absence of momentum relaxation, τmr → ∞,
the critical line (9) is reduced to uc(τmr) = Rec

ν
L which

defines the critical point (6) Re = Rec, as expected. In
the opposite, fast-relaxation limit, τmr � τL (at Rl� 1),
one gets the following asymptotic scaling regime:

uc(τmr) = u0 ν
α−1
α L

2−α
α τ

− 1
α

mr for τmr � L2/ν, (10)

with the dimensionless u0 = Rec Rl
−1/α
0 = 20.1(2).

Shedding frequency and momentum relaxation.
The vortex production is characterized by a periodic pat-
tern of the unsteady flow of the vortex shedding. In or-
dinary fluids, the main vortex shedding frequency,

f = St
U

L
≡ St

TL
, (11)

is expressed via the dimensionless Strouhal number
“St” [26]. The Strouhal number, which can be computed
numerically, depends on the geometry of the obstacle.

The typical frequency of the vortex shedding (11) is
set by the kinematic timescale TL which depends on the
velocity of the fluid and the size of the obstacle. For a
disk-shaped impurity in the absence of the momentum
relaxation, τmr = ∞, the Strouhal number takes values

around St ' 0.2 in a wide range of values of the Reynolds
number [31]. In a momentum-nonconserving fluid, the fi-
nite relaxation time scale τmr implicitly affects the vortex
shedding frequency (11). Contrary to the soft equation
of state [24], the fluid oscillations in our model (4) feature
a single production frequency (11).

Figure 2 shows the Strouhal number calculated nu-
merically across the whole phase diagram. In the low-
Re corner of the diagram, corresponding to slow relax-
ation with high τmr, the Strouhal number takes the low-
est value around St ' 0.15. In contrast, in the opposite
high-Re and low-τmr corner, the oscillations of the vortex
flow are characterized by a twice higher Strouhal num-
ber, St ' 0.3. Finally, in the rest of the phase diagram,
the oscillations are close to the standard value St ' 0.2.

Kármán vortices and Kármán tadpoles. Fig-
ure 2 also illustrates qualitative features of the fluid
flow in various points A-K of the phase diagram. The
momentum-relaxing laminar flow above the critical line
(at Re > Rec and τmr 6= 0 with τmr < τmr,c, point A in
Fig. 2), appears to be qualitatively similar to the ordi-
nary laminar phase below the critical Reynolds number
(Re < Rec at τmr = ∞, point B). The only difference
between these phases appears, expectedly, in a faster dis-
solution of the long-distance laminar tail at τmr 6= 0 (well
pronounced at point F at a smaller τmr).

In the preturbulent phase, the momentum relaxation
produces a visible qualitative effect on the structure of
the vortex shedding. For example, at Re = 100, the
vortices become individually non-distinguishable as they
form a single oscillating trail which we dub the “Kármán
tadpole”, which is well-visible in point C. As the relax-
ation time τmr increases, the tadpole breaks into individ-
ual vortices (point D), which become more pronounced
as τmr reaches the non-dissipative limit (point E). Thus,
at Re > Rec, an increasing relaxation time τmr turns a
laminar flow (B) into a Kármán tadpole (C), which then
gets gradually transformed into the usual Kármán vor-
tex street (D). The effect of the momentum relaxation on
the vortex attenuation is also seen in the series of points
F -H and I-K at higher Reynolds numbers.

Large holes. A non-zero momentum relaxation also
produces an attenuating effect for large holes, which may
have important consequences relevant to the experimen-
tal observation of preturbulence. In Fig. 3, we show the
velocity flow around a large disk-shaped impurity for sev-
eral momentum-relaxation times τmr. An impurity of di-
ameter L in a channel of slightly larger width W = 4/3L
separates the fluid flow into two narrow constrictions.
The constrictions inject the fluid with an enhanced ve-
locity past the obstacle close to the walls of the channel,
leading to the formation of the Kármán vortex street.

At a distance r ' (5 − 6)L from the obstacle, the
flow becomes laminar. A decreasing relaxation time in-
hibits the preturbulence effect, leading to a pure lami-
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FIG. 2. The Strouhal number St, which determines the frequency of the vortex oscillations (11), is shown in the (Re, Rl)
plane of the phase diagram of Fig. 1 along with the examples of the Kármán vortex streets and Kármán tadpoles at the points
A,B, . . . ,K (the color marks the absolute value of the velocity flow). The inset shows a low-Re corner of the diagram.

nar flow of two joining sub-flows above the critical value
Rl & 15. Our results, illustrated in Fig. 3, imply that
the most favorable point for the observation of vortices
is r ' (2− 3)L past the impurity. The relevant frequen-
cies/amplitudes are of the same order as for small holes
with important geometry-dependent corrections that are
explored in more detail in Supplementary Fig. S4.

Realistic experimental parameters and mea-
surement techniques. With this quantitative under-
standing of the threshold for Kármán vortices, let us
now examine if realistic parameters can be chosen that
cross this threshold in an experimental system, focus-
ing on high quality low carrier-density conductors such
as graphene sheets and GaAs quantum wells. Ini-
tially, a large flow velocity U is required, and veloci-
ties of U ≈ (1 − 5) × 105 m/s have been previously
achieved in GaAs [32, 33] and graphene [34–36]. The
Reynolds number can be increased by constrictions of
larger diameter L, but this also increases the relaxation
timescale τL, thus placing a larger constraint on the re-
laxation time τmr. This trade-off is explored in detail
in Supplementary Figure S3, which shows the required
velocity U and viscosity ν to cross the vortex-shedding
threshold for various constriction diameters L and mo-
mentum relaxation times τmr.

16

14

10

0

L

3L W = 4/3LRl

FIG. 3. Absolute value of the flow velocity around a large
circular impurity of the diameter L in a channel of the width
W = 4/3L for various momentum-relaxation numbers Rl.
Re = 100, determined formally via the hole size (1), is fixed
for all maps, and we observe preturbulence with the critical
value Rlc ≈ 15. The velocity color map follows Fig. 2.

As τmr is currently experimentally limited to
1−10 ps [5, 16], a diameter length scale of L ≈ 1µm
seems optimal. This experimentally favorable condition
is achieved in the asymptotic scaling regime (10) which
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gives uc ∝ ν1/4L1/2τ
−4/3
mr due to the relatively large (8)

scaling exponent α > 1. The observation of preturbu-
lence requires then viscosity ν ≈ 10−4m2/s. Such a
value could be possible [16], but is currently the most
significant deviation of needed parameters from existing
measured values, consistent with a previous analysis of
preturbulence [24]. Improvements in relaxation time can
allow for larger constriction sizes, thus reducing the vis-
cosity constraint.

As the effect of Kármán vortices is local to the area
past the impurity, the strong effects will be difficult to
measure in regular transport measurements but will re-
quire local probes such as electric potential [20], scan-
ning SQUID magnetometry [37], or magnetometry with
nitrogen-vacancy (NV) centers [8, 21, 22]. The latter
is particularly advantageous due to the high sensitivity
of the NV to microwave radiation at frequencies corre-
sponding to its spin transitions for a given applied mag-
netic field. Thus, in addition to the measurement of the
DC current shape, the oscillations themselves can be lo-
cally observed, with the ability to tune their frequency
in-situ by varying the applied current and thus the ve-
locity U . The oscillation frequency (11) of the vortices
for this typical geometry is f ≈ 10 GHz, which is conve-
niently obtainable for NV centers with the applied field.
The observation of a local microwave signal (when only
a DC signal is applied) that is tunable with the applied
current will be a smoking-gun signature of preturbulent
electron hydrodynamics.

Conclusions. Our paper explored the turbulent-
dissipative regime in two-dimensional incompressible
electronic fluids by taking the most straightforward local
extension of the NS equation with the local momentum-
relaxation term (4) arising from electron scattering on
impurities and phonons. We suggested characterizing
the relaxation rate in terms of the new momentum re-
laxation number Rl (5). We found the critical relaxation
number Rl that discriminates the laminar flow from the
pre-turbulent regime, is described by a surprisingly sim-
ple fractional power law (7) of the Reynolds number Re
with the exponent α ' 4/3 which intriguingly matches
the Yaglom turbulence exponent for dissipation rates of
conserved quantities [38, 39].

Close to the critical transition line, the street of shred-
ded Kármán vortices collapses to a new dynamical struc-
ture, a single vibrating Kármán tadpole. In the local
relaxation model (4), the oscillations are characterized
by a single global frequency that does not depend on the
distance to the impurity.

The novel preturbulent-dissipative regime accessible
with electron hydrodynamics shows rich behavior that
can be effectively modeled by two dimensionless parame-
ters. This simple model will serve as a benchmark for the
exploration of this regime and a useful tool to motivate,
guide, and interpret future experimental studies.
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A. Amplitude of velocity fluctuations
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FIG. S1. The relative amplitude of the velocity fluctuations of the flow, δu/U (with the initial flow velocity U), calculated at
the distances r = L, 3L, 5L, 10L past the hole of the diameter L in the middle of the channel as the function of the Reynolds
number Re and the momentum-relaxation number Rl. The right column represents a zoom in on the small-Re corner of the
corresponding plot at the left column.
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B. The best fit of the transition line.
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FIG. S2. The best fit of the transition line which separates, in the plane of the Reynolds parameter Re and the relaxation
parameter Rl, the regions of the preturbulent and laminar phases in Fig. 1 and Fig. 2. The fit is performed by the fractional
power function (7) with the best-fit parameters given in Eq. (8).

C. The transition line with physical parameters for electronic fluids
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FIG. S3. The critical velocity uc of the initial electronic flow vs. viscosity ν at various relaxation times τmr for the circular
hole of various diameters L = 0.1, . . . , 100µm as derived from the fractional power law (7) which is assumed to be valid in the
whole range of parameters used. The straight segments mark the validity of the asymptotic fractional-power-low regime (10)

which is realized at short relaxation times τmr and characterized by the scaling uc(τmr) ∝ ν
α−1
α = νγ with the fixed exponent

γ ≡ 0.258(1) ' 1/4. The electronic fluid enters the preturbulence regime at u > uc.
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D. Frequencies and magnitude of velocity oscillations for various sizes of holes.
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FIG. S4. The Strouhal number (11) of flow oscillations at Re = 100 (a) in the dissipationless limit, τmr =∞, as a function of
the ratio L/W of the hole diameter L and the width of the channel W ; (b) as a function of the relaxation number Rl for various
ratios L/W . (c) and (d): The same as in (a) and (b), but for the magnitude of the velocity oscillations at the point at a distance
3L past the hole (cf. Fig. 3 in the main text). The frequency does depend on the geometry (a) but is largely independent of the
relaxation time τmr (b). The oscillations of the flow velocity exhibit substantial dependence on both parameters. The insets
show examples of the fluid flow at particular geometries and also the limits at a vanishing diameter of the hole.


