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UNIQUENESS FOR THE CAMASSA-HOLM EQUATION WITH
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ABSTRACT. We establish the uniqueness of solutions of the Camassa-Holm equation on a finite
interval with non-homogeneous boundary conditions in the case of bounded momentum. A
similar result for the higher-order Camassa-Holm system is also given. Our proofs rely on
energy-type methods, with some multipliers given as solutions of some auxiliary elliptic systems.

Keywords: Camassa-Holm, non-homogeneous boundary conditions, transport-elliptic coupling

1. INTRODUCTION

1.1. Presentation of the models. The Camassa-Holm equation was first introduced by Fokas
and Fuchsmeister in for its similarity with the KdV equation. It was later re-derived by
Camassa and Holm in [§| as a model for water waves in the shallow-water asymptotic under
the influence of gravity and no surface tension. It reads as follows

(].) aﬂ) — 83

txx

We refer to , for a discussion on the physical relevance of this equation in the context
of water waves. On the other hand, Camassa-Holm equations as well as its higher-order gen-
eralizations (C'H,,) are useful to describe geodesic flow for the Sobolev H™ metric, see [13}[14].
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2 FLORENT NOISETTE

The higher-order Camassa-Holm system is introduce for n > 1 integer as

(2) atv = Bn(va U)a
where v is the unknown and B, is defined through
(3) B, (u,v) := —A (20,0A,,(u) + vA, (0,u)),

where the operator A, is
n
(1) Av= Y (-0
k=0
with suitable boundary conditions. The case n = 1 corresponds to the Camassa-Holm equation.

Moreover, the Camassa-Holm equation was studied a lot because of some interesting features
it displays: it is bi-hamiltonian completely integrable, in the sense that it admits a Lax pair,
which allows to construct infinitely many conservations laws, see [12,)20]; in the case k = 0, it
admits solitons solutions, which do not evolve in C*! -as they are peaked at the crest- and are
referred to as peakons, see [9,23]; it also admits wave-breaking solution, that is solutions whose
x derivative gets unbounded in finite time, see [10}/11].

The Cauchy problem for was extensively studied both on the torus and on the full line,
see for example [6,9,/17]. The initial and boundary value problem on a half-line as well as the
one on a segment was also studied. Escher and Yin extended the well posedness result in H*
for s > % and homogeneous boundary condition, see [18,[19]. Zhang, Liu, and Qiao tackle the
case of inhomogeneous boundary conditions on the whole line, see [24]. Then, Perrolaz proved
weak-strong uniqueness in the case of inhomogeneous boundary condition and regularity W1,
see [27]. We also mention that his result was later generalized for other similar equations,
see [5]. We refer to |7] for a study of the Cauchy problem for the higher-order Camassa-Holm
system on a circle.

The aim of this article is to improve the weak-strong uniqueness for inhomogeneous boundary
data stated in [27] into a stability estimate with regards to initial and boundary data, what
entails in particular a global in-time uniqueness result. Our proof differs quite a lot from
the previous ones as we do not use any characteristics to obtain our estimates, but rather
an inequality on the relative energy between two solutions. This method to derive estimates
was initially used for the 2D incompressible Euler equation with non-homogeneous boundary
conditions and bounded vorticity, first in |26], then in [25] by the author.

We also deal with the higher-order Camassa-Holm equation, which has the same interesting
feature as the Camassa-Holm equation to be recast as a transport-elliptic system. Yet the
order of the elliptic part of this system is precisely 2n, where n > 1 is the integer introduced
in —, and the energy methods have to be carried out differently.

1.2. Definitions and statement of the main result for the Camassa-Holm equation.
As our proof aims to get local in-time estimates only, let us fix once and for all a positive time
T > 0. In all that follows, T can be arbitrarily large, but we do not want to bother with L>
functions not being integrable in time. We denote by €27 the space-time domain :

(5) Qpr:=1[0,7] x (0,1).
Let us first remark that the equation is equivalent to the system
(6a) Oy +v - 0py = —2yd,v on Qr,

(6b) 1-Pw=y—=k on Qr.
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The function y is called the momentum associated with v. The first equation is a transport
equation with additional stretching term, while the second is elliptic. Once written under
this form, the system is analogous to the incompressible Euler equation into vorticity form

(Ta) Ou+ (u-Viw = (w- V)u,
(7b) div u =0,
(Tc) curl u = w.

For the 2D Euler equation, it is common to prescribe the flux u - n at the boundary (n is the
normal vector to the boundary) as well as the entering vorticity w see for example [28]. Using
this analogy, we prescribe the flux v on the boundary as well as the entering momentum.

Let vy, v, € CY(0,T). We make the assumption that v, and v; are non-zero except on a finite
set. Let us define I'; and T, similarly to |27] by

(8) [ :={tel0,T);v; >0} and T, := {t € [0, T]; v, < 0}.

Those sets correspond to the sets of times ¢t where the flux is entering the domain at = 0 or
at x = 1. Due to our assumption, the sets I'; and I', can both be written as a finite union of
open intervals.

Let (yf,yS) € L>(Iy) x L*>(I,) and yo € L*(0,1). Following |27], we work with the initial
condition

(9) Yit=0 = Yo

as well as the boundary conditions

(10a) Vg=o = vy on (0,7), and vp— =v, on (0,7),
(10b) Yla=0 = y; on I, and  y—1 =y, on I',.

The letter ¢ refers to boundary condition.
The elliptic system (6b)-(10a]) can be solved to express v as a function of y, & and (v;,v,),
for (t,z) € Qr,

v(t, ) := cosh(z)v, + /Ox cosh(xz — s)Y (¢, s)ds

(11) + Zifﬁg; (vr — cosh(1)v; — /01 cosh(1 — s)Y(t, s)ds> :
where
(12) Y(t,z) = /I y(t, s)ds — kx
Remark that this expression make sense and ((]ieﬁne a function v € C°([0, T] x [0, 1]) as soon as
y € C°([0,T], L*(0,1)) and v,,v; € C°(0,T).
We give our definition of a solution to the system @—@—.

Definition 1.1. We say that a triple (y,y,, ) € L=(Qr) N C°([0,T], L*(0,1)) x L>°([0,T])? is
a weak solution of the Camassa-Holm equation with initial and boundary conditions

(Yo, v, v, Y5, y7) € L0, 1) x CO([0, T))* x L=(Ty) x L¥(T,),
when we have the compatibility conditions corresponding to @D and ([10b)
(13) Y=o = Yo,  (w)ir, =y and (g, = i,
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and when for all 0 < ¢ty <t; < T and for all test function ¢ € H'([to, 1] x [0,1]), we have:
t1 1
| [ wao+yoone - yowe)
to 0

(14) - / (rd( 1) — grud(0)) + / ot Yy, ) — / Ot Yyt ),

to

where the function v is given by the formula .
Remark 1.1. If (y, yr, 1) is a weak solution with y smooth, then y,—o = y; and y—1 = ;.

Remark 1.2. Any solution y € L*(Q7) in the sense of distribution of equation for a
transporting vector field v € L'([0,T], H*(0,1)) is in C°([0, T}, L*(0,1)). To look at a complete
discussion on the subject, refer to [3].

Remark 1.3. Due to its low regularity, we cannot define the trace of y in 0 and 1 via the
standard trace theorems. However, any distribution solution of a transport equation admits a
trace in a weaker sense as long as the transporting field does not vanish on the boundary. To
look at a complete discussion on the subject, refer to [3].

We can state our main theorem.

Theorem 1.4. Let (y',yt,y) and (y?,4%,y?) be two weak solutions of the Camassa-Holm
equation with the same boundary conditions (v;, v, Y%, yf) and initial conditions yi and y2. Let
us assume that v, v, € HY(0,T). Then there exists C > 0 such that for any 0 < Ty < T} < T
if neither v; nor v, change sign on the interval [Ty, T1], then one has the estimate

[0 = )T ) < (10" = o) (T, By + 05T, 0) + 10,5(To, 1)) exp(C(T; — Ty).
In particular, if y§ =y, then
W' vew) = (" w0 w7)
on the interval [0,T].

Remark 1.5. The existence of a weak solution to the Camassa-Holm equation in the sense of
Definition , as well as a weak-strong uniqueness property, were tackled in [27].

1.3. Definitions and main results for the higher order Camassa-Holm equation. Let
n > 1 be an integer. We define the operator A,, by

n

(15) A=) ()"

k=0
For example, the operator A; is equal to
(16) Ay =1d - 92,

which is the elliptic operator used to describe the standard Camassa-Holm equation, see @
We say that a couple (v, y) is a solution of the higher order Camassa-Holm equation when

(17a) Oy + v0,y = —2y0,v on (0,1),
(17b) A=y on (0,1).
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Remark 1.6. As mentioned in the presentation of the models, the higher order Camassa-Holm
equation were introduced by Constantin and Kolev in [13]. In their initial formulation, they
are written on the torus as

(18) 0w = By(v,v),
where v is the unknown and B,, is defined through
(19a) B (u,v) := —A 1 (20,0A,(u) + vA, (,u)),
(19b) A=) ()"
k=0

By introducing the momentum y := A,,(v), we obtain the formulation , which suits us more
in the context of a boundary value problem.

We prescribe the velocity v on the boundary {0,1}. We also prescribe the momentum y on
the part of the boundary where v; > 0 or v, < 0. Moreover, the elliptic problem ((17h]) is of
order n. Therefore, we prescribe more derivatives of v at the boundary.

(20a) Av =y,
(20b) (Si(v)(0))ic[o,n—17 = V1,
(200) (Si<v)(1>)i6[[0,n—1]] = Vp,
where the operators §; are defined through

(21) vz e {0,1}, Si(g)(z) = d,9(x)

With that in mind let us head to the definition of weak solutions.

Definition 1.2 (Variational solution to the Elliptic problem). Let v;,v, € R" and y €
H="([0,1]) := HJ(0,1)". Let x € C*(][0,1]) be a smooth function equal to 0 in a neighborhood
of 1 and equal to 0 in a neighborhood of 1. We define b = b(vy, v;, x) through

2 R I e )

We say that v € H™(0,1) is a solution of the system (20)), when v — b(vy, v, x) belongs to
H{(0,1) (closure of C2°(0,1) for the H™ norm) and when for all g € H['(0,1), one has

(23) / (- Aubg = / Al 1) Alg

1
Where we define the operator A through
1
(24) Az = (Id, 0y, ..., 0),
and - is the standard scalar product in R".

Remark 1.7. This definition does not depend on the choice of y. Moreover, thanks to Lemma
, any smooth solution of the system is also a variational solution for this system.
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Lemma 1.8. Lety € H "(]0,1]) be a function, and vy, v, € R™. There exists a unique solution
v to the problem in the sense of Definition . This solution verifies the estimate:

(25) [0l S Yll=—r =+ i + [V
Moreover fory € L>(0,1), one has
(26) [ollwance S Nyllzee + il + |vel.

Proof. The existence and uniqueness comes from Lax-Milgram’s theorem. The H™" — H"
estimates is straightforward. The L™ — W?2%> estimates comes from Lemma below. [

Remark 1.9. Note that this last estimate would no longer hold in higher dimensions. However,
Schauder’s estimates would give us LP — W?2™P estimates for all p.

Lemma 1.10. Let k € N be an integer, ag, ..., ax_1 € R real numbers, g € L>(0,1) a function.
Let [ be a solution of the ODE

k
(27) FP Y aifP =g on(0,1).
=0

Then f belongs to W >(0,1).

Proof. By subtracting a combination of solutions of the homogeneous equation, which is C*°,
we can assume that

(28) F(0) = FO(0) = - = fD(0) =0,
We denote by P the primitivation operator

(29) Pf(x) ::/ f(z')da'.
0
We apply the operator P on equation k times

k
(30) f==> aP"f+Phy.
i=0
This allows ending the proof by means of a bootstrap argument. 0

Definition 1.3 (Weak solution to the higher-order CH system). Let v, v, € C°(0,T). We
make the assumption that v, and v; are non-zero except on a finite set. We define the set I

and I',. by .
We say that boundary conditions

(vi,vy) € CO[0, 7)™ x C°([0, T))"

are admissible, with respect to (v;,v,), when their first respective components (v;); and (v;);
are equals respectively to v, and v,

(31) (vi)1 = v and (vy)] = v,
We say that a triple
(v, yr, 1) € L(Qr) N C°([0,T], L*(0,1)) x L>=([0,T])?

is a weak solution of the higher-order Camassa-Holm equation with initial and boundary con-
ditions

(Yo, Vi, Ve, U5, y5) € L(0,1) x C°([0, T])™ x C°([0, T])™ x L>=(T}) x L=(T,),
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when we have the compatibility condition

(32) (Y )i, = yr and (y)ie, = Y
and when for all 0 < ¢ty <t; < T and for all test function ¢ € H]([to,t1] x [0,1]), we have:

/:/01 (y O + yv 0,0 — yO,v9)

t1
(33) - / (5006 1) — (- / o, Yy(t, ) / O(to, Yy (to, ).

to

where the function v is given as the unique solution of the elliptic problem (20)).
With that in mind, we can formulate a local in-time existence theorem as follows.

Theorem 1.11. Let v,v, € C°0,T). We make the assumption that v, and v; are non-
zero except on a finite set. We define the set I'y and I', through . Let (yo, v1, Ve, Y5, yf) €
L>(0,1) x C°([0,T])™ x C°([0,T])™ x L>(T;) x L=(T,) be admissible initial and boundary
conditions associated with v, and v, (meaning that (v, vy) is admissible with respect to (v, vy)).

Then there exists T > 0 and a weak solution (y, y.,y;) € L>([0, T]x[0,1))NC°([0,T], L*((0,1)))x
L>([0,T))? to the higher-order Camassa-Holm equation with (yo,vi, vy, yS,yf) as initial and
boundary data.

The proof of Theorem follows the lines of the one of Theorem 1 in [27]. We give the
sketch of the proof in Appendix [B| and refer to the article [27] for the detail. As for the 3D
Euler equation, the proof of existence only constructs solutions on small time intervals (see [1]).

Assuming however the existence of a solution on a given interval [0, T, this solution is unique.

Theorem 1.12. Let (y',y},yi) and (y2,y2,y?) be two solutions in the sense of Definition
with the same initial and boundary conditions (yo, vi, Ve, Y5, y5). Then

W'y w) = vl ui)
on the interval [0,T].

Remark 1.13. If we compare Theorem and Theorem in the case n = 1, the later does
not have the hypothesis that v; and v, have to be H! in time, but it does not give quantitative
estimates on the derivative of the flux terms at the boundary.

1.4. Sketch of the proofs. To prove theorem [1.4] we take two solution (y',y!,y) and
(y%, y2,y?) with possibly different initial and boundary values, and we analyze the dynam-
ics time evolution on the H! norm of v' — v?, where v' and v? refer to the solutions of the
elliptic problems with respectively y' and y? instead of y.

The sketch of the proof is the following. In Paragraph [2.1) we provide an analogous energy
estimate for the relative energy between two solutions. In Paragraph [2.2] we seek to control
the entering energy fluzes which where the bad boundary terms (meaning that they cannot be
discarded due to their sign and are not trivially bounded by the relative energy) in the relative
energy inequality of Paragraph To that extent, we introduce an auxiliary test function
constructed as a well-chosen elliptic multiplier of the equation. In Paragraph we conclude
the proof with the help of a Gronwall argument.

The proof of Theorem is similar in its structure : in Paragraph [3.1] we derive a relative
energy inequality, then in Paragraph [3.2] we control the entering fluxes of the relative energy
inequality.
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Remark 1.14. The proof of Theorem [1.12] is similar to the proof of Theorem However, it
has its own difficulties. Heuristically, in the proof of Theorem[I.4] there is an Energy Inequality,
looking like

4 (Energy) + EnergyFluxes < C'ste Energy,

and an Auxiliary Inequality
%(EnergyFluxes) < Cste (Energy + EnergyFluxes).
Combining the two of them we get
%(Energy + EnergyFluxes) < Cste (Energy + EnergyFluxes),

which allows us to conclude through the help of Gronwall’s Lemma. In the proof of Theorem
1.12, the Energy Inequality still looks like

4 (Energy) + ExitingFluxes — EnteringFluxes < C'ste Energy,
but the Auxiliary Inequality is more of the form
%(Auxiliary) + EnteringFluxes < Cste (Energy + Auxiliary).
Combining the two of them we get
%(Energy + Auxiliary) 4+ |EnergyFluxes| < Cste (Energy 4+ Auxiliary),

which still allows us to conclude through the help of Gronwall’s Lemma.

The proof is quite different because of the construction of the auxiliary test function. We
solve the same dual elliptic problem to construct it, but in the case of Camassa-Holm, the
boundary data for this elliptic problem are bounded by the energy fluxes. This is not true in
the higher-order case. That is the main reason why the proof for Camassa-Holm is easier and
stronger, i.e. it gives bounds on the derivative of the entering flux.

Remark 1.15. In the case of periodic boundary condition, the Camassa-Holm equation was
proved to be locally well-posed in H*(0,1) for 1 < s < 2, for any initial data vy € WhH>
(see |17]). To define weak solutions for which the momentum y is not L> or even L', one
writes the equation as

(34a) o + vo,v = O, P,
(34b) P = (1 . ai)—l <’U2 + (81-21))2) .

This is easier to define in the case of periodic boundary conditions as one does not need
additional boundary condition for P. To go into lower regularity than what we do in this
article (meaning solution with bounded momentum), one could explore this formulation of the
equation and in particular, ask ourselves which boundary conditions are needed for it to make
sense.

Remark 1.16. One can also remark that a formulation similar to exists for the higher order
Camassa-Holm system . One can recast this system as :
(35a) O + v0v = 0, P,
(35D) An(P) = Fulv]
where F,,[v] is a differential polynomial in v depending on n that we will not describe here.
It is using this formulation as well as elliptic regularization of the equation also that Coclite,

Holden, and Karlsen tackled the existence of a solution for the higher order Camassa-Holm
system on the circle (see [7]). They also obtained a weak-strong uniqueness result.
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Remark 1.17. The problem of stability estimates on the whole interval when the flux v, or v
changes sign is still open.

2. PROOF OF THEOREM [L.4

2.1. Energy estlmate for the difference of two solutions. Let us take two weak solutions
(y',yl,y}) and (y? 42, y?) of the Camassa-Holm equation with initial and boundary conditions
(Y&, vi, v, Y€,y ) and (y2, 01, v, 2, 47°). We define the following functions
(

36) §:=yt — 17 b= =0,
1,2 1,2
. Yty . v+ v
37 = , = ,
(37) J 5 b 5
(38) U=y =Yg Jr =Yy — Yy

where the functions v' and v? are given through (LI).

We take the difference of Equation for the solutions y! and y?. The function ¢ verifies
the following equality for all 0 < ¢y < ¢; < T and for all test function ¢ € H'([t, 1] x [0,1]):

t1 1
/ /0 (006 + (50 + §5) 9> — (30t + §0,5)9)

(39) Z/: ﬂrvrﬁb('»l)—/to Jrud(, / o(t1,)y(ts, ) / ¢(to, )y(to, )

Furthermore the functions v and v are solutions of the following elliptic problems:

(40a) (1= 92)0 =g on (0,1), (1-82)0 =g —ron(0,1),
(40b) g0 = 0, V=0 = Ui,
(40(3) 17|x:1 = 0, 1A)|I:1 = Up.

With that in mind, we prove the following lemma.

Lemma 2.1. The functions © and v lie in L=([0,T], W?*>([0,1])). Moreover, the function v
lies in W1>([0,T], H' ([0, 1])).

Proof. To obtain the space regularity of ¢ and ¥, remark that the primitives Y'! and Y2, defined
as in [12{ with y' and y? instead of y, are L>([0, 7], W>°(0,1)). Then use the formula (11)).
Let us now prove the time regularity of v. Let us fix two times t; < t1, and denote
agt (z) == 0(t1, z) — 0(to, ).
Recalling that o verifies (40a)) with homogeneous boundary conditions, we obtain that
1 1
Couate = = [ (als = 301, = k0. )l
which can be rewritten as

/ Dyl + / jata|? = / Gt ) — §(to, ))al

Hence, we get the inequality

(41) ot o < ] / 3t ) — it Nats|.
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Using with alf’1 instead of ¢ (considered as a function constant in time), we obtain that:

(42) /O (@t ) = G(to, -))azy = / / (90 + §0)0zazy — (§0u0 + §0,0)ay)).
Combining ([41)) and (42), we get that:

lagt |l 0,1) < ‘tl — tol (1 o= o715 0.1 |101] oo (o111 (0,1)) + 1] £ow 10,27 f0.11) 19| Lo (0,27, 57 0,1))
Recalling that a! (z) = 0(t1,z) — 0(to, z), we conclude that & € Wh*([0,T], H'([0,1])). O
Now that we have Lemma [2.1 we prove the following relative energy equality :

Proposition 2.2. For all 0 <ty <t; < T, we have the following equality:

t1 t1
ot Wiy = 19600, Wi + [ 030, D = [ jocote. 0

(43) / / (319> + 0,0]*) 0 v—i—/ / (|9]*) (6 — g+ &) =0.

Proof. Thanks to Lemma we can take v as a test function in , which we do. For all
to < t1, we have that

/t :1 /0 1 (7 00 + §00,0 — J0O,0)
(41) = [Mawatn = [0+ [ oo~ [ ot i)

to to
We cancel the boundary terms, because vj,—g = v,—1 = 0, to get

tpl 1 1
w) [ [ @Gow g0 —50.00) = [ o ie - [ ot it
to Jo 0 0
Now, we reformulate each term of by using some integration by parts as well as .
e First let us look at fol 0(t,-)g(t,-) (which will be used for t =ty and t = t;)

[ a0 = [ o0 -
/‘MZ /|am2

(46) = llo(t, )7
e The term ftzl fol 7 0;v is dealt with similarly

t1 1 1
(a7) | 50 =5 (1500 o = 1o M)
to

e Now, we deal with the two bilinear terms. Let us recast the first one:

//g@av_/ / (1— 82)500,0
=§1;A , (15— 10,7%) &
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t1 1 t1
(48) = —%/ / (|o]> = |0,0]%) 0,0 — %/ (10:0(t, 1)|*v, — |0,0(¢, 0)[v;).
to 0 to

e Let us reformulate the second one:

t1 1 t1 1
/ / g0, 0 :/ / (1 — 03900, 0
to 0 to 0
t1 1
(49) = / / (|620,0 + |0,0[20,0 + 00,00%0),
to 0

and we use (40a)) to get rid of the second order derivative:

t1 1 t1 1
(50) / / 00,0070 = %/ / O (|0]%) (6 — 9 + k).
By combining ([45)) with ([46)), (47), (48), (49) and (50), we obtain the wanted result. O

We deduce the following corollary.

Corollary 2.3. There exists a constant C' > 0 such that for almost every 0 <t < T, we have
the following inequality:

d N - -

= (198 ) o ) + 10550 D)o () = 10,5(2, 0) Pua(t) < CllaE ) -

Proof. One starts from equality . 43] with tg =t —cand t; =t +¢e for t € [0,7] and € > 0.
Since ¥ lies in W} *°H!, the fraction

[0(t + ¢, )”Hl 0,1) — [[o(t - )||H1(o1

(51)

converges for almost every ¢ towards

(190t M o)

The quantities 9,0(-,0)?v; and 9,0(+, 1)?v, are both L. Therefore, by Rademacher’s Theo-
rem, for almost every ¢ € [0, T, the integral

1 t+e
! / 0,5(-, 0)2u
€ t—e

0,0 (t,0)vy(t).

Similarly %ftt_f 9,0(+,1)?v, converges towards 0,0(t, 1)%v,(t).
Moreover, using the Cauchy-Schwarz inequality, one gets that for all ¢ € [0,7] and for all
e>0

converges towards

t+e 1
[ [ Gl + 1.5 040 < teloll g <0l s oy
t—e 0

t+e
[ [ o) @ =5+ ) < € (Iolease + 1l +9) 1503 e—eri oy
0
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2.2. Auxiliary inequality. We define two functions w; and u, by setting for all z € [0, 1]

(52) w(x) ;= —sinh(x) + cosh(x) tanh(1) and wu,(x) = —ig;};fé;
They are the solutions to the non-homogeneous Zaremba-type problems:

(53a) (1— 0w = (1— 82)u, =0,

(53b) “Ou(0) = Bun(l) =1,

(5c) w(l) = w(0) =0,

We want to bound 0,0 at the boundary with the help of a Gronwall argument. Let us begin
by showing that 0,9(-,0) and 0,0(+,1) are a lipschitz functions.

Lemma 2.4. The functions 0,9(-,0) and 0,0(-,1) are lipschitz functions with respect to time.

Proof. By differentiating in x, we obtain:

T 1
(54)  0,0(t,x) = / sinh(z — $)Y (¢, s)ds + cosh(0)Y (¢, x) — z?sﬁgf)) / cosh(1 — )Y (¢, s)ds.
0 0

To prove the regularity in time of 0,9(-,0), we prove the time regularity of the function Y.
Let ¢ € L*(0,1) be a function. We denote by ® the primitive of ¢ verifying ®(1) = 0:

. / (s

Using @, (considered as a constant function in time) as a test function in (39)), we obtain that

(55) /tlgm<1><0>+ /I@J(tl,o— / D3(ts, ) / / (50 + §0)6 — (5040 + §0,7) ).

to 0

Moreover, by integration by parts, we have

(56) /01 () = —/01 PV (t,-)

Hence, by combining and , we obtain that

1Y (t1,-) = Y (to, Mz201) < [tr — tol ([l o= o,7)
+ 150 + 90| e o,11,22(0,1)) + [|G020 + 9020 Lo (0,77, £2(0,1)) ) -

We prove the following auxiliary inequalities.

Proposition 2.5. There exists a constant C' > 0 such that, we have the inequalities
(57) verel, H(.000F) <O () + 1220, 0)P)

+ 3100006 1)Plon ()] + o
(58) were 900 )P) < € (106 ) B + 1000, )P)

L
+ 510208 0) Pl ()] + 1§ *vr
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where we recall that T';/T,. are the set of times of entering flux at the left/right defined in
and vt (resp. v;}) is the positive part of v, (resp. v, ).

Proof. The two inequalities and have the same proof, we prove inequality here.
We define the auxiliary test function 9*"*! through

(59) vt €[0,T], Vo € [0,1], o™kt x) := 0,(t,0) v; (t) w(w),
Let 0 < ty < t; < T be two positive times (at the end of the proof, we will take ty =t — ¢
and ty =t+¢ and make ¢ goes to 0). Using Lemma . we know that we can take 7" as

test function in , which leads to

/ / y8t~auxl (yv—l—yv)é? ~aux,l (ya O +ya ) ~auxl)

1 1
(60) . / G (., 0) + / P )it ) — / (10, Yii(tos ).
to 0 0

The boundary term ft G007 1) is equal to 0 due to the assumption (1) = 0, and
therefore 9! (-, 1) = 0.

Let us remark that the boundary term ft G 02l(-,0) is also equal to 0 in the case which
interests us. Indeed if yl = yl ¢ (meaning that the two solutions have the same boundary
condition) then g, = 0.

We simplify each term similarly to the proof of Proposition [2.2]

For a : [0,1] — R continuous, we use the notation [a]} for

[alo := a(1) — a(0)

e First, let us simplify ft fo 7 0,01, To do so, we replace § by (1 — §?)0 using (40a)).
Then, we integrate by parts

/ / y8~auxl / / 1_82vat~auxl
t1
/ /Uavauxl / / vataZ ~aux,l

+/ (50,0, — / (0,50,

to to
By definition of *™! we have (1 — 9?)5**! = 0, which allows us to cancel the first two
terms. Moreover Uj,—g = U|,—1 = 0, which allows to forget the third term. For the last
term, we use the facts that o ~aqu =0, u;(0) = tanh(1) and 0, Na“jl —0,0jz—ov;". This

gives

t1 1 t1 1

/ / gat{]aux,l — / [ax{) at,[)aux,l]o

to 0 to
t1 d
— tanh(1) / 0,0(1,0) 4 (220 (t, 0y (1)
to

(61) = tanh(1) (|8x17(t1,0)|2vl+(t1) — |8x17(t0,0)|2vfr(to))

) tan;lu) / : vﬂt)% (10.5(1, 0)2).

to
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e For all t € [0,7], and in particular for t = ¢y and t = ¢;, we simplify fol g(t, ). o2t )
similarly:

1 1
e = [ a-epice e
1 1
:/ 2~)1~)auxl / 6@§6auxl [Ua Uauxl} [a By ~auxl]0
0 0

[a O DRI l]o
(62) :tanh( )10:0(¢, 0)|*v]" (¢).

e We bound j; fo )0 0,0 and I " fol 70,09 using the Cauchy-Schwarz inequality:

1 1
(03 [ / 3905 < il [ 1l 15 o)
t t
(1)51 Otl
(64) 0.0 < lillimany [ lon 15 o
We simplify this expression using the fact that for a,b, ¢ > 0, one has a?c + b*c > 2abc
15t Mz20,0 15 ) o,y < N0 20,0 () + Nl 01020 (¢, 0) o (2),
1t Mo, 17t 2,y < 10 o, 0 () + llwllZe0,1)|0:0(E, 0) o ().
Therefore
g,& azi}aux,l Z)ax,lj'@aux,l
(65 <c / [0, M)+ 10258 0)F) of (1) .

e We simplify the term ft m I b B

/ / yva Uauxl / / 1 . auxl
to
t1 1
(66) / / Tt / / 200 0, 0™,
to 0

We bound the first term ftol fo 00 9,02 of the right hand side of by

t1
55! < (18] ) / 60220 15 s 0
t
t1 ’
(67) < [ (16l on +10:3.0F) v
to

For the second term ftil fol 9200 0,0 of the right hand side of (66]), we have

t1 1 t1
(68) / / 200 0, 0™ = / (0,00, 024 0]} / / 0y 00, (0 0, 0™
to 0 to



(69)

(70)

(71)

(72)

(73)
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We bound the trilinear term using the fact that |02 2 =

t1 1
/ / 0,00, (0 O, 0™
to 0

[020(:, 0) oy [l 172-

t1
sq/(wmm@+@amwy¢
to

The boundary term ftl; Dy 00, 00 g = — tl o 10z0(, 0)|*(v;)? can be left as is (as

it is negative), whereas the term fto

t1
/ (0, 50,71 5) s

to to

(000, 0¥ l )|x 1 can be bounded through

t1
< / (tanz(l) 10,0(-, 1>|2|UT|UZ+ + —tani’ll(l) 10,0(-, 0)|2’amul(1)|2|vr|vf)

t1
< / (%laﬁ(-, D) lurlv)” + €100, 0>|2“7>
to
Combining -7 we get

~aux,l

YU Oy 0

e We simplify the term fttl fol §0, 0.0 of (60)):

/ / auxlav_/ / 1_@2 auxlav
to
t1
/ / auxlav_/ /02 auxlav

We bound the first term fto fo 90219, 0 of the right hand side of by

@f}aux,lax@

t1
<C [ (10l 00 + 10250 ) o7

to

t1
~ ~ anh(
<0 [ (19lnon + 1020000 i+ 250 [ 10,00, DPlur i
to to

< 18l om0 / (1ol 00 15 20
to

For the second term ft';l fol 92009, 0 of the right hand side of (72), we have:

x

t1
//82 mlau_/ 0,50"40,7]3 //81}8 (710,0).
to

Once again, we bound the trilinear term by using ||| g2 =

t1 1
/ / Dy 00, (771 0,0)
to 0

The boundary term ftto (0, 00219 0)z=1 18 equal to 0 as v,

to

~aux,l
=1

term f;;l (83;1717&“"71030@)‘96:0 can be bounded through

to

t1
/ (0,001 0,0) |31

Combining (72)-(76]), we get
t1

yo 0,0

~aux,l

t1
sc/|mm 0)[0;.

to

t1
< [ (1ol +10:30.0)
to

[020(:, 0) oy [l 772-

t1
< [ (1ol on +10:3.0F) o

= 0 by definition. The

+
'Ul.
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e At last, we control the boundary term ft G0+, 0) through

t1 t1 t1
/ ylvlvaqu( 0) < tanh(l)/ |ﬂl|2(vl+)2 + tanh(l)/ |0, 0(-, O)|21)lJr
to to to

Combining all the estimates , , , , for all the terms of , we get that

there exists a constant C' > 0 independent of ty,¢; such that :

t1 t1
| e Gt Py <¢ [ (1ol + ¢ 0)F)

to to

1 t1 ~ t1 ~
(79) —|—§/ \va(~,1)|2lvr|vl+.+/ MRCa

to to

Using Lemma [2.4] we get that [0,5(-,0)|> € W*°(0,T'). Therefore the function

Ut|—>/vlsdt ,0(s,0)?) ds,

is also W1 and its derivative in the weak sense is equal to

(78)

i o () (0.0, 0)),

which is in L*>. By Rademacher theorem, U is differentiable in the classical sense for almost
every ¢ €]0,T[. For such a fix t, and for € > 0, we take to =t — ¢ and ¢; = ¢t + ¢ in (79). When
€ goes to zero, every term converges, and we get

. . I, _
80) i 5 (0.0, 00P) < € (1ol o) + 1800 OF) it + 510u0( Dol + il )2

We can divide by v;” whenever we are in I';, which gives the inequality , as wanted.
The proof of inequality is similar at each step, except we use the test function

(81) 0T = 0,0(t, 1) v, (t) u(x)
instead of 9. O

Remark 2.6. If we are ready to increase the constant C'in front of <||6(t, M.y + 10:0(t, 1)|2>

in (57), then we could change the constants in front of |0,9(¢,1)|*|v.(t)| and |7/|?v;" in this
inequality.

2.3. Gronwall argument and end of the proof. We define the functions E, E; and F, by:
(82) E(t) = (ot )iy,  Et) =10:0(,0)1%,  En(t) = |0:0(t, 1.

By Lemmata [2.1 and 2.4 we know that E is well-defined and Lipschitz. Moreover, in the case
where the boundary conditions for y' and y? are the same,

(83) y =y and gt =yl

we can combine , and , to get

(84a) E'+E +E <C(E+E+E,) on NI,
(84b) E'+ E+ 3E,|v,| < C(E + E) on I\ (I T,
(84c) E'+E.+3E|vw| <C(E+E,) on .\ (I,NT,),
(84d) E + %El|vl| + %Er|vr| <CFE on [0,T]\ ([ZUT,).
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Therefore, we can use the Gronwall inequality to get uniqueness on each time interval where
neither v; nor v, changes sign. On such an interval I = [Ty, 7], one gets:

(85) (E+ B+ B)(T) < exp(C(Ty — Ty)) (B + Ei+ B.)(Ty) i 7 CTyNT,,
(85b) (E+ E)(T) <exp(C(Ty — Tp)) (E + E)(To) if 7\ (I'hnT,),
(85¢) (E+ B)(Th) < exp(C(Ty — Ty)) (E + E,)(T) i 1C T\ (T,
(85d) E(Ty) < exp(C(Ty — Ty)) E(Ty) i 1. [0,7]\ (T,UT,).
This implies that

(86) E(T) <exp(C(Ty —Tv)) (E + E; + E,)(Ty).

This concludes the proof of the first part of Theorem

Now let us assume that yi = y2. Let us denote by Ty < Ty < ... < T,, < T the times where
v or v, change sign. On [0, Ty], and on each interval [T}, T;,;] one has the estimate . By
induction, we obtain that v is equal to zero for each T; and on [0, T7.

Remark 2.7. Gronwall argument normally comes with stability estimates. However, in our case,
if initial data are non-zero, they could degenerate.

For example, take 7' = 1 and v, and v; given by v;(t) = —1 + ¢ and v,(t) = 1. For the
sake of simplicity, we assume that C' = 1 here. Then the functions E, E; and E, defined by
E(t) = et;l, E(t) = ﬁ and E,.(t) := 0 verify the system (84) on [0, 1]. But E; is going to
infinity so we cannot continue estimates on E after t = 1.

This phenomenon cannot happen in the case of an initial data equal to zero, because in this
case, i, = FE, = 0 for all t.

Remark 2.8. The aforementioned constant C' do depends on ||y!| r~ and ||y?||r=. Due to this,
our estimates cannot be used to prove the existence or uniqueness of a lower class of regularity
than the one we use.

Remark 2.9. If the boundary conditions (yl1 “ ybe) and (y?’c, y>¢) are not the same, one still get
an a priori estimate. However, due to remark one can see that this estimates no longer
provides uniqueness in the cases where v; or v, changes sign.

A question that is still open, is to determine whether or not one could still get estimates if
the two solutions we are comparing do not have the same boundary fluxes v; and v,..

3. PROOF OF THEOREM [I.12

3.1. Energy estimate. Let us take two weak solutions (y', 4! 9}) and (y? y2 y?) of the
transport-elliptic system associated with A, with initial and boundary conditions (yg, vi, vy, Y-, yll )
and (y2,v1, Ve, y2,47°). We define the following functions

(87) g=y' = b= — 0

1,2 1,2

. y ty . v+ v

88 = ) V= ,
(83) J 5 5
(89) =y =Y Ur =Y — Ui
where the functions v' and v? are given through (20). Let us remark here that we have
(V' =)o = (V' = V) = 0, o, OO — 0 jpo = O (0P — )= = 0 and

1 2 1 2 1 5 L )
<v o > e O <—v = > = v; as well as (%) ..., o1 (%) —v,.
le=0 |z=0 |z=1 |z=1
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We take the difference of Equation for the solutions y' and y?. The function § verifies
the following equality for all 0 < ¢y < ¢; < T and for all test function ¢ € H'([t, 1] x [0,1]):

t1 1
/ / (5006 + (56 + §5) u6 — (§0:0 + §0,0)7)
to 0

(90) Z/: ﬂrvr¢(',1)—/to G-, / o(t1,)4(t1, ") / ¢(to, )y(to, )

The following Lemma is the generalization of Lemma [2.1] and its proof is similar.

Lemma 3.1. The functions © and v lie in L°°([0,T], W?™>(0,1)). Moreover the function ©
lies in W1o2([0,T], H"([0, 1])).

Proof. For the regularity in space of v and 0, write

—_

(91) (-1)"07"0 =~ ) (=07)"0 +7.

0

3

B
Il

We can conclude using Lemma [I.10]
Let us now prove the regularity in time of v. Let us fix two times ¢y < ¢1, and denote

agt(z) = 0(t1, x) — O(to, x).
Recalling that v verifies with homogeneous boundary conditions, we obtain that for every
function g € H{(0, 1)

1
(92> A (y(tla ) t07 g _/ A2at(1) ' AELQ

We apply it with aié instead of ¢

(93) [ 1) = st a = [ 1akan

Hence, we get the inequality

1
(o4 o < | [ 010 = o0t
Using with aié instead of ¢ (considered as a function constant in time), we obtain that:
0 [ @)= atat = [ [ (@0 00 - G0+ g00a8)
Combining and , using that n 20 1, we get that:

lazg im0y < Tt = tol (19122 qom1xt0.) 19l 0 0,11 0.1)) + Ml oe 07100, 1B e 0,71, 111 0,1))
Recalling that ag! (z) = 0(t1,z) — 0(to, z), we conclude that o € Wh*([0,T], H"([0, 1])). O

Remark 3.2. Lemma expresses the fact that 9,A,, 0 = 0,(09 + 07), which is in L°H_ . By
elliptic regularity, we could obtain a higher regularity for 0,0, but it is not needed here.

Proposition 3.3. There exists a constant C' > 0 such that the following inequality holds for
almost every t € (0,7

d

06 = (Wl + 10280, Do — 1855, 0)Pu < Clollwncs o 151Brs o)
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Proof. We take v as a test function in , which gives
t1 1
/ / (7000 + (g0 + §0) 0,0 — (40,0 + §0,0)0)

0

1 1

(97) - [Fatitn )~ [ ot it )
0 0

Then, we simplify each term.
e The term fttl fol 70,0 can be treated as follows

t1 1 t1 1
to 0 to
[ A

l~
=il %vup}

31\3\»—‘
Swh—t
o

(98) t

e Similarly, we get

1 1
/ o = | A2
0

(99)

e The trilinear term fol y00,v cancels with [ §00,0

e To simplify the trilinear term fol J00,0, we first use Lemma
1 1

/ Yoo, v = / A, 000,
0
(100) / AZi- A2(00,7) — [0l073]7],,
Then we put all the derivatives on ¢, which can be done in a nice way due to Lemma[A.2]
Loy 1 Loy 1 Loy 1
(101) / AZD - A2(00,70) = / A2 00, A20 + / A2D Ag} 0,%.
0 0

0
Finally, we integrate by part to once again put all derivatives on v

1 1 1 1
/ A%@-@axA%aZQ/ 20
0
Loy
(102) :—%/ Ao 9,0+ 1[0 |a%|]
0
Combining , (101)) and -, we get
1 1 12 Ly
(103) / g@@xez—é/ ‘AZ@ 0v+/ AZD [ }81}——[ el
0 0 0

e To simplify the trilinear term fol 70,00, we use Lemma

1 1
/ 70,00 = / A, 50,00
0 0
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Ly 1
(104) :/ A7D - Aj(0,00).
0
We substitute (98], (99), (103) and (104) into to get
iy t1 t an211
nadol] + [ oz,
t 1 1 1
(105) / / ( AZi - A2 (0,00) + ‘A,%f;
Using Lemma [A.2] we get that for all 0 < ¢y < t; < T, one has

t1 t1
el + [ ozt = [ oot 0P
to

(106) < C/ / [[9]lw2n.00 (0,1 1911 27 0,1

2

0,0 — 2A27 - [v A,%] az@) —0.

O

3.2. Auxiliary estimate. In this paragraph, we chose I = [Ty, T1] C [0,7] an interval such
that v; and v, do not change sign on /. Without loss of generality, we assume that:
(107) Vt € I,u(t) > 0 and v,.(t) > 0.

We construct the auxiliary test function 92 as the solution to the following elliptic problem

(108a) Aot =0,
(108b) Vi€ [0,n—1], Si(e2™hH)(-,1) =0,
(108c) Vi [0,n—1], Bi(e*H(-,0) = —B;(?)(,0),

where the operators B; where defined in Appendix A through (154a)).
Let us introduce the space H{',.(0,1) as the closure of C2°([0,1)) for the H™ norm

(109) Hi,(0,1) :={g € H"(0,1);Vi € [0,n — 1],9.g9(1) = 0}.

It is the natural space to define 52" as it is a solution to a Zaremba problem (Dirichlet on one
side and Neumann on the other).

Lemma 3.4. The function 03" exists and is unique in L>(I, Hy',(0,1)) as the solution of the
following variational problem.:

(9)(0).

31\3\»-‘

(110) Vg € Hy,.(0,1), / AWWZ(

Moreover, the function 52 lies in L>(1, W?™>(0,1)).

Proof. Since v belongs to L>(I, H**(0,1)), for each 4, t — B;(0)(¢,0) belongs to L>°(I). Hence
by Lax-Milgram, 03 belongs to L>(I, H{,(0,1)) and is the unique solution of problem (110)
in this space.

Using Lemma [1.10, one gets that 93! belongs to L>°(I, W?>°(0,1)). O
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Let g € H"(0,1) be a function. Using Lemma , with 92! instead of f and g instead of
g one has

1

(111) / A ~auxl / A2 auxl A%g + Z auxl)SZ(g)](l)‘
0

Now due to ({108a)), one has fo 2l g = (0 and due to (108d), one has

H
i
L

n—

(112) ’ Bi(0;*) (-, 0)Si(9)(0) = = Y _ Bi(#"™")(-,0)S:(9)(0).

@
i
o
<.
Il
o

Hence
n—1
(113) / AZT L AZg = — ZB (0)( )= Bi(i™ N (-, DSi(g)(1).
=0
In particular, for g € HJ(0,1), one has

(114) / AT g ( A,%g = 0.

As this will be useful later, let us remark that for every g € Hg,(0,1), one has

n—1

(115) / ARDE(L ) - Afg = 3 Bi(0,9)(1,0) Si(0)(0).

i=0
Similarly to the case of the classical Camassa-Holm equation, the introduction of this auxil-

iary test function is in sight of an auxiliary inequality. The purpose of the auxiliary inequality
(116) is to control the entering energy fluxes.

Proposition 3.5. For almost every t € I, we have the inequality
1d

(116) 5 — (1517 ) + 1070(8, 0)Pou(t) < C (1155 Wz + [18177) + 31058 DIPJor] + 3]
Remark 3.6. If v, < 0, one can similarly introduce the function 05"" as
(117a) Aot =0,
(117b) Vi [0,n—1], Bi(o,™)(-, 1) = =B,(0)(-, 1),
(117¢) Vi [0,n—1], Si(#*™h)(-,0) =0.
and get the inequality
1d

(118) (173" W7an) + 107 0(E, D)Pvn(8) < C (15 Fgn + 1011 7) + 31050, 0) o] + 157

2dt

In order to prove Proposition [3.5] let us prove Lemma [3.7 and Proposition [3.8 Lemma [3.7]
states that the auxiliary function 72*! is regular enough to be used as a test function in .
Proposition is an inequality sumlar to the classical Rellich estimate on the normal and
tangential derivatives of harmonic functions, see for example [21]. We will use Proposition
to control one of the boundary terms on the outgoing boundaries.

Lemma 3.7. The function 93! lies in WH>(I, H™(0,1)).
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Proof. Let us prove the regularity in time of the function 92!, We call V' the function
(119) Vo= 4 5,

Since ¥ already belongs to W'*°(I, H"([0,1]), it is sufficient to prove that V belongs to that
space as well. Moreover, for all g € Hy, and for every ¢ € I, one has

(120) /AQV CAlg :/Olgj(t,-)g.

Moreover by taking g € H&T(O, 1) as a test function in , one gets for every Ty < tqg < t; <T}

1 t1 1
a2 [ - ateg= [ [ (@0 500 - (50,0 + 50.0)).
0 to 0
We apply (120) and (121)) with V (1, ) — V (¢, ) instead of g and since n > 1 we get
(122) [V (1, ) = Vto, ) llam < [t = Gl (191 o 10l 2 + [[9]] oo [[0]] 111)-

Proposition 3.8. There exists a constant C' > 0 such that for everyt € I
(123) ot (¢, 1) < CT ()| ngo,)-

Proof. Let x € C*(0,1) be a function equal to zero in a neighborhood of 0 and equal to 1 in a
neighborhood of 1. We use Lemma with 925! instead of f and of g, and x instead of w.

1 X . 1 1
| [0 ad] e - ad + / A () [xam, Ag] -

[XA (70 . A T%l (et ] n Z gl gt nl 70) G, (D, 5],
1:0
Using the assumptions on y, we get that
(124) eak@) - adah] = o, )P,
as well as
(125) nii [Bi(07) 830 (x3™ )] = — 070, (¢, 1),
(126) [Bi (01 85 (x 00" )]g = —[05 05 (¢, 1)|*.
i=0
Therefore

1 1 r 1
er e O = [ [o.0c). AL ) ad@h - [ Ak [vo. Al @),
0 0
which allows us to conclude that there exists a constant C' such that

(127) 1070 (8, DI* < Cllxllwnr.oe o, 195 (E ) lFm0.1)-
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Proof of Proposition [2.5. We take 93"! as an auxiliary test function in ., which gives

1
/ / (5 0T+ (50 + §0) DuT3™! — (§O50 + §O,0)5) =
to JO

t1 1 1
(128) - / 52 0)3(-, 0) + / (L )it ) — / B (10, Yii(hos ).
to 0 0

Then we simplify each term.

e First let us fix t € I and compute fo gl

Uy, (tv')g<t7')
/0 Gt () = / At )5 (L, )

- / ALt ) - ABEA(E ) + 37 [BL(0)(t ) S L, Iy

n 0

—_

Il
o

i

:ja@(t,m ST (¢, 0)

1
)
— Rt ).

We used Lemma m to get from the first line to the second. We used - with o

(114) with o
instead of g and the fact that 72*! belong to H(’)“’T to get from the second to the third
Then we used - with 92! instead of ¢ to get the last line

e The same computation allows us to simplify ft fo GO, 02

/ / GOt = / / A D O
to 0

t1 n 1
/ (1,0) S, (0,52, 0)

t1
(130) / / A2 auxl 2 auxl

We can simplify ((130) by integration by parts in time

teopl ) TR 2 1, 2
/ / Aﬁﬁzux,l . atA%@ZuX’l — % (/ ‘Aﬁ’ﬁzux’l(tl, )) _/ ’A%{}zux,l(t()’ )‘ )
to 0
= 31Tt e — 315 (to, ) 7o

e The terms fol §00, 02! and fo §0, 002! can be bounded by the Cauchy-Schwarz in-

equality
1
/ yva ~aux,l
0

1
A~ ~aux,l
/ Y0, U,
0

1 2
AdE(, )|
(129)

~aux,l

(131)

(132)

< gl (19117 + 155 1),
(133)

< [lgllzee (N0 E + N33 170
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e The term fol 70, 002! can be simplified using Lemma

1
/ ya A~auxl / A ,Ua A~auxl
0 0
n—1

1 1 1
= / AE{J . AE (&B@@zux,l) + Z Bz<ﬁ)(0)51(ax@172ux’l>

=0
(134) / A2 _ ~auxl) é(a @~auxl)

Then, using the Cauchy-Schwarz inequality once again as well as Lemma

1
/ ya ’UUaUXl

e Let us simplify fo 700,02t We apply Lemma with ¢ instead of f, 92%%! instead
of ¢ and v instead of w.

(135) < [[ollwnraee (N0[1Fn + 155 Fn).

1 1 L L 1, )
/ 0§ 0,3 = — / [&c(ﬁ),AE] (5) - AZ@) — | AR(D) - |00, AZ] (@)
0 0 0
n—1 ) . 1
(136) + Z 52 S (0, (00))]g + D [Bi(0) S (00,555 + [@A;f; (72l . A2 (@)] .

Both integrals can be bounded by using Lemma as follows

' AN 3 ~ B ~aux
(137) [a:v(@')aATQL} (0) - AZ (@3N < Cllollwnrroo1) (101Em 01y + 175 0.))
(138) {}avag:| (ﬁux’l) < C[9lwneee(o,1) (H@H%{"(O,l) + ||77?zux’l||§{n(o,1)) .
For i < n — 2, one has §;(0,(07)) = 0, and S,_1(0,(00)) = 0020. Moreover for any
function f, B,_1(f) = =07 f. Therefore,
n—1
(139) (B3 (0,7 S3(0:(00))]g = =05 0(-, 1Oy 3™ (-, 1)v, — |97 0(-, 0) [Py
i=0
We also have
1 1
(140) [0AR (@) - ALE)] = O DO vy + (035, 0) o
Moreover using the variational formulation - for 52! one gets
n—1 n—1 n—1
[Bi(9)S;(00,0°H]5 =Y  Bi(v S, (00,520 ( Bi(v S; (00,521 (-, 0)
i=0 i=0 i=0
:Bn—l(v)('a 1)S,—1 (00,05, l)('v 1)
n—1
A2 ~auxl A ( a ~?Luxl) + ZBZ'(@?LUXJ)(U l)Sl(ﬁarﬁzux,l>(1)
i=0

1 1
(141) = — (0p0(-, 1) + O™ (-, 1) Rva™ (-, 1)vy +/ AZT . AZ (00,50,
0
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1 1 1
X i S A U
We exchange © and A2 up to a commutator in [, AZ02™! . AZ (00,057

1 .
(142) / A%f}iux’l ( a ~auxl / A2 ~auxl Ua A727, ~auxl / A2 ~auxl 721 @arj| ,l~)aux,l
0

then we integrate by part

/ A2 auxl aAz auxl__/ ,Ua (‘Az ~aux,l
(143) :—-/ B,

Combining (141)), (142) and (143)), we get that

[Bl(,&)s (Ua ,Uauxl)] — 8;1 ( )an auxl UT / A2~auxl ’% ﬁax] 17211)(’[

)

~aux l

|:|an~auxl T

0

I
—

n

i=0
1 1
(144) — 1 [ oaladaE - ot o).
Once again, we bound the trilinear term as follows

(145) / Azl [Ag,va } 5255 < 6|yt oo ||
1 =

(146) / .0 |Adut| | < 1w s 55
0

Using Proposition [3.8] we can bound 979(-, 1)0702"! (-, 1), as follows
9y (., 1)3}??72“’1(', Dvr < 5 (10700, 1) P + 1070, (-, 1)[Pvy)

(147) < 3025, D, + Ol

Using (136))-(140]) and (144)-(147), we get

‘/ /vya gl 4 / |02 (-, )\vl‘
(148)

t1

t1
< C|0] zoo jo,17,wn+1.20 0, 1))/ (HUHHn + ||~aqu||H") +zll/ 10, 0(-, 1

to to

25

)P,

e Finally, we control the boundary term ft o2l 0)g(-,0) using classical trace theorem

n

t1 t1
/ @z“%-,ow(-,m\s [ Qi + ).
to

to

(149)

Now, let us assemble (129)), (130), (131)), (148]) and (149) to get
t1
~aux t 7~
a3 + / 5(,0) 2

0

t1 t1 t1

(150) <c / (101 + 17202 ) + 2 / 25( 1), + / k.
to to to
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3.3. Gronwall argument and end of the proof. Let I;,..., [k be the intervals on which
neither v; nor v; change sign.

We assume that the initial and boundary conditions are the same. We prove by induction
on k that ¢ is equal to zero on I. First for every k € [1, K], we construct 52! and/or 52"
on [ according to the signs of v; and v, on Ij.

e Initialization step: by hypothesis, v is equal to 0 at time zero.

e Induction step: let us fix k € [1, K] assume that o is equal to 0 at the beginning of Ij.
Then, the auxiliary functions created on interval [ are equals to 0 at the beginning of
interval I;,. We denote by E,.j : I, — Ry the quantity:

191 + 105 i + 03" 1 i I € TyN T,

Y 1 L L if 1, € T\ (I, N T,
| 513 + 155" e if 1, C T, \ (T NT),
(G if 1, € [0,7]\ (T, UT,).

We sum inequality with two times inequality (116) if [, C [, and two times
inequality (118) if I, C I',. One gets that there exists a constant C' > 0 such that

(152) El e (t) + 5 (107008, 0)*|ui] +1070(t, DP[vr]) < CEraae(t).

Hence, by the Gronwall inequality, since E,.; is equal to zero at the beginning of
I, it is equal to zero on I. In particular, v is equal to 0 on [. Since v belongs to
C°([0,T7], H™(0,1)), we get that ¢ is equal to 0 at the beginning of I; 1, which concludes
the induction as well as the proof of Theorem [I.12]

APPENDIX A. INTEGRATION BY PARTS AND COMMUTATOR FOR A,

Lemma A.1. Let g € H*(0,1) and g € H*(0,1) be two functions. We have the equality

1 1, 1 n—1
(153) | Aura= [ Al alg+ X BOS @I
0 0 =0
where - is the standard scalar product on R™ and the operator B; and S; are defined through
(154a) Vo e {01}, Bi(f)(x):= Y (=)FFaF " f(x),
k=i+1
(154b) Vo € {0,1}, Si(g)(x) := d'g(x).

Let us remark that the operators B; and S; are boundary operators of respective order 2n—1—1
and 1.

Proof. By induction on k € N

e
—_

Vi € H(0,1),Yg € H¥(0,1), AGﬁﬂwﬂ4ﬁA(%ﬁ@@+ (1)@ F)(Dlg)I

%

Il
=)

By summation on k € {1,...,n}, we have

1 1 1 1 . . .
(155) / Anfg= | Aif Aig+ (=1)F [921 falg),,
; .



UNIQUENESS FOR C-H EQUATION WITH NON-HOMOGENEOUS BC 27

which can be rewritten into ((153)), since

n k—1 n—1 n

ZZ k+1 8% 1— lf }0 _ (_1)k+z’ [aikflfifa;g](l)

k=0 =0 =0 k=i+1
1

O
Let k € N*, f € W**(0,1), and A a differential operator of order k. We denote by [A, f]

the commutator operator

(156) Vg e H*(0,1), [f, Alg:= fAg—A(fg).
As before, there will be trilinear term to simplify in our estimates. We bound them using the

two following Lemmata. Lemma is a simple consequence of Leibniz formula. Lemma
is the consequence of a repeated use of Lemma

Lemma A.2. There exists a constant C > 0 depending only on k and A such that
(157) Vg e H*(0,1), [I[f, Algllzz < Cllfllwroe gl mn-
Lemma A.3. Let f,g,w € H*(0,1) be functions. We have the following equality

[ untno s [ acna+ [ o ad] 0-ako - [ Ak [ahwa] o)

n—1 1

(158) =3 B8 @Len)h + Y BS )l + [wA%m Ai(9)] -

0
i=0
Proof. Let us start by applying Lemma [A.1| with f and w(')xg instead of f and ¢

1 . .
(159) | anrywo.g = [ Ak abwong +Z Si(wd,g))h

1
We exchange Az and wd, up to a commutator:

(160) /A AL (wd,g) = /A2 wd, AL /A AR w0, ()

We perform and integration by parts
1 . i
(161) / AZ(f) - wd,AL( / 0, (wAZ(f)) - A(g) + [wAﬁ(f) : A%(g)] .
0
We exchange 0, (w-) and A% up to another commutator
1 1 1 1
(162) / O (wAK( / Ab@.(wf) - Al + [ [otw). Al] (1) Ako)
0

Finally we apply Lemma once again, this time with ¢g and 0, (wf) instead of f and ¢

n—1
i) [ Afwn) Al = [ wh A - X E@SO.00)

i=0
Combining (159)-(163)), we obtain (L58). O
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APPENDIX B. SKETCH OF THE PROOF OF THEOREM [L.11]

Let v be a function on Qg := [0, 7] x [0, 1], which verifies the boundary conditions (20b|) and
(20c|). We denote by ¢ the flow of v. It is defined as the unique solution of the following ODE
(164b) o(t.t,x) =
The quantity ¢(s,t,z) is the position at time s of the particle which was in = at time ¢. The
quantity ¢(-,t,z) is defined on an interval of time [e(t, z), h(t, z)] where e(t,z) and h(t,z) are

the time of entrance and exit of the domain for the particle going through z at time ¢.
We define the sets Qr, Qr, Q7 and Qg as:

Qg :={(t,x) € Qp; s € [e(t,x), h(t,x)], (¢(s,t,2) = 0 and v;(s) = 0)
or (¢(s,t,z) =1 and v,.(s) =0)}
U {(5, 6(5,0,0)); 5 € [0,h(0,0)]} U {(s, 6(5,0,1)); s € [0, (0, 1)]},
Qr ={(t,x) € Qr \ Qs; e(t,z) = 0},
Qp :={(t,x) € Qp; i(t,x) > 0 and ¢(e(t,x),t,x) = 0},
Qp ={(t,x) € Qp; i(t,x) > 0 and ¢(e(t,z),t,z) = 1}.

The sets €7, 7, and g are the sets of position of particles which enter the domain at time 0,
from the left and from the right respectively. The set (g is called the singular set, it contains
the sets of particles which where at times 0 at the boundary as well as the particles which where
on the boundary with velocity zero at some point in time.

We define the function y € L*>(Qr) by

o for (z,t) € Qy, y(t,x) := yo(¢(0,t,z)) exp (—2 fot@ v(s, (s, t x))ds),
o for (z,t) € Qp, y(t,z) == yf(e(t,x)) exp( 2f 1) O v(s, P(s,t x))ds),
)

o for (z,t) € Qg, y(t,z) = yﬁ(e(t,x))exp( 2f () 0,v(s, p(s,t,x ds).
We refer to 27| for the study of the transport equation with streching (17a). The fact that
we will use are :
e the function y is well defined in L*°(€Q7), together with the estimate

(165) 1Yl oe @) < max ([[yollzoe, 197 [| <, [[97]] oo ) exp (2T 0nv] o) ,

e the function y is the unique solution of (17a}) with initial condition yo and boundary
condition y¢ and vy,
e the function y is in Wh>°([0,T], H(0,1)) together with the estimate

(166) 10yl wee o,11,-1(0,1)) < 3|yl zoe () [Vl oe o,77,w1.5(0,1))
To simplify the notation, we denote LW 2> instead of L>([0,T], W?™>(0,1)) and similarly

for LWL, W H™ as well as W' H !
We can then introduce the solution u to the system

(167&) Apu = Y,
(167b) vi = (Si(u)(0))iefo.n—11,
(167¢) Ve = (Si(u)(1))icon-11-

We call F the operator which to v € LW2*°NW,"® H™ associate u € LW2> W, > H".
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For By and B, positive numbers, we introduce the space Cp, g, 7 as
(168) CBO,BLT = {U € Ltoon2n,oo N th’ooH;; H’U”Loow2n,oo S BO and HUHWLooHn S Bl}

The end of the proof is threefold :

e find By and B; such that 7 maps Cp, g, r into itself,
e prove that Cp, p, r is compact with respect to || - ||L?<,W%,oo,

e prove that F is continuous with respect to || - || Lo

Once all this is done one can conclude by applying Schauder’s fixed point theorem.

Lemma B.1. There exists a time T > 0 as well as By and By such that F maps Cpg, g, r into
itself.

Proof. Let us take v € LW2*° N W,"°H” and denote u := F(v). We denote by ,¢; and ¢,
€1 1= max (||yo||Lg°a 197l e HyﬁHLtw) ’
cy = [|Vi]| g + || Ve|| e

the two constants depending on the initial and boundary data. Combining the estimates (165
and (166 with the elliptic estimates from Lemma , we get that there exists a constant C
depening only on n such that

(169) el gowzne < © (e exp(T ol pyznoe) + c2)

and

(170) 0l < C (er exp@T ol eqpnoe) + 2 [ol] vy

We chose By := 2C(c¢; + ¢3). For T small enough one has

(171) C (c1exp(2TBy) + ¢3) < 2C(¢y + ¢2) = B,

we chose such a 7. Then we chose By := BZ. O

Lemma B.2. For any By, By and T', the space Cp, p, v is compact with respect to the norm
I ||L;;°W;'°°'
Proof. For n =1 this was done in [27].

For n > 2, it is easier. We have W, H?~' — W,"°H!. Therefore for (t,z),(t',z') € Qp
and v € Cp, g, r, one has

Buu(t, @) — Bpult!, )] < |t — ]/ T = |ullyroe
and we conclude thanks to Ascoli’s theorem. O

Lemma B.3. The operator F is continuous with respect to the norm || - || pooyyi.ec.

The proof of this Lemma does not differ from Proposition 2.4 in [27].
Combining all the arguments above, we proved the existence of By, B; and of a function
u € Cp, B,,r, which is a fixed point of F. That is

e the unique solution y of (17al) with initial condition y, and boundary condition y¢ and
yy is equal to A, u,
e the function u verifies the boundary condition (167b))-(167¢)).
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As is, we created a weak solution in the sense of distribution of the Camassa-Holm equation.
It is a weak solution in the sense of Definition due to the Theorem 3 in [3].
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