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Robust energy a posteriori estimates for nonlinear elliptic
problems

André Harnist8!, Koondanibha Mitra*?, Ari Rappaport®, and Martin Vohralik$*

May 26, 2023

Abstract

In this paper, we design a posteriori estimates for finite element approximations of nonlinear elliptic
problems satisfying strong-monotonicity and Lipschitz-continuity properties. These estimates include,
and build on, any iterative linearization method that satisfies a few clearly identified assumptions; this
encompasses the Picard, Newton, and Zarantonello linearizations. The estimates give a guaranteed
upper bound on an augmented energy difference (reliability with constant one), as well as a lower
bound (efficiency up to a generic constant). We prove that for the Zarantonello linearization, this
generic constant only depends on the space dimension, the mesh shape regularity, and possibly the
approximation polynomial degree in four or more space dimensions, making the estimates robust with
respect to the strength of the nonlinearity. For the other linearizations, there is only a computable
dependence on the local variation of the linearization operators. We also derive similar estimates for
the energy difference. Numerical experiments illustrate and validate the theoretical results, for both
smooth and singular solutions.

Key words: nonlinear elliptic problem, finite elements, iterative linearization, energy difference, a pos-
teriori error estimate, robustness, equilibrated flux reconstruction
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1 Introduction

Nonlinear elliptic problems are of paramount importance in a broad range of domains such as physics,
mechanics, economics, biology, and medicine, see, e.g. [2, 22, 32, 39, 40]. Numerical discretization
methods then serve to deliver approximate solutions, upon employing iterative linearizations to resolve
the arising discrete nonlinear systems, see, e.g., [7, 16, 18, 29, 34, 43] and the references therein.

Given a numerical approximation, there arises the important question of the error with respect to the
exact solution. This is practically handled by the so-called a posteriori estimates. For nonlinear problems,
these have been proposed, amongst others, in [3, 4, 10, 11, 17, 20, 26, 28, 29, 33, 35, 36, 38, 39, 43]. One
step further, the estimates can be used to adaptively steer the numerical approximation, and recently,
convergence and optimality results have been obtained in [5, 9, 24, 25, 27, 30, 31], see also the references
therein.

A crucial property of an a posteriori estimate is its robustness, assessing whether its quality is inde-
pendent of the parameters. In the present setting, we specifically use the term robustness if the chosen
error measure and the associated estimate are uniformly equivalent, for any strength of the nonlinearity.
This resumes to the same overestimation factor (effectivity index) for linear, mildly nonlinear, and highly
nonlinear problems. Unfortunately, robustness is often not achieved; we illustrate this in Figure 1. There,
we present the effectivity indices for three common error measures: the energy norm (L? norm of the
difference of the weak gradients), the (square root of the) difference of the energies, and the dual norm
of the residual (cf., e.g., [23] for their mutual comparisons). We employ guaranteed equilibrated flux
estimates following [8, 12, 15], for the nonlinear problem of Example 5.2 below. We can observe that the
estimate in the energy norm setting is not robust with respect to the strength of the nonlinearity (the
effectivity index explodes as the ratio a./ay, from (2.1) below grows). The dual norm of the residual leads
to robustness, as proven in [17, 20]. Though the dual norm of the residual is indeed localizable, cf. [6]
and the references therein, it may be criticized as it actually does not take into account the nonlinearity
(an incorporation has recently been addressed in [37]). The energy difference is showing a numerical
robustness, though known theoretical estimates depend on the ratio a./ap,.

In this paper, we focus on nonlinear elliptic problems of the form: find u : 2 — R such that

=V-(a(+,|Vu|)Vu) = f inQ, (1.1a)
u=0 on 90Q, (1.1b)

where a : Q x [0,00) — (0,00) is a nonlinear function satisfying assumptions of Lipschitz continuity
and strong monotonicity (cf. (2.1) below). We employ a finite element approximation of (1.1) and an
iterative linearization, yielding the approximation uf on each mesh 7, and linearization step k. The
iterative linearization method needs to satisfy a few clearly identified assumptions. We will show that
this is satisfied for usual linearizations such as Picard, Newton, or Zarantonello.

We consider the energy difference 51’\“1’4 of the nonlinear problem (cf. (3.9a)) and its a posteriori
estimator 771]3176 (cf. (3.9b)). In order to achieve our goals, we additionally consider a linearized energy
difference Srlf,@ (cf. (3.11a)) and the associated estimator 77’13,@ (cf. (3.11b)). We more precisely augment

51’\“17 ¢, by Efy , to form Ef and similarly for the estimators. Our main result, Theorem 3.4, can be presented
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Figure 1: [Exponential nonlinearity (5.5), smooth solution (5.3), Newton solver, 25 DOFs] Comparison
of the effectivity index (given as the ratio of the estimate over the error) of different error measures and
associated a posteriori estimates.

as follows. If the iterative index k satisfies a computable stopping criterion and neglecting data oscillation
and quadrature error terms, we have
& <ny < CPEr, (1.2)
where the hidden constant depends only on the space dimension, the mesh shape-regularity, and possibly
on the polynomial degree of the finite element approximation when the spatial dimension is greater than
or equal to 4. Here, C’f is a computable constant only depending on local variations of the linearization
matrices. We show that C§ = 1 in the case of the Zarantonello iteration, making the estimate robust
with respect to the strength of the nonlinearity in any setting. For the other linearizations, the estimates
are robust if the computed constant Cé“ is small (a posteriori verification of robustness for each given
setting).
An additional a posteriori estimate is given in Theorem 4.1 for the energy difference 8{37 , only, and can
be summarized as follows. For every iterative index k, neglecting again data oscillation and quadrature

error terms, we have
k k Ak ok
SN,E <IN SGy gN,Ea (1.3)

with the same dependence as in (1.2) for the hidden constant and where CN’f only has a local (but here
not computable) dependence on the nonlinearity and where 6’5 < (ac/am)'/? in any case.

The rest of the paper is organized as follows. In Section 2, we detail the assumptions on the nonlinear
function a. We next give the continuous weak formulation with its equivalent energy minimization. Then,
we announce the discrete weak formulation with its associated discrete energy minimization, and finally
the iterative linearization. In Section 3, we define the augmented error and estimator and state our
main result, Theorem 3.4, giving details of (1.2). In Section 4, we study the original energy difference,
which leads us to an a posteriori error estimate of Theorem 4.1, giving details of (1.3). In Section 5, we
present a series of numerical experiments in order to illustrate our theoretical findings, for both smooth
and singular solutions. In Section 6, we give a proof of Theorem 3.4, and then, in Section 7, a proof of
Theorem 4.1. Finally, we summarize, in Appendix A, some useful properties of the nonlinear function
and the assumptions required, and, in Appendix B, we show some technical results to determine the
eigenvalues of the Newton linearization.

2 Weak formulation, energy minimization, finite element dis-
cretization, and iterative linearization

Let Q C R%, d > 1, be an open polytope with Lipschitz boundary 9Q. We consider problem (1.1), where

f € L*(Q) represents a volumetric force term, while a is the diffusion coefficient which depends on the

potential v : © — R only through the Euclidean norm of its gradient |Vul.
We consider the following assumption for the nonlinear function a (see, e.g., [43] for more details).

Assumption 2.1 (Nonlinear function a). We assume that the function a : Q x [0,00) — (0,00) is
measurable and that there exist constants am, < a. € (0,00) such that, a.e. in Q and for all x,y € R,

la(-, |z])x — a(-, |y y| < aclx — y (Lipschitz continuity), (2.1a)
(a(-, |z)x — al- [y)y) - (£ —y) > am|z — y|? (strong monotonicity). (2.1b)



2.1 Weak formulation and equivalent energy minimization
The weak formulation of problem (1.1) reads: find u € H}() such that
(a(+,|Vu|)Vu, Vv) = (f,v) Yo € Hi(Q), (2.2a)

where (-, ) is the inner product of L?(Q2). We denote by ||-|| its corresponding norm.
Referring to [43], the weak formulation (2.2a) is equivalent to the following minimization problem:

u= argvegilr(lﬂ) J(v), (2.2b)

with the energy functional 7 : H}(Q) — R defined as,
Tw= [ 66IVo) = (o). ve HY@), (23)

where the function ¢ : @ x [0,00) — [0, 00) is defined such that, a.e. in £ and for all € [0, 00),

o(-,r) = /OT a(-, s)sds. (2.4)

It is shown in [43] that, under Assumption 2.1, there exists a unique solution to problem (2.2). We refer
to Appendix A for more details about equivalent assumptions on the nonlinear functions a and ¢.

2.2 Finite element discretization

Let £ > 0 be a mesh level index. We consider simplicial triangulations 7y of the domain ) satisfying the
following shape-regularity property: there exists a constant k7 > 0 such that for all £ > 0 and all K € Ty,
hi/px < k7, where hi is the diameter of K and pg is the diameter of the largest ball inscribed in K.

For a polynomial degree p > 1, denoting P,(7¢) the space of piecewise polynomials on the mesh 7,
of total degree at most p, we define the discrete finite element space VP := P,(T;) N H{(£2). The finite
element approximation of (2.2a) would be u, € V such that

(a(-, [Vue)Vug, Voe) = (f,ve) Ve € VY. (2.5a)
As in (2.2b), ug € V! satisfies the minimization problem

up = argznéixl;lp T (vg). (2.5b)
w3 ¢

Below, we never work with wu,.

2.3 Iterative linearization

We immediately consider an iterative linearization of (2.5a), which is anyhow necessary for a practical
solution of (2.5a). Let u) € V/ be a given initial guess. For an iterative linearization index k > 1,
consider Aif 1.0 — R and bif 1. Q — R, arising from a suitable linearization; details and examples
are given below. We define the linearized finite element approximation: ulz € V' to be such that

(A} Vg, Voy) = (fyo) + (07", V) Vo € V. (2.6a)
As in (2.5b), this is equivalent to the discrete minimization problem

k : k—1
u, = arg min 7, v 2.6b
{4 gwe > 4 (ve) ( )

with the linearized energy functional 7' : H () — R defined for all v € H}(Q) by

T () = % H(A’g—l)%wH2 — (f,v) — (bE7L, V). (2.7)



2.3.1 Assumptions on iterative linearization schemes

Let k > 1. We will suppose that AF~!: Q — R and b}~ : Q — R? from (2.6) satisfy the following
assumption (for the sake of conciseness, we assume that they are well defined everywhere in ). We will
use the following notation of the derivatives in the second argument of the functions a, ¢, and others (cf.
(3.6)-(3.7)): for all 7 € [0,00), d/(:,7) := Za(z,r) and ¢'(-,r) == Lo (zm, 7).

Assumption 2.2 (Iterative linearization). For all points x € Q, we assume that A5 ~(z) € R¥*? js a

bounded symmetric positive definite matriz. Specifically, denoting by Afn*el(a:) and Af;l(w) respectively
its smallest and largest eigenvalues, we suppose, for all € € R?,

AL @) < A @] (boundedness) (28)
(A Y(x)e) - € > Aﬁ;el(a:)|£|2 (positive definiteness). (2.8b)

Moreover, we suppose uniformity, i.e., that there exist Ay, < A. € (0,00) independent of k, £, and x such
that

Am < Al @) < AL (o) < A (2.8¢)
Finally, we explicitly define b’g_l(a:) e R? for all x € Q by
b (@) = AV (@) Vi~ (@) - ala, [ViE (@) Vb~ (@) (29)

In the following, we use the boldface font to denote the spaces of multi-dimensional functions, e.g.,
L2(Q).

Remark 2.3 (Assumption 2.2). Equality (2.9) implies that (2.6a) can be equivalently written as a problem
for the increment ue — ulg L on the left-hand side and the residual of uif*l on the right-hand side:

(Alg*lV(uZ - “e ) Voug) = (f,ve) — (a(-, |Vu§71|)Vu§71,Vw) Y, € Vep, (2.10)

which is the form used in, e.g., [37]. Therefore, equality (2.9) ensures that the discrete problem (2.6a) is
consistent with the discrete problem (2.5a), i.e., Ay 'Vuk —bF~" — a(-, [Vug|) Vg in L*(Q) when uff —
ug in HY(Q). Indeed, (2.8a) implies that Ay 'V (uf — uf Y = 0 in L2(Q), and a(-, |Vul ) Vul
a(-, [Vug|) Vg in L*(Q) thanks to (2.1a). Finally, we recall that the positive definiteness of A¥~" implies
that (AF~1)~' and (Aéf*l)% exist, which is used below.

2.3.2 Examples of iterative linearization schemes

We now present some examples of linearization methods satisfying Assumption 2.2.

Example 2.4 (Picard). The Picard (fized point) iteration, see, e.g. [16], is defined as
AFt = a( | VU ) I with b7 =0 in Q. (2.11)

It satisfies Assumption 2.2 with A*~
thanks to (A.3).

Af,zl = a(-,|Vu} ), which leads to Ay = ay and A. = ac

m f

Example 2.5 (Zarantonello). The Zarantonello iteration, introduced in [{2], is defined as

AL =41y with b = (v —af(, |Vu§_1|)) Vub ™! in Q, (2.12)

where v € (0,00) is a constant parameter. To ensure contraction, one needs to assume that v > —<. The
Zarantonello iteration converges linearly, but the convergence is slow as vy takes large values. It satzsﬁes
Assumption 2.2 with Afn’el = A’;Zl =, which leads to Ay, = A. =

Example 2.6 ((Damped) Newton). The (damped) Newton iteration, see, e.g. [16], is defined as

v k—1
a(| kufl ) Vu/;-l ® Vu]g_l
|V, ™7 (2.13)

with b5 = 0d' (-, [Vul )| Vub 7 Vup ™! in Q,

Abt = a( VUi ) I, 192



where 0 € [0,1] is the damping parameter. Observe that = 1 gives the Newton iteration, whereas 6 =0
corresponds to the Picard iteration. If 8 = 1, the Newton method converges quadratically. However, it
might not always converge. The (damped) Newton iteration satisfies Assumption 2.2 with, if the space
dimension d = 1,
k— k— k— k— ke
AL = AL = al [V TH) + 00 (L [V ) Vg

m,l

(2.14)
(A.8) - -
= (1 — Q)a(~, ‘VU'IZC 1‘) + 9¢//('7 \V“IZ 1‘)’
and, if d > 1,
A = (1= 0)a(, |V~ )) + O min(a(, [Vl ), ¢ (L |Vl 1)), (2.150)
AR = (1= 0)al, [Vup ™) + Omax(al-, [ Vuf ), 6" (-, [Vuf~))). (2.15b)

Indeed, denoting the spectrum of a matriz A € R4*? by Spec(A), we infer (2.15) by writing,

. (B _ _ _ _
Spec(A;~") =" {a(, [Vuy ), al, [Vuy ™) + 0a/ (- [V ) [ Vug '}

(A.8) _ _
= {1 = 0)a(, [V ™!) + ba(-, Vg ~H]),
(1= 0)al, [Vug™']) + 06" (-, [Vuy ™))}
Finally, we can set Ay = amy, and A; = a. thanks to (A.3) and (A.5).

3 A posteriori estimate of an augmented energy difference

In this section, we define the augmented energy difference and a posteriori estimator of the finite element
discretization u§ given by (2.6) on mesh 7y, £ > 0, and linearization step k > 1.

3.1 Flux equilibration

Let Vy be the set of all mesh vertices and, for each vertex a € V, define the patch 7,* as the collection of
the simplicies of 7, sharing the vertex a, as well as the patch subdomain wf corresponding to 7,*. For all
a €V, we define the space V* := RTN,(7,%) N Hy(div,wg). Here RTNN,(T,*) denotes the broken space
consisting of p-th order Raviart-Thomas—Nédélec space on each simplex, RTN,,(K) := [P(K)]¢+zP(K).
Moreover, Hy(div,wg) is the subspace of H (div,wg) of functions with vanishing normal trace on dw if
a € Vy is an interior vertex and of functions with vanishing normal trace on dwf\{¢§ > 0} ifa € V;is a
boundary vertex.

Here, for all @ € Vy, the hat function ¢§ is the continuous, piecewise affine function equal to 1 in a
and 0 in V,\{a}. We recall the partition of unity

> ygx)=1 Vzeq. (3.1)

acV,

We denote by Il , the L?-orthogonal projection from L?(Q2) to P,(7¢) and by Hfgﬁ the L2-orthogonal
projection from L?(Q) to RTIN,_1(T;); note that both are elementwise. Finally, we consider the equili-
brated flux locally reconstructed from uf as

ok = o.;vk, (3.2a)
acVy

where, for all vertices a € V, following [8, 11, 15, 20, 21],

ko : —1\-1
oftimarg  min (A THWPTIEINES + w)ler.
4 ¢
Vowp =Tl v * (3.2b)

with &5 = Aif*qu’g — b’Zil and ’yg’k =y f— V- &f.

Combining (3.2) and (3.1), we infer, as in, e.g., [19],
Vol =) Vot =Y M) = Y ep(Vef - €F)

acV, acV, acV,

=T, > (¢f) =1, f.

acVy



In particular, of € RTN,(7;) N H (div,2) and we have with the Green theorem, since uj € V; C P,(T),

3.2 Convex conjugate function and dual energies

Recalling the primal energy J of (2.3), the corresponding dual energy J* : H(div,Q) — R, cf. [2, 32,
39, 43], is defined by

T (w) = —/Qqs*(., w)), w e H(div, ), (3.5)

where ¢* : Q x [0,00) — [0,00) is the convex conjugate of ¢ (also known as the Legendre dual or the
Fenchel conjugate), which is defined such that, a.e. in Q and for all s € [0, 00),

¢*('? S) = Ssup (S’I" - ¢(7 T))) (363‘)
rel0,00)
or equivalently, for all s € [0, 00),
¢"(8) = / O () dr =50 () = 60,0 (- 9)). (3.6b)
0
We refer to [32] for more details and recall that the construction of ¢* yields
*/ —1 w1/ 1
Consequently, under Assumption 2.1, ¢* is convex thanks to Remark A.3 below.
Finally, we define the linearized dual energy functional JZ*’k*l : H(div, Q) — R such that
*,k—1 . 1 k—1y—1 k—13 |2 ; 3.8
T (w) .:—§H(A€ )% (w — b )j . w e H(div, Q). (3.8)

3.3 Energy difference and estimator of the nonlinear problem

We define the (square root of twice the) energy difference corresponding to the nonlinear problem (2.2)
by

gk = (AT (k) — T(w)))* . (3.9)

Note that 81’\?,[ is well-defined from (2.2b) and the fact that uf € Hg(Q). Actually, 81’\?,@ >0 and 0 if and

only if u’g = u from the uniqueness of u in (2.2b). We then define the estimator 771]31,13 corresponding to
the nonlinear problem (2.2) as in, e.g., [3, 39, 43|, by

e = (2T (ug) = T*(a7)))* (3.9b)

Note that nfiu is again well-defined, which follows from (5.7)—(5.8) below.

3.4 Energy difference and estimator of the linearized problem

In order to derive robust estimates, we further consider the linearized problem (2.6). We introduce the
abstract linearization on the continuous level: u’@ € H}(Q) such that

(A}7'Vufy, Vo) = (f,0) + (by~", Vo) Vo e Hy(Q), (3.10a)
which is a linear problem. Note that (3.10a) is equivalent to

k : k—1
uy, =arg min J, v), 3.10b
() gveHg(Q) ) (v) ( )



based on the linearized energy (2.7). Analogously to the nonlinear energy difference 51’\?’ ¢ (3.92), we then
define the energy difference 5{15 of the linearized problem (3.10)

_ _ 5 (6.5a a1
gho = (2T ) - 7F 7 wly)) " 2 IAET) RV -l (3.11a)

Here, 6']’1@ > 0 again and 0 if and only if u’Z = u’<“£> is obvious. Finally, we define the estimator 771’3,13 of the

linearized problem (3.10) by

[N

ko= (2078 wh) - 7o)

O (A1)~ (ARl — bl 4 o)) (3.11b)

A ARV ) + ol [V )V + o).

3.5 Augmented energy difference and estimator

We denote, a.e. in €,
af ==a(-,|Vuf]) and a, = a(-,|Vul). (3.12)
We define the shifted estimator 7f , of the linearized problem (3.10) by
. Z1y-1
e = (A5~ "2 (ap Vug + o) (3.13)

and the computable weight A} defined from the estimators (3.9b) and (3.13) by

k
N

%
e

(3.14)

Remark 3.1 (Weight \¥). The role of the weight \§ is to ensure a balance between 81’\“17[ and /\’gé}’fl, and
7711311 and /\’gnﬂe. We employ ﬁ]lje (and not W]lf,z from (3.11b) which would give /\lgnf’f = 77{31’[) since as
such A} is uniformly bounded for every k > 1. Indeed, we have with (4.3a) and (7.4) below,

\E (754) ||(a%’;’zl)—%l(a’gVu§ +ob)| (Zfa) s (A’C“’El);‘ (2.80),§(4.3a) A (315)
[(AF~) "2 (af Vuf + o} o\ a7 @
Now, we define the augmented energy difference Sé“ by
&F = % (E&0+ NEEE ) (3.16a)
and the corresponding augmented estimator 775 by
ot = g (e + M) (3.16D)

Remark 3.2 (Roles of Sf and nf). The objective of introducing Sf and nf is to augment the energy
difference 51’\?)[ and estimator 771]31,2 of the nonlinear problem (2.2) (where 51@75 < n{i’w but not necessarily
robustly) in order to obtain an a posteriori estimate that will be robust with respect to the nonlinear
function a. The added linearized components SI]f,Z and nﬁ,e are multiplied by the weight )\’Z which makes

them comparable in size to 51137[ and 7){3175, respectively.

Lemma 3.3 (Error consistency). Let the error EF be given by (3.16a). We have EF — 0 if and only if
uk — u in HY ().

Proof. Assuming £ — 0 implies 51’\“1)@ — 0 since 51’3}@,555, Af > 0. Furthermore, inequality (7.2a) below
together with (4.4) yields

an |V (uf = u)|* < (65 0)? < acl V (uf —u)]%, (3.17)



hence uf — u in H}(£2). Reciprocally, assume that uf — u in H}(£2). We have again from (3.17) that
51’\%72 — 0. Furthermore, we have for all £ > 1,

AV (aty — )2 S (AEIV (b, V(ay — b))
ALVl - b (udy - ) - (T e W ady - )
(3.10a) (f, u;&) B u’g*) B (alz—lvu?717 V(u’f@ _ ulzfl)) (3.18)
(2:22) (a,Vu—af ' Vuf ™, V(u’&) —uy™h)
(2.1a)

< acl|V(u —ug IV (ufy — ug ™I

Hence, dividing (3.18) by ||V (ufy, — up~1)|| shows that ufyy converges to the same limit of uy in Hj(9),
i.e. u. Thus, the relation (6.5a) below together with (2.8) show that £F , — 0. Hence, since A} is bounded
(cf. (3.15)), we infer £} — 0. O

3.6 Data oscillation and quadrature estimators

Following, e.g, [19], let

2
h

(1 0)? = (=TT fllk]| (3.19a)

et Wlan(Am’e)2
2

- hi

(Mer)® = ll(I—He,p)fIK] ; (3.19D)
KeT, Lmah

Mhseae)” = D (50 and (o)=Y (), (3.19¢)
acVy acVy,

where, for all vertices a € Vy, using the notations é’? and vg’k of (3.2b),

a 1 hK a.k 2
T I o [(Inmm’ ||K} , (3.194)
! infeg Aml KeTp T
a,k — -1 a
HEE = (A (T — TIEN)ER) e (3.19¢)

These correspond to the oscillation in the data f and quadrature errors possibly arising from the nonlinear
function a.

3.7 A posteriori estimate of the augmented energy difference

We now present our main result giving an a posteriori estimate based on the augmented energy difference
and estimator defined in (3.16).

Theorem 3.4 (A posteriori estimate of the augmented energy difference). Suppose Assumption 2.1 and
let u be the weak solution of (2.2). Let uf be its finite element approzimation given by (2.6) on mesh To,
£ > 0, and linearization step k > 1, for any iterative linearization satisfying Assumption 2.2. Let u’f@

be given by (3.10), the augmented error E¥ by (3.16a), and the augmented estimator nf by (3.16b). We
have

N Ak
EF S+ ose,t + 5 Mose. (3.20)

Moreover, assume that the discrete linearization iterate (uf)y>1 converge to ug of (2.5) in HL(SY). If the
linearization index k satisfies the stopping criterion

ﬁf,é < 2771& (3.21)



for the estimators of (3.11b) and (3.13), then
77? 5 C‘llcgllC + A]Z(Cfng,z + ngsc,q,l)v (322)

where the hidden constant only depends on the space dimension d, the mesh shape-reqularity k7, and
possibly, when d > 4, the polynomial degree p, with

Sup, . AF1 1 ( =1 for the Zarantonello linearization,
CF = max % AN\ 2 (3.23)
a€Ve \ infye Anﬂ < (AC> in general.
Proof. See Section 6. O

Remark 3.5 (Robustness for the Zarantonello linearization). In the Zarantonello linearization case,
since Cé“ =1, we obtain an estimation of the augmented energy difference Ef by the estimator nf (under
small oscillations and quadrature errors) whose quality is independent of the nonlinear function a.

Remark 3.6 (Robustness in the general case). The constant C’f can be easily calculated in practice,
without knowing the continuous solution u of (2.2). It in particular only relies on patchwise variations
of the linearization matrix A’Zﬁl (recall (2.8)). For the Picard and damped Newton iteration cases of
Ezxamples 2.4 and 2.6, in particular, the local ratio of the functions Af);l and Aﬁ;; is smaller than that
of the global constants A. and Ay, given in (2.8¢), typically bringing Cf close to 1 as in the Zarantonello
case. This is indeed observed in the numerical experiments of Section 5. Importantly, Cf allows us to
quantify the quality of the estimates in any situation: whenever it is small, we can affirm robustness a
posteriori.

Remark 3.7 (Criterion (3.21)). The computable criterion (3.21) allows us to determine when k is large
enough to obtain (3.22). Indeed, we have

~ —1y-—1
M (3.13),G110) [(Ay™) "% (af Vuf + o) (3.24)
nk - ||(Ak—1)7%(Ak—lv(uk _ uk—l) + ak—lvuk—l + O'k) | .
Lt ¢ ¢ ¢ ¢ ¢ ¢ ¢
With the same reasoning as in Remark 2.3, ﬁﬁé and W]rf,z become equivalent for large k when u}f — Up N
HY(Q). Hence, if n]’f,l (and ﬁfl) does not vanish, then (3.21) holds for k large enough. Otherwise, nllfw
vanishes too (cf. (7.4) below), so that nf vanishes. In this particular case, if 7. , > 0, then nl, ., , does
not vanish, and (3.21) holds for k large enough. Otherwise, if ﬁgsc,f =0, then (3.20) implies EF — 0
which is equivalent to u¥ — u thanks to Lemma 3.3, and (3.22) is then not necessary.

4 A posteriori estimate of the energy difference

This section gives an a posteriori estimate for the energy difference 51’\?7@ by the estimator 771131,27 cf. (3.9).

4.1 Equilibrated flux and data oscillation-quadrature estimators
We redefine here the local equilibrated flux given in (3.2b) by setting, for all a € Vy,
oft =arg  min_  WEIIEN (af Vuf) + wllws,
we€eV,
V"wg:l_[evp’y;’k (41)
with 70" = ¢ f — VY - (af Vuf).
Observe that (3.3)—(3.4) still holds with this definition of a‘?’k. We define the data oscillation—quadrature

estimator

- 1 k
(nssc,q,é)z = Z . o,k (ngs’gq,[)Q? (423’)
acy, €S8 1nfw? [Ny

with for all @ € Vy,
2

—a h
.k . Z K k
(Tlosc,q,é)2 = |: T ||(I - Hl,p)'}/; ||K
KeTp

o+ [lop (@ - TN @k Vb2,

(4.2b)

10



4.2 A posteriori estimate of the energy difference

We now present our second main result, giving an a posteriori estimate based on the energy difference
and estimator defined in (3.9). We denote, a.e. in €,

) (A.3),(A.5)
o= (o, esint o)) U . (43)
' re(@' =1 (C\lof D), Vugl)
(A.3),(A.5)
ag,ék ‘= max (alz, ess stup é" (-, 7~)> € [Gm, ac] (4.3b)
re(¢' =1 lap ), Vupl)
and
(A.3),(A.5)
azluélc ‘= min (aé?7 essinf  ¢"(., r)) € [am,ac], (4.4a)
’ r€(|VuMVu§\)
(A.3),(A5)
ot o (af,essup o)) U . (1.4b)
’ re(|Vul,|Vub])

Theorem 4.1 (A posteriori estimate of the energy difference). Suppose Assumption 2.1 and let u €
HE(Q) be the weak solution of (2.2). Let uf be its finite element approzimation given by (2.6) on mesh
Te, £ >0, and linearization scheme step k > 1, for any iterative linearization satisfying Assumption 2.2.
Then,

51]\61,11 < 771131,4 + Qﬁlgsc,b (4.5a)
771]31,11 /S C?EII\CI,/ + ﬁtljcsc,q,b (45b)

where the hidden constant only depends on the space dimension d, the mesh shape-reqularity kt, and
possibly, when d > 4, the polynomial degree p, with

1
Vu,k\ 2 1
~ €ssSSup,,a @, ,’ (4.3a),(4.4b)
CF := max (”C’ék> < <ac> . (4.6)

a€Ve \ essinf,e a’’ - Qm
> O,

N

Proof. See Section 7. O

Remark 4.2 (Robustness). We can make a similar statement as in Remark 3.6, since the local ratio of
the functions aZZ’k and ag]”]z on each patch w§ is sharper than the global constant ratio ac/awm. They can
again compensate each other (according to the problem and the mesh), bringing 6’5 close to 1. Howewver,

in contrast to C’f, the constant 5’5 cannot be fully computed since Vu appears, and is not purely given
by the linearization method, cf. Remark 3.6.

5 Numerical results

In this section, we present numerical experiments that serve to illustrate Theorems 3.4 and 4.1. Thus,
we will primarily be interested in the effectivity indices

k k
If = 77—5 I’fw = N ]ﬁg = nL’Z. (5.1)
& ’ EX g ’ &ty

In particular, our numerical experiments study the robustness of our estimates with respect to the ratio
ac/am from (2.1) where we consider ac/a,, = 10°, ¢ € {0,...,7}. We present results for the three
linearization methods of Examples 2.4, 2.5, and 2.6 after the convergence criterion

IV (™ = )| < 107° (5.2)

is satisfied. This in particular leads to the satisfaction of (3.21). )
In addition to V,/ as defined in Section 2.2, we also consider a richer discrete space Vgp obtained by
refining the mesh 7; and using higher order polynomials, ¢ < ¢ and p < p. This space serves as an
approximation to Hg (£2), so that we can approximately compute u?@ defined in (3.10b) at each iteration

k of the linearization method. This only serves here for the evaluation of the error Efy 5 it is not needed
to evaluate our estimators.

For all examples, we use the method of manufactured solutions, i.e. we choose a solution v and con-
struct f through (1.1). The boundary conditions are then enforced by the true solution. All experiments
were conducted using the Gridap.jl finite element software package [1, 41].
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5.1 Smooth solution

We consider a unit square domain = (0,1)2. We set for all (z,y) € €,

u(z,y) = 10x(z — 1)y(y — 1). (5.3)

For the space V/, we use a polynomial degree p = 1 and a uniform triangular mesh consisting of 8192
elements for a total of 3969 DOFs. We consider three different nonlinear functions a : [0, 00) — (0, 00)
(independent of the spatial coordinate = € ) satisfying Assumption 2.1. We first consider the following
example, in which the function a is monotone (decreasing).

Example 5.1 (Mean curvature nonlinearity). The mean curvature nonlinearity (cf. [14]) is defined such
that for all v € [0, 00),

Gc — Am
V172
where am, a. € (0,00) with ay, < a.. Observe that Assumption 2.1 holds for the mean curvature nonlin-
earity. Indeed, we use Proposition A.2 observing that, for all r € [0, 00),

a(r) = am + (5.4)

&' (r) = am + aciamg € am, ac-
(1472)2
The results for the effectivity indices (5.1) are presented in Figure 2, taking a,, = 1. We first remark
that they vary only very mildly with respect to the ratio a;/a. and that all values are below 1.2. The
robustness is anticipated for Zarantonello based on Remark 3.5. The fact that the ratios are so good for
the Newton and Picard linearizations is the consequence of the fact that the constant C} of (3.23) is
quite close to 1.

We now consider the following nonmonotone nonlinear function a similar to the example given in [31,
Section 5.3.2].

Example 5.2 (Exponential nonlinearity). The exponential nonlinearity is defined such that for all r €
[0, 00),

(r) = am + ( yLoerd (5.5)
a(r) ‘= am Ac — Am ) ‘
1+267%

where again amy,a. € (0,00) with ay < a.. Observe that Assumption 2.1 holds for the exponential
nonlinearity. Indeed, we again use Proposition A.2 observing that, for all r € [0,00),

1+ (3r2 —1)e 3"
1423

" (r) = am + (aec — am) € [am, ac)-

The results, again with a,, = 1, are presented in Figure 3. The Picard linearization is not included
because the solver does not converge for large values of the ratio a./a,,. We observe that the results
for the Zarantonello iteration are similar to those of Figure 2. However, the effectivity indices of the
Newton iteration seem to start to deteriorate for large values of the ratio a./a;,. We can see that the
reason is that the constant C}f is becoming very large. This constant is thus here a good indicator that
the robustness may not be obtained when it is large. For this example, we also present, in Figure 4, the
component errors )\’ZEI’JVJ and 51’\“]7@, as well as the factor )\i? . We observe that the quantities )\’ZEI’JVJ and

5§,£ stay very close, independently of the ratio a./am,, which was our design in (3.14). Remark, though,

that )\? ~ 1 for Newton, whereas )\E ~ (ac/am)? for Zarantonello.

5.2 Singular solution

We consider the L-shaped domain = (—1,1)?\ ([0,1) x(—1,0]) and the singular solution u in polar
coordinates (p, 0) € [0,00) x [0, 27]

u(p,0) = p“ sin(ab) (5.6)

with a == %, so that u € H1+%_8(Q) for alle > 0. We consider the exponential nonlinearity of Example 5.2

again with a,, = 1; this choice of solution ensures that the right-hand side f belongs to L?(Q) despite
the singularity in the norm of the gradient for the L-shaped solution (5.6).

12
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Figure 2: [Mean curvature nonlinearity (5.4), smooth solution (5.3), unit square domain, 3969 DOF's]
Effectivity indices for the components and total quantities and the computable constant Cf from (3.23)
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Figure 3: [Exponential nonlinearity (5.5), smooth solution (5.3), unit square domain, 3969 DOFs| Effec-
tivity indices for the components and total quantities and the computable constant C} from (3.23)
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Figure 4: [Exponential nonlinearity (5.5), smooth solution (5.3), unit square domain, 3969 DOFs] Com-

ponents )\?EEK and 51576 from (3.16a) together with the weight )\E from (3.14).
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Figure 5: Uniformly (left) and adaptively (right) refined meshes for the L-shaped domain with the singular
solution (5.6). The adaptive mesh corresponds to the 28th iteration of Algorithm 5.3.
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Figure 6: [Exponential nonlinearity (5.5), singular solution (5.6), L-shaped domain| Effectivity indices

for the components and total quantities and the computable constant C’f from (3.23), for the uniform
mesh (left) and the adaptive mesh (right) shown in Figure 5.

We consider two different meshes to analyze the results, see Figure 5. One mesh is obtained by taking
an initial uniform triangulation of €2, while the other one is adaptive following Algorithm 5.3.

The results are present in Figure 6. The Newton iteration presents, for both meshes, effectivity indices
close to 1, which stabilize for large enough values of the ratio an,/a.. Moreover, the effectivity indices
corresponding to the adaptive meshes are closer to 1 than those corresponding to the uniform meshes.
Since C} takes small values below 2, we can claim robustness a posteriori, see Remark 3.6.

5.3 Convergence on adaptively refined meshes

Due to the singularity in the solution of the previous section, it is of interest to consider a local adaptive
mesh refinement strategy. We need to compute the contribution of the estimator n’ﬁw to each element
which is nonnegative, as discussed in, e.g., [4, Proposition 4.9]. In order to do that, we rewrite the
estimator ny , of (3.9b) as

A (2 f @ ot oo vt vt = (Tukar) 6

KeT,

(k) = /K 2(¢" (- log]) + ¢, | Vug|) + o) - Vug), K €T (5.7b)

Here, recalling the generalized Young inequality, cf. [32],

it follows that for all K € 7Ty, 77'13]7 x > 0. We then use the standard newest vertex bisection algorithm, see
[9] and the references therein, as follows.
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Figure 7: [Exponential nonlinearity (5.5), singular solution (5.6), L-shaped domain, uniform vs adaptive
mesh refinement] Convergence rates of 51’\?7 , and 77{31, , for uniform and adaptive mesh refinement for a./an,
equal to 103 (left) and 10° (right).

Algorithm 5.3 (Adaptive refinement). Let egrop and 6 € (0, 1) be parameters, and let Ty be a conform-
ing initial triangulation of Q. Let ul € Vi} be an initial linearization guess. For { > 0:

1. Solve: Starting from u?, solve the linearized problems (2.6) until the convergence criterion (5.2) is
satisfied.

2. Estimate: Compute the elementwise estimators (WE,K)KGE of (5.7b).

If 7)5@ < estop, then stop.

8. Mark: Choose a set My C Ty with minimal cardinality such that

S k)= ()2 (5.9)

KeM, KeT,

. Refine: Perform the newest vertex bisection. Set £ := £+ 1, u) = uk , and go to 1.
14 (-1

The results of the refinement study are displayed in Figure 7, for the exponential nonlinearity (5.5)
and the singular solution (5.6). We consider two values of the parameter a./an,, namely 10% and 10°. We
note that for both values of the ratio, the asymptotic rates for the estimator and error agree with the
theoretical optimal rate of (DOFs)!'/2 for the adaptive algorithm; we observe no distinguishable difference
in this graphic representation between a./ay, = 10% and 10°.

We also made an analogous study on the augmented error Stf“ and estimator nf, with the same strategy
of refinement, using the local version k. := 771131,1( + /\’ZnﬁK, for all K € Ty, of the estimator 7. The
results are displayed in Figure 8. We observe a similar behavior of the asymptotic rates as in Figure 7.

In conclusion, the adaptive mesh refinement is more efficient than the uniform mesh refinement since
it requires a smaller number of DOF's for the same precision. The behavior seems to be independent of
the strength of the nonlinearity a./am.

6 Proof of Theorem 3.4

For all vertices a € Vy, we introduce the space H}(w®) such that

{ {o e H' (W) : (¢, 1)we =0} if @ € Vint,

i
H(wf) = . ;
{p € H WP Ploaniuene =0 fag Vi,

(6.1)

where Vi is the set of the vertices of T; lying inside 2. We will need:
Lemma 6.1 (Patchwise flux equilibration stability). Let @ € V; and let 7} € RTN,(T,*) and gf €
Pp(Ty*) be such that (g¢,1)ue = 0 if a € V;**. Then,

min_ o + 77w S sup (97 ©)we — (77 VQ)ua
vEeVe® Y e ) (689 Vet (6.2)
Vvi=g; Vellua=1
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Figure 8: [Exponential nonlinearity (5.5), singular solution (5.6), L-shaped domain, uniform vs adaptive

mesh refinement] Convergence rates of £f and 1} for uniform and adaptive mesh refinement for a./am,
equal to 103 (left) and 10° (right).

where the hidden constant only depends on the space dimension d, the mesh shape-reqularity k7, and
possibly, when d > 4, the polynomial degree p.

Proof. See [21, Corollary 3.3] or [19, Lemma 3.2]. O
We will use next the fact that, for all v € L2(Q) and W € [L?(2)]4*,

DolwlZe= >0 > Ml =d+1) Y vk = @+ Dol (6.3)

a€Vy KeTi a€EVk KeT,

since every simplex K € T; has (d + 1) vertices, collected in the set Vg, and

(3.1),(3.2a) a INIE
lo+Wafl? = 3 llo+ Wobli “VE* 3 |3 wev+ W)

KeTe KeT, a€Vik (6 4)
Sd+1) Y > o+ Wodt|k = ([d+1) Y [vfv+Wop"| 2.
KeTp a€VK a€Vy

Recalling the definition (2.7) of JF™!, we can rewrite Ef’e given by (3.11a) as

(2.7) 1.1 2 1.1 2
(et 2 2 |cat i - Al HEvady |
- 2(b§717V(ulg _u]&))) - Q(f? ’U,é' _u’&))

(3.10a) a1 2 a1 2 _ 6.5a
2 |l ap bk | (A vy [ - 2l vy vl k) Y
102 63 1 a
= (A5 )V (uf —ufy)I” =" = D ()
acV,
where, for all a € Vy, )
EL = (A2 V (uf — ufy) g (6.5b)
Similarly, using the definition (3.8) of jg“k_l, we can upper-bound nf’g of (3.11b),
(i 2 (38) | qr—1 %Vk2 AR\ =% gk _ ph-1 272bk—1vk72 k
nee)” =" ||[(A77)2Vug|| + (A7) 2(af — b, ) (b, Vuy) —2(f, uy)
—1\—1 — —
= [(AF)HAE b - B o) - 20k, V) - 2(f, ) (6.60)
(3.4) 1, b _ (6.4) a,
= (A (AT IV — by )P < (A1) Y ()
acVy
where, for all a € Vy,
nie = I(AF) 7= (P (AF Vil = b ) 4 o) g (6.6b)

In the following, for any z,y € [0,00), we use the notation z < y when x < Cy with C > 0 only
depending on the space dimension d, the mesh shape-regularity k7, and possibly, when d 4, the
polynomial degree p.

IV I
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Proof of Theorem 3.4. Let k > 1. Proceeding as in [19, 20], we have Sﬁé < 771]3,@ +n§sc7f' Furthermore, as
in (2, 39, 43] but including data oscillations, we have

(€50 < (R o)® +2(f = Vo), u—uf)
(3.3) h 2\ 2
< o +2 ( 5 [0 - ] ) 19— u)| 67)
KeT,

(3.17),(3.19a)
k ~k k
< (nN,Z)2 + 2nosc,€gN,€7

which gives by the quadratic formula,
1/ ~ 1 ~
EN o < B (2775sc,e + (AT 0)® + 4N 0)?) 2) < e+ 2 s (6.8)

Hence, we obtain (3.20) by writing

gb 1 (g, + Ahed )
6.9
Lt 2 N ) P B "
It remains to prove (3.22). Recalling (3.2b), we define for all vertices a € V,,
Fpt = arg Jun, WETIEINES + wellug- (6.10)

) k
V'W@:H[YP’)/;'

We next use Lemma 6.1 (applied with 72 = gﬂf‘gﬁﬁf € RTN,(T/) and gf = H&pfyz,l’k € Ppo(T2)
with (g¢,1)we = 0 if @ € V™) to infer

(3.19¢) i1 k k
e < (A=) 2 ¢( ?H?fﬁéeroZ’ Mg + 147
(3.2b),(2.8b) 1
< waHRT_Ngk _|_a'_a,k1 o +77a,k
(infwg A,kr;gl)%” L p—184 0 ”“’e q.l
(6.2),(3.23)
2 1

———— sup (£, Uf0)we — (€, V(¥F))ws] (6.11)
(infue AT pen?(wp) ’ ‘
‘ e
+(L+CHmey + 0%l .
(3.10a),(6.5b) . ak ok wk
5 CZ (5L:Z + nqjl ) + nosl:,q,f'

Here, we have used in the third line the fact that ¢ € H} (wf) together with V (¢&¢) = ¢V o+ Vi
for ¢ € H}(wf), and concluded with |V (¥¢¢)||lue < IV@|lwe as in [8, 19]. Therefore, we obtain (3.22)
by writing

~k 1
(3.14),(3.16b) 1 [ 7, ¢ (3.21) 3 (6.6) N L
R Q(k +1) ik, O2 St o (S oty

nL’Z acVy

(6.11) 3 3 3

j a.k a,k a,k

S |er( Teentr) va( X onhy) +(Z<nosc,q,e>2)] (6.12)
acVy acVy acVy

(6.5),(3.19)
<

1 (3.16a)
N |JOREL 4 b ] S CEEE + NCEI 4 )

where we used the triangle inequality on EQ(RM'). Finally, we get C’f = 1 for the Zarantonello iteration

: k=1 _ k=1 _ _ - : :
since Am,z = Ac,é = in  in this case. O
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7 Proof of Theorem 4.1

In addition to (4.3)—(4.4), let

wk . . " (A.3),(A.5)
a,’,=min ( a,, essinf ¢"(.,7) [am, ac] (7.1a)
’ re(|Vul,|Vub|)
, (A.3),(A.5)
ay) = max <au, esssup  ¢"'(, 7“)) [am, ac) - (7.1b)
e(|Vul,|Vuk|)

We first state the following result.

Lemma 7.1 (Local bounds for the energy difference and estimator). We have

(@)} (Vub = Va)|? < ()7 < (a5} (Vuf — V)2, (7.22)
178 @b+ oh)I < (o < 1) H el + b)) (7.2b)
1(@7%) 3 (@ Vb — a, V)2 < (€5 )% < 20@74") (@b Val — 0, Vu) (7.2¢)

Proof. Observing that by integration by parts (IBP), ((|a' |=r)¢*' (-,1)) = (lof|—r)¢*" (-,7) =™ (-, 1),
we obtain, a.e. in €2,

|°'1/‘

6* (o)) — 6" (- af| V) = / (1) dr
af\Vuﬂ
(IBP) || k %!/ k */ ot
[ ot = et dr = [(ot] =)o () (7.3
Vg alf | Vuk|
“”/wﬂ —Jﬁ!ﬂ;fm+qayﬂuvmmvw\
akjwut] @ (¢ (1)) e

where we used the fact that gb’_l(-,a’ﬂVu’ﬂ) = ¢ (¢ |Vuf|)) = [Vuf| thanks to (A.2). Therefore,
recalling the definitions (2.3) of J and (3.5) of J*, we obtain the right-hand side of (7.2b) by writing

(39b)
o 22 [ (6ot + 00, kD) = ()

2y [ (7ot + o Va]) + of - V)
Q
202 [ (0ot - & (ot Vutl) + o Vub + ot - V)
p ‘U'e| k| _
(7.3) / / log| —r 1 k kg, k
=2 ———dr+ (|0'z||azvuz\+0'e (ag Vuy))
: [ abfwut| (¢ () A (7.4)

(4.32) 2 1k 2'65‘ k| kv, k P
<[ 2 ([teti-r2] T wlotlabvai+ o kv

Q Oy g ak|Vuk|

1
= /Q o [(lof] = ap IV ug])* + 2(|o||ag Vug| + of - (a5 Vuy))]
m,l
1

A4
<:a>/ _|ab Vb + ok P2,
Qa .k

m,{

Where in using (3.6b), we have set s = a¥|Vu}|, and where we used (4.3a) noticing that |Ue |lakVuk| +
ol - (afVuk) > 0 thanks to the Cauchy—Schwarz inequality, together with the fact that |of| — r is of the
same sign as |of| — af|Vu}| for all r € (af|Vuk|,|ok]). The left-hand side of (7.2b) is obtained with the
same reasoning.

Now, observing that £ ((|Vuf| — r)¢/'(-,7)) = (|Vuf| — r)¢"(-,r) — ¢/'(-,r) by integration by parts
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(IBP), we get

(Ek )7 CULE o / (6, |Vuk]) = 6(-, [Vul)) = 2(f,ulf —u)
2.2a |V“"|
(220 9 // )ydr — 2(a,Vu, V(uf —u))
(IBP) [Vulk| uk G ) dr — uk — V(e [ Vuk| (75)
o 2/Q</w (V] — 7)o" (o) dr — | (V] — 1)) >]W

— 2(a,Vu, V(uf —u))
(A.2) Vil k 1" k k
5 2/ / (Il = )6 (- 7) dr + au(|Vul] [ Vu| — Vb - Wu) | |
Q |V u|

From there, with the same reasoning as for (7.2b), we obtain the right-hand side of (7.2a), by writing
(7. 1)
(EX)? < / aly (([Vug] = [Vul)® +2(|Vuf|| Vu| - Vuf - Vu))
Q

4a) u,k k 2
= /Qac,e Vug — Vul“.

The left-hand side of (7.2a) is obtained with the same reasoning. Moreover, since ¢’ is nondecreasing and
|Vuk| — 7 is of the same sign as |Vuf| — |Vul for all r € (|Vul|, |Vuf|), using the mean value inequality,
we have a.e. in €,

v VU (V) — ¢/ (r)

Vuk| —r)¢"(-,r er/ 4 (-, r)dr

[o, (vuti=nenarz [ 5 ST
sE(r,|Vu?|)

(7.6)

>
=

(4.4b) 1 |Vug|
Z Vuk /| (¢/(7|VU‘IZD _¢I('7T))¢//('7T) dr

Get 7190 (7.7)
1 / k / 1 / 2 ‘VUE‘
- Yk [ (5 IVug)o' () — 5¢’ (-s7) }
Gc e [Vul
A. 1
= Vuk ( (lag Vup? + |a, Vul?) —afau|Vu’Z||Vu>.
cé

Thus, observing that |Vuf||Vu| — Vuf - Vu > 0 thanks to the Cauchy—Schwarz inequality, we obtain
the left-hand side of (7.2¢) by writing

(7.5),(7.7),(4.4b) 2 1
(&N > /Q Tk <2(a§vu§2 +au Vul?) = (af Vug) - (auVu)>
CZ
(7.8)
1
= /Q ok lakVul — a, Vul?
c,l

Finally, since |[Vu}| — r is of the same sign as [Vuf| — |[Vul for all r € (|Vul,|Vuk]), we have

[Vuk| |Vup|
[ 9= e ar < (Ou| - 19ul) [ oy dr
[Vul [Vl
(4.42) 1 |V ug| ? 1 (7.9)
Ae A2 2
< Vu,k (/ ¢ () dr> = ~uk (|a§Vu§| — |auVu|) .
My [Vl My

Hence, observing again that |Vu}||Vu| — Vuf - Vu > 0 thanks to the Cauchy—Schwarz inequality, we
obtain the right-hand side of (7.2¢) by writing

Vu,k
m,{

L g (7:5),(7:9),(44) 9 R ) -
(€5 ) < / 2 (|t V| — 0 Vul)? + 2(|aE Vi ||,V
(7.10)

Aa, 2
- (@ Vi) @ vn) 2 [ et - 0,
Qa

m,é
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O

Proof of Theorem /.1. Inequality (4.5a) is already contained in the proof of Theorem 3.4. It remains
to prove (4.5b). For all vertices a € Vy, using Lemma 6.1 (applied with 7% = wgﬂfg_]\{ (akVuf) €
RTN,(T2) and ¢¢ = I, ,v&" € P,(T) with (g2, Dga = 0 if @ € V™) together with the fact that
Ve € Hy(wf) and V({ie) = YV + oVYE, we get

g ag Vg + o llug < WFTIEN (af Vag) + o " lg

+ |08 (ag Vug — TN (0 V) flwg

(6.2),(4.2b) " bk “ ok
S sup  [(f, f@)we — (af Vug, V(§fe))we] + Nosc,q,t
pEH (W)
IVelia=1 (7.11)
(2.2a) k k a ~a.k
= sup  (a,Vu —agVuy, V(7 @))w;‘ + Nose,q,t
eEH (W)
Vellg=1

S Halgvulg - auV“Hw? + 7735’5,(1,4,

where we have used ||V (¢¢¢)[lue < [Vollwe as in [8, 19]. In conclusion, we obtain

(7.2b),(6.4)
<
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1 2
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where we have used the triangle inequality on fy(RIVe]). O

A Equivalent assumptions on the nonlinear function

In this section, we show some useful properties of the nonlinear function a. In particular, we show that
inequalities (2.1) admit equivalent versions with the function ¢ defined in (2.4), preserving the same
constants a. and ap,.

Proposition A.1 (Equivalent assumption on ¢’). Inequalities (2.1) are equivalent to the following ones:
a.e. in Q, for all r,s € [0, 00),

6'(r) = &' (-, 8)| < aclr — s, (A.la)
(@'(,r) = ¢'(8))(r = 8) = am(r — 5)°. (A.1b)

Proof. Differentiating (2.4) gives, a.e. in Q and for all r € [0, 00),
¢/(',7“) = Cl(',’l")’l“. (A2)

Thus, assuming and using (2.1) (with = (r,0,...,0)* and y = (s,0,...,0)") together with (A.2) yields
(A.1).

Reciprocally, assuming (A.1), we have in particular (with s = 0) together with (A.2) that, a.e. in Q
and for all r € [0, 0),

am < a(-,7) < ac. (A.3)
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We conclude by using the fact that for all z,y € R?, and all a, 3 € [0, 00), we have
jz —y* = (Jz| — |y)* + 2(|=[ly| — = - ), (Ada)
(ax = py) - (@ —y) = (alz] = Sly)(lz] — y]) + (a + B)(|=|ly| — = - y), (A.4D)
to obtain, a.e. in Q and for all ,y € R?,
la(:, lzhz — a(-, ly)y|*
U2 (ol @] - al- [y [y))? + 2aC [2al [y (elly] - - 3)

(@' (. l2l) = ¢'C. lyD)? + 2a(- [z)a(, [y (|2lly| — 2 - y)

(A1),(A3) ) ) )
< (x| = y))” +2(|zlly| — = - y)] = aclz — y

(A.2)

and
(a(-z)z —a(-, |y))y) - (x —y)
O (o )] — at )yl (@] — [y]) + (@l @) + al- [y) (lly] - @ - )
) = @ lyD) (] — [y + (a2 + als L)) (lly] - 2 )
(A.1),(A.3) ) )
= an((j2] = |y))” +2(j2lly| — 2 y)] = awlz -y,
hence (2.1). O

Proposition A.2 (Equivalent assumption on ¢"). Inequalities (A.1) are equivalent to the facts that ¢’
is weakly differentiable and, a.e. in Q and for a.e. r € [0,00),

am < ¢"(-,7) < ac. (A.5)

Proof. Assuming (A.1), since ¢’ is Lipschitz continuous thanks to (A.la), ¢’ is weakly differentiable.
Furthermore, defining the difference quotient, a.e. in Q and for all r, s € [0,00), r # s, by

/ . _ ! .
(ors) = SN =9
r—s
inequalities (A.1) are equivalent to the fact that, a.e. in Q and for all ,s € [0,00), r # s,
am < 7(-,7,8) < a. (A.6)

Hence, letting s tend to r in (A.6) gives (A.5).
On the other hand, assuming and integrating (A.5) gives, a.e. in Q and for a.e. r,s € [0,00) with
r>s,

am(r —5) < ¢'(1) = ¢ (- 5) < ac(r — s), (A7)
and dividing (A.7) by r — s gives (A.6), which becomes also true for r < s by symmetry. O

Remark A.3 (Convexity). Under Assumption 2.1, inequality (A.1b) implies that ¢’ is nondecreasing,
i.e., ¢ is convex. Moreover, from (A.2), we have, a.e. in Q and for a.e. r € [0,00),

&"(,r)=a(-,r)+d (-, r)r (A.8)

B Spectral properties of the tensor product

Lemma B.1 (Spectral properties of the tensor product). The following holds:
Spec(aly + BA) = {a} + B Spec(A) Vo, €R, VA € R4 (B.1a)
Spec(é ® &) = {0,[€]*)}  VEeR? d>1. (B.1b)

Proof. We refer to [13] for details about the tools used in the following. Denoting Pa the characteristic
polynomial of A, we obtain (B.1a) by writing for all A € R,

Por,ipala+ BX) = det((a+ BN Iy — (ady + BA)) = B4det(M; — A) = BTPa(N).

Moving to (B.1b), since (¢ ® &)T = (€ - 7)€ for all 7 € R?, dim(Ker(€ ® €)) = dim(Ker((¢,-))) > d — 1,
i.e. 0 € Spec(€é ® &) with a multiplicity of at least d — 1. Thus, the sum of the eigenvalues of £ ® £, being
tr(€ ® &) = €%, is in Spec(& ® &). Hence, 0 and |£|? are the only elements of Spec(€ ® £), and we infer
(B.1b). O
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