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ABSTRACT. We introduce a multi-centered formalism in the context of dilatations of schemes and
algebraic spaces. In particular, this provides new results on the behavior of [MRR20] dilatations.
Furthermore, we use our new formalism to deduce some refined congruent isomorphisms.
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1. Introduction

1.1 Paradigm

1.1.1 Intrinsic questions and results on dilatations. Given a scheme X and closed sub-
schemes Z C D C X, such that D is locally principal, [MRR20] introduces a scheme B1YX
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and an affine morphism f : BIEX — X. The scheme Blg X is called the dilatation of X with
center Z, D. Dilatations provide a fundamental tool in mathematics (cf. [MRR20, Introduction])
and so it is natural to study the theory of dilatations intrinsically. The construction of Bl? X in
[MRR20] is both very explicit and conceptual and is characterized by the fact that it satisfies, in
a universal way, that f~1(D) = f~(Z) and that f~1(D) is a Cartier divisor. Now given other
pairs {Z; C D;}ier of closed subschemes of X such that locally each D; is principal, we can ask
the following question:

Is there a scheme X7 and a morphism f: Xo — X characterized by the fact that it satisfies, in
a universal way, that f~1(D;) = f~1(Z;) and that f~*(D;) is a Cartier divisor for alli € I ?

This article gives a positive answer to this question: there is a unique X7 (up to canonical X-

isomorphism). It is natural to denote X- by Bl%g_’i}]" l:{’ X and we do it from now on. If #1 is finite,

there are several non-trivial ways to describe Bl}lzjf}} '©' X using [MRR20] as follows.

Assume #I is finite and fiz an arbitrary bijection I = {1,... k}. The scheme Bl}?ff}X exists
and is unique up to canonical X -isomorphism. Moreover we have canonical X -isomorphisms

Bl{Dl}ZGIX ; Bl(Bl...)XXDk o Bl(B]---)Xng Bl(BlgllX)XXDQ (BIDIX)
{Zitier ™ 7 T Bl )xxZk (Bl )xxZ3 (Blgllx)xng Z

= Blniel(Zi+Dl+~~-+Di—1+Di+1+~-~+Dk)X
where + and N are the usual operations underlying the semiring structure on the set of closed
subschemes of X (3.1, 3.16, 3.27, 3.28).

As we claimed before, in this article, we prove the existence of Blilz):}}:;’ X for arbitrary I
(3.16). Moreover, we work in the natural framework of algebraic spaces (3.16). We call our
formalism multi-centered dilatations. We prove several results leading to information on the
arithmetic of multi-centered dilatations. We prove that dilatations are highly functorial and
compatible with many operations (e.g. cf. 3.23, 3.25, 3.31, 4.6, 4.8, 5.2). We prove some results
on smoothness and flatness of multi-centered dilatations (6.1). Thanks to the isomorphism {1, in
the case of schemes and if #1 is finite, our results provide new informations on the arithmetic of
[MRR20] dilatations. We would like to notice here that in the rest of the article, we remove the
condition that Z; is included in D;, this is a convenient detail that does not affect the substantial

arithmetic of dilatations (cf. Fact 3.11).

1.1.2 Dilatations of rings and semirings. To define and study multi-centered dilatations of
schemes and algebraic spaces, we first introduce a new formalism in the framework of commu-
tative algebra, called dilatations of rings and semirings. We believe this is the most natural and
intelligible way to introduce multi-centered dilatations. Let A be a semiring, let { M, };cr be ideals
in A and let {a;};c; be elements in A. In this situation we define an A-semiring A[{ ]L{Z Fieg] (2.1).
Intuitively, this A-semiring is the most natural A-semiring that contains the symbols % with
i € I,m; € M;. Dilatations of semirings (resp. rings) fully generalize localizations of semirings
(resp. rings), indeed let S be a submonoid of (A, x) (sometimes called a multiplicative subset),

then (2.9)

StA= A[{é}ses}'



If I ={1,...,k} is finite, we prove that we have (2.25)

. ~ Zz (M; 1, ia‘)
(1) A}, = aZedleng o)

a; ay--ag

Note that I is the algebraic version of {1 in some sense. If A is a ring, I = {1} and a; € M; then
A[]g—ll] is defined in [StP, Tag 052P] and used in [MRR20] (this A-ring is called an affine blowup
algebra in [StP]). We prove several results on dilatations of rings and semirings (cf. Section 2
and 5.1, 5.3, 5.4, 5.5). This finishes to introduce the first goal of this paper: to provide intrinsic
results on the theory of dilatations.

1.2 Statement of some formal results and congruent isomorphisms

We now continue this introduction explaining a second goal of this article: to prove some congru-
ent isomorphisms. To introduce congruent isomorphisms, we start with an arithmetical observa-
tion. Then, we summarize some preliminaries necessary to state our results regarding congruent
isomorphisms.

1.2.1 Arithmetical observation. Let G be a smooth group scheme over Z, for a prime number
p. Put p = pZ,. For any n € N, let G,, be the n-th congruence group of G (namely the dilatation

G n
Bl..”’"" G in the sense of [MRR20]). Recall that it is a group scheme over Z, that satisfies

eGZp/p"
Gn(Zyp) = ker (G(Zp) — G(Zp/p”)).

For any pair of integers (s,r) such that 0 < § < s < r, [MRR20, Theorem 4.3], based on the
theory of dilatations, provides a canonical isomorphism

(%) Gs(Zp)|Gr(Zp) = 95(Zp)/8r(Zy)

where g,, is the Lie algebra of G,,. If G = GL2/Zy,, G, (Zp) = < P14 pn

> C GLy(Zp) and

on(Zy) = <§n §n> C M>(Zy) for any n > 0. The isomorphism (%) gives us, for pairs (r, s) such

that 0 < % < s < r, isomorphisms

1+ps ps > <1 _|_pr pr >2<ps ps) (pr pr>
O] G Tl S L (AR A VI (A )

These maps are given by [1 + M] — [M]. Using the formula [1 + M] — [M], it is elementary to
check that we have other isomorphisms of abstract groups

14 p3 p? 14 pS pb N p? pd ps p6
(**)( p3 1+p3>/< p6 1+p5 = p3 pz / p6 p5 )

1+ p3 p? 1+ pb p? N p3 p? pb  p?
(***)( p3 1+p3 / p6 1+p6 = p3 p3 / p6 p6 .

The new tool introduced in this article —multi-centered dilatations— allows to extend the gener-
ality offered by [MRR20, Theorem 4.3] so that the new result will also cover (xx) and (x * ) in
an intelligible way, cf. Theorem 1.5 and Example 1.7 below. We emphasize here that our proof of
Theorem 1.5 relies on [MRR20, Theorem 4.3] and the arithmetic of multi-centered dilatations.

1.2.2 Definition of multi-centered dilatations in the absolute setting. Let S be a scheme and
let X be an algebraic space over S. Let {[Y;, D;]}ier be pairs of closed S-subspace of X such that
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locally on X, each D;,i € I is principal. We define an S-algebraic space Ble X together with a
morphism BleX — X. This construction enjoys the following properties.

THEOREM 1.1. Let Spaces)’?'reg be the category of X-algebraic spaces f : T — X such that
T x x D, is an effective Cartier divisor on T for any ¢ € 1.

(i) BI2X represents the functor from Spacesg "8 to Sets given by

{x}, if flrxx b, factors through Y; N D, C X fori € {1,...,k};

F:T=X) = {@, else.  (3.16)

(ii) The structural morphism BI2 X — X is affine (3.8).

(iii) If X is a scheme, then BI X is a scheme (3.12).

(iv) For a € NI, we put D% = {a;D;}icr. Let v, 3 € N! such that v < 8 (i.e v; < f3; for all i),
then there is a unique morphism of X -algebraic spaces (4.1)

¢p, B’ X - BIZ X
Assume moreover that o, v € Ny := @iel N C N! and that ;N D; C Y is a Cartier divisor
for all i, then pg, is a dilatation map (3.14, 4.5).

1.2.3 Multi-centered dilatations in the relative setting. We also define dilatations in a relative
setting as follows. Let S be a scheme and let X be an algebraic space over S. Let C = {C;}ier
be closed subschemes of S such that, locally, each C; is principal. Put D = {C; xg X };er. Let
Y = {Y;}ier be closed S-subspaces of X. We put BISC;X =BIPX

Fact 1.2. BI}C;X represents the functor from Schg'reg to Sets given by
(f: T — 8)—{z € Homg(T, X)| 2|, : T x5 C; = X x5 C; factors through Y; x5 C;}.

REMARK 1.3. Fact 1.2 implies that for any T € Schg_]reg (e.g. T = S if each C; is a Cartier divisor
in S) we have a canonical inclusion on T-points BI{ X (T') ¢ X(T'). But in general BIf X — X
is not a monomorphism in the full category of S-schemes.

1.2.4 The case of group schemes: multi-centered Néron blowups. Let S be a scheme and
let G be a group algebraic space over S. Let C' = {C;}icr be as in §1.2.3. Let H = {H;}ier
be closed subgroup spaces over S in G. The dilatation BI%G is called the Néron blowup of G
with multi-center H,C'. Now assume that S = Spec(O) and C' = Spec(O/n) where (O,n) is
an henselian pair and 7 C O is an invertible ideal. Assume I = {1,...,k}. In the following we
use the notation B1511, oy .G to denote a Néron blowup Blslc’“"’s’“CG Where $1,..., 5, € NF. We
think that multi- centered dllatatlons and Néron blowups are very natural. As an ev1dence let us
indicate a connexion with Yu’s famous construction of supercuspidal representations [Yu01].

EXAMPLE 1.4. Assume in this example that O is the ring of integers of a non-Archimedean
local field F' and that 7 is the maximal ideal of 0. Let G be a split connected reductive group
H
scheme over O, i.e. a Demazure group scheme over 0. Let G = (G° c G' c ... € G4 = G)
be a sequence of split Levi subgroups of G over O. Put G; = G; xp F for all i € {0,...,k}.
H
Put G = (G ¢ G! ¢ ... ¢ G? =: G), a sequence of split Levi subgroups of G over F.

For i € {0,...,d}, let x; be the special point in the Bruhat-Tits building of G; such that G;
corresponds to x; via Bruhat-Tits theory. Then x; comes from x( via functoriality of buildings



as in [YuO1, §1]. Let 0 < 79 < r; < ... < 7g be integers. Recall that eg denotes the trivial closed
subgroup scheme of G. There is a canonical isomorphism of groups
—

G(F), 7 =Bl o i Gl a1 GO),

%
where G(F)_— is defined in [Yu01, §1 p584]. Details and other examples will appear elsewhere.

THEOREM 1.5. (Congruent isomorphism) Let G be a separated and smooth group scheme over
S. Let Hy, Hy, ..., Hy be closed subgroup schemes of G such that Hy = eg is the trivial subgroup
and such that H; — S is smooth for all i € {0,...,k}. Let sg, s1,...,8, and ro,r1,...,7; be in
N such that

(i) s; = sg and r; > rg for alli € {0,... k}
(ii) 7 > s; and ry — s; < sg for all i € {0, ... ,k}.

Assume that G is affine or O is local. Assume that a regularity condition (RC) is satisfied (cf.
Definition 8.2). Then we have a canonical isomorphism of groups (8.1)

By, G(O) /By, iy i, G(O) = Lie(Blyg iy 3, G)(0) /Lie(Blyg, by i, G)(O).
REMARK 1.6. [MRR20, Theorem 4.3] is exactly Theorem 1.5 with & = 0 in the notation of 1.5.

EXAMPLE 1.7. Let G be GLy/Zy,. Let e C G be the trivial subgroup. Let T' ~ D(Z?)z, be the
diagonal split torus in G. Let B be the lower triangular Borel in G over Z,.

(i) The isomorphism (x%) above is given by Theorem 1.5 with S = Spec(Z,), C' = Spec(Z,/p),
Hy=eq, HH=T,s0=3,81=3,79 =5 and r; = 6.

(ii) The isomorphism (*#%) above is given by Theorem 1.5 with S = Spec(Z,,), C = Spec(Z,/p),
Hy=eg, HH=B,sp=3,s51=9,1r9=6and r, = 9.

1.3 Structure of the paper

Section 2 introduces dilatations of rings and semirings. Section 3 introduces multi-centered di-
latations. Section 4 deals with iterated dilatations. Section 5 focuses on the case where the multi-
center {[Z;, D;|}icr satisfies that {D;} are given by multiples of a single D. Section 6 proves some
flatness and smoothness results. Section 7 considers Néron blowups. Section 8 studies congruent
isomorphisms.

2. Dilatations of semirings

We introduce dilatations of semirings and rings. If A is a semiring, an A-semiring is a morphism
of semirings A — B. If A is a ring, an A-ring is a morphism of rings A — B. Recall that A-rings
are sometimes called A-algebras. In other parts of this works, relying on [StP], we use dilatations
of rings only. Note that semirings are used in other references, e.g. [JJ15, §2.2].

2.1 Definition

Let A be a unital commutative semiring. If M is an ideal of A and a € A is an element, we say
that the pair [M,a| is a center in A. Let I be an index set and let {[M;, a;|}icr be a set of centers
indexed by I. For i € I, we put L; = M; + (a;), an ideal of A. Let N; be the monoid defined
as @;e; N If v = (v1,...,v4,...) € Ny we put LV = L7 --- 1" --- (product of ideals of A) and

a’ =ai'---a;’ - (product of elements of A). We also put a’'7 = {a”|v € N;}.



DEFINITION AND PROPOSITION 2.1. The dilatation of A with multi-center {[M;, a;]}ics is the
unital commutative semiring A[{%’}l ¢ ;) defined as follows:

e The underlying set of A[{ ](\14’ }iel] is the set of equivalence classes 7 where v € Ny and

m € LY under the relation

m
— = % & 38 € Ny such that ma®™ = pa®*" in A.
a
. . . B v
e The addition law is given by 7 + 15 = %

e The multiplication law is given by 7 x By = 2.

e The additive neutral element is % and the multiplicative neutral element is %

We have a canonical morphism of semirings A — A] { } ] given by a — ¢. We sometimes

use the notation A[M o] to denote A| {

}161

Proof. Let us first prove that the relation is an equivalence relation. Assume

m _ p
a’  a*
I _p
a® — a?

where v, \, 0 € Ny, (m,p,1) € (MY, M*, M?). We want to prove that

m
? i E.
By definition, there exist 5, « € Ny such that
maPt> = pa5+u
laa+A ::paa+0
Put § = B+ A+ a. We get
ma6+9 _ ma,3+/\+a+9 — paﬁ+u+a+0 — laﬁ—f—u—i—a—i—)\ _ la‘””,
so 7 = al—g The addition and multiplication laws are associative and commutative. The distribu-

tivity axiom is satisfied and the additive neutral element is absorbent for the multiplication. So

A[%] is a unital commutative semiring. The formula a +— § provides a canonical morphism of

semirings A — A[M il O

We sometimes omit 1 in the notations when there is no ambiguity. In other words, we some-
}ZGI

Fact 2.2. With the notation of Definition 2.1, if A is a ring then A[{

times denote by a the i 1mage ¢ of an element a € A in A {

JZI?' }ieg) 1s an A-ring.

m

Proof. If Ais a rlng, then the monoid (4, +) is a group and for any % with v € N;,m € M,
we get -5 + —5F = 0. D

REMARK 2.3. Let {N;}ier be 1deals in A such that N; + (al = L; for all ¢ € I. Then we have
identifications of A-semirings A[ o, }zeI { o }zGI {al }zel

REMARK 2.4. Let {E;}icr be subsets of A, let P; be the ideal generated by E; for i € I. Then
one can define A[{%}ZGI] as being A[{%}ig]. This is the most natural A-semiring containing
all symbols Z—Z forie I, e; € E;.




2.2 Properties of dilatations
We proceed with the notation from §2.1.

REMARK 2.5. As A-semiring, A[{J(\l{l}lel] is generated by {%}zel Since L; = M; + (a;), this
implies that A[{ ](\i’ }iel] is generated by {]Zl }Z.el.

Fact 2.6. The following assertions are equivalent.

(i) There exists v € Ny such that ¥ =0 in A.
(ii) The ring A[{%}Zel] is equal to the zero ring.

Proof. Assume (i) holds. Let 75 € A[YM] with 8 € Ny and m € LP. Then a”m = 0 in A and so
o= Y in A[{%}Zel] So (ii) holds. Reciprocally, assume (ii) holds. Then 1 = Y and so there
exists v € Ny such that ¢¥ =0 in A. So (i) holds. O

FactT 2.7. Let v be in Nj. The image of a” in A {M }Z crlis a non-zero-divisor.

Proof. LethA{ } | such that a”b—OlnA{M} erteb——a,thenwe get ‘”—O

in A { }161 This 1mphes that there is 8 € Ny such that aﬁa i=0.S0b=0in Af { }
So @ is a non-zero-divisor.

zEI

Facr 2.8. Assume M; = A for all i € I. Then A {M }zEI = (aN1)7'A where (a"1)71 A is the
localization of A relatively to the multiplicative monoid a"

Proof. For any v € Ny, we have MY = A. Now the map _; ~— - provides an isomorphism of

A-semirings A { }zel aN)TLA, O

REMARK 2.9. Dilatations of semirings generalize entirely localizations of semirings. Indeed, let
A be a semiring and let S be a multiplicative subset of A (i.e. a submonoid of A, x). Let I be a

set such that S = {s;};c;. Then s™ = S and Fact 2.8 says that S71A = A[{2 }SES

Fact 2.10. Let K C I. Assume that, for all k € K, the element a; belongs to the face A* of
invertible elements of the monoid (A, X), i.e. a, is invertible for x. Then

{ a; zGI a; }zGI\K]

Proof. For k € K, let ¢, € A such that akck = 1. As A-semiring, A[{2L }zel] is generated by
{ a, }z ¢+ So it is enough to show that M belongs to the image of A — Al { } ] for any
k € K. This follows from the identity 7 M in A {M }Z cr) O

Fact 2.11. Let f : A — B be a morphism of semirings. Let {[N;, b;]}icr be centers of B such
that f(M;) C N; and f(a;) = b; for all i € I. Then we have a canonical morphism of A-semirings

¢ A[{ ]Z }iel] - B[{%}iel] :

Proof. Put ¢(2) = fgfun). O

FAacT 2.12. Let {P;};cr be ideals of A such that P; C M; for all i € I. Then we have a canonical
injective morphism of A-semirings

A[{%}zel] - A[{ ];4; iGI]'




Proof. Clear. O

FACT 2.13. Let ¢ be a non-zero-divisor element in A. Then ¢ is a non-zero-divisor in A[{ ](\f’ }iel]'

Proof. Let .5 € A {Ml} ] such that 7§ = 0. Then there exists 8 € NI such that a’me = 0 in

A. Because of ¢ is a non-zero-divisor, this implies a®m = 0 in A and so 2 =01in Af { }Z crl- O

PROPOSITION 2.14. Let K C I put J = I\ K. Then we have a canonical morphism of A-semirings

P A[ Jg }ZGK] a; }iel]'

—>A[

Moreover
(i) if M; C (a;) for all i € J, then y is surjective, and
(ii) if a; is a non-zero-divisor in A for all i € J, then y is injective.

Proof. We have a canonical injective morphism of monoids N — Ny. Let 75 with v € Ni and
m € L, then we put ¢(Z2) = 2 € A[{

](\1{_" }Z c I]. We now prove the listed properties.

(i) It is enough to show that Mi is in the image of ¢ for all ¢ € I. This is obvious for all ¢ € K.

Solet i € J and let > € M . Since M; C (a;) we write m; = a;x with 2 € A. Then 7 = {
belongs to the image of ®. So (p is surjective.

(i) Let & € Af { 39 i) With v € N Assume that 7 = 7 in the image A[ { }zEI Then
there exists E N; such that ma® = 0. Write g = 1/ + 9 with v/ € Ng and (9 € Njy. Then
? = 0 in the semiring A and a’ is a non-zero-divisor, so ma” " = 0 in the

semiring A and so % = % in the source. So ¢ is injective.

!
we have ma” a

O

Fact 2.15. Let J C I be such that for all j € J, thereisi € I\ J satisfying that a; = a; and
Mj C M;, then we have a canonical identification of A-semirings A[{ }z‘el] = A] JZ }zeI\J] .

a; }zEI\J — A { }161

By assumption, we have a7 C a7 this implies o = ¢"1\7 and the injectivity of <Z>. The
surjectivity is clear. O

Proof. By Proposition 2.14, we have a canonical morphism ¢ : A] {

PROPOSITION 2.16. Let K C I. Then we have a canonical isomorphism of A| {

}’LEK -Semirings

J

A ) = A My

ai }iel]'
Proof. We have a morphism of semirings A[{ 7 a; }Z c ) = Al { a; }l ¢; given by Fact 2.14. The

where A[ { —j is the ideal of A {M } | generated by 1 C A

}zel

right-hand side of the equation in the statement of 2.16 is generated as A] { }

{ [{ aia}jiel j}

ic K -semiring by

jenK We now define an A-morphism from the right-hand side to the left-hand
side sending @ (withvel jelI\KandkeN)to m”m] . This is well-defined and it is easy

J
to check injectivity and surjectivity. O

COROLLARY 2.17. Let S and S’ be the multiplicative monoids in A and A[{%}ZGI] given by
{a”|v € Ny}. Then S A[{2}, []=571A.




Proof. Using, Fact 2.8, Proposition 2.16 and Fact 2.15, we get

i = gy ey agony ey oAy )=

O
PROPOSITION 2.18. Assume that a; = aj =: b for all i,j € I, then
{ 2161 M; ]
a; 'LEI
Proof. This follows from the identity ( Z M ”) = (Z M)". O
VENL,Y i vi=n el

PROPOSITION 2.19. Let {d;};c; be positive integers. Let I = H]EJ I; be a partition of I. Assume
that, for all j € J, M; = My =: Mj and a; = ay =: a; for all i,7" € I;. Assume moreover that,
for all j € J, max;¢ I d; =: d; exists. Then we have a canonical identiﬁcation

M
{ d; zeI {Tf;j}jet}]'
Proof. We define a canonical morphism A[ { M, — A[{%} |. For j € J, i€ Ij,n €
p zEI a;% e J ’ 2
m(ad]—d n
N,m € L} it is given by ( Z{Z) — (jdj) . This determines it entirely. It is injective and
a;*)" a; n
surjective. 0

FACT 2.20. Let v € N;. We have LVA[{2:}. ] = a” A[{Z£}, 1.

Proof. Obviously a” A[{ ]Z’ }iel] C L”A[{a—;}iel]. Let y € L” and % € A[{ ];4; }iGI]’ the formula

T, YT
a “ a®tv
now shows that LY A| { }zel ”A[{ a;’ ierl O

PROPOSITION 2.21. (Universal property) If x : A — B is a morphism of semirings such that x(a;)
is a non-zero-divisor and generates x(L;)B for all i € I, then there exists a unique morphism
X' of A-semirings A| { }zel — B. The morphism x' sends 5 L (v € Nj,l € L¥) to the unique
element b € B such that x(a”)b = x(1).

Proof. The element b in the statement is unique because x(a") is a non-zero-divisor for all v € Nj.
Clearly, the map X’ defined in the statement is a morphism of A-semirings. Now let ¢ be an other
morphism of A-semirings A[{%}Zg] — B. We have

X(@)6(5) = 6(5)0(a") = 6(1) = x(1).
This implies X'(-5) = ¢(:5). O

al/
DEFINITION 2.22. The blowup algebra, or the Rees algebra, associated to A and {L;}er is the
Ny-graded A-semiring
Bl A= P L
veENy
where the summand LY is placed in degree v € Nj.



Let e; = (1,0,...),eo = (0,1,0,...),...,e; = (0,...,0,1,0,...),... be the canonical basis
of the free N-semimodule N;. Recall that a; € L; for ¢« € I. Denote a;; the element a; seen
as an element of degree e; in the Rees algebra Bliy,.  A. Let S be the multiplicative subset
of Blyz,1,., A generated by {a;;}ier. Let (Bl{Li}iE[A) [S~!] be the localization of the multi-Rees
algebra relatively to S. This A-semiring inherits a Zj-grading given, for any [ € L”, by

deg(;) = Z(Z/Z — ai)ei €Ly = @Z.

a1,1 ... 4%
1,1 s icl icl

FacT 2.23. We have a canonical identification of A-semirings

A[{%}iel] = [(Bl{Li}ielA) [S_l]}deg:(o,‘..,o,...)

where the right-hand part is obtained as degree zero elements in (Bl{Li}Z_E]A) [S—1].
Proof. This is tautological. O
FacT 2.24. Assume that I = {1,...,k}. Then

A{MY = [BlLl,,..,LkA[((al . ~ak)N)_1ﬂdeg:(0w’0)‘

Proof. Recall that BlLl’,,,,LkA[((al...ak)N)_l] is the localization of Bly, . 1, A relatively to
N The element aj...a; has degree (1,...,1) in Blg, 1, A, so an element in

(a1 N ak) .
BILLM,LkA[((al . --ak)N)_l]deg:(o,.._,o) is represented by a fraction i - with [ € L?...L%.

ai...ak)
d—vq d—vy
a; ey l

Now the map a% > , where v € N* and d = max{y;|i € {1,...,k}}, provides the

(a1..ax)?
identification.
O
PROPOSITION 2.25. Assume that I = {1,...,k} is finite. Then we have a canonical identification
of A-semirings
M; _ >ier(MiT]; I\{3} a;)
A[{ a; }iEI] - A[ s aynili ]
Proof. Let us provide a map
. >ier (Ml I\{i} a;) M;
qb . A[ < a1-~-ili ] - A[{ a; }iel]‘
The semiring A[ZZEI( allj[_;il\“} %)] is generated as A-semiring by et allj;il\{l} a]), we now
define a map ¢ via (for m; € M;, i € I):
¢(Eiel(mi : Hje[\{i} aj)) _ >ier(mi - Hje[\{i} a;)
al-u-ak o al."ak '
This is well-defined and ¢ is a morphism of A-semirings. It is easy to prove that ¢ is injective
and surjective. 0

REMARK 2.26. Assume that A = N[X,Y]. The formal symbol % does not define an element in

A[(2X)-g(3y)] [(QX)Z(:%Y)]

. The formal symbol % defines an element in A . The formal symbol %

defines an element in A[@, @] The identification of Proposition 2.25 identifies % and %.
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LEMMA 2.27. Write I = colimjc;J as a filtered colimit of sets. We have a canonical identification
of A-semirings

M; - . M;
A[{ o }iEI] = cohchlA[{a—:}ieJ]
where the transition maps are given by Fact 2.14.
Proof. For each J C I, Fact 2.14 gives a canonical morphism A[{%}ZEJ] — A[{%}ZE]] of

A-semirings. These morphisms are compatible with transition maps. So we have a canonical
A-morphism

o : colimJC]A[{%i}ieJ] — A[{ JZIZ }iel}'

The map ¢ is surjective because for any v € Ny, there exists a subset J C [ such that v € Ny
(recall that Ny C Ny). It is easy to check injectivity. O

PrOPOSITION 2.28. Let T be an ideal of A. Assume that we have a commutative diagram of
A/T
A-semirings / \ where ¢ is the quotient map. Assume that ¢(a;)

M; ,
A[{ a; }iel] A f A
is a non-zero-divisor for all i € I. Then

ker(p) = Xen, oo © AL G iel]

Proof. Let v € Ny and 7% € A[{%’} i.e. m € LY. We have

iel]’

o m a’, ,m m
P(a”)e(—) = p(=)e(—) = o(=) = (f(m)) = ¢(m)
a 1 a 1
Now assume (i) = 0, then ¢(m) = 0 and so m € L"NT. This shows that ker(¢) C >, LZ—DT
Reciprocally assume m € L” NT. Then ¢(m) = 0. This implies ¢(7;) = 0 because ¢(a”) is a
non-zero-divisor by assumption. O

COROLLARY 2.29. We proceed with the notation from Proposition 2.28 and assume that I = {i},
a; = b¥ for some k € N,b; € A and that T = M;. Then ker(y) is the ideal ofA[%] generated by

l«slr)iéw] = A[bf?\/fd] for any d € N.

];/[: , moreover A[bMi;][

Proof. Clearly, % C ker(¢p), so it is enough to prove that ker(¢) is included in the ideal generated

by ](\14; So let n € Ny = N and let % € L?(;Mi. If n =0, then % =m € M; and it clearly belongs
to the ideal generated by i, If n > 1, then o € L?;Mi and it clearly belongs to the ideal

a; i
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generated by ]L{Z Now we prove the equality A[%i][kezg”)] = A[%} and finish the proof
M; A1 M;
M; . ker(yp) M; . ok Al bk )
A - i
M; M,»A[%]
= A[bT][ pE+d ]
by Proposition 2.16 = A[b—k, b’?+d}
M;
by Proposition 2.19 = A[W].

2.3 More properties of dilatations of rings

We proceed with the notation from §2.1 and we now assume that the monoid (A4, +) is a group,
i.e. that A is a unital commutative ring. By Fact 2.2, A[{ M; }z‘el] is an A-ring.

ProPOSITION 2.30. Let f : A — B be an A-ring. Put N; = f(M;)B and b; = f(a;) fori € I.
Then B[{%}iel] is the quotient of B ® 4 A[{%‘}ZE[] by the ideal Tj, of elements annihilated by

some element in b7 := {b”|v € N}.

Proof. We can assume a; € M; and b; € N;. Let B’ be the quotient of B ® 4 A[{%}
The ring map

ier) Y To-

M; N;
Boa A[{ S }iel) = B3 ied]

is surjective and annihilates a’’-torsion as elements in o™ are non-zero-divisors in B[{%’}l c i
Hence we obtain a surjective map B’ — B[{ J;[—: }Z c ;) To see that the kernel is trivial, we construct
an inverse map. Namely, let z = % be an element of B[{%}iel}, i.e y € N” for some v € Nj.
Write y = ) a;s; with z; € MY and s; € B. We map 2 to the class of ) | s;® 7% in B’. This is well
defined because we claim that an element of the kernel of the map B® 4 M"Y — NV is annihilated
by a” hence maps to zero in B’. We now prove the claim of the previous assertion. Let j(sj ®@my)
be in the kernel of the map as before (s; € B,m; € M" for all j), so that }_.s;f(m;) = 0; we
have a” 32, (s; @ my) = 3_,(s; @ mya”) = 32;(s;f(m;) @ a”) = (32, 5jf(m;)) ® a” = 0. This
finishes the proof. O
COROLLARY 2.31. We proceed with the notation from Proposition 2.30 and assume f : A — B
is flat. Then Ty = 0, in other words we have a canonical isomorphism

Bl{%t}ier) = B@a A[{2 }ieq).
Proof. Since f is flat, the map ¢ : A[{%},g] — B®a A{%i}c1] is flat. Since ¢ is flat, the

aj

image of any non-zero-divisor element in A[{%}ze 7] under the map ¢ is a non-zero-divisor. So
T, = 0 and Proposition 2.30 finishes the proof. O

DEFINITION 2.32. Assume that a; is a non-zero divisor for all ¢ € I. Let J; be the ideal of A
generated by a;, it is invertible. We consider the A-algebra

cia= Prres,
veNy
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and we call it the associated conic algebra.

ProprosiTION 2.33. We proceed with the notation from Definition 2.32. Let ( be the ideal of
CgA generated by elements p® — 1 for a € N where p; € CgA is the image of 1 € A under
A2 J,® Ji_l CLi® JZ-_1 C C’iA for any i € I. We have a canonical isomorphism of A-algebras

(CLA) /¢ — A[{&}, ).

Proof. Let t; = a; be the generator for J[l, dual to a; for all ¢ € Nj. We have a natural morphism
of rings given explicitly by
L; l
sl - v v
¥ CpA — A a; }iel]’ ZVENIZV et ZVENI av’
The morphism ¢ is surjective and ¢ C kert. It is enough to prove that kervy C (. Let X =

Yoeclhh @ € CgA where [, € L”, and c is a finite subset of N;. Let 5 € Nj defined by
Bi = max,¢c.v; for all ¢ € I. Then we have

ll/ Zl/ Caﬁiull/
w(X):Zyzieaﬁ .
veEe

Assume X € kert, then > a? V1Y = 0 because a; are non-zero-divisors i € I. So we are

allowed to write

X=(Ywer)- (Y et =3 [et)(1- (" e™™))].

vee vee vee

vee

This finishes the proof since a®~" @ t9~¥ = pfrul e pfr”" cee O

REMARK 2.34. We note that the ideal ( appearing in Proposition 2.33 is in fact generated by
{pi — 1}icr. To see this, use for example that in any ring and for any elements p,o in the ring
we have p" — 1= (p—1)(p" t+...+p+1Dandpoc—1=(p—1)(c+1)+(c—1)—(p—1).
FacT 2.35. Let R be a ring and assume that f : R — A is a morphism of rings. Let {r;};c; be
elements in R and assume that a; = f(r;) for alli € I. Let R, = R[{%}iel] be the localization
of R at {r;}icr. For any i € I, let M; ® ri_l C A®pg R,. Then A[{ %Z}ZE[] identifies with the
A-subalgebra of A ®g R, generated by {M; ® T,L-_l}iej and A.

Proof. By [StP, Tag 00DK] and Fact 2.8, we get A®r R, = (A®gr R), = A[{a%}iel]. Moreover

M;®r;' € A®g R, corresponds to % C A[{a%}zel] Now Fact 2.5 finishes the proof. O

REMARK 2.36. We discussed before that dilatations of rings provide a formalism unifying local-
izations of rings and affine blowups of rings (recall that affine blowups algebras are studied in
[StP, Tag 052P]). We now check on the ring Z[X] that dilatations strictly generalize localizations
and affine blowups. So assume that A = Z[X]. Assume that [ =1:= {1,2,3,4,5,...}, M; = (X)
and a; = i. Then A[{ JZ[Z }iel] is equal to the subring Z[{= };e1] of Q[X] generated by {=}icr.
Now let S be a submonoid of (Z[X], x), let N C Z[X] be an ideal and let ) be an element
in Z[X]. We first prove that S™1A # A[{ ]ﬁz }ieg)- TS contains 0, then S™'A = 0 and we are
done. So we assume that 0 ¢ S. The Z[X]-rings S™!Z[X] and Z[{%}ieﬂ] are Z[X]-isomorphic
if and only if they coincide in Q(X). Assume first that S C Z. If S C {1,—1}, we are done. If
S ¢ {1,—1}, then S~!'A contains an integer such that n # 1,—1 and n is invertible in S~ A,

this shows that S™1A # Z[{%}ze]ﬂ Now if S ¢ Z, then S contains a non-constant polynomial
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P. The element 5 does not belong to Z[{Z };c1] because Z is a domain. So S~1A4 # A[{ M, }Z.El.].

a;

We now prove that A[%] # Al Mi}z.el]. We can assume ) # 0. The Z[X]-rings Z[X][%] and

[¢23

Z[{%}Z’GH] are Z[X]-isomorphic if and only if they coincide in Q(X). There is a prime number p
that does not divide @ in the factorial ring Z[X|. Assume that we have an isomorphism of A-rings
A[X] = Z[{£}ic1], then there is an integer k and an element n € N* such that % = 2 this

Q QR
implies that pn = XQF. This implies that p divides X. This is absurd. So A[%} #+ A[{ ]gz }iel]'

3. Multi-centered dilatations in the absolute setting

In this section, we define multi-centered dilatations and prove some properties.

3.1 Definitions

Let S be a scheme. An S-space is an S-algebraic space. Let us fix an S-space X. For the
convenience of the reader, we recall some basic notations and well-known facts.

NOTATION 3.1. Let Clo(X) be the set of closed S-subspaces of X . Recall that Clo(X) corresponds
to quasi-coherent ideals of Ox via [StP, Tag 03MB]. Let IQCoh(Ox) denote the set of quasi-
coherent ideals of Ox. It is clear that (IQCoh(Ox),+, x,0,Ox) is a semiring. So we obtain
a semiring structure on Clo(X), usually denoted by (Clo(X),N,+,X,0). For clarity, we now
recall directly operations on Clo(X). Given two closed subspaces Y1, Ys given by ideals J1, J2,
their sum Y7 + Y5 is defined as the closed subspace given by the ideal J1J>. Moreover, if n € N,
we denote by nY7 the n-th multiple of Y7. The set of locally principal closed subspaces of X
(cf. [StP, Tag 083B]), denoted Pri(X), forms a submonoid of (Clo(X),+). Effective Cartier
divisors of X, denoted Car(X), form a submonoid of (Pri(X),+). Note that Car(X) is a face
of Pri(X). We have an other monoid structure on Clo(X) given by intersection, this law is
denoted N. The operation N corresponds to the sum of quasi-coherent sheaves of ideals . The set
Clo(X) endowed with N,+ is a semiring whose neutral element for + is () and whose neutral
element for N is X. Let C' € Car(X), a non-zero-divisor (for +) in the semiring Clo(X). Let
Y, Y' € Clo(X). If C +Y is a closed subspace of C +Y', then Y is a closed subspace of Y.
Moreover if C +Y =C +Y', then Y =Y. Let f : X' — X be a morphism of S-spaces, then f
induces a morphism of semirings Clo(f) : Clo(X) — Clo(X'),Y — Y xx X', moreover Clo(f)
restricted to (Pri(X),+) factors through (Pri(X'),+), this morphism of monoids is denoted
Pri(f). Let Y1,Ys € Clo(X), we write Y1 C Yy if Y7 is a closed subspace of Y. We obtain a
poset (Clo(X),C). Let Y1,Y2,Ys € Clo(X), if Y1 C Y2 and Y1 C Y3 then Y7 C Yo NYs. Let
Y1,Ys € Clo(X), then (Y1 NY2) C Yy and Yy C (Y1 + Ya). Finally, if Y = {Y.}ccp is a subset of
Clo(X) and ifv € N¥ | we put YV = {v.Y,.}ccr and if moreover v € Ng, we put vY = Y ecr VeYe.

REMARK 3.2. Be careful that the operation + on Clo(X) is not the operation U of [StP, Tag
0C4H]. Recall that + corresponds to multiplication of ideals whereas U corresponds to intersection
of ideals.

REMARK 3.3. We proceed with the notation from Notation 3.1. In general the image of the map
Pri(f)|car(x) is not included in Car(X").

DEFINITION 3.4. Let D = {D;}icr be a subset of Clo(X).

(i) Let Spaces)%reg be the category of S-algebraic spaces f : T'— X over X such that for any

1 €1, T xx D; is a Cartier divisor in T'.
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(i) If X = S is a scheme, let Sch)%reg be the category of X-schemes f : 7T — X such that for
any ¢ € I, T X x D; is a Cartier divisor in T'.

If 7" — T is flat and T — X is an object in Spaces)%reg or Sch)%reg, so is the composition
T' — T — X by [StP, Tag 083Z] and [StP, Tag 0200]. In particular, the categories Spaces)%reg

and Sch)%]reg can be equipped with the fpqc/fppf/étale/Zariski Grothendieck topology so that
the notion of sheaves is well-defined.

Fact 3.5. Let D = {D;};cr be a subset of Clo(X).

(i) Let f: T — X be an object in Spaces)%reg. Then for any v € Ny, the space T xx vD is a
Cartier divisor in T, namely v(T x x D).

.. o § 1 D
ii) Assume that #I is finite, then Spacesh ™ equals Spaceszze[ .
X X

Proof. (i) This follows from the fact that (Clo(f),+) is a morphism of monoids and the fact
that Car(X) is a submonoid of Clo(X) (e.g. cf. the discussion in Notation 3.1).
(ii) This follows from the fact that Car(X) is a face of the monoid Pri(X) (e.g. cf. the discussion
in Notation 3.1).
O

DEFINITION 3.6. A multi-center in X is a set {[Y;, D;]}icr such that
(i) Y; and D; belong to Clo(X),

. . . . i
(ii) there exists an affine étale covering {U, — X} er of X such that D;|y, is principal for all
i€l and v € I' (in particular D; belongs to Pri(X) for all 7).

In other words a multi-center {[Y;, D;]}ier is a set of pairs of closed S-spaces such that locally
each D; is principal.

REMARK 3.7. Let {Y;, D;}icr such that Y; € Clo(X) and D; € Pri(X) for any ¢ € I. Assume
that [ is finite, then {[Y;, D;]}ier is a multi-center in X, i.e. the second condition in Definition
3.6 is satisfied.

We now fix a multi-center {[Y;, D;]}ier in X. Denote by M;, J; the quasi-coherent sheaves
of ideals in Ox so that Y; = V(M;),V(T;) = D;. We put Z; = ;N D; and L£; = M; + J; so
that Z; = V(L£;) for any i € I. We put Y = {Y;}icr, D = {D;}icr and Z = {Z;}ic;. We now
introduce dilatations O x-algebras by glueing (cf. [StP, Tag 04TP]).

DEFINITION AND PROPOSITION 3.8. The dilatation of Ox with multi-center {|M;, J;|}icr is the

quasi-coherent Ox-algebra Ox HA\;“} J obtained by glueing as follows. The quasi-coherent
i Jie

Ox-algebra Ox [{A;’} I] is characterized by the fact that its restriction, on any étale S-
i Jie

morphism ¢ : U — X such that U is an affine scheme and each D; is principal on U and
generated by a;y, is given by

—_——

(ox[{7}.])), =rwenl {57 )

where ~ is given by [StP, Tag 0117] and [StP, Tag 03DT] (we work with small étale sites).

Proof. By Definition 3.6, the affine schemes U — X satisfying the conditions in the statement
form an étale covering of X. Now Proposition 3.8 follows from [StP, Tag 03M0] and Corollary
2.31. O
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Let Blizy,.,O0x = EBueNI L¥ denote the multi-Rees algebra, it is a quasi-coherent Ny-graded
Ox-algebra. By localization, we get a quasi-coherent Ox-algebra (Bl{ﬁi}iel(’)x)[{jfl}ie[] (lo-
cally, we invert a generator of J;, for each i € I). This Ox-algebra inherits a grading giving local
generators of 7; degree e;.

Fact 3.9. We have a canonical identification of quasi-coherent Ox-algebras

Ox H Mi}z'el} - [(BI{L"}"GIOX)[{“Z_l}iel]} ’

Ti deg=(0,...,0,...)
where the right-hand side is obtained as the subsheaf of degree zero elements in

(Bl{ci}ielox)[{xfi_l}iel]- In particular Ox H/\;j }iEI} =Ox [{%}zel}

Proof. This follows from Fact 2.23. 0

DEFINITION 3.10. The dilatation of X with multi-center {[Y;, D;]}icr is the X-affine algebraic
space over S

BI?X = Specy (Ox H /;z }iel] ).

REMARK 3.11. Fact 3.9 implies that BI? X = BIJX.
FACT 3.12. Assume that X = S is a scheme. Then BI¥ X is a scheme.

Proof. We have an affine morphism BIZ X — X, now the fact follows from [StP, Tag 03WG]. O

NoTATION 3.13. We will also use the notation Bl{gi}ielX and Bl}gif}’X to denote BIY X . If

I = {i} is a singleton we also use the notation BI%X . If K C I, we sometimes use the notation
{Ditiex ADitienx
(Yitiex AYitieng = 70 7 7 W vy R R AR AREREE P,

DEFINITION 3.14. Let X be a scheme or an algebraic space over a scheme S. We say that a
morphism f : X’ — X is a dilatation morphism if f is equal to Bl{}D,_i}iE[X — X for some
multi-center {[Y;, D;|}ier-

3.2 Exceptional divisors

We proceed with the notation from §3.1.

PROPOSITION 3.15. As closed subspaces of BIQX, one has, for all v € Ny,
BIPX xxvZ =B X xx vD,

which is an effective Cartier divisor on BI2X .

Proof. Our claim is étale local on X. We reduce to the affine case and apply 2.7 and 2.20. [

3.3 Universal property

We proceed with the notation from §3.1. As Bl?X — X defines an object in Spaces)%lreg by
Proposition 3.15, the contravariant functor

Spaces)%reg — Sets, (T"— X) — Homx_spaces (T, Bl{?X) (3.1)

together with idgpy determines Bl{?X — X uniquely up to unique isomorphism. The next
proposition gives the universal property of dilatations.
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PROPOSITION 3.16. The dilatation BI2 X — X represents the contravariant functor Spaces.)%reg —
Sets given by
{*}, if flrx D, factors through Y; C X for i € I;

3.2
g, else. (3:2)

(f:T—X)+— {

Proof. Note that the condition f|rx,p, factors through Y; C X is equivalent to the condition
flrx « p; factors through Z; C X, because Z; = Y; N D;. Let F be the functor defined by (3.2). If
T — BleX is a map of X-spaces, then the structure map 7' — X restricted to T x x D; factors
through Z; C X by Proposition 3.15. This defines a map

Homx spaces (-, B/ X) — F (3.3)

of contravariant functors Spaces)%reg — Sets. We want to show that (3.3) is bijective when

evaluated at an object T'— X in Spaces?reg. As (3.3) is a morphism of étale sheaves, we reduce
to the case where both X and T are affine and J; is principal for all ¢ € I. Now Proposition 2.21
finishes the proof. O

PROPOSITION 3.17. Put f : BI?X — X. Then the morphism of monoids Clo(f)|car(x) factors

through C’ar(Bl{?X ). In other words, any effective Cartier divisor C' C X is defined for f, i.e.
the fiber product C x x BI2X ¢ BI?X is an effective cartier divisor (cf. [StP, Tag 01WV]).

Proof. We reduce to the case where X = Spec(A) is affine and apply Fact 3.17. O
PROPOSITION 3.18. Let J be a subset of I. There exists a unique X-morphism
. p{Ditier {Dj}ies
L Bl{Yj}jeI X = Bl{Yj}jeJ X
Proof. This follows from Propositions 3.16 and 3.15. O

REMARK 3.19. Proposition 3.18 is the spaces version of Fact 2.14.

REMARK 3.20. Proposition 3.25 will refine Proposition 3.18 and show that ¢ is in fact a dilatation
map (cf. Definition 3.14).

ProrosITION 3.21. Let K C I and assume Z; = D; is a Cartier divisor in X, for all i € K. Then

{Dj}Yjer v _ piiDitienk
Bl{Zj}jeI X = Bl{Zj}jEI\K X

Proof. Both sides belong to Spabces)%reg by Propositions 3.17 and 3.15, so it is enough to show
that they agree when evaluated at any f: T — X € Spaces)%reg. We have

{*}, if flrx D, factors through Z; C X for i € I;

{Dj}jer .
Blizher X(T) = {@, else.

B {*}, if flrx D, factors through Z; C X fori e I\ K;
B g, else.

_ piiDjiljenk
- Bl{Zj}jEI\K X(T).

REMARK 3.22. Proposition 3.21 is the spaces version of Proposition 2.14.
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PROPOSITION 3.23. Assume D; = D; =: D for all i,5 € I. Then
D D
Bl{Yi}iEIX = BlmiEIYiX'

Proof. Both sides belong to Spaces)%reg by Proposition 3.15, so it is enough to show that they
agree when evaluated at any f: T — X € Spaces)%reg. We have

Bl{g }z‘eIX(T) = {

B {{*}, if f|rxp factors through NerZ; C X ;

a, else.

{*}, if flrxyp factors through Z; C X for i € I;

a, else.

= BI?

i

EIYiX(T)'

REMARK 3.24. Proposition 3.23 is the spaces version of Proposition 2.18.
PROPOSITION 3.25. Let J be a subset of I and put K =1\ J. Then

DkXXBl{Zi} X

icJ D;
}kzeKBl{Y" iesX-

BI{y };,X = BY '
{YZ- el YkXXBl{xD/;}ieJX

This in particular gives the unique X-morphism

Di Di
Bl{Yi }MX — Bl{Yi e X

of Proposition 3.18.

Proof. The right hand side is well-defined (e.g. cf. [StP, Tag 053P]). Using Proposition 3.15 and
Proposition 3.17, one obtains that the right hand side is in Spaces?reg. So it is enough to see
that both sides coincide when evaluated at any f : T — X € Spacesg'reg. This follows from
Proposition 3.16. O

3.4 Multi-centered dilatations and mono-centered dilatations
We proceed with the notation from § 3.1.
PRrOPOSITION 3.26. Write I = colim j-;J as a filtered colimit of sets where transition maps are
given by inclusions of subsets. We have a canonical identification
D; . D;

Bl{Yl_ }ieIX =limjcy Bl{Yi }ieJX
where transition maps are described in Propositions 3.18 and 3.25. On the right-hand side the
direct limit is on the category of S-spaces over X.
Proof. By [StP, Tag 07SF] the limit exists. For each J C I, Propositions 3.18 and 3.25 give
us a X-morphism Bl{gi}ielX — Bl{?i}iEJX, so we get an X-morphism ¢ : Bl{&}ieIX —
lim g Bl{gi}i c;X - To prove that ¢ is an isomorphism, we reduce to the affine case where the
result follows from Proposition 2.27. O

PROPOSITION 3.27. Assume that #1I = k is finite. We fix an arbitrary bijection I = {1,... k}.
We have a canonical isomorphism of X -spaces

Dy
{Diier y o 3(BE)%x Di (Bl )xx Dy (1 BV X)xxD2 1 p
Blvyer X = Bl )xn, ("‘Bl<Bl~-->XXY3 <BI(B£}X>XXYQ (Bl X)) )
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Proof. By induction on k using Proposition 3.25. O
PROPOSITION 3.28. Assume that #I = k is finite. We fix an arbitrary bijection I = {1,...,k}.
We have a canonical isomorphism of X -spaces

{Di}ier ~ Di+..4+Dy
Bl{Yi}iGI X = BlmiEI(Yi'i'Dl""---""Difl+Di+1+---+Dk)X'

Proof. Since Car(X) is a face of the monoid Pri(X), the right-hand side belongs to Spacesy "°®.
Let f: Blﬁ;;éjfl];ﬁ...JrDi,l+Di+1+...+DkX — X be the dilatation morphism. Let us prove that

YD) Cc f~YY;) for all i € {1,...,k}. By Proposition 3.16,
f_l(ﬂY%—i—Dl+...+Di—1+D7g+1+...—|—Dk) :f_l(Dl—l——l—Dk)
el

is a Cartier divisor in f~!(X). Moreover by the discussion in Notation 3.1

f_l(mn+D1+-u+Di71+Di+l+~--+Dk)

el
(') + D)+ 4 D) + fTH(Diga) + -+ f7H(Dy), and
iel
fH D1+ ...+ D)= fH(D1) + ...+ (D).

So for any i € {1,...,k}, we have
D)+ A+ T DR) C I YD)+ D)+ ST Dia) + F T (Diga) + o+ TH(Dg).

Since f~1(D;) is a Cartier divisor for any [ € {1,...,k}, this implies f~%(D;) C f~1(¥;). So we
. . . p1D1+..4D {Di}

obtain an X-morphism ¢ : Blnjej(}/i+g1+---+Difl+Di+l+---+D}€)X — BI{Y%}Z':IIX' To check that ¢

is an isomorphism, it is enough to prove that there is an X-morphism

. {Di}ier Di+..4+Dy,
L Bl{Yi}iEI X = Blmiel(Yi‘FDl+---+Di71+Di+1+---+Dk)X'

To build ¢, we consider the map [’ : Bl}?i}}f]IX — X and check that f~Y(Dy +...+ Dy) C

f’*l(ﬂiel(Yg + D1+ ...+ D;_ 1+ Diy1+ ...+ Dyg)). This is easy because f'~1(D;) C f'~1(Y;)
for all 7. An other method to prove Proposition 3.28 is to build ¢ or ¢ and then reduce to the
affine case an apply Proposition 2.25.

O

3.5 Functoriality
We proceed with the notation from §3.1. Let X’ and {[Y}, D}]}ic; be another datum as in §3.1.

(2

As usual, put Z/ = Y/ N D,. A morphism f : X’ — X such that, for all ¢ € I, its restriction
to D! (resp. Z!) factors through D; (resp. Z;), and such that f~1(D;) = D}, induces a unique
morphism Bl{/),/ X' — Bl}[/)X such that the following diagram of S-spaces

BIZ2 X' — BIZX

| |

X — X

commutes. This follows directly from Proposition 3.16.

REMARK 3.29. This is the spaces version of Fact 2.11.

19



3.6 Base change
We proceed with the notation from §3.1. Let X’ — X be a map of S-spaces, and denote by
Y/, Z!, D, C X' the preimage of Y;,Z;,D; C X. Then D, C X' is locally principal for any ¢
so that the dilatation BIZ X’ — X’ is well-defined. By §3.5 there is a canonical morphism of
X'-spaces

BIZ X' — BIZX xx X' (3.4)

LEMMA 3.30. If BI?X xx X’ — X' is an object of Spaces)%reg, then (3.4) is an isomorphism.

Proof. Our claim is étale local on X and X’. We reduce to the case where both X = Spec(B),
X' = Spec(B’) are affine, and J; = (b;) is principal for all i. We denote Z! = Spec(B’/L}) and
D] = Spec(B'/J}). Then J! = (b}) is principal as well where b/ is the image of b; under B — B’. We
need to show that the map of B’-algebras B’ ®pg B [%] — B [%] is an isomorphism. However,
this map is surjective with kernel the b'N/-torsion elements by Lemma 2.30. As b}, ..., b, ... are
non-zero-divisors in B’ ® g B [%] by assumption, the lemma follows. O

COROLLARY 3.31. If the morphism X' — X is flat and satisfies a property P which is stable
under base change, then Ble,X " — Bl?;X is flat and satisfies P.

Proof. Since flatness is stable under base change the projection p: BleX xx X' — BI}QX is flat
and has property P. By Lemma 3.30, it is enough to check that the closed subspace Bl{:/) X xx D;
defines an effective Cartier divisor on BIZ? X x x X’ for all 4. But this closed subscheme is the
preimage of the effective Cartier divisor BleX X x D; under the flat map p, and hence is an
effective Cartier divisor as well by [StP, Tag 083Z]. O

3.7 Relation to multi-centered affine projecting cone

We proceed with the notation from §3.1 and assume that {D;};c; belong to Car(X). In this
case, we can also realize Ble X as a closed subscheme of the multi-centered affine projecting cone
associated to X, Z and D.

DEFINITION 3.32. The affine projecting cone Ox-algebra with multi-center {[Z; = V(L;), D; =
V(ji)]}iel is
fox = Prros
veENT
The affine projecting cone of X with multi-center {[Z;, D;]}icr is
def

clx = Spec(Cg(’)X).

ProposiTION 3.33. The dilatation Bng is the closed subscheme of the affine projecting cone
CEX defined by the equations {o; — 1};c1, where for alli € I, g; € Cg@x is the image of 1 € Ox
under the map

Ox2J,0J 'cLi®J *cClox.

Proof. We may work locally and the proposition follows from Proposition 2.33 and Remark
2.34. O

3.8 Relation to Proj of multi-graded algebras and multi-centered blowups

We proceed with the notation from § 3.1 and assume that X = Spec(A) is an affine scheme but we
expect the content of this section can be adapted to algebraic spaces. We assume moreover that
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I=1{1,...,k} is finite. We have N; = N¥. We refer to [BS07, §2] for the construction of the Proj
associated to 2-graded R-algebras where €2 is a finitely generated abelian group and R is a ring.
This construction should globalize to arbitrary €2-graded quasi-coherent algebras. It should also
work for algebraic spaces, e.g. cf. [StP, Tag 085P] for a hint. We plan to study this later. Recall
that Zq,..., Z; are closed subspaces of X with ideals L1,..., L. Recall that Z; C D, for all 1.
We assume that each D; is principal and given by elements a; € A. We introduce the following
definition. Recall that Bly, . 1, A is canonically Nk—graded, and in particular Z"-graded.

DEFINITION 3.34. The blowup of X with multi-center Z = (Zy,..., Zy) is the scheme
BlzX = Proj(Blz, . 1, A).
PROPOSITION 3.35. The map Bly, . 7 X — X is a final object of Sch)Z(l""’Z’“'reg.

Proof. We adapt [GW, Chap 13, pages 414-415|. By definition Blz X = U{frelevant} Dy (f) (cf.

[BS07, Def. 2.2]). We have D, (f) = SpecA[%, ce %] Now 2.7, 2.20 and 2.21 finish the proof.
O

PROPOSITION 3.36. Let 1 <r < k andlet Z; =Bly, ., . 7 X xx Z; for 1 <i <r. Then we have
a canonical isomorphism of X -schemes

Bly  zBlz .. 2, X =Blz . 7 X

Proof. The right-hand side belongs to Sch)Z(l""’Z’“'reg. We now observe that the left-hand side also

belongs to Sch)Z(l""’Z’“'reg. Indeed, let g be the composition

Bly  zBlz, .2, X = Blz 72X =X

Obviously g~1(Z;) is a Cartier divisor in Bly  zBlz... 2. X for 1 < i < r. We claim that
g 1(Z;) is also a Cartier divisor in Bl . z:Blz, .. 2.X for r+1 < i < k. To see this, we observe
that the preimage of any Cartier divisor of Blz, ., . 7 X in Blz;,...,Z;B1ZT+1,...,ZkX is a Cartier
divisor, this follows from the local definition of Proj and Proposition 3.17. So both sides belong

to Sch)Z(l""’Z’“'reg. It is easy to construct an X-morphism Blz{,.‘.,Z;BIZTH,...,ZkX «— Blz, . 7, X.
This shows that the left-hand side is also (cf. Proposition 3.35) a final object of Sch)Z(1 """ Zreg,
This finishes the proof. O
ProrosiTION 3.37. We have a canonical isomorphism of X -schemes

B121+...+ZkX = B1Z1,...,ZkX'
Proof. This follows from [StP, Tag 085Y]. O

Facrt 3.38. The dilatation Bng is the open subscheme of the blowup BlzX defined by
Di(ay...ay) (cf. [BSO7, page 6] for the notation Dy (—)).

Proof. The identity A[L—ll Lk] = (BlL,,...L, A)(ar...ar)> given by Fact 2.24, is a proof. O

a ? ’ ay,

4. Iterated multi-centered dilatations

We proceed with the notation from § 3.1. Let v, 6 € N’ such that < v, i.e. §; < v; for all i € I.
PROPOSITION 4.1. There is a unique X-morphism

ovo: BIZ'X - BI2'X.
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Proof. Let ¢, : BI2Z'X — X, ¢y : BIZ’X — X be the dilatation maps. Let i € I, if 6; = 0,
then 0;D; = X and so o, }(6;D;) = Bl{?VX is a Cartier divisor in Bl{?UX. If 6, > 0, then v; >0
and ;1 (v;D;) = v, 1 (D;) is Cartier and so ¢, 1(D;) is Cartier because Car(BI2” X) is a face
of Pri(BI2"X) (cf. the discussion in Notation 3.1). Consequently ¢, 1(6;D;) = 0;0, (D;) is a
Cartier divisor. So we proved that Bl;D/VX belongs to Spacesgg'reg. We now use Proposition 3.16.
Let i € I, we have ¢ 1(0;D;) C ¢, (v;D;) CY Nu;D;. This finishes the proof. O

Assume now moreover that v, € N; ¢ NI, We will prove that, under some assumptions, ©u.0
is a dilatation morphism with explicit descriptions. We need the following observation.

PROPOSITION 4.2. Assume that we have a commutative diagram of S-spaces

B— 1 ¢

N

Assume that F is affine and f is a closed immersion. Then f' is a closed immersion.

Proof. A closed immersion is affine, so by [StP, Tag 08GB], f’ is affine. Using [StP, Tag 03M4],
we reduce to the case where B,C' and X are affine (taking an étale covering of X by affine
schemes). Now the assertion is clear because closed immersions of affine schemes correspond to
surjective morphisms at the level of rings. O

COROLLARY 4.3. Assume that we have a commutative diagram of S-spaces

B —> BIDX

where the right-hand side morphism is the dilatation map. Assume that f is a closed immersion.
Then f’ is a closed immersion.

Proof. Clear by Proposition 4.2. O

We now assume that Z; C D; is a Cartier divisor inclusion for all i € I.
Let D; be the canonical diagram of closed immersions

Y; —— BIjiPiX
[ o1
Zi —— D;
obtained by Propositions 3.16 and 4.3.
LeEMMA 4.4. Assume I = {i} and let n; € N. We have an identification
BIY TPy = BI DBl P X

Proof. Using Propositions 3.16 and 4.1 and the discussion in Notation 3.1, it is easy to prove
that there is a unique Bl”l i X-morphism Bl(yﬁm) ‘X — Bl?,:DiBl;iDiX. To prove that it is an
isomorphism, we reduce to the affine case and apply Corollary 2.29 O
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Let f; be the canonical morphism (e.g. cf. 3.18, 3.25 or 4.1)
BIP"X — BIjiPiX.

We denote by Y; x BI{QVX the fiber product obtained via the arrows given by f; and D;.

Bl X
We use similarly the notation D; X g1iDi BIY”

Y;
LEMMA 4.5. Let i € I and let n; € N. Let v; € Ny be (0,...,0,n;,0,...) where n; is in place i.

We have an identification
niDix_,.p. BIR'X
B2 x =Bl % BIZ'X
Y T TYix_,.p, BIRVX Y
B1Y7’_ (D¢
1

In particular we have a canonical dilatation morphism

Gviw BT X 5 B2 X
Proof. We have

DY
n; D; XB]”'LD'LXBI

Bl v, BI2'X BIY X
BIjf TP X
;Dix_,.p. BI2'Xx
. " ><BIYZ.DZX Y {I/jD]'XXBl X}jEI\{} v:D
by Proposition 3.25 = BIY " RIDY x Bly: ‘X
XBI;}_DZ'X Y {YJ XxBl X}]EI\{ }
niDi{v;Djx xBLE i X}
L iDi v Dj X x Bly, jeI\{i D
by Proposition 3.25 = Bl S 7Ent }Blgﬁ.DlX
YidYixx Bl ™ X}en (i} g

(vi+n)D
{VijXXBl X}JGI\{l}Bl(Vz‘i‘nz) 1X

by Proposition 3.25 and Lemma 4.4 = Bl e
y p {YXxBlg/l:7‘+ o X}]EI\{l} YL

by Proposition 3.25 = BIDVMZX.

O

PROPOSITION 4.6. Recall that § < v. Put v = v — 6. Put K = {i € I|y; > 0}. We have an
identification

In particular the unique X-morphism
ovo: BIZ'X - B2’ X
of Proposition 4.1 is a dilatation map.

Proof. We prove the first assertion by induction on #{i € I|ly; > 0}. If £ = 1 the assertion
follows from Lemma 4.4. The passage from k — 1 to k follows from Lemma 4.5 and Proposition
3.25. 0

It is now natural to introduce the following terminology.
DEFINITION 4.7. For any v € N¥, let us consider
BI2'X =BV} X

el
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and call it the v-th iterated dilatation of X with multi-center {Y;, D;}ier.

PROPOSITION 4.8. Let v € Ny. Assume D; = Dj =: Dy and Y; =Y; =: Yy for all i,j € K :=
{i € Ilv; > 0}. Put m = max;csv;. Then

BIY" X = BI}™X.

Proof. We prove the assertion by induction on k& = #K. If £ = 1 the assertion is trivial. We
assume that the assertion is true for length £ — 1. We fix a bijection K = {1,...,k}. We can
assume vy < v; for all i. Put vy = (v1,...,v1). Put vy =v —vy. Put K’ = {i € K|y; # 0}. Note
that # K’ < k. We have

DY _
BIY'X =
{'71D1><B1V1D1XB1Y71 X}zeK/ Y
by Proposition 4.6 = Bl o BIP” X
{Y1 XBllelXBly X}iEK’

by Proposition 3.23 = BI})" 1}26”]31”1171)(

by induction = Bl(m Vl)DlBl'lelX

by Lemma 4.4 = BlQDlx.

5. Multi-centered dilatations along multiples of a single divisor

Let X be an S-space. We fix a locally principal closed subscheme D C X. Let Yy, Y1,...,Y;, ..., Y%
be closed S-subspaces of X such that D NY; C Y; is a Cartier divisor for all 7. We assume
moreover that Yy C Y; for ¢ € {1,...,k}. Let sg,s1,...,s; € N be integers. We claim that we
have a canonical closed immersion YO — BISOD’ ’s’“DX ThlS follows from Propositions 3.16 and
4.3 observing that the map Yy — X restrlcted to szD factors through Y; Ns; D for any i. We now
use the notation Bls‘;”._.”S’“kX to denote BIS%{D’M’s”“fX , this is harmless because we fixed D once
for all.

Facrt 5.1. Assume that X = Spec(A) is affine. Assume that D = Spec(A/(a)) and Y; =
Spec(A/M;) for i € I. Then the ideal L of A’ := A[2Mo M. Mu] corresponding to the canon-

50 g1 a’k
ical closed immersion Yo — BI'3 % X is the ideal (Mo My Mey of A" generated by
My M My
e Sy e
Proof. We have a commutative diagram of rings
A ! A/My
\ /
My M My,
A[aTgvaTiﬂ”"ask]
!/ : : : / Mo M My, :

where f and f’ are surjective. It is enough to show that ker(f’) equals (52, 25, ..., 7s&). Since

DNYy CYpis a Cartier divisor, the element a is a non-zero-divisor in A/Mj. This implies that
any power of a is a non-zero-divisor in A/Mj. Now let m; € M;, the identity

)

0= flmi) = /(mi) = /(@) ' ("2

asi
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implies that f/(™) = 0. So (o M ,%’g) is included in ker(f’). Reciprocally let x =

a’i as0? q51
W bein A’ withm € MY.Ifv # (0, ...,0), then z belongs to ker(f'). If v = (0,...,0),

then x belongs to A moreover x belongs to ker(f’) if and only if 2 belongs to My. Now My is
included in (Mo 2 M’“>. This shows that ker(f’) ¢ (Mo M Mk), m

%07 @17 " "7 g%k @S0 %17 " gk

PROPOSITION 5.2. Let 0 < t < so be an integer. We have a canonical identification
t 80,51 ,-++,S _ so+t,s1+t,...,5+t
BIYOBI;()),;E,...,)%X - BIY%, Yi, ey {;k X.
Proof. Using Propositions 3.16 and 4.1 and the discussion in Notation 3.1, we get a morphism
from left to right. We then reduce to the case where X = Spec(A) is affine and use the notation

of Fact 5.1. It is enough to show that we have a canonical identification of rings

(A[MO My Mk])[L]_A[ Mo My M, ]

a0 7 a51 ° a’k ? - as0ttsr gs1+t e ask‘H

Since M” C LY "V we can define a map ¥ sending

m A MQ M1 Mk
(asott)wo ... (gsrtt)v < [a80+t’ asl+t"'ask+t]

to
(KBGO e ( [Mo My Mk])[£]
(at)V0+~~~+Vk aso’ ast ask at :
The map V¥ is a morphism of rings. It is injective and surjective. This finishes the proof. O

Fact 5.3. Let A be aring. Let P = A[T, X1, ..., X,] be the polynomial algebra in n+1 variables.
Let dy,...,d, € N. Then there is a canonical identification of A-algebras

Plr1,... @0l /(X1 — THay,... Xy — Tha,) = PIOD . B)),

Proof. The map given by z; — ;ili is well-defined and surjective. The source and target of our

map are T-torsion free and the map is an isomorphism after inverting T by Corollary 2.17. [

PROPOSITION 5.4. Let A be aring. Let a € A. Let g1, ..., gn be elements in A wheren € N. Let
di,...,d, € N. There is a surjection

Az, ..., x0)/(g1 — abxy,. .., gn — a%rxy,) — A[%, . (T”)]
whose kernel is the a-power torsion in the source.
Proof. Consider the map P = A[T, X1,...,X,] — A sending T to a and X; to g; for 1 <i < n.

By Fact 5.3, we have Plx1,...,2,]/(X1 — T%zy,..., X, — T%2,) = P[(;fjl),..., (;i{;)]. Now we

use Proposition 2.30 to finish the proof. O

PROPOSITION 5.5. Let A be a ring. Let a,g1,...,g9, be a Hi-regular sequence in A (cf. [StP,
Tag 062E] for Hi-regularity). Let dy, . .., d, be positive integers. The dilatation algebra identifies
with a quotient of a polynomial algebra as follows

A[%’ T @] - A[xl’ s ;xn]/(gl - adlxla <oy Gn T adnxn).

) adn

Q

Proof. We can assume that d; > 0 for all ¢ by Fact 2.10. By Proposition 5.4, it is enough to show

that the right-hand side is a-torsion free. We adapt the proof of [StP, Tag 0BIQ]. We claim that

the sequence (a, g1 — a1, ..., g, — a®x,) is Hy-regular in Alxy,...,z,]. Namely, the map

(a,q1 — adlml, ey O — ad”:nn) s Alx, ... ,xn]@(l‘”‘) — Alz1,...,zp]
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used to define the Koszul complex on a, g1 — a1, ..., gn — a% x, is isomorphic to the map
(a,g1y---y0n) : Az, ... ,xn]@(1+”) — Alxy,...,zp]
used to define the Koszul complex on a, g1, ..., g, via the isomorphism ©
Alzy, .., zn)®00) 5 Alwy, .. 2,20

sending (P, Py, ..., P,) to

n
(Po — Z ani_l.l‘ipi, Pl, PQ, N ,Pn>;
=1

this follows from the identity
n
aPo+ Y (g —a%z)Pi=a(Py— > a%'wP) +> gD
i=1 i=1
By [StP, Tag 0624] these Koszul complexes are isomorphic. By [StP, Tag 0629] the Koszul

complex K on (a,g1 —a®x1,...,g, — a®x,) is the cone on a : L — L where L is the Koszul
complex on (g1 —a®ay, ..., g, —a®™x,), since Hi(K) = 0, we conclude that a : Ho(L) — Ho(L)
is injective, so the right-hand side is a-torsion free. O

6. Some flatness and smoothness results

Let S be a scheme and let C' C S be a Cartier divisor in S. Let X be a scheme over S. Let D be
the closed subscheme of X given by X xg C. Let X; C D be closed subchemes for 1 < j < d.
We are now making the following assumption. We assume that locally over S, X the following
conditions are satisfied

(i) S =Spec(R), C = Spec(R/a) and X = Spec(A),

(ii) there exists a sequence ¢i, ..., g, € A such that a, g1, ..., g, is a Hi-regular sequence in A,
(iii) there exists a sequence 1 < iy <ip <...<14; <...<iq=n such that

X1 =Spec(4/(g1,---,9:))

+ +
X2 = SpeC(A/(gl7 -y Gi1 Jig+1s - - - 7gi2))

+ +
Xj = SpeC(A/(gl7 cee 7.gij,17.gij,1+la CIIR agij))

+ +
Xd = SpeC(A/(gl7 s Gig_ 15 Gig_ 41y 7gn))

where + over a symbol means that this symbol possibly appears but not necessarily. We
put U; = Spec(A/(g1, ..., gi;)) for 1 <i <.
Let mi > ... >2m; > ... > my > 0 € N be integers.

PRrROPOSITION 6.1. (i) If X/S is flat and if moreover one of the following holds:

(a) X; — S is flat and S, X are locally noetherian for 1 < j < d,
(b) X; — S is flat and X; — S is locally of finite presentation,
(c) the local rings of S are valuation rings,
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(i)

then Bl ¢4 X — S is flat.
If X — S is smooth and (with the local notation of the assumption) U; x gSpec(R/(a™7)) —
Spec(R/(a™3)) is smooth for all 1 < j < d, then Bl "¢¢X — S is smooth.

Proof. This is local on S, X. We use notations used to state the assumption before the statement.
Proposition 2.19 implies that we can and do assume that X; = U; for all 1 < j < d.

(i)

We prove the assertions by induction on d. If d = 1 this follows from [MRR20, Propo-
sition 2.16]. By Proposition 3.25 we have Bl ""{¢X = Bl?gBlnXlll:_':::;ij where X/, =

’11X identifies with the spec-

Bl%i;?j:X x x Xg4. Proposition 5.5 implies that Bl;ll;nj

trum of P/J where P = A[zy,...,z;, ,] and

J=(g1—a™x1,...,0i —a"™Tiy, Giy+1— "2 Ti 41, oo Gis — A2 Tig, ., Giy_, —aT Ty, ).
We claim that the sequence given by ¢;, ,+1,- .., i, is Hi-regular in P/(J+ (a"4)). Let us
prove the claim. Since mg < m; for all 1 < j < d — 1, the ideal J + (a™?) of A is equal to
(@™, g1,...,Gi, ,). So P/(J+ (a™)) identifies with (A/(amd,gl7 e ,gidil))[:cl, e Ty ]
Now since (a, g1, .., 9n) is Hi-regular in A, we know that (a?,¢1,...,gp) is Hi-regular in
A by [StP, Tag 062G]. So ¢i, ,+1,-- -, i, is a Hj-regular sequence in A/(a™4, g1,...,9i, ,)
by [StP, Tag 068L|. This implies that g¢;, ,+1,...,9, is a Hj-regular sequence in
(A/(amd,gl, e ,gidil)) [1,...,xi, ,|. This finishes to prove our claim. We now apply
[MRR20, Proposition 2.16] to deduce the assertions for d.

We prove the assertion by induction on d. If d = 1, this is [MRR20, Proposition 2.16].
We now assume that the assertion is true for d — 1. Using [MRR20, Proposition 2.16] and
Proposition 3.25, it is enough to show that Z/, := (X4 xx Bl}p‘;’_’.’_’:;?;X) x g (Spec(R/(a™4))
is smooth over Spec(R/(a™¢). We have

Zyg = Xaq x5 Spec(R/(a™)) Xspec(r/(amay) Blx, x4 X X5 Spec(R/(a™?).

We computed Bl’;};:":::?jX X g Spec(R/(a™) in (i) and proved that it is the spectrum
of A/(a™, q1,...,9i, )21, 2iy ). Now X4 xg Spec(R/(a™4)) is the spectrum of
A/(a% g1, ..., gy). Consequently Z/ is the spectrum of (4/(a®, g1, ..., gn)) @1, -, Tiy_,]-
So by assumption A/(a%", g1,...,g,) is smooth over R/(a%"). Moreover any polynomial
algebra is smooth over its base ring. A composition of smooth morphisms is smooth. So the
composition

R/(a%) — A/(a®™ g1,...,90) — (A/(a%™ g1, ..., q0))[z1,. ..  Tiy_ ]
is smooth. This finishes the proof.

7. Néron blowups

Néron blowups are dilatations in the group case. We introduce and study them in this section.
Let S be a scheme, and let G — S be a group scheme. Let C1,...,C; C S be locally principal
closed subschemes. Put D; = G|, = G xg C; and D = (Dq,...,Dy). Let H; C D; be a closed
subgroup scheme over C; for all i € {1,...,k} and let H = (Hy,..., Hy). Let G := BIZG — G
be the associated dilatation. We call G — S the Néron blowup of G with multi-center H, D. By
Lemma 3.15 the structure morphism G — S defines an object in Schg'reg.

Fact 7.1. Let G — S be the above Néron blowup.
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(1) The scheme G — S represents the contravariant functor Schg'reg — Sets given for T — S
by the set of all S-morphisms T'— G such that the induced morphism T'|c, — G|¢, factors
through H; C G|, for all i € {1,...,k}.

(2) Let T — S be an object in Schg_reg, then as subsets of G(T')

¢TI = () BFG)D).

€{1,...,k}

(3) The map G — G is affine. Its restriction over S; factors as G; — H; C D; for all i

Proof. Part (1) is a reformulation of Proposition 3.16. Assertion (2) is immediate using (1).
Finally (3) is immediate from Proposition 3.15. O

By virtue of Fact 7.1 the (forgetful) map G — G defines a subgroup functor when restricted
to the category Schg'reg . As G — S is an object in Schg'reg, it is a group object in this category.
Now if X — S and Y — S are two flat morphisms in Schg'reg, then the product of X and Y
in the category Schg'reg exists and is equal to the product of X and Y in the full category of
S-schemes. In particular if the Néron blowup G — S is flat, then it is equipped with the structure
of a group scheme such that G — G is a morphism of S-group schemes.

REMARK 7.2. In general the product of two objects in Schg'reg is not equal to the product of the
same objects seen in the full category of S-schemes (in fact the product of these objects in the
full category of S-schemes need not be in Schg'reg). Proposition 3.35 allows to compute products

. C-reg
in Schg™°.

The following Proposition generalizes the fact that congruence groups are normal subgroups,
it is related to Example 1.4 (note that the proof of [Yu0l, Lemma 1.4] is not correct).

PROPOSITION 7.3. Assume that k = 1, C' = C4 is a Cartier divisor in S and G — S is flat. Let
1 : H — G be a morphism of group schemes over S such that H — S is flat. Let K C G be a closed
subgroup scheme over S such that K — S is flat and BIIC(G — S is flat (and in particular a group
scheme). Assume that Ho commutes with K¢ in the sense that the morphism Ho xo Ko — G,
(h,k) = n(h)kn(h)~! equals the composition morphism Hc xc Ko — Ko C Ge, (h k) = k.
Then H normalizes BI%G, more precisely the solid composition map

-1
H xgBIS¢G —&PL, HXSG% o
e BI

5\
C
Bl G
factors uniquely through BI%.G.

Proof. Let ¢ be the solid composition map, we claim that it belongs to Schgc'reg. Let us prove

-1
this claim. The map 6 : H xg G Iogonhgn(h)

isomorphism, namely H xg G RNy 5 s G, with a flat morphism, namely the projection on the
second factor H xgG — G. So 871 (G¢) is a Cartier divisor in H x5 G (note that G¢ is a Cartier
divisor in G because G — S is flat). Now Lemma 3.30 and 3.17 shows that (Id x BI)~}(071(G¢))
is a Cartier divisor. This finishes to prove the claim. Now by Proposition 3.16, ¢ factors uniquely
through BI%G if and only if ¢|g, factors through K¢. The following diagram, obtained using

G is flat. Indeed it is the composition of an
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Proposition 3.15, finishes the proof

(H XS BIIC(G) Xaq GC > (H Xs G) XaG GC > GC
HC X (BI%G XaG Gc) > HC Xc GC > GC
e ////////////a //////”
HC X KC ffffffffffffffffffffffffffffff > KC

8. Congruent isomorphisms

Let (O, 7) be an henselian pair where 7 C O is an invertible ideal. Let S = Spec(O) and let
C = Spec(O/).

THEOREM 8.1. Let G be a separated and smooth goup scheme over S. Let Hy, H1,...,H} be
closed subgroup schemes of GG such that Hy = eq is the trivial subgroup. Let sg, s1, ..., S and
r0,71,-..,TE be in N such that

(i) s; = sg and r; > rg for all i € {0,...,k}
(ii) r; = s; and r; — s; < so for alli € {0,...,k}.

Assume that G is affine or O is local. Assume that the regularity condition (RC) introduced
below is satisfied (cf. Definition 8.2). Then we have a canonical isomorphism

50, S1, --»Sk TO, T1y 0Tk (Y~ T3 505 S1, --rSk : TO, T1, Tk
BlHO,le-kaG/B1H07H17~--aHkG - Lle(BlHo,Hl,m HkG)/Lle(BlHo,Hhm,HkG)'

)

Proof. Fori € {0,...,k}, put t; = r; —s;. As a first step in our proof, we assume that t; =t; =: ¢
for all 4,7 € {0,...,k}. Proposition 5.2 shows that

TO, T1, sk o 2t so—t,...,S—1 80, S1, --ySk - t so—t,...,s5—1
Bl my, T, G = Bl Bl g Ty, G and Blyg oy 77y G = Bly Bl 7 Ty, G-

Put G' = Bl?{;j;"skth. The scheme G’ is smooth over S by (RC). By [MRR20, Theorem 4.3],
’ yeeey il
we have a canonical isomorphism

Bly, G’ /B3, G’ = Lie(Bly G')/Lie(BlF G").

This finishes the proof of the case where t; = ¢; for all 4,5 € {1,...,k}. Now we prove the
general case. Put ¢, = max;c(o,.. x} ti- The isomorphism [MRR20, Theorem 4.3] is functorial in

G. Applying this functoriality to the morphism pllsittmbosisk iy pytrim2imbosi<i o 0 with the

{Hi}ogigk {Hi}Yo<isk
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integers given by the inequality 0 < %Tm < tm < 2, we get a canonical commutative diagram

{31}0<1<k {7"1 0<i<k
Bl{H }0<z<kG )/BI{H }0<2<kG

/\

{52}0<z<k {31+t'm}0<z<k {Tl_t7n}0<z<k {7”1}0<z<k
Bl e GOV Bl L GO) ———— Blygy 0 0 GO Bl 0, G(O)

Lie(BI{;;1</" G)(0)/Lie(BI{;; " "5 G)(0) » Lie(BI{jy << G)(0) /Lie(BI[ 1< ¢)(0)

\ /

{SZ}O<1<1€ {TZ}O<'L<k
Lle l{H }O<z<kG)( )/Lle l{H }O<z<k

The injectivity of the two hookarrows follows from Remark 1.3. This identifies

1{52}0<z<k G( )/Bl{Tz}0<z<k G(O)

{Hi}o<i<k {H;}o<igk
and
{si}o<ig : {ritois
Lie(B I{H f;:‘kG)( )/Lie(B I{H f;jjkG)(O)
inside the right part of the diagram. O

DEFINITION 8.2. Let G,{H;, si,7i}o<i<k be as in Theorem 8.1. Put t,, = max;co,.. 1y (ri — 5i)-
We introduce the following regularity condition

(RC) l}i} }Z’Z}MK’CG and Blg} }iimj:<’<kG are smooth over S.

We recall that Proposition 6.1 offers a way to check (RC) in many cases. We finish with the
following result.

COROLLARY 8.3. Let G be a separated and smooth goup scheme over S. Let Hy C Hy C ... C Hy
be closed subgroup schemes of G such that H; is smooth over S for 0 < i < d and Hy = eq. Let

$0,81,-..,8; and rg,71,...,7, be in N such that
(i) si = so andr; = ro for alli € {0,...,k}
(ii) r; > s; and r; — s; < sg for all i € {0,...,k}.

Assume that G is affine or O is local. Then we have a canonical isomorphism
Blﬁoglﬁk G/Bl;}(; El ok G = Lle(Bl?’ f-_}l gk G)/Lle(Bl;‘}(’) o ITJkkG)

Proof. By Theorem 8.1, it is enough to check the condition (RC), it follows from [SGA3, Exp.
I1I, Proposition 4.15] and Proposition 6.1. O

REMARK 8.4. Note that the result of the proof of [SGA3, Exp. III, Proposition 4.15] is stronger
than its statement. Indeed the statement uses Koszul-regularity and the proof shows regularity
(in the terminology of [StP, Tag 063J]).
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