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Abstract
Micro- and meso-scale electrostatic energy harvesting systems have high efficiency at the higher-frequency part of the
spectrum due to the natural frequencies of micro-structures lying over a range from hundreds of hertz to megahertz.
However, many real-life applications related, in particular, to wearable systems, structural monitoring, or the Internet
of Things, are characterized by low-frequency environmental forces. The main goal of this letter is to demonstrate that
the placement of a stopper that limits the motion of the proof mass and causes soft impacts in an electrostatic kinetic
energy harvester is responsible for an effect known as frequency up-conversion. This means that there is a significant
response to ‘non-resonant’ frequencies away from the natural frequency of the structure leading to effective energy
conversion to the electrical domain. The concept summarizing this effect is presented and modeled, and an experiment
carried out on a microscopic electrostatic harvester is presented to prove the concept.
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Introduction

One fundamental problem of the Internet of Things
(IoT) technology is the electrical supply of network
nodes. There are various ways to solve this problem —
usage of chemical sources, solar energy, or mechanical
vibrations. Kinetic energy harvesters generate electricity
out of ambient vibrations utilizing the principle of
a variable capacitor and can be useful in various
applications including the powering of small sensors.
The subject of this paper is Electrostatic Kinetic Energy
Harvesters (eKEH)3 where the proof mass is actuated
by external acceleration and causes a variation of the
capacitance of a pre-charged variable capacitor (see
Fig. 1).

For eKEH design, it is important to model the
dynamic characteristics of the eKEH under different
external excitation parameters to understand what
are the most efficient operating conditions. One of
the main characteristics of such devices is the output
power versus the external actuation frequency, which
is obtained when the external sinusoidal acceleration
amplitude Aext is fixed and the frequency fext is
swept14,15. It is usually desired to obtain a response
(high amplitude of the proof mass motion and hence
the power converted to the electrical domain) over the
widest possible range of external frequencies, and, in
particular, at low frequencies (0-50 Hz) corresponding
to vibrations in real-life systems of interest or vibrations
produced by human motion. The extension of the
frequency bandwidth of a linear resonator is often done
by introducing mechanical or electrical nonlinearity4,18

or adding stopper elements (as shown in Fig. 1) that

limits the amplitude of the oscillations. However, the
latter usually results in a “hardening” effect and extends
the resonator bandwidth to higher frequencies rather
than to lower frequencies.

It has been reported that a significant growth of
the converted power is observed at lower frequencies
in harvesters with some particular configurations of
stoppers or the proof mass with a cavity.The effect
is known in the literature as frequency up-conversion.
Since the first observation of this effect, there have
been attempt to explain and quantify it, as well as to
improve the design of the devices to enhance frequency
up-conversion1,5,6,8–13,17,19,21–23.

The most representative and simple system for the
modeling and design of a harvester with frequency up-
conversion is a device with electromagnetic coupling.
For this reason, some models of the frequency up-
conversion effect have been attempted on this type of
harvesters. The explanation of the effect is as follows.
According to Faraday’s Law, the current generated in
the coil is proportional to the velocity of the proof-
mass8,9,23. In such a system, the conversion of energy at
low-frequencies happens because of the collision of the
proof-mass with a stopper. This produces an additional
oscillation at the natural frequency of the resonator that
is higher than the external excitation frequency.

With respect to other transduction mechanisms,
a typical eKEH displays much more complicated
dynamics because the charge induced on the plates
of its variable capacitors has a strong influence on
the waveforms in both, the electrical and mechanical
domains. In this paper, we focus on the modeling of
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Figure 1. The schematic diagram presenting the structure of
the electrostatic energy harvester under study in this paper
constructed from the physical layout of the device. (a) General
view of the structure. (b) 2D design of the linear spring. (c)
The blue bars shows an initial layout of the variable capacitor.
The red bars demonstrates an over-etching effect. (d) The
elastic stopper, loaded and unloaded. (e) Basic electric
conditioning circuit connected to the measurement equipment.
(f) The stopper force versus coordinates: red dashed line is for
the hard-stopper, blue dash-dot line is for the soft-stopper,
∆x is the transient region.

an eKEHs with a gap-closing variable capacitor as an
example of a harvester whose nonlinearity arises in
the electrical domain, as shown in Fig. 1 (a). Study11

presents an interesting mathematical model of the
spring, electromechanical coupling and the hard-stopper
force and predicts hardening effects in the investigated
eKEH very well. However, the presented model does not
explain in detail the frequency up-conversion occurring
in the system.

There are more studies investigating the influence of
the stoppers and addressing the bandwidth extension
toward higher frequencies (the Duffing effect), but
not the appearance of an enhanced low-frequency
response7,16.

This brief is focused on the quantitative investigation
of the frequency up-conversion effect in a harvester
with electrostatic transduction and nonlinearity in the
electrical domain. Our aim is to propose a concise and
accurate model that will not only explain why the
effect happens but also will allow us to simulate the
characteristic of a harvester in a predictive manner. To
our knowledge, such a model is not discussed in the

literature despite the fact that frequency up-converting
is known.

The structure of the paper is as follows. Section
II of the letter presents the statement of the
problem that is formulated as a lumped model
containing ordinary differential equations describing the
mechanical and electrical domains. Section III briefly
outlines the finite-element-method modeling of the
system capacitance. Section IV presents the description
of the experiment, experimental results, the technique
to extract parameters and the comparison. In the
Conclusions section, we discuss the novelty of the results
and the advantage to use soft stoppers.

Statement of the Problem

It is considered that frequency up-conversion is an
effect when the resonator of a kinetic energy harvester
exhibits high-power mode when the external excitation
applied is at low frequency. This usually occurs due to
collisions with stoppers or other collision related effects.
To describe this phenomenon, we built a lumped model
of the electrostatic energy harvester with a stopper
based on the physical geometry. As the example here, we
test the device whose fabrication is described in detail
in Ref.14. The parameters of the device are given in
Table 1.

Lumped models are a very common model of choice
for MEMS resonators and kinetic energy harvesters
based on them7,16. For the device under study in this
paper, we proposed a lumped model that includes the
following forces:

mẍ = −kx− cẋ+ fstop(x) + ftrans(x, q)

−mAext cos(2πfextt). (1)

Here x is the displacement of the variable capacitor,
m is the proof mass, k is the spring elasticity coefficient,
c is the air damping coefficient evaluated from the
quality factor of the system c =

√
mk/Q, Aext and fext

are the external acceleration and external frequency
respectively.

The motion of the resonators in kinetic energy
harvesters are usually limited by stoppers. One can
classify stoppers as hard or soft. For example, the effect
of a hard stopper placed symmetrically on the both
sides of the resonator can be modeled by an piece-wise
function fstop(x):

fstop(x) =


0 |x| < dstop,

−sign(x− dstop) ·
kstop(|x| − dstop) + cstopẋ |x| ≥ dstop,

(2)

Here, sign(x) is the signum function, dstop is the
stopper position, cstop is the linear damping coefficient
related to the collision process, kstop is the stopper
stiffness, which is considered to be much higher than the
stiffness of the resonator kstop � k. Note that the piece-
wise function has a singularity in the first derivative at
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the switch-point that may cause instability in the ODE
solver.

With respect to the soft stopper, its stiffness has a
transient region and a wide region of response with

respect to the relative displacement of the resonator.
Its model is as following:

fstop(x) =



−kstop(x− dstop), x > (dstop + ∆x/2),

−kstop

2∆x

[
x2 − (2dstop −∆x)x+

(2dstop−∆x)2

4

]
, x > (dstop −∆x/2)

x ≤ (dstop + ∆x/2),
0, x > (−dstop + ∆x/2)

x ≤ (dstop −∆x/2),
kstop

2∆x

[
x2 + (2dstop −∆x)x+

(2dstop−∆x)2

4

]
, x > (−dstop −∆x/2)

x ≤ (−dstop + ∆x/2),
−kstop(x+ dstop), x ≤ (−dstop −∆x/2).

(3)

The parameters of the stopper are to be reconstructed
from measured data. The softness of a stopper is
regulated by the width of the ∆x region.

The transducer force ftrans(x, q) has an electrostatic
origin and therefore it depends on the charge q on the
plates of the variable capacitor. To know the charge, the
electrical setup of the experiment needs to be modeled.
In this case, the transducer is biased by an electret layer,
and eventually, a DC voltage source may be added to
modify the biasing. The electrical setup is presented in
Fig. 1(e). The transducer is loaded with a resistance:
that allows one to measure the converted power by
measuring the voltage on the resistance. Thus, using
the Kirchhoff Voltage Law (KVL) we can write the
differential equation for the charge in the circuit:

RL
dq

dt
+

q

(Ct(x) + Cpar)
= V0. (4)

Here RL is the load resistance and V0 is the total
bias voltage (electret plus external one). The transducer
force ftrans(x, q) and the variable capacitance Ct(x) can
be modeled as an approximation of the ideal flat variable
capacitor (the electric field between plates assumed
uniform), however, it needs to be refined using more
accurate Finite Element Method (FEM) simulations.

Up until this point, the basic component of the
model are general. In the next sections, we will
show that adding the accurate modeling of the
capacitance and understanding the nonlinear effects
produced by the stopper will allow us to explain
the physics of frequency up-conversion (qualitatively
and quantitatively) through the generation of higher
harmonics.

Verification of 1D Model using Finite
Element Simulations

For the model of the variable capacitor, we use
the ideal gap-closing approximation. The following
expression connects the variable capacitance Ct(x) and
the displacement x of the proof mass:

Ct(x) =
2C0d

2
lim

d2
lim − x2

, (5)

where C0 is the capacitance of the system in the
equilibrium state and dlim is the default (rest) distance

Figure 2. Capacitance and transducer force calculation. (a)
The principle of the gap-closing capacitor and the analytical
formula describing it. (b) Finite Element Method simulations
of the electric potential distribution due to the variable
capacitor plates at a fixed potential difference of 1 V . (c)
Capacitance versus displacement: orange circles show the
results of the FEM simulations while the blue line shows the
function fitted with (5). (d) Transducer force versus
displacement: orange circles show the results of the FEM
simulations while the blue line shows the function fitted with
(6).

between two neighbor plates as shown in Fig. 2(a). The
expression for the transducer force can be written then
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Table 1. Parameters extracted from the simulations.

Measured
Proof

59× 10−6 kg
mass, m

Fitted, Driving spring
18 N/m

using aext = 0.5g stiffness, k
Fitted, Quality

13.5
using aext = 0.5g factor, Q

Measured
Stopper

2.5× 104 N/m
stiffness, kstop

Fitted using Stopper quality
0.7

all data sets factor, Qstop

Measured Distance to the
47.5× 10−6 m

(dstop −∆x) stopper, dstop

Fitted using Transient region,
10× 10−6 m

all data sets ∆x

Measured
Load

6.65× 106 Ohm
Resistance, RL

Measured
Equilibrium

3.2× 10−12 F
Capacitance, C0

Measured
Parasitic

28.0× 10−12 F
Capacitance, Cpar

Measured with Limit distance
55.6× 10−6 m

over-etching effect between plates, dlim

as follows:

ftrans(x, q) =
1

2

q2

C2
t (x)

dCt(x)

dx
. (6)

However, one has to note that the expression above
does not take into account the non-uniformity of the
electric field at the edges of the plates and the effects
associated with over-etching during the manufacturing
of the device (see Fig.1(c)). For this reason, we employ
a 3D model of the variable capacitor of the studied
device using the layout and over-etching of the plates
effects (Fig. 2(b)). Using a FEM Poisson equation
solver (COMSOL Multiphysics), we calculate the 3D
electric potential distribution, variable capacitance of
the structure and the electrostatic force acting on it
(Fig. 2(c),(d)).

The FEM solver corroborated the hypothesis that the
over-etching effect causes only minor changes in the
magnitude of C0, dlim and in the overall expression
for the transducer force. Hence, the ideal capacitor
approximation we started with is valid in this case.
We can use these expressions in equations (1) and (4).
However, we allow ourselves to vary C0 and dlim within
10%− 15% of the reference values since we assume
that some other effects (during the manufacturing or
elsewhere) can impact the device.

Results: Experimental Observation of
Frequency Up-Conversion and its Analysis

The photo of the experimental set up is shown in
Fig. 3. The experiment consisted of measuring the power
dissipated across the load resistor (see Fig 1(e)). It was
then converted into the energy per cycle of oscillations.
The forward and backward frequency sweeps were
recorded over a frequency range from 0 to 500 Hz. The
electrostatic transducer (variable capacitor) was biased
either by an electret of 21 V or by the electret (21 V)
and an additional source of 25 V. Different harmonic
accelerations were applied: weak (0.5 g), intermediate

Figure 3. The experimental setup: an electrostatic KEH is set
into motion by a shaker. The acceleration (amplitude and
frequency) is controlled by an external accelerometer and
feedback loop. The energy generated per cycle (i and V ) is
recorded by a digital oscilloscope.

(1 g) and strong (2 g). The measurements are visualised
in Fig. 4.

For the studied device, Table 1 summarizes what
parameters are known or measured directly (i.e., mass
m, load resistance RL, etc) and what parameters have
been extracted from the experimental data (i.e., stopper
Q-factor, etc). We note that some of them (m, RL,
C0) can be measured with very high precision, while
other parameters (dstop, dlim) have reliable reference
values but can vary within 5-10% due to the fabrication
effects15,20. The linear resonator parameters k and
Q have been extracted using the lowest excitation
acceleration amplitude of 0.5g. The stoppers stiffness
can be estimated using the approach for a clumped-
clumped beam. Finally, the stoppers Q-factor is very
difficult to predict since these characteristics can be
affected by nonlinear effects such as squeezed-film
damping. Thus, these parameters were initially chosen
randomly, and then fitted using all acceleration and
bias-voltages data sets as is described later in this
section.

As was mentioned in the Introduction, gap-closing
eKEHs often display complex dynamics depending on
many factors, and not all of them are possible to
measure (See Tab. 1). Moreover, in this paper we focus
on the low-frequency region of forced oscillations that
may display some (not significant) disagreement with
experimental data. However, the proposed model allows
one both options, to model the frequency up-conversion
effect and the hardening of the resonance curve.

The methodology of this study is based on the
numerical modelling and optimization of the equations
outlined in previous section and comparison of the
simulated parameter sweeps with the experiment. In
order to perform the optimization and comparison, we
applied numerical integration with controlled accuracy
(using the boost-odeint library2) to the system of
equations (1), (4) with known functions (5) and (6) and
obtained the x(t) and q(t) waveforms for given fext and
Aext. Since the frequency sweeps (aka resonance curves)
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Figure 4. Matching of the experimental data with the simulation results. The blue lines correspond to the measured energy
converted per oscillation cycle on the device. The red lines correspond to the simulation results. Note that the variable capacitor
is pre-charged by the electret layer with voltage 21 V (left column) or have a source of 25 V connected to it in addition to the
electret (right column).

require steady-state, we analyze the waveforms of the
last 10 of total 50 cycles of oscillations.

The amplitude of oscillations can be calculated as
(xmax − xmin)/2, and the energy generated per cycle can
be found as follows:

W = −
∫ Text

0

ftrans [x(t), q(t)] ẋ(t)dt, (7)

where Text is the period of the driving (external)
acceleration. This technique allowed us to simulate the
frequency sweeps based on the model and compare them
with the experimental ones (Fig. 4).

The mathematical model of the studied KEH,
although formulated in a general form, allows one to
obtain some deep understanding of the factors that
affect the generation of energy at different external
frequencies, in particular, in the sub-resonance region
where frequency up-conversion takes place. We would
like to highlight again that this effect (frequency up-
conversion) was reported in the literature, however to
the knowledge of the authors there is no quantitative
model explaining its physics.

The coordinate x(t), velocity component ẋ(t) and
charge q(t) waveforms were obtained from the model in
steady-state at different external excitation parameters
(Aext, fext), and their spectra in the frequency domain
(FFTs) calculated. The FFTs allow us to decompose
the signal excited by the acceleration Aext cos (2πfextt)
in form:

x(t) = A0 +
∑
n

An cos (2πnfextt+ φi) , (8)

where n is an integer. We are mostly interested in the
first five harmonics of the driving frequency fext. The
coordinate and velocity waveforms do not have a DC
offset A0, and have only odd non-zero harmonics. It is
easy to see from (5) that for the single transition of
displacement from minimum to maximum xmin → xmax,
the capacitance Ct(x) displays a full cycle Cmax →
Cmin → Cmax. For this reason, the variable capacitor
charge waveform q(t) has only even non-zero harmonics.

Figure 5 illustrates that the frequency up-conversion
effect is due to higher harmonics generated by the KEH
resonator. The graph at the centre of the figure shows
a simulated frequency sweep (forward and backward
branches) with a clear up-conversion region for the
frequencies below the linear resonance one. The heat
map on top of the figure shows the relative magnitude
(in dB) of higher harmonics An (n = 1, 2, ..) generated
by the KEH at a given frequency fext of external driving
for the forward branch. (The same heat map for the
backward branch is shown at the bottom of the figure.)
It is clearly seen that soft impact with the stopper
leads to multiple higher harmonics, and these harmonics
decay significantly when the system is driven into the
region of hard impact with the stopper.

These concept is further expanded in Fig. 6 where
the distribution of energy per cycle of oscillations
across higher harmonics is presented. As an example,
we take the same case as shown in Fig. 5: Aext = 2g
and V0 = 21 V. The blue colored area encodes the
energy generated by the first (fundamental) oscillation
harmonic. It demonstrates that the fundamental
harmonic behaves in a ‘conventional’ nonlinear way with
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Figure 5. Analysis of the forward and backward branches of
the system under the bias voltage V0 = 21V and an external
acceleration Aext = 2g. The x-axis of all three graphs is the
driving frequency. The middle graph (b) is the energy per
cycle with frequency up-conversion highlighted area. The
upper and bottom heat maps (a) and (c) show the balance
between harmonics on a different driving frequencies for the
forward and backward resonance branches respectively.

a hardening spring effect when the KEH is driven into
hard impact with the stopper. The orange and the green
areas show the energy generated by the third and the
fifth harmonics respectively. Analyzing those graphs, it
is easy to see the origin of the frequency up-conversion: it
occurs when the bumper of the resonator softly collides
with the stopper and causes the system to oscillate
on high oscillation modes (see samples of waveforms).
When the bumpers start to collide with the stoppers
strongly, the waveform becomes ‘triangular’ and, at
some point, the fundamental harmonic dominates. The
red area shows the rest of the generated energy, and the
dashed line shows the linear natural frequency of the
system (flinear). It is easy to see that with the frequency
up-conversion effect, the high power is generated at the
frequencies lower than the natural one.

Figure 6 provides further explanation on the
frequency up-conversion effect from the stand-point of

the dynamics of the harvester’s resonator (obtained
by solving the correspondent set of equations). The
frequency sweeps, containing the forward and backward
branches of the energy per cycle and amplitude, are
shown at the top of the figure. The points of interest
A, B, C, D and E are added, with the points A,
B, C and D sampled in the region of frequency up-
conversion and point e taken in the region of the stable
collision of the resonator with the stopper. The first
and second columns visualize the displacement as a
function of time and the displacement in the form of
a phase portrait (in the state space spanned by x(t) and
ẋ(t). The third column presents the interplay between
resonator’s spring and the stopper force, showing a
significant increase in the stopper force at the instances
of collisions. The fourth column shows the Fast Fourier
Transforms (FFT) of the displacement waveform x(t)
to highlight the generation of higher harmonics that
become dominant in the regime of resonator-stopper
collisions (frequency up-conversion).

One should note that that the peaks in the frequency
sweep (points B and D) correspond to the maximal
generation of the third and fifth harmonics due to
collisions. For comparison, point E is taken in the
region of regular resonator-stopper collisions (producing
a well-known hardening effect on the frequency sweep).
At this point, as one can see, higher harmonics are
still generated (since the waveform x(t) is clearly
nonlinear), but the fundamental harmonic is dominant.
It should also be noted that in case E (no frequency
up-conversion), the stopper force becomes significant
compared to cases A-D (with frequency up-conversion),
implying it is soft collisions with the stopper that are
responsible for frequency up-conversion and amplitude
enhancement.

Conclusions

This brief paper is dedicated to an explanation
into the frequency up-conversion effect based on a
quantitative model. We use a compact lumped model
of a electrostatic kinetic energy harvester with a
(soft) stopper and a basic conditioning circuit. Using
FEM simulations, we proved that a simple expression
for the variable capacitance and the transducer force
are applicable for the investigated harvester. Using
that model we showed that the collisions between
the proof-mass and the stoppers are causing higher
harmonic oscillations and therefore causes frequency up-
conversion in this system.

The key points are as follows:

• Frequency up-conversion is observed in a harvester
with a linear resonator and a soft stopper when the
frequency of the external oscillations is below that
of linear resonance.

• Frequency up-conversion occurs when the linear
resonator experiences a very soft impact with
the stopper and is explained by the generation
of higher oscillations harmonics. The harvester
generated as increased converted power.
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an external acceleration of Aext = 2g. Two top graphs are the resonance curves of the KEH with characteristic points B, C, D
and E. The top-left graph is the energy per cycle versus frequency, and the top-right one is the amplitude versus frequency
(with transient region shown). Then each row of the graph show properties of a given characteristic point. The first column
demonstrate displacement wave-forms, the second — phase portraits, the third one allow one to see the evolution of both fspring

and fstop. The last column show the Fourier transform of each waveform with two horizontal lines on -5 and -10 dB.

• When the KEH is driven into hard-impact mode,
higher harmonics decay. The converted power

increases as is similar to conventional hardening
nonlinearity cases.
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• Soft stopper may be particularly useful in this case
as it is important to keep the KEH oscillators in
the mode of soft bouncing.

• Soft stoppers can be modeled using the approxi-
mation of the smoothed stopper force with rela-
tively wide transient region

• While frequency up-conversion was observed and
reported in other systems with impact, we provide
a compact model and physics explanation of this
effect.
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