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THE LITTLEWOOD PROBLEM AND NON-HARMONIC FOURIER
SERIES

PHILIPPE JAMING, KARIM KELLAY, AND CHADI SABA

ABSTRACT. In this paper, we give a direct quantitative estimate of L' norms of non-
harmonic trigonometric polynomials over large enough intervals. This extends the result
by Konyagin [T4] and Mc Gehee, Pigno, Smith [T1] to the setting of trigonometric poly-
nomials with non-integer frequencies.

The result is a quantitative extension of a result by Nazarov [I5] and also covers a
result by Hudson and Leckband [10] when the length of the interval goes to infinity.

1. INTRODUCTION

In 1948, in a paper written with Hardy [9], Littlewood investigated various extremal
problems for trigonometric sums, in particular for sums having only 0 or 1 as coefficients

N
E /‘ €2i7rnkt
k=1

where the ny’s are distinct integers. In particular, Littlewood speculated that the L'-norm
of such a sum might be minimal when the frequencies (n;) form an arithmetic sequence.
Putting Littlewood’s thoughts in a more precise form, one is tempted to ask the following
(still unanswered) question:

Question A. [s it true that, whenn_y <n_1 <0 <ny <--- <ny are integers

/ Z 62“”"%75 dt >/ Z e?urkt
—1/2 |, 2 —1/2 {2

Littlewood did not exphmtely ask this question and made a safer guess. In view of the
standard estimate of the L'-norm of the Dirichlet kernel (see e.g. [24) Chapter 2, (12.1)]

r [12, Exercice 3.1.8]).
1/2 N ) 4
/ > ™ dt > 5N,
- 7r

12 |p=—N
Littlewood conjectured that

2 | N
Ly:= inf / D et dt > Clog N

ni<ng<---<ny 1/2 1
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2 P. JAMING, K. KELLAY, AND C. SABA

for some constant C' < % Note that in this formulation, the negative frequencies are of
no use.

There are strong reasons to believe that the answer to Question [A]is positive. One of
them is that if the n;’s are scattered instead of regularly spaced in the sense that ng,q > 2n
then it was well-known [24, Chapter 5, (8.20)] that the growth of the L'-norm is much

faster:
N

1/2
>

k=1

627:7'('7”th

dt > CV/'N.

The first non-trivial estimate was obtained by Cohen [4] who proved that
Ly > C(InN/Inln N)'/8

for N > 4. Subsequent improvements are due to Davenport [5], Fournier [7] and crucial
contributions by Pichorides [16], 17, 18, 19] leading to Ly > C'ln N/(Inln N)2. Finally,
Littlewood’s conjecture was proved independently by Konyagin [14] and Mc Gehee, Pigno,
Smith [II] in 1981. In both papers, Littlewood’s conjecture is actually obtained as a
corollary of a stronger result (and they are not consequences of one another). In this
paper, we are particularly interrested in the result in [I1]:

Theorem B (Mc Gehee, Pigno & Smith [I1]). For ny < ny < --- < ny integers and
ai,...,ayn complex numbers,

1/2
L

where Cypg is a universal constant (Cyrps = 1/30 would do).

N

§ ak€227mkt

k=1

N
a
dt > Cups Z %
k=1

Note that, taking the a;’s to have modulus 1, one thus obtains a lower bound Ly >
CInN. The year after, Stegeman [2I] and Yabuta [23] independently suggested some
modifications of the argument in [I1] that lead to a better bound of Ly, namely:

4
Theorem C (Stegeman [21], Yabuta [23]). For every N > 4, Ly > — In N, that is, if
7
ny <ng < ---<ny are integers, then
N

1/2
>

k=1

, 4
e2immt| qt > — log V.
T

The actual constant is slightly larger but written like this, it is easier to compare it to
Question [A] For a nice textbook proof of Theorem [B| one may consult [6], [3] (which also
covers Nazarov’s theorem below) or [22] (which also presents an improvement of Theorem
. For the history of the question and related ones, we refer to [2, [§].

The next question one might then ask is whether the previous results extend to non-
integer frequencies. This was first done by Hudson and Leckband [10] who used a clever
perturbation argument to prove the following:
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Theorem D (Hudson & Leckband [10]). For Ay < Ay < -+ < Ay real numbers and
ai,...,ayn complex numbers,

‘ T/2 |ak|
lim — dt > Cyps Z
T—>+OO T/2

where Ciypg s the same constant as in Theorem [B,

E ag e?zﬂ')\kt

k=1

A further extension is due to Nazarov [I5] who showed that such a result holds not only
when 7" — +o0 but as soon as 7" > 1:

Theorem E (Nazarov [15]). For T > 1, there exists a constant Cr such that, for 0 < A\ <

- < Ay real numbers such that | A\, — X¢| > |k — | and a4, ...,an complex numbers,
T/2 N ' |ak;|
[ a3 (L1)
—T/2 | g=1 1<|k|<N %]

An easy argument allows to show that this theorem implies Theorem [D] but with worse
constants. Further, the constants in [I5] are not explicit but one may follow the computa-
tions to show that Cp — 0 when T" — 1, though the speed of convergence stays difficult to
compute explicitley. In particular, the question of the validity of this result when 7' =1 is
open.

Our main aim here is to improve on Nazarov’s proof to obtain a more precise and explicit
estimate of this constant Cp. This also allows us to directly obtain the result of Hudson
and Leckband. Moreover, we obtain the best constants known today:

Theorem 1.1. Let \; < Ay < --- < Ay be N distinct real numbers and aq,...,an be
complex numbers. Then
(i) we have
1 (77| \ 1 &
lim _/ ag 2171' Kt Z el
i) If further aq,...,an all have modulus larger than 1 k| > 1 then
(ii) - g
IRILN AR 4
lim — Zakem”’\’“t dt > lnN
k=1
(iii) Assume further that for k.0 = 1,...,N, |\x — Xe| > |k — €], then for T > 72 we
have
> N
217r)\kt
s aie dt 2 —

Let us make a few comments on the result. First, the limit in the statement of the result
N

are well-known to exist and are the Besikovitch norms of Z ape?™xt - Further, when the
k=1
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1/2
a— [
~1/2
so that we recover Theorems [Bf and |C| (with the best constants today). As the constants
in Theorem are the best known for Cy,ps we also recover Theorem |D| while we only
recover Theorem [E| for large enough 7" which is due to the strategy of proof (see below).
Further, note that the left hand side in Theorem [1.1}i) and i) is unchanged if one replaces
the \¢’s by alp+ 3. In the proof we will thus assume that |\, —\,| > |k—£| (or equivalently
that Aj41 —A; > 1). In Theorem [1.1}ii4) this restriction only affects the critical T' for which
our proof works.

Finally, to better understand the difference between assertions ¢) and i), one may
consider L?-norms instead of L' norms. Recall that

Ai’s are all integers, then

1 (772 N
lim — /

E ak62wr)\kt

k=1

N

§ ak6217r)\kt

k=1

dt

1 rr/2 ‘
Jdim 7 | Y (1.2)
o0 —T/2

so that the family {e*™%'} is orthonormal and

1 (772 2 N
lim —
T—l)l}‘lOOT/T/Q

dt =Y Jaxl.

k=1

N

§ akGQZﬂ')\kt

k=1

On the other hand, the celebrated Ingham inequality ([13], see also [I]) shows that

1 [T/2

T /T/2

as soon as T > 2 while for 1 < T < 2 a similar inequality remains true provided one

| 32 b T2 T? —1

replaces — by — :
TS

which the inequality fails for 7' = 1.

Let us conclude this introduction with a word on the strategy of proof. This is closely

related to the one implemented by McGehee, Pigno and Smith as extended by Nazarov to

prove Theorem [E] but we here follow constants more closely. Further, we introduce various

parameters which are optimized in the last step. We fix a (non-harmonic) trigonometric
polynomial

2 9 N

3T 9

k=1

N

E ak€2m>\kt

k=1

Note that Ingham [I3] proved that there is a sequence (\;) for

N

N
B(t) =D are®™™ and =) '“—g (1.3)
k=1

k=1

We then write |ax| = apuy with ux complex numbers of modulus 1 and introduce

N
U 7Tik
U(zf)zzzke2 Akt

k=1
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Using the orthogonality relation ([1.2]) we see that

1 (72
S= lim — S(HU (1) dt. (1.4)

The second step will consist in correcting U into V' in such a way that ||V ||, < A where
A is a numerical constant (that does not depend on N or T') and so that, for each £,

/ " (Ut) =V (t))e ™t dt

with o < 1. In particular, if we multiply by a; and sum over k, we get

1| 172
lim — - < al.
Am /_ T/2(U(t) V(t)o(t)dt| < aS
Then, writing
T/2 T/2
=1 — t t)dt li — t t)—V(t))dt
S=tm g [ oV tm g [ s0@-v)
we would obtain
1 [T/2
< 1 —
S < HVHOOTETOO T /_T/2 lp(t))| dt + S
that is
A 112
< li — t))| de
s tm o [ )
as desired.

The difficulty in implementing this strategy lies in the fact that one must control ¢, U, V'
over the entire real line. We will instead fix a large T" and use an auxiliary function adapted
to [=T/2,T/2] so as to only do the computations over this interval while controlling erros.
Here we will exploit the fact that T is large that allows us to change Nazarov’s auxiliary
function into a better behaved one. The first task is then to estimate the error made
when replacing the limit in with the mean over [-7/2,7/2]. The second step is
then the correction of U into a bounded V. This correction is only made over the interval
[—T/2,T/2] and is roughly done the same way as was originally done by McGehee, Pigno,
Smith, but implementing the improvements made by Stegeman and Yabuta and again
controlling errors.

Let us conclude this introduction with a simple applcation. Consider a curve in the
N

complex plane of the form I' = {z = P(¢) = Z ape®™ € [0, T]} where Ay > A + 1.
k=1
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Figure [1| shows two such curves. Note that P'(t) = 2iw S0 apAre® ™. Tt follows from
Theorem [1.1] that the length of T" is lower bounded by

N

r T |/\k||ak|
F = Pl > — _
()= [ ldez 3532

when T > 72.

FIGURE 1. Left: 1+ 2™ + 2% and right 1 + 27 + 2% 4 ¢30% hoth for
t=0tob.

The remaining of the paper is devoted to the proof that is divided into three steps, a
subsection beeing devoted to each.

For the convenience of the reader of this preprint, we have included the proof of Ingham’s
Inequality and the proof by Hudson and Leckband in an appendix. Those are not meant
to appear in the final version of the paper.

2. PROOF OF THEOREM [L.1]

2.1. An auxiliary function and the estimate of U. We now introduce several nota-
tions and parameters that will be fixed later: .

— a parameter 0 > 2 and the sequence (5;);>0 given by 8y = 1, 811 = f; + ¢’ that is
Bj = chj} o = 5;__11. Up to enlarging N, we can assume that N = (,.1 — 1 for some
n > 2. We then define

Dj:{k'EZZ Bj§k<ﬁj+1}
so that |D;| = §’. Note that for every ¢ € {1,..., N} there is a unique j, € {1,...,n} such
that ¢ € D;,. Further, this allows to write 3., in the form > i ZkEDj. Note also that
if k € Dy,

1 1 _j
TS Ep T SO (2.1

— a sequence of real numbers (A )g=1, . n such that for every k, ¢ [Ny — A\¢| > |k — {| (or
equivalently A\pyq > A\ +1fork=1,... . N —1);

— a sequence of complex numbers (ag)x=1,. n and we write |a;| = arugr with (ug)g=1
a sequence of complex numbers of modulus 1;

PP+p PP 4p
2 72

-----

— an integer p > 4 and an interval [, = [ ] of length |I,| = p* + p.
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We then define inductively o1 = 1j_j2/2p2/9) * 1j_1/21/2) and @1 = @; * L_1/2,1/9)

Note that, ¢; is even, non-negative and |l¢;||.. < 1 while [|p;]], = p*>. We then define
2

Y= pp——;—pgop so that ¢ is supported in I, is bounded by 2 and has Fourier transform

sin p?m A (sin A ) P

Flel) = [ o™= 7+ p = (2]

We will mainly need that,

2
_ptp _ ||
el = i Flel(0) = | and  |Flg](A)] < T (2.2)
Finally, we will write
N
¢<t) — Z ak€2”r)\kt,
k=1
—~ 1
U(t) — Z D Z uke_er)\kt,
j=0 Dl keD;
—~ 1
D Y
=0 | J| keD;
Note that in view of (2.1)),
N
||
<(6—-1 2.
Y-S 23)

so that it is enough to bound S.
The following is the key estimate in this section:

Lemma 2.1. With the previous notation, there is a p(d) > 2 such that, when p > p(J)
then for 1 < ¢ < N and j, be the unique index for which { € D;,, we have

n

S X FR A < Lo 24

=0 Dl keD;\ {6}
Proof. Write
"1
E = D | Fle](Ae — Ao)|
3=0 "I keDj\{£}
n 1 Je—2 1
= D Z | Flel(Ae — Ae)| + D] | Flel(Ar = o)

j=je—1 "I keD N\ {0} j=0 "I keD;
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Bl 1

For the estimate of E, as |[A\x — A\¢| > |k — €|, |Fle](A — Ao)| < e T

and

[e.e]

|P| —(je—1) 2|‘[| —(je—1 4|‘[| —(je—1)
Fes Y 2] —e\p— U s

J=Ji—1 keD;\{¢} m=1

1 2
since 6 > 1 and the last series is bounded by E — = T < 2. It remains to notice that
—m 6
461, 46 1
5 = v’ +p) — when p is large enough to get
P P 4

5—]'4
E, < .
=y

For the second sum, note that it is only present when j, > 2. So, if k € D; with j < j,—2
then

(2.5)

0~k > Bj, = Bjy—r = """

thus 1)
Iy
FLelAe = M)l = —<a 55
It follows that
Je—2
L A
- < Z Z apyGe—p = < Pir- L rpgGe—1p
j=0 k€D,
Je—1
since there are at most 3;,_; terms in this sum. But 3;,_; < 51 % that
‘Ipl(s —Je 1 —Je
T (6 — 1)5(%—1)@—2)5 = 215 (2.6)
. |1,|0 1. . Vg
when p is large enough to have m < 1 since §Ue~DP=2) > 1,
7T —
It remains to put (22.5)-(2.6) into (2.5) to obtain the result. O
Remark 2.2. The proof shows that p(d) is the smallest integer such that
46(p* + p) 1

< -
min(1,0 — 1)7P — 4

For instance, if we choose 0 = 4, we will obtain p(J) = 8.

From this, we deduce the following:
Corollary 2.3. With the notations above, for { =1,..., N

1 2im At 1 1
JE— J— < .
1A /IpU(t)e o(t)dt 5 2’[ ](5115 (2.7)
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Proof. Indeed

1 . "1 1 , .
- U(t)QQZTr)\ztSO(t) dt — - uk;_ e—QZW)\ktteﬂ')\gtSO(t) dt
L] /i, & 1D & V1Ll ),
I w— 1
= — > — > wFol(A—Ao)
J
Flol(0 1 — 1
= Ug(s Je [QDK + — _ Z ka[@]()\k—)\g)
LI L =D, 47,
As F[£)(0) = ||, we get
1 i g 1 «— 1
o [ v - 2 < S S 1Flel - M)
Plot Phj=0 " kemi\ (1)

and Proposition gives the result. ]

This allows us to obtain the approximation of S by an integral of ¢(¢)U(t).

Proposition 2.4. Under the previous notation

2|, 1 /
S< o7 [ Ul)ot)e(t)dt|.
2[L,| = 1\[L]| J,
Proof. According to (2.7)),
/ 2@7r)\zt )dt _ Ug(s Je < 1 5*]2.
A ~ 2|4

Multiplying the expression in the absolute value by a,, we get

i, e i = G < g
The triangle inequality then gives
[ U@ee() dt - 5| < s
L] /i, 2|L,|
The result follows with the reverse triangular inequality. O

2.2. Construction of V. Before we start this section, let us recall Hilbert’s inequality
(see e.g. [3 Chapter 10]).
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Lemma 2.5 (Hilbert’s inequality). Let Ay, ..., Ax be real numbers with |\, — \o| > 1 when

k#{, and let z1,...,zy be complex numbers. We have
ZL2e al
%7
§ ST § | 2]
1<k A<N Ab = A =1
k£l

We will now decompose U into D;-blocs f;. More precisely, we set

. 1 -
_ —2im At _
= E uge ;[ === 1)
Dy

kED,

Z B o e = ij

keD;

so that

Our aim in this section is to modlfy U in such a way that we obtain a trigonometric
polynomial V' that is in a sense still similar to U but satisfies an L* bound that is uniform
in V.

We start by estimating the norms of the f;’s

Lemma 2.6. With the above notation, we have

W) 1l < VILTF167972;
@ [ flle < 1.

Proof. For the second bound, obviously || f;|jec < |D;| = 67. For the first bound, we have

1ilBe, = [ HOf0d = / S e T gy
Ip I

P k0D,
pl/2
= || Z g |* + Z ukue/ XAt 4y
kED; kL€ D; [Tp|/2
[y
eillp‘w()‘k_)‘é) — e_i|lp|7r(>‘k_>\2)
| p|| ]l k;p 2Z7T()\k _ )\Z)
Tt
Now, set 2 = upet1I™k 5o that |zi| = 1. We have just shown that
72 Zk: Ze 1 21;5
; L, |D; - — .
ey = 1B D 4 g 3 22— L 5~
T koteD; k,LED;
o pavy

Applying Hilbert’s Inequality to the last two sums, we get
- 1 1 _
1fillzeq, < 1l D5+ 5 ol 3 Yo la P = (Ll + 1Dy

kEDj kJEDj
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The bound for ||fj||%2(1p) follows. O
Note that the proof also shows that | f;||r2(r,) > /|| — 1679/2.

Notation 2.7. For a function F' € L*(I,) and s € Z, we write
1

L J,

for the Fourier coefficients of F'. Its Fourier series is then

2’er
=2_dr)

SEZL

P (F) = F(t)e Tl 4t

and Parseval’s relation reads
|F(t) |2 dt = |2 (F
il 2
We then write the Fourier series of each |f;| € L*(1,) as

il =30 (1 f )

SEL

to which we associate h; € L?(I,) defined via its Fourier series as
- 2im St
hi(t) = () +2D (| fi])e” T
s=1

Lemma 2.8. For 0 < j <mn, the following properties hold

(1) Re(hy) = |fil < 1;
(2) A5l < V2l

Proof. First, as |f;| is real valued, ¢f(|f;]) is also real, and &(|f;]) = (| f;]) for every
s>1. A dlrect computation then ShOWS that Re(h;) = | f;| which is less than 1 by lemma
while Parseval shows that ||h;]l2 < v2||f]]2- O

F() = fO and Fj+1 = F}€_nhj+1 + fj-l,-l

where 0 < 7 <1 is a real number that we will fix later. Further set

x 1 x 1

E, = sup ——— = — su .

! 0<mI§)1 1—e= n 0<a:I<)n 1l—e>® 1 —e 1

Lemma 2.9. For 0 < j <n, ||Fj||le < E,.

Proof. By definition of F,, if C < E, and 0 <z <1, then Ce™ + 2 < Ee”™ +a < E,.

We can now prove by induction over j that |F;| < E, from which the lemma follows.
First, when 7 = 0, from Lemma we get

[Folloo = [[follee <1 < Ey.
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Assume now that [|Fj||o < E,, then

Fin®)] = [Fe ™0 + £ (1) < [F6)]e™0m0) 415, 0)
— |Fj(t)|e"7|fj+1(t)‘ + \fj+1(t)|.
As |fi(t)] <1 and |Fj(t)| < E,, we get |Fj11(t)| < E, as claimed. O

Lemma 2.10. For0</{<n and j=0,...,k, let g;x = e ik with

{hj+1+...+hk when j < k
H;p =

0 when j =k
k
Then Fy, = Z figjk- Moreover
=0
2(11,| +1)
| Hjkllz2(1,) < %5 iz

Proof. For the first part, we use induction on k. First, when k =0, Hyp = 0 thus gop =1
and, indeed, we have

Fy = fo = fogo,-
Assume now that the formula has been established at rank k& — 1 and let us show that
k
= Z fjgj.k- By construction, we have
=0

k-1
Fp=Fp e + fi = (Z fjgj,k:—l) e~ Mk 4 £
=0

with the induction hypothesis. It remains to notice that gy, = e "kt = 1 and that,
for j =0,....,k =1, Hj, = Hjx—1 + hy, thus g;x = g;r_1e” " so that, indeed, we have

K
Fy = Z fi9jp-
j=0

Next, it is enough to estimate H;; when j < k in which case

k k
1Hsillz < D Mhellzay V2 )0 il

r=j+1 r=j+1
with Lemma [2.8] But then, from Lemma [2.6| we get

1

k
., 5~ 2(| L, + 1)
1Hjillzz,y < /2051 +1) Y 678 <y /2(15] + D157 = x/Sp—l o

r=j+1

as claimed. O

Lemma 2.11. Let 0 <k <n and 0 < j <k, then
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(1) the negative Fourier coefficients of g;(t) — 1 vanish so that its Fourier series writes

gia(t) = 1= (gss, — 1)e
s=0

VAILTFD o

(2) Ngjw = U2,y < - S ;

Proof. When j = k, gy x(t) —1 = 0 and there is nothing to do. When j < k, R(H;;) =
k

Z R(h,) > 0 so that this is [11, Lemma, p614] which shows the first statement and that
r=j7+1

956 — Ulzzer,y = lle™™ 5% = 1|2,y < nllHjnll2r,)-
We then conclude with Lemma .10l O
Recall that .
Uty => 1
=0

and we set .
V= Fn = ijgj,n
§=0

where the dependence on 7 comes from the definition of the g;,’s. In particular,
V) < B, (2.5)
The key estimate here is the following:
Proposition 2.12. Let 0 < e <1, N > 1 and § > e then there exists P such that, if

p > P, there exists n = n(p) € (0,1) such that, for 1 < ¢ < N and j, the unique index for
which { € Dj,

1

— <ed e (2.9)
|1y

/I (U(t) — V()™ ho(t) d

(- 1DWE-1)_
V26 '
Proof. To simplify notation, we write g; = g;, and V = V". Then
1

Moreover, when p — 400, n(p) = Moo =

R = — [ (U(t)=V(t)e*™p(t)dt
11,] /1,
1 | 1 |
N _/ Y filg =DM o) dt+ — | fia(g1 — DeFp(t) de
1ol 1, 05 1| /i,
1 .
o / > filg — D p(t) dt
5] v jo<j<n

= R_ +R0+R+
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Let us first bound R_ (which is only present when j, > 2). For this, notice that if s € Z,

e e it ar = [ e 0
IP

Ip reD;

= ) u,Flg] ( — A+ m)

T‘EDJ'

It follows that
filo =N e dt = | fi(De(n)e chﬁw—l)e”% dt
IP
_ / i) ()™ 0T
S
(65— Y wFly (Ar ~xe- )
p

TEDJ'

- Zuricg(gj—l)}—[ ]()‘ _)\K_ﬁ)

I
PR
S

Finally, we get

O ) L UTZC’S’(gj—l)f[w](Ar—Ae—ﬁ).

1/2
S~ D) = gy~ i < Y2 D
>0 o | L] ! v V-1

9\ 1/2
S
(p] ()\r — )\g — —) .
| I,

We will first estimate the inner most sum. We will use the following simple estimate
valid for u > 1:

*i 1 _1++§ 1 <1+/+°° s _ 1 1
— (54 u)* Pyl —(stuw)?P T ou? [ (s+u)2?  u? (2p— Dur-!
2

u2p—1"

we get with Cauchy-Schwarz

V25| +1)/11,] 1
R_[<n Nz Z |_Z’;(Z|[|2

0<j<je— 5=0

Here u = [I,|(Ae — A,).
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First, for 0 < j < j, —2,if r € D; then r < ;11 and By < £ < 441 we first get

§ie — §it+1 |I| o
o[ (Ae = Ar) 2 D] (Be = Bj1) = [fp|——=— = =0
0—1 2
for all 0 < 5 < jp — 2. This then implies that
2 00 1

> 1

71 (=2 7

< 5
s=0 |:7T ()\k—)\r—i‘ﬁ})
B |I_p| 2p ©0 1
- <W) ;(ruw A +s)”

2210|]| —][ 1)(2p—1)

=

IN

It follows that

R <y V2(15,[+1) |f\+ 3 §=GeD=1/2) . 5/2(11,[ +1) —1)6- G D=3/ 5.
L, (/2 (m/2)P(V/d — )

0<5<5¢

1
Now, simple calculus shows that, when a > 5 @ r>1 (x—1)e @1 < zee™ which is
decreasing (in z). Thus (as x > 2 in our case)

2

P (Je—1)(p—-3/2) « _ =

(Je —1)6~ S oD

leading to the bound

. 2(15[ +1)
e=2)(m/2)P(v/§ - 1)

It is crucial for the sequel to note that we can write this as

R_| < 5. (2.10)

|R_| < np, 67" with = p, (§) — 0 when p — +oo0.

On the other hand, if j = jy,—1, 7 € D; then |I,|(A;—\;) > |1,| and the same computation
| +1 1

P Vo—1

|p|

We

gives F, < . Repeating the computation of R_ gives |Ry| < 77

write this in the form
|Ro|l < né~7*pn(6,n)

where p0(6,n) — 0 when p — +00.
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We can now estimate R..

Rl < Y ﬁ / (0] lg5(8) — 1] [o(t)] dt (2.11)

Je<j<n

1
< el D m”fjHL?(Ip)ng—1’|L2(1p)

je<j<n P

. V2 pQﬂ;plflerl S 5
Vi-1 p Ll 5,
V26 P+l +1
WVo—1)(6—-1) »* L]
V28 P+p+1
(Vo-1)(5—-1) P

IA

5

IN

Ui

=7 5

We write this in the form

V26 .
Ryl < P67 with lim pf =0
| +|_n<(\/5—1)(5—1)+“” VIR A

and conclude that |R| < g ((\5—{% + ,up> 077t with p, = i, (0) + pp(d,n) + pf — 0

(depending on § and n thus N). O

Remark 2.13. An inspection of the proof shows that the dependence of P on N only comes
from Ry. This is harmless when we let p — +oo which then implies |I,| — 400 i.e. when
we prove Theorem i) & i) but is not possible when proving iii). To avoid that issue,
one can then bound R_ and Ry + R instead of R_ + Ry and R,. The same proof works
but the price to pay are slightly worse constants:

"< 26y2AL+) o,
I TP IV R

and

V260 P 4plLl+1
WVo—1)(6—-1) p* L]
since we can include Ry into the sum (2.11]) defining R, by starting it at j, — 1 instead of

je. The consequence is that the § on the numerator of the bound of R, becomes §2.
But then

25+/2(]L,] + 1) V262 P+p+1Y
IRl < (e@—;)@r/g)p(\/g_ N WVe-ne-1 P ) o

|R0+R+| Sn (5_”
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Taking any

<
= 204/ 2(|1p|+1) + V262 p24p+l

=D (rj2p(vo-1)  (Vo-D(E-1) P
(Vo —1)(6—1)
20 2(|IP‘+1)(5_1)+\/§521)2-;127+1

e(P7%>(7T/2)p

will then still give (2.9), provided this 7 satisifies 0 < 7 < 1.

However, this quantity is too complicated to hope to be able to handle it in an optimisa-
tion process. Instead, we will determine the condition on p for the parameter that almost
optimise the case p — +o00, namely € = % and 6 = 4. In this case, the smallest possible p
in the first part is p = 8. One can then do a computer check to see that, when ¢ = 1/2
and p > 8§, is valid for n = 0.058.

Corollary 2.14. Under the conditions of Proposition

1

T /I (U() — V() d(t)p(t) dt| < 8. (2.12)

Further, if n = 0.058 and 0 = 4, then for p > 8, (2.12)) holds for e = 1/2.

Proof. As ¢(t) = Zszl arpe?™ it suffices to use the triangular inequality and (2.9). O

2.3. End of the proof. The end of the proof consists in applying first Proposition

2|1, 1 /
S< sl [ Ue(t)e(t) dt|.
211, = 1| L] J,
Then, we fix an 0 < ¢ < 2'5(’};1 and take n < n(p) as in Proposition [2.12| and apply ([2.12))
to get
2|L,| 1 2|, 1
S < gt [ OO - Vie)men ] + gl [ videne a
AR A ) 205 1|11,
2|1, 2|1, 1 /
S Vv D(t)| dt
< SAeS Hoousonmm [ o)
2|1 | P’ +p 2L /
O(t
ST A R TR TN M

We thus obtain from (2.13]) that

21| 2y 2l /
— S < <I> dt. 2.13
( 2up|—15> A TR SIAN A (2.13)
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Taking 6 =4, ¢ = 1/2, p > 8 so that T' = |I,| > 72 and n = 0.058, (2.13)) reads

2 x (72)? 1 1 [T/2
< - o(1)| dt.
-~ 71)(64 1_670.058T 7T/2| ()|
From ({2.1)), we finally get

N

144)2 1 1 [T2 122 (72

|a| <3 x (144) 1 () ar < 122 o)

i+ 1 64 x 1421 — e 08T [ T

establishing Theorem [L.1};i).
We will now establish Theorem [L.1]i). To do so, let p — 400 in (2.13) to get

(1—@S§]1 nm-l/WQ@@na. (2.14)

- 6_77 T—+00 T —T/2

This relation is valid for every § > 1, every 0 < £ < 1 and every
o G-NWE-
> V26 '
By continuity, we can thus replace n by 7, in (2.14). Further, we may use again (2.1)) to

get
|a| §—1 /T/2 Za 2imjt
—~k+17 (1- e)(1—e =) T—>+°° T T/2 I

It remains to choose the parameters ¢ and € so as to minimize the factor of the Besikovitch
norm. A computer search shows that

5—1 B 5—1

(1—e)(l—eme) —e)(l—c G=1)(/5= 1>)

takes its minimal value ~ 25.1624 for some ¢, with 0.4768 < e < 0.4772 and 3.70 < § <
3.75. This gives the claimed inequality

(2.15)

N T/2 N
1 .
o <252 lim = / ape2m™et| qt.
e kf + 1 T‘)+OO T 7T/2 1
A somewhat better estimate is possible when |a;| > 1. Indeed, in this case we proved in
(2.14) that
: e
n+1< / ;e
— (6—1)(v/5-1) 00
u—sx1—e“7?*)T*+ T/2
5n+1 -1

But n was defined as N = 3,11 = 51 that is

In(1+ (5 —1)N)

1 =
nt Inéd
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since 6 > 2. We thus have

T/2
i T /

(1-¢) (1—6 Vi ) o Jory

and we are looking for €, that minimize

Ind

(1—e)(1—e Va9

and for the value of this minimum. The best value we obtain is 7.714 for ¢ = 0.28 and
d = 89.254 which is essentially the same value as in [2I] (note that 1/7.714 = 0.1296 is the
value given there).

We then obtain the following: if |a,| > 1, then

1 (772 N
li — ”
Tj)riloo T /T/2 Za €
2.4. Further comments. Let us make a few comments.

First, the inequality for a fixed T" implies the inequality for the Besikovitch norm. This
follows from a simple trick already used for Ingham’s inequality. Indeed, once we establish

that
Tor2 ZN gt ZN |
00/ ar€ AR At Z
~Tp/2 ~k+1

Ind

In[l + (6 — 1)N] <

2@7r)\ it
Z ase

2i7r)\kt

dt > 0.1296 In(1 + 88N).

k=1
for some Ty > 0 then, changing varible t = ¢, + s we also have
to+To/2 | N ' To/2 N ' | N
CO / Z ak€2z7r)\kt dt = OO / Z ake%ﬂ)\kto 62z7r)\ks
to—T0/2 —To/2 —

k=1 k=1 k=1

Next, for any integer M, covering [ MT,, M'Ty] by 2M intervals of length Tp, we get

Mo SimAt ax|
E ape™F dt > 2M E
—MT,

P “ k + E+1
Dividing by 2M and letting M — 400 we get

1 T/2
C()TO lim —/

T—~+o00 7T/2

are
k=1

29T\t
& k

N
|ay
dtZ;kJrl'

In particular, Nazarov’s result also implies the result of Hudson and Leckband (but with
worse constants).
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APPENDIX A. THE PROOF BY HUDSON AND LECKBAND

This appendix is for the preprint version only and contains no original work.
Let aq,...,ay be complex numbers, A\ < Ay < --- < Ay be real numbers and

N
t) — E CLkQQZﬂ)\kt.
k=1

Let € > 0. By a lemma of Dirichlet (|24, p 235], [12]), there is an increasing sequence of
integers (M, )n>1 and, for each n > 1 a finite family of integers (Ny,,)k=1,.. n such that

Nen
A — J\L Min fork=1,...,N
which implies that
| vy N,
Q2T _ it <oy ﬂ‘m <ot fork=1...N.

Define the M,,-periodic function
N

t) — E akGZiﬂ-Nk’nt/Mn

k=1
and note that, for t € [—M, /2, M,,/2],

() = Walt)] < D lanl|e

As ¥, is M,-periodic, we may apply [B] to obtain

2imA it 217r

<27rez|ak|.

N Mn/2
ZM < Cups—— / ()| dt
k=1 k M, Mn/2
Mn/2
< Cups~+ / (t)] dt +2me Y |ax].
T L Z
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Letting n — 400 and then ¢ — 0 we obtain Theorem [D}

1 [7/2 N
lim — /

E ak6217r>\kt

k=1

N
|ag|
dt > Cups Z T
k=1
Note that Cy;pg is the same constant as in Theorem

APPENDIX B. IcHAM’S THEOREM

This appendix is for the preprint version only and contains no original work.

Theorem B.1 (Ingham). Let aq,...,ay be complex numbers and \y < --- , Ay be real
numbers with [Ny — Xe| > 1 if k # L. For every T > 1,

R 2 N

T
?/ S aeet ™| it > )Y Jauf? (B.1)
—T/2 [j=1 k=1
with -
T° —1
T 3 forl<T <2
forT > 2

64
Proof. We will do so in three steps. We first establish this inequality for 1 < T < 2.
Let H be defined by H(t) = 1[_1/2,1/2) cos mt and notice that

~ 2 cosmé

(@“%1—48'

Note that H being non-negative, H is maximal at 0 (which may be checked directly).
Next consider H * H and notice that, as H is non-negative, even, continous with support
[—1/2,1/2], then H*H is non-negative, even, continous with support [—1, 1] and its Fourier
transform is .
H«H(¢) = H>
Next H € H'(R) with H' = —m1{_19,1/9 sinnt and

HI(§) = 4i§ 7 Zé

thus

H' x H'(§) = —(27€)* H?
We now consider Gy = w?T?H « H + H' x H' so that G is continuous, real valued, even
and supported in [—1,1].

G/"\T — 2 (Tz _ 452) 2
is even (so G is the Fourier transform of é\T) and in L'. Further G is non-negative on
[—T/2,T/2] and negative on R\ [-T/2,T/2].
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dt > /RGAT(t)

— Z akaZ/GT 227r (Ak—Ae) tdt

k=1

= Z akagGT /\k - )\Z Z |a’k| GT

k=1

This implies that

T/2
/ Gr(t)
—T/2

2t t
J

In the last line, we use that |\, — A¢| > 1 when k # ¢ thus Gp(Ay — A¢) = 0.
Now, for § € [-T1/2,T/2],

Cr(€) = n2(T? — A3 H2(€) < nX(T? — 4€%) H?(0) < 477

while

1/2 2
Gr(0) = 7T2/ T? cos® mt — sin® 7t dt = 7%(TQ —1)

1/2
T/2
L.,

For 2 < T < 6, we simply write

which leads to

m2T? -1
a2 T S (B2

2
2171')\kt
> e

k=1

2 2

T/2 | N ‘ 1| N ‘ 32 N
~T/2 | =1 -1 |p=1 k=1
3 2
where the second inequality is (B.2) with 7" = 2, establishing (B.1]) with C' = 3;TT > g 1
T T
Now let T' > 6 and My = [T'/2] so that My > 5—1 > 3 For j =0,..., My —1, let

N-1
t; =—T/2+ j+ 1 so that the intervals [t; — 1,¢; + 1] are disjoint and U [t; —1,t; +1[C

=0
Mr—1 41
dt > /
im0 Jti—1

N
— / E : 217r/\kt 2171'/\kt

k=

[—T/2,T/2] thus

T/2 | N
/ Z B
—T/2

k=1

2im At
bke k

dt

2

dt.
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Now, apply with aj, = b,e?™ % and T = 2 to get
T/2
g
2

establishing (B.1) with C' = % O

2

37'(' MT 2 2
2 S > S

227r)\kt

M 1
Note that, as TT — 5 We obtain a slightly better bound for the Besikovitch norm

T/2
lim —/

Ingham also prove an L!-inequality that is weaker than Nazarov’s result:

3m? 9

E :b e?zﬂ/\kt

1
Proposition B.2 (Ingham). Let v > 0 and T > —. Let (A\y)nez be a sequence such that

Ant1 — An > . Then for every N and every sequence (ap)n=—n.. N,

T/2 272 _
= / eZmAntl qt > = S— max_|a,|
T/2 v N,..., N
Further, if (a,) € (*(Z), then
1 /T/2 it 272 — 1
= ane o dt > - ||(an)nEZ”oo
T J -1y %

Proof. The second inequality follows immediately from the first one.

Multiplying the sum in the integral by e~2"*! we may replace the sequence (\,), by
(A — Ao)n and thus assume that A\g = 0.

We again consider H(t) = 1[_1/,1/9 cos 7t and set

1 t 1 T
HT(Zf) = TH (?) = T]‘[*T/ZT/?} COS ?t

so that
—~ 2 cosmT¢&
H =
€ =217 AT2¢2

Let ¢ be such that |a,] = max_y<,<n |an]|.
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1
Our first observation is that 0 < Hp < T and is supported in [—7/2,T/2] so that

N

/2 ' /2 '
_/ eQm—Ant dt > / Z an6217r()\n7)\g)tHT(t) dt
/2|,

27,71'(>\n—>\g)t dt

vV
M-
S
P

vV
&
5 -

ST Janl[Hr (= M)

ne{—N,...NN\{¢}

2 s T o~
> Sl (1-5 >, SlHOW =) | (B3)
ne{—N,...N)\{¢}

But, A\yi1 — Ay > 1and T > 1 so that 472\, — N> — 1> T?(4|n — £]* — 1)

T 1
—|Hpr(A, — A <
Z 2‘ 7 Jl = Z AT2[N, — \|?2 —
ne{—N,...,N}\{¢} ne{—N,...N\{€}
_o2x~ 1 1R/ 1) 1
T T?PAdm? -1 TP~ \2m—-1 2m+1) T%
Inseting this into (B.3)) we obtain the proposition. O
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