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Multi-centered dilatations and congruent

isomorphisms

Arnaud Mayeux

March 15, 2023

Abstract. We introduce a multi-centered formalism in the context of dilatations of schemes and
algebraic spaces. In particular, this provides new results on the behavior of [MRR20] dilatations.
Furthermore, we use our new formalism to deduce some refined congruent isomorphisms.
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1. Introduction

1.1 Paradigm

1.1.1 Intrinsic questions and results on dilatations. Given a scheme X and closed sub-
schemes Z ⊂ D ⊂ X, such that D is locally principal, [MRR20] introduces a scheme BlDZX
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and an affine morphism f : BlDZX → X. The scheme BlDZX is called the dilatation of X with
center Z,D. Dilatations provide a fundamental tool in mathematics (cf. [MRR20, Introduction])
and so it is natural to study the theory of dilatations intrinsically. The construction of BlDZX in
[MRR20] is both very explicit and conceptual and is characterized by the fact that it satisfies, in
a universal way, that f−1(D) = f−1(Z) and that f−1(D) is a Cartier divisor. Now given other
pairs {Zi ⊂ Di}i∈I of closed subschemes of X such that locally each Di is principal, we can ask
the following question:

Is there a scheme X? and a morphism f : X? → X characterized by the fact that it satisfies, in
a universal way, that f−1(Di) = f−1(Zi) and that f−1(Di) is a Cartier divisor for all i ∈ I ?

This article gives a positive answer to this question: there is a unique X? (up to canonical X-

isomorphism). It is natural to denote X? by Bl
{Di}i∈I

{Zi}i∈I
X and we do it from now on. If #I is finite,

there are several non-trivial ways to describe Bl
{Di}i∈I

{Zi}i∈I
X using [MRR20] as follows.

Assume #I is finite and fix an arbitrary bijection I = {1, . . . , k}. The scheme Bl
{Di}i∈I

{Zi}i∈I
X exists

and is unique up to canonical X-isomorphism. Moreover we have canonical X-isomorphisms

Bl
{Di}i∈I

{Zi}i∈I
X

†∼= Bl
(Bl··· )×XDk

(Bl··· )×XZk

(
· · ·Bl(Bl··· )×XD3

(Bl··· )×XZ3

(
Bl

(Bl
D1
Z1

X)×XD2

(Bl
D1
Z1

X)×XZ2

(
BlD1

Z1
X
)))

††∼= BlD1+...+Dk⋂
i∈I(Zi+D1+...+Di−1+Di+1+...+Dk)

X

where + and ∩ are the usual operations underlying the semiring structure on the set of closed
subschemes of X (3.1, 3.16, 3.27, 3.28).

As we claimed before, in this article, we prove the existence of Bl
{Di}i∈I

{Zi}i∈I
X for arbitrary I

(3.16). Moreover, we work in the natural framework of algebraic spaces (3.16). We call our
formalism multi-centered dilatations. We prove several results leading to information on the
arithmetic of multi-centered dilatations. We prove that dilatations are highly functorial and
compatible with many operations (e.g. cf. 3.23, 3.25, 3.31, 4.6, 4.8, 5.2). We prove some results
on smoothness and flatness of multi-centered dilatations (6.1). Thanks to the isomorphism ††, in
the case of schemes and if #I is finite, our results provide new informations on the arithmetic of
[MRR20] dilatations. We would like to notice here that in the rest of the article, we remove the
condition that Zi is included in Di, this is a convenient detail that does not affect the substantial
arithmetic of dilatations (cf. Fact 3.11).

1.1.2 Dilatations of rings and semirings. To define and study multi-centered dilatations of
schemes and algebraic spaces, we first introduce a new formalism in the framework of commu-
tative algebra, called dilatations of rings and semirings. We believe this is the most natural and
intelligible way to introduce multi-centered dilatations. Let A be a semiring, let {Mi}i∈I be ideals
in A and let {ai}i∈I be elements in A. In this situation we define an A-semiring A[

{
Mi
ai

}
i∈I ] (2.1).

Intuitively, this A-semiring is the most natural A-semiring that contains the symbols mi
ai

with
i ∈ I,mi ∈ Mi. Dilatations of semirings (resp. rings) fully generalize localizations of semirings
(resp. rings), indeed let S be a submonoid of (A,×) (sometimes called a multiplicative subset),
then (2.9)

S−1A = A[
{A
s

}
s∈S ].
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If I = {1, . . . , k} is finite, we prove that we have (2.25)

(‡) A[
{
Mi
ai

}
i∈I ]
∼= A[

∑
i∈I(Mi·

∏
j∈I\{i} aj)

a1···ak ].

Note that ‡ is the algebraic version of †† in some sense. If A is a ring, I = {1} and a1 ∈M1 then
A[M1

a1
] is defined in [StP, Tag 052P] and used in [MRR20] (this A-ring is called an affine blowup

algebra in [StP]). We prove several results on dilatations of rings and semirings (cf. Section 2
and 5.1, 5.3, 5.4, 5.5). This finishes to introduce the first goal of this paper: to provide intrinsic
results on the theory of dilatations.

1.2 Statement of some formal results and congruent isomorphisms

We now continue this introduction explaining a second goal of this article: to prove some congru-
ent isomorphisms. To introduce congruent isomorphisms, we start with an arithmetical observa-
tion. Then, we summarize some preliminaries necessary to state our results regarding congruent
isomorphisms.

1.2.1 Arithmetical observation. Let G be a smooth group scheme over Zp for a prime number
p. Put p = pZp. For any n ∈ N, let Gn be the n-th congruence group of G (namely the dilatation

Bl
GZp/pn
eGZp/pn

G in the sense of [MRR20]). Recall that it is a group scheme over Zp that satisfies

Gn(Zp) = ker
(
G(Zp)→ G(Zp/p

n)
)
.

For any pair of integers (s, r) such that 0 ⩽ r
2 ⩽ s ⩽ r, [MRR20, Theorem 4.3], based on the

theory of dilatations, provides a canonical isomorphism

(⋆) Gs(Zp)/Gr(Zp) ∼= gs(Zp)/gr(Zp)

where gn is the Lie algebra of Gn. If G = GL2/Zp, Gn(Zp) =

(
1 + pn pn

pn 1 + pn

)
⊂ GL2(Zp) and

gn(Zp) =

(
pn pn

pn pn

)
⊂M2(Zp) for any n > 0. The isomorphism (⋆) gives us, for pairs (r, s) such

that 0 < r
2 ⩽ s ⩽ r, isomorphisms

(∗)
(
1 + ps ps

ps 1 + ps

)
/

(
1 + pr pr

pr 1 + pr

)
∼=
(
ps ps

ps ps

)
/

(
pr pr

pr pr

)
.

These maps are given by [1 +M ] 7→ [M ]. Using the formula [1 +M ] 7→ [M ], it is elementary to
check that we have other isomorphisms of abstract groups

(∗∗)
(
1 + p3 p3

p3 1 + p3

)
/

(
1 + p5 p6

p6 1 + p5

)
∼=
(
p3 p3

p3 p3

)
/

(
p5 p6

p6 p5

)
,

(∗ ∗ ∗)
(
1 + p3 p9

p3 1 + p3

)
/

(
1 + p6 p9

p6 1 + p6

)
∼=
(
p3 p9

p3 p3

)
/

(
p6 p9

p6 p6

)
.

The new tool introduced in this article –multi-centered dilatations– allows to extend the gener-
ality offered by [MRR20, Theorem 4.3] so that the new result will also cover (∗∗) and (∗ ∗ ∗) in
an intelligible way, cf. Theorem 1.5 and Example 1.7 below. We emphasize here that our proof of
Theorem 1.5 relies on [MRR20, Theorem 4.3] and the arithmetic of multi-centered dilatations.

1.2.2 Definition of multi-centered dilatations in the absolute setting. Let S be a scheme and
let X be an algebraic space over S. Let {[Yi, Di]}i∈I be pairs of closed S-subspace of X such that

3
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locally on X, each Di, i ∈ I is principal. We define an S-algebraic space BlDY X together with a
morphism BlDY X → X. This construction enjoys the following properties.

Theorem 1.1. Let SpacesD-reg
X be the category of X-algebraic spaces f : T → X such that

T ×X Di is an effective Cartier divisor on T for any i ∈ I.
(i) BlDY X represents the functor from SpacesD-reg

X to Sets given by

(f : T → X) 7−→

{
{∗}, if f |T×XDi

factors through Yi ∩Di ⊂ X for i ∈ {1, . . . , k};
∅, else. (3.16)

(ii) The structural morphism BlDY X → X is affine (3.8).

(iii) If X is a scheme, then BlDY X is a scheme (3.12).

(iv) For α ∈ NI , we put Dα = {αiDi}i∈I . Let ν, β ∈ NI such that ν ⩽ β (i.e νi ⩽ βi for all i),
then there is a unique morphism of X-algebraic spaces (4.1)

φβ,ν : BlD
β

Y X → BlD
ν

Y X.

Assume moreover that α, ν ∈ NI :=
⊕

i∈I N ⊂ NI and that Yi ∩Di ⊂ Yi is a Cartier divisor
for all i, then φβ,ν is a dilatation map (3.14, 4.5).

1.2.3 Multi-centered dilatations in the relative setting. We also define dilatations in a relative
setting as follows. Let S be a scheme and let X be an algebraic space over S. Let C = {Ci}i∈I
be closed subschemes of S such that, locally, each Ci is principal. Put D = {Ci ×S X}i∈I . Let
Y = {Yi}i∈I be closed S-subspaces of X. We put BlCYX := BlDY X.

Fact 1.2. BlCYX represents the functor from SchC-reg
S to Sets given by

(f : T → S) 7→ {x ∈ HomS(T,X)| x|Ci
: T ×S Ci → X ×S Ci factors through Yi ×S Ci}.

Remark 1.3. Fact 1.2 implies that for any T ∈ SchC-reg
S (e.g. T = S if each Ci is a Cartier divisor

in S) we have a canonical inclusion on T -points BlCYX(T ) ⊂ X(T ). But in general BlCYX → X
is not a monomorphism in the full category of S-schemes.

1.2.4 The case of group schemes: multi-centered Néron blowups. Let S be a scheme and
let G be a group algebraic space over S. Let C = {Ci}i∈I be as in §1.2.3. Let H = {Hi}i∈I
be closed subgroup spaces over S in G. The dilatation BlCHG is called the Néron blowup of G
with multi-center H,C . Now assume that S = Spec(O) and C = Spec(O/π) where (O, π) is
an henselian pair and π ⊂ O is an invertible ideal. Assume I = {1, . . . , k}. In the following we
use the notation Bls1,...,skH1,...,Hk

G to denote a Néron blowup Bls1C,...,skC
H1,...,Hk

G where s1, . . . , sk ∈ Nk. We
think that multi-centered dilatations and Néron blowups are very natural. As an evidence let us
indicate a connexion with Yu’s famous construction of supercuspidal representations [Yu01].

Example 1.4. Assume in this example that O is the ring of integers of a non-Archimedean
local field F and that π is the maximal ideal of O. Let G be a split connected reductive group

scheme over O, i.e. a Demazure group scheme over O. Let
→
G = (G0 ⊂ G1 ⊂ . . . ⊂ Gd = G)

be a sequence of split Levi subgroups of G over O. Put Gi = Gi ×O F for all i ∈ {0, . . . , k}.
Put

→
G = (G0 ⊂ G1 ⊂ . . . ⊂ Gd =: G), a sequence of split Levi subgroups of G over F .

For i ∈ {0, . . . , d}, let xi be the special point in the Bruhat-Tits building of Gi such that Gi

corresponds to xi via Bruhat-Tits theory. Then xi comes from x0 via functoriality of buildings
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as in [Yu01, §1]. Let 0 ⩽ r0 ⩽ r1 ⩽ . . . ⩽ rd be integers. Recall that eG denotes the trivial closed
subgroup scheme of G. There is a canonical isomorphism of groups

→
G(F )

x,
→
r
= Bl

r0,r1,r2,...,ri+1,...,rd
eG,G0,G1,...,Gi,...,Gd−1G(O),

where
→
G(F )

x,
→
r
is defined in [Yu01, §1 p584]. Details and other examples will appear elsewhere.

Theorem 1.5. (Congruent isomorphism) Let G be a separated and smooth group scheme over
S. Let H0, H1, . . . ,Hk be closed subgroup schemes of G such that H0 = eG is the trivial subgroup
and such that Hi → S is smooth for all i ∈ {0, . . . , k}. Let s0, s1, . . . , sk and r0, r1, . . . , rk be in
N such that

(i) si ⩾ s0 and ri ⩾ r0 for all i ∈ {0, . . . , k}
(ii) ri ⩾ si and ri − si ⩽ s0 for all i ∈ {0, . . . , k}.
Assume that G is affine or O is local. Assume that a regularity condition (RC) is satisfied (cf.
Definition 8.2). Then we have a canonical isomorphism of groups (8.1)

Bls0, s1, ...,sk
H0,H1,...,Hk

G(O)/Blr0, r1, ...,rk
H0,H1,...,Hk

G(O) ∼= Lie(Bls0, s1, ...,sk
H0,H1,...,Hk

G)(O)/Lie(Blr0, r1, ...,rk
H0,H1,...,Hk

G)(O).

Remark 1.6. [MRR20, Theorem 4.3] is exactly Theorem 1.5 with k = 0 in the notation of 1.5.

Example 1.7. Let G be GL2/Zp. Let eG ⊂ G be the trivial subgroup. Let T ≃ D(Z2)Zp be the
diagonal split torus in G. Let B be the lower triangular Borel in G over Zp.

(i) The isomorphism (∗∗) above is given by Theorem 1.5 with S = Spec(Zp), C = Spec(Zp/p),
H0 = eG, H1 = T , s0 = 3, s1 = 3, r0 = 5 and r1 = 6.

(ii) The isomorphism (∗∗∗) above is given by Theorem 1.5 with S = Spec(Zp), C = Spec(Zp/p),
H0 = eG, H1 = B, s0 = 3, s1 = 9, r0 = 6 and r1 = 9.

1.3 Structure of the paper

Section 2 introduces dilatations of rings and semirings. Section 3 introduces multi-centered di-
latations. Section 4 deals with iterated dilatations. Section 5 focuses on the case where the multi-
center {[Zi, Di]}i∈I satisfies that {Di} are given by multiples of a single D. Section 6 proves some
flatness and smoothness results. Section 7 considers Néron blowups. Section 8 studies congruent
isomorphisms.

2. Dilatations of semirings

We introduce dilatations of semirings and rings. If A is a semiring, an A-semiring is a morphism
of semirings A→ B. If A is a ring, an A-ring is a morphism of rings A→ B. Recall that A-rings
are sometimes called A-algebras. In other parts of this works, relying on [StP], we use dilatations
of rings only. Note that semirings are used in other references, e.g. [JJ15, §2.2].

2.1 Definition

Let A be a unital commutative semiring. If M is an ideal of A and a ∈ A is an element, we say
that the pair [M,a] is a center in A. Let I be an index set and let {[Mi, ai]}i∈I be a set of centers
indexed by I. For i ∈ I, we put Li = Mi + (ai), an ideal of A. Let NI be the monoid defined
as
⊕

i∈I N. If ν = (ν1, . . . , νi, . . .) ∈ NI we put Lν = Lν1
1 · · · l

νi
i · · · (product of ideals of A) and

aν = aν11 · · · a
νi
i · · · (product of elements of A). We also put aNI = {aν |ν ∈ NI}.
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Definition and Proposition 2.1. The dilatation of A with multi-center {[Mi, ai]}i∈I is the
unital commutative semiring A[

{
Mi
ai

}
i∈I ] defined as follows:

• The underlying set of A[
{
Mi
ai

}
i∈I ] is the set of equivalence classes m

aν where ν ∈ NI and
m ∈ Lν under the relation

m

aν
≡ p

aλ
⇔ ∃β ∈ NI such that maβ+λ = paβ+ν in A.

• The addition law is given by m
aν + p

aβ
= maβ+paν

aβ+ν .

• The multiplication law is given by m
aν ×

p
aβ

= mp
aν+β .

• The additive neutral element is 0
1 and the multiplicative neutral element is 1

1 .

We have a canonical morphism of semirings A→ A[
{
Mi
ai

}
i∈I ] given by a 7→ a

1 . We sometimes

use the notation A[Ma ] to denote A[
{
Mi
ai

}
i∈I ].

Proof. Let us first prove that the relation is an equivalence relation. Assume

m

aν
≡ p

aλ

l

aθ
≡ p

aλ

where ν, λ, θ ∈ NI , (m, p, l) ∈ (Mν ,Mλ,M θ). We want to prove that

m

aν
≡ l

aθ
.

By definition, there exist β, α ∈ NI such that

maβ+λ = paβ+ν

laα+λ = paα+θ.

Put δ = β + λ+ α. We get

maδ+θ = maβ+λ+α+θ = paβ+ν+α+θ = laβ+ν+α+λ = laδ+ν ,

so m
aν ≡

l
aθ
. The addition and multiplication laws are associative and commutative. The distribu-

tivity axiom is satisfied and the additive neutral element is absorbent for the multiplication. So
A[Ma ] is a unital commutative semiring. The formula a 7→ a

1 provides a canonical morphism of
semirings A→ A[Ma ].

We sometimes omit 1 in the notations when there is no ambiguity. In other words, we some-

times denote by a the image a
1 of an element a ∈ A in A[

{
Mi
ai

}
i∈I ].

Fact 2.2. With the notation of Definition 2.1, if A is a ring then A[
{
Mi
ai

}
i∈I ] is an A-ring.

Proof. If A is a ring, then the monoid (A,+) is a group and for any m
aν with ν ∈ NI ,m ∈ Mν ,

we get m
aν + −m

aν = 0.

Remark 2.3. Let {Ni}i∈I be ideals in A such that Ni + (ai) = Li for all i ∈ I. Then we have
identifications of A-semirings A[

{
Mi
ai

}
i∈I ] = A[

{
Ni
ai

}
i∈I ] = A[

{
Li
ai

}
i∈I ].

Remark 2.4. Let {Ei}i∈I be subsets of A, let Pi be the ideal generated by Ei for i ∈ I. Then
one can define A[{Ei

ai
}i∈I ] as being A[{Pi

ai
}i∈I ]. This is the most natural A-semiring containing

all symbols ei
ai

for i ∈ I, ei ∈ Ei.
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2.2 Properties of dilatations

We proceed with the notation from §2.1.

Remark 2.5. As A-semiring, A[
{
Mi
ai

}
i∈I ] is generated by

{
Li
ai

}
i∈I . Since Li = Mi + (ai), this

implies that A[
{
Mi
ai

}
i∈I ] is generated by

{
Mi
ai

}
i∈I .

Fact 2.6. The following assertions are equivalent.

(i) There exists ν ∈ NI such that aν = 0 in A.

(ii) The ring A[
{
Mi
ai

}
i∈I ] is equal to the zero ring.

Proof. Assume (i) holds. Let m
aβ
∈ A[Ma ] with β ∈ NI and m ∈ Lβ. Then aνm = 0 in A and so

m
aβ

= 0
1 in A[

{
Mi
ai

}
i∈I ]. So (ii) holds. Reciprocally, assume (ii) holds. Then 1

1 = 0
1 and so there

exists ν ∈ NI such that aν = 0 in A. So (i) holds.

Fact 2.7. Let ν be in NI . The image of aν in A[
{
Mi
ai

}
i∈I ] is a non-zero-divisor.

Proof. Let b ∈ A[
{
Mi
ai

}
i∈I ] such that aνb = 0 in A[

{
Mi
ai

}
i∈I ]. Write b = i

aα , then we get aν i
aα = 0

in A[
{
Mi
ai

}
i∈I ]. This implies that there is β ∈ NI such that aβaνi = 0. So b = 0 in A[

{
Mi
ai

}
i∈I ].

So aν is a non-zero-divisor.

Fact 2.8. Assume Mi = A for all i ∈ I. Then A[
{
Mi
ai

}
i∈I ] = (aNI )−1A where (aNI )−1A is the

localization of A relatively to the multiplicative monoid aNI .

Proof. For any ν ∈ NI , we have Mν = A. Now the map x
aν 7→

x
aν provides an isomorphism of

A-semirings A[
{
Mi
ai

}
i∈I ] = (aNI )−1A.

Remark 2.9. Dilatations of semirings generalize entirely localizations of semirings. Indeed, let
A be a semiring and let S be a multiplicative subset of A (i.e. a submonoid of A,×). Let I be a
set such that S = {si}i∈I . Then sNI = S and Fact 2.8 says that S−1A = A[

{
A
s

}
s∈S ].

Fact 2.10. Let K ⊂ I. Assume that, for all k ∈ K, the element ak belongs to the face A∗ of
invertible elements of the monoid (A,×), i.e. ak is invertible for ×. Then

A[
{
Mi
ai

}
i∈I ] = A[

{
Mi
ai

}
i∈I\K ].

Proof. For k ∈ K, let ck ∈ A such that akck = 1. As A-semiring, A[
{
Mi
ai

}
i∈I ] is generated by{

Mi
ai

}
i∈I . So it is enough to show that Mk

ak
belongs to the image of A → A[

{
Mi
ai

}
i∈I ] for any

k ∈ K. This follows from the identity m
ak

= ckm
1 in A[

{
Mi
ai

}
i∈I ].

Fact 2.11. Let f : A → B be a morphism of semirings. Let {[Ni, bi]}i∈I be centers of B such
that f(Mi) ⊂ Ni and f(ai) = bi for all i ∈ I. Then we have a canonical morphism of A-semirings

ϕ : A[
{
Mi
ai

}
i∈I ]→ B[

{
Ni
bi

}
i∈I ] .

Proof. Put ϕ(maν ) =
f(m)
bν .

Fact 2.12. Let {Pi}i∈I be ideals of A such that Pi ⊂Mi for all i ∈ I. Then we have a canonical
injective morphism of A-semirings

A[
{
Pi
ai

}
i∈I ]→ A[

{
Mi
ai

}
i∈I ].
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Proof. Clear.

Fact 2.13. Let c be a non-zero-divisor element in A. Then c
1 is a non-zero-divisor in A[

{
Mi
ai

}
i∈I ].

Proof. Let m
aν ∈ A[

{
Mi
ai

}
i∈I ] such that m

aν
c
1 = 0. Then there exists β ∈ NI such that aβmc = 0 in

A. Because of c is a non-zero-divisor, this implies aβm = 0 in A and so m
aν = 0 in A[

{
Mi
ai

}
i∈I ].

Proposition 2.14. LetK ⊂ I put J = I\K. Then we have a canonical morphism of A-semirings

φ : A[
{
Mi
ai

}
i∈K ]→ A[

{
Mi
ai

}
i∈I ].

Moreover

(i) if Mi ⊂ (ai) for all i ∈ J , then φ is surjective, and

(ii) if ai is a non-zero-divisor in A for all i ∈ J , then φ is injective.

Proof. We have a canonical injective morphism of monoids NK → NI . Let
m
aν with ν ∈ NK and

m ∈ Lν , then we put φ(maν ) =
m
aν ∈ A[

{
Mi
ai

}
i∈I ]. We now prove the listed properties.

(i) It is enough to show that Mi
ai

is in the image of φ for all i ∈ I. This is obvious for all i ∈ K.

So let i ∈ J and let mi
ai
∈ Mi

ai
. Since Mi ⊂ (ai) we write mi = aix with x ∈ A. Then mi

ai
= x

1
belongs to the image of φ. So φ is surjective.

(ii) Let m
aν ∈ A[

{
Mi
ai

}
i∈K ] with ν ∈ NK . Assume that m

aν = 0
1 in the image A[

{
Mi
ai

}
i∈I ]. Then

there exists β ∈ NI such that maβ = 0. Write β = ν ′ + θ with ν ′ ∈ NK and θ ∈ NJ . Then
we have maν

′
aθ = 0 in the semiring A and aθ is a non-zero-divisor, so maν

′
= 0 in the

semiring A and so m
aν = 0

1 in the source. So φ is injective.

Fact 2.15. Let J ⊂ I be such that for all j ∈ J , there is i ∈ I \ J satisfying that ai = aj and
Mj ⊂Mi, then we have a canonical identification of A-semirings A[

{
Mi
ai

}
i∈I ] = A[

{
Mi
ai

}
i∈I\J ] .

Proof. By Proposition 2.14, we have a canonical morphism ϕ : A[
{
Mi
ai

}
i∈I\J ] → A[

{
Mi
ai

}
i∈I ].

By assumption, we have aNJ ⊂ aNI\J , this implies aNI = aNI\J and the injectivity of ϕ. The
surjectivity is clear.

Proposition 2.16. Let K ⊂ I. Then we have a canonical isomorphism of A[
{
Mi
ai

}
i∈K ]-semirings

A[
{
Mi
ai

}
i∈I ] = A[

{
Mi
ai

}
i∈K ][

{A[
{

Mi
ai

}
i∈I

]
Mj
1

aj
1

}
j∈I\K ],

where A[
{
Mi
ai

}
i∈I ]

Mj

1 is the ideal of A[
{
Mi
ai

}
i∈I ] generated by

Mj

1 ⊂ A[
{
Mi
ai

}
i∈I ].

Proof. We have a morphism of semirings A[
{
Mi
ai

}
i∈K ] → A[

{
Mi
ai

}
i∈I ] given by Fact 2.14. The

right-hand side of the equation in the statement of 2.16 is generated as A[
{
Mi
ai

}
i∈K ]-semiring by

{
A[
{

Mi
ai

}
i∈I

]Mj

aj

}
j∈I\K . We now define an A-morphism from the right-hand side to the left-hand

side sending
mν
aν

mj

akj
(with ν ∈ I, j ∈ I \K and k ∈ N) to mνmj

aνakj
. This is well-defined and it is easy

to check injectivity and surjectivity.

Corollary 2.17. Let S and S′ be the multiplicative monoids in A and A[
{
Mi
ai

}
i∈I ] given by

{aν |ν ∈ NI}. Then S′−1A[
{
Mi
ai

}
i∈I ] = S−1A.
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Proof. Using, Fact 2.8, Proposition 2.16 and Fact 2.15, we get

S′−1A′ = A[
{
Mi
ai

}
i∈I ][

{A[
{

Mi
ai

}
i∈I

]

ai

}
i∈I ] = A[

{
Mi
ai

}
i∈I ,

{
A
ai

}
i∈I ] = A[

{
A
ai

}
i∈I ] = S−1A .

Proposition 2.18. Assume that ai = aj =: b for all i, j ∈ I, then

A[
{
Mi
ai

}
i∈I ] = A[

∑
i∈I Mi

b ]

Proof. This follows from the identity
( ∑

ν∈NI ,
∑

i∈I νi=n

Mν
)
= (
∑
i∈I

Mi)
n.

Proposition 2.19. Let {di}i∈I be positive integers. Let I =
∐

j∈J Ij be a partition of I. Assume
that, for all j ∈ J , Mi = Mi′ =: Mj and ai = ai′ =: aj for all i, i′ ∈ Ij . Assume moreover that,
for all j ∈ J , maxi∈Ij di =: dj exists. Then we have a canonical identification

A[
{

Mi

aidi

}
i∈I ] = A[

{ Mj

aj
dj

}
j∈J ].

Proof. We define a canonical morphism A[
{

Mi

aidi

}
i∈I ] → A[

{ Mj

aj
dj

}
j∈J ]. For j ∈ J , i ∈ Ij , n ∈

N,m ∈ Ln
i it is given by m

(a
di
i )n

7→ m(a
dj−di
j )n

(a
dj
j )n

. This determines it entirely. It is injective and

surjective.

Fact 2.20. Let ν ∈ NI . We have LνA[
{
Mi
ai

}
i∈I ] = aνA[

{
Mi
ai

}
i∈I ].

Proof. Obviously aνA[
{
Mi
ai

}
i∈I ] ⊂ L

νA[
{
Mi
ai

}
i∈I ]. Let y ∈ L

ν and x
aα ∈ A[

{
Mi
ai

}
i∈I ], the formula

y
x

aα
= aν

yx

aα+ν

now shows that LνA[
{
Mi
ai

}
i∈I ] = aνA[

{
Mi
ai

}
i∈I ].

Proposition 2.21. (Universal property) If χ : A→ B is a morphism of semirings such that χ(ai)
is a non-zero-divisor and generates χ(Li)B for all i ∈ I, then there exists a unique morphism
χ′ of A-semirings A[

{
Mi
ai

}
i∈I ] → B. The morphism χ′ sends l

aν (ν ∈ NI , l ∈ Lν) to the unique
element b ∈ B such that χ(aν)b = χ(l).

Proof. The element b in the statement is unique because χ(aν) is a non-zero-divisor for all ν ∈ NI .
Clearly, the map χ′ defined in the statement is a morphism of A-semirings. Now let ϕ be an other
morphism of A-semirings A[

{
Li
ai

}
i∈I ]→ B. We have

χ(aν)ϕ(
l

aν
) = ϕ(

l

aν
)ϕ(aν) = ϕ(l) = χ(l).

This implies χ′( l
aν ) = ϕ( l

aν ).

Definition 2.22. The blowup algebra, or the Rees algebra, associated to A and {Li}i∈I is the
NI -graded A-semiring

Bl{Li}i∈I
A =

⊕
ν∈NI

Lν

where the summand Lν is placed in degree ν ∈ NI .
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Let e1 = (1, 0, . . .), e2 = (0, 1, 0, . . .), . . . , ei = (0, . . . , 0, 1, 0, . . .), . . . be the canonical basis
of the free N-semimodule NI . Recall that ai ∈ Li for i ∈ I. Denote ai,i the element ai seen
as an element of degree ei in the Rees algebra Bl{Li}i∈I

A. Let S be the multiplicative subset
of Bl{Li}i∈I

A generated by {ai,i}i∈I . Let
(
Bl{Li}i∈I

A
)
[S−1] be the localization of the multi-Rees

algebra relatively to S. This A-semiring inherits a ZI -grading given, for any l ∈ Lν , by

deg(
l

a1,1α1 . . . ai,iαi
) =

∑
i∈I

(νi − αi)ei ∈ ZI :=
⊕
i∈I

Z.

Fact 2.23. We have a canonical identification of A-semirings

A[
{
Mi
ai

}
i∈I ] =

[(
Bl{Li}i∈I

A
)
[S−1]

]
deg=(0,...,0,...)

where the right-hand part is obtained as degree zero elements in
(
Bl{Li}i∈I

A
)
[S−1].

Proof. This is tautological.

Fact 2.24. Assume that I = {1, . . . , k}. Then

A[
{
Mi
ai

}
i∈I ] =

[
BlL1,...,Lk

A[
(
(a1 . . . ak)

N)−1
]
]
deg=(0,...,0)

.

Proof. Recall that BlL1,...,Lk
A[
(
(a1 . . . ak)

N)−1
] is the localization of BlL1,...,Lk

A relatively to
(a1 . . . ak)

N. The element a1 . . . ak has degree (1, . . . , 1) in BlL1,...,Lk
A, so an element in

BlL1,...,Lk
A[
(
(a1 . . . ak)

N)−1
]deg=(0,...,0) is represented by a fraction l

(a1...ak)d
with l ∈ Ld

1 . . . L
d
k.

Now the map l
aν 7→

a
d−ν1
1 ...a

d−νk
k l

(a1...ak)d
, where ν ∈ Nk and d = max{νi|i ∈ {1, . . . , k}}, provides the

identification.

Proposition 2.25. Assume that I = {1, . . . , k} is finite. Then we have a canonical identification
of A-semirings

A[
{
Mi
ai

}
i∈I ] = A[

∑
i∈I(Mi·

∏
j∈I\{i} aj)

a1···ak ].

Proof. Let us provide a map

ϕ : A[
∑

i∈I(Mi·
∏

j∈I\{i} aj)

a1···ak ]→ A[
{
Mi
ai

}
i∈I ].

The semiring A[
∑

i∈I(Mi·
∏

j∈I\{i} aj)

a1···ak ] is generated as A-semiring by
∑

i∈I(Mi·
∏

j∈I\{i} aj)

a1···ak , we now
define a map ϕ via (for mi ∈Mi, i ∈ I):

ϕ(

∑
i∈I(mi ·

∏
j∈I\{i} aj)

a1 · · · ak
) =

∑
i∈I(mi ·

∏
j∈I\{i} aj)

a1 · · · ak
.

This is well-defined and ϕ is a morphism of A-semirings. It is easy to prove that ϕ is injective
and surjective.

Remark 2.26. Assume that A = N[X,Y ]. The formal symbol X
3 does not define an element in

A[ (2X)+(3Y )
6 ]. The formal symbol 2X

6 defines an element in A[ (2X)+(3Y )
6 ]. The formal symbol X

3

defines an element in A[ (X)
3 , (Y )

2 ]. The identification of Proposition 2.25 identifies X
3 and 2X

6 .
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Lemma 2.27. Write I = colimJ⊂IJ as a filtered colimit of sets. We have a canonical identification
of A-semirings

A[
{
Mi
ai

}
i∈I ] = colimJ⊂IA[

{Mj

ai

}
i∈J ]

where the transition maps are given by Fact 2.14.

Proof. For each J ⊂ I, Fact 2.14 gives a canonical morphism A[
{
Mi
ai

}
i∈J ] → A[

{
Mi
ai

}
i∈I ] of

A-semirings. These morphisms are compatible with transition maps. So we have a canonical
A-morphism

ϕ : colimJ⊂IA[
{
Mi
ai

}
i∈J ]→ A[

{
Mi
ai

}
i∈I ].

The map ϕ is surjective because for any ν ∈ NI , there exists a subset J ⊂ I such that ν ∈ NJ

(recall that NJ ⊂ NI). It is easy to check injectivity.

Proposition 2.28. Let T be an ideal of A. Assume that we have a commutative diagram of

A-semirings

A/T

A[
{
Mi
ai

}
i∈I ] A

φ

f

ϕ
where ϕ is the quotient map. Assume that ϕ(ai)

is a non-zero-divisor for all i ∈ I. Then

ker(φ) =
∑

ν∈NI

Lν∩T
aν ⊂ A[

{
Mi
ai

}
i∈I ].

Proof. Let ν ∈ NI and m
aν ∈ A[

{
Mi
ai

}
i∈I ], i.e. m ∈ L

ν . We have

ϕ(aν)φ(
m

aν
) = φ(

aν

1
)φ(

m

aν
) = φ(

m

1
) = φ(f(m)) = ϕ(m).

Now assume φ(maν ) = 0, then ϕ(m) = 0 and som ∈ Lν∩T . This shows that ker(φ) ⊂
∑

ν∈NI

Lν∩T
aν .

Reciprocally assume m ∈ Lν ∩ T . Then ϕ(m) = 0. This implies φ(maν ) = 0 because ϕ(aν) is a
non-zero-divisor by assumption.

Corollary 2.29. We proceed with the notation from Proposition 2.28 and assume that I = {i},
ai = bki for some k ∈ N, bi ∈ A and that T =Mi. Then ker(φ) is the ideal of A[Mi

ai
] generated by

Mi
ai
, moreover A[Mi

bki
][ker(φ)

bdi
] = A[ Mi

bk+d
i

] for any d ∈ N.

Proof. Clearly, Mi
ai
⊂ ker(φ), so it is enough to prove that ker(φ) is included in the ideal generated

by Mi
ai
. So let n ∈ NI = N and let m

ani
∈ Ln

i ∩Mi

ani
. If n = 0, then m

ani
= m ∈Mi and it clearly belongs

to the ideal generated by Mi
ai
. If n ⩾ 1, then m

ani
∈ Ln

i ∩Mi

ani
and it clearly belongs to the ideal

11



generated by Mi
ai
. Now we prove the equality A[Mi

bki
][ker(φ)

bdi
] = A[ Mi

bk+d
i

] and finish the proof

A[
Mi

bki
][
ker(φ)

bdi
] = A[

Mi

bki
][

Mi

bki
A[Mi

bki
]

bdi
]

= A[
Mi

bki
][
MiA[

Mi

bki
]

bk+d
i

]

by Proposition 2.16 = A[
Mi

bki
,
Mi

bk+d
i

]

by Proposition 2.19 = A[
Mi

bk+d
i

].

2.3 More properties of dilatations of rings

We proceed with the notation from §2.1 and we now assume that the monoid (A,+) is a group,
i.e. that A is a unital commutative ring. By Fact 2.2, A[

{
Mi
ai

}
i∈I ] is an A-ring.

Proposition 2.30. Let f : A → B be an A-ring. Put Ni = f(Mi)B and bi = f(ai) for i ∈ I.
Then B[

{
Ni
bi

}
i∈I ] is the quotient of B ⊗A A[

{
Mi
ai

}
i∈I ] by the ideal Tb of elements annihilated by

some element in bNI := {bν |ν ∈ NI}.

Proof. We can assume ai ∈ Mi and bi ∈ Ni. Let B
′ be the quotient of B ⊗A A[

{
Mi
ai

}
i∈I ] by Tb.

The ring map

B ⊗A A[
{
Mi
ai

}
i∈I ]→ B[

{
Ni
bi

}
i∈I ]

is surjective and annihilates aNI -torsion as elements in bNI are non-zero-divisors in B[
{
Ni
bi

}
i∈I ].

Hence we obtain a surjective map B′ → B[
{
Ni
bi

}
i∈I ]. To see that the kernel is trivial, we construct

an inverse map. Namely, let z = y
bν be an element of B[

{
Ni
bi

}
i∈I ], i.e y ∈ N

ν for some ν ∈ NI .
Write y =

∑
xisi with xi ∈Mν and si ∈ B. We map z to the class of

∑
si⊗ xi

aν in B′. This is well
defined because we claim that an element of the kernel of the map B⊗AM

ν → Nν is annihilated
by aν hence maps to zero in B′. We now prove the claim of the previous assertion. Let

∑
j(sj⊗mj)

be in the kernel of the map as before (sj ∈ B,mj ∈ Mν for all j), so that
∑

j sjf(mj) = 0; we
have aν

∑
j(sj ⊗ mj) =

∑
j(sj ⊗ mja

ν) =
∑

j(sjf(mj) ⊗ aν) = (
∑

j sjf(mj)) ⊗ aν = 0. This
finishes the proof.

Corollary 2.31. We proceed with the notation from Proposition 2.30 and assume f : A→ B
is flat. Then Tb = 0, in other words we have a canonical isomorphism

B[{Ni
bi
}i∈I ] = B ⊗A A[{Mi

ai
}i∈I ].

Proof. Since f is flat, the map ϕ : A[{Mi
ai
}i∈I ] → B ⊗A A[{Mi

ai
}i∈I ] is flat. Since ϕ is flat, the

image of any non-zero-divisor element in A[{Mi
ai
}i∈I ] under the map ϕ is a non-zero-divisor. So

Tb = 0 and Proposition 2.30 finishes the proof.

Definition 2.32. Assume that ai is a non-zero divisor for all i ∈ I. Let Ji be the ideal of A
generated by ai, it is invertible. We consider the A-algebra

CJ
LA

def
=
⊕
ν∈NI

Lν ⊗ J−ν ,
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and we call it the associated conic algebra.

Proposition 2.33. We proceed with the notation from Definition 2.32. Let ζ be the ideal of
CJ
LA generated by elements ρα − 1 for α ∈ NI where ρi ∈ CJ

LA is the image of 1 ∈ A under
A ∼= Ji ⊗ J−1

i ⊂ Li ⊗ J−1
i ⊂ CJ

LA for any i ∈ I. We have a canonical isomorphism of A-algebras

(CJ
LA)/ζ −→ A[

{
Li
ai

}
i∈I ].

Proof. Let ti = a∨i be the generator for J−1
i , dual to ai for all i ∈ NI . We have a natural morphism

of rings given explicitly by

ψ : CJ
LA −→ A[

{Li

ai

}
i∈I ],

∑
ν∈NI

lν ⊗ tν 7→
∑

ν∈NI

lν
aν
.

The morphism ψ is surjective and ζ ⊂ kerψ. It is enough to prove that kerψ ⊂ ζ. Let X =∑
ν∈c lν ⊗ tν ∈ CJ

LA where lν ∈ Lν , and c is a finite subset of NI . Let β ∈ NI defined by
βi = maxν∈cνi for all i ∈ I. Then we have

ψ(X) =
∑
ν∈c

lν
aν

=

∑
ν∈c a

β−ν lν

aβ
.

Assume X ∈ kerψ, then
∑

ν∈c a
β−ν lν = 0 because ai are non-zero-divisors i ∈ I. So we are

allowed to write

X =
(∑
ν∈c

lν ⊗ tν
)
−
(∑
ν∈c

aβ−ν lν
)
⊗ tβ =

∑
ν∈c

[(
lν ⊗ tν

)(
1− (aβ−ν ⊗ tβ−ν)

)]
.

This finishes the proof since aβ−ν ⊗ tβ−ν = ρβ1−ν1
1 · · · ρβi−νi

i · · · .

Remark 2.34. We note that the ideal ζ appearing in Proposition 2.33 is in fact generated by
{ρi − 1}i∈I . To see this, use for example that in any ring and for any elements ρ, σ in the ring
we have ρn − 1 = (ρ− 1)(ρn−1 + . . .+ ρ+ 1) and ρσ − 1 = (ρ− 1)(σ + 1) + (σ − 1)− (ρ− 1).

Fact 2.35. Let R be a ring and assume that f : R → A is a morphism of rings. Let {ri}i∈I be
elements in R and assume that ai = f(ri) for all i ∈ I. Let Rr = R[

{
R
ri

}
i∈I ] be the localization

of R at {ri}i∈I . For any i ∈ I, let Mi ⊗ r−1
i ⊂ A ⊗R Rr. Then A[

{
Mi
ai

}
i∈I ] identifies with the

A-subalgebra of A⊗R Rr generated by {Mi ⊗ r−1
i }i∈I and A.

Proof. By [StP, Tag 00DK] and Fact 2.8, we get A⊗R Rr = (A⊗R R)r = A[
{

A
ai

}
i∈I ]. Moreover

Mi ⊗ r−1
i ⊂ A⊗R Rr corresponds to Mi

ai
⊂ A[

{
A
ai

}
i∈I ]. Now Fact 2.5 finishes the proof.

Remark 2.36. We discussed before that dilatations of rings provide a formalism unifying local-
izations of rings and affine blowups of rings (recall that affine blowups algebras are studied in
[StP, Tag 052P]). We now check on the ring Z[X] that dilatations strictly generalize localizations
and affine blowups. So assume that A = Z[X]. Assume that I = I := {1, 2, 3, 4, 5, . . .}, Mi = (X)
and ai = i. Then A[

{
Mi
ai

}
i∈I ] is equal to the subring Z[{Xi }i∈I] of Q[X] generated by {Xi }i∈I.

Now let S be a submonoid of (Z[X],×), let N ⊂ Z[X] be an ideal and let Q be an element
in Z[X]. We first prove that S−1A ̸= A[

{
Mi
ai

}
i∈I ]. If S contains 0, then S−1A = 0 and we are

done. So we assume that 0 ̸∈ S. The Z[X]-rings S−1Z[X] and Z[{Xi }i∈I] are Z[X]-isomorphic
if and only if they coincide in Q(X). Assume first that S ⊂ Z. If S ⊂ {1,−1}, we are done. If
S ̸⊂ {1,−1}, then S−1A contains an integer such that n ̸= 1,−1 and n is invertible in S−1A,
this shows that S−1A ̸= Z[{Xi }i∈I]. Now if S ̸⊂ Z, then S contains a non-constant polynomial
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P . The element 1
P does not belong to Z[{Xi }i∈I] because Z is a domain. So S−1A ̸= A[

{
Mi
ai

}
i∈I ].

We now prove that A[NQ ] ̸= A[
{
Mi
ai

}
i∈I ]. We can assume Q ̸= 0. The Z[X]-rings Z[X][NQ ] and

Z[{Xi }i∈I] are Z[X]-isomorphic if and only if they coincide in Q(X). There is a prime number p
that does not divide Q in the factorial ring Z[X]. Assume that we have an isomorphism of A-rings
A[NQ ] = Z[{Xi }i∈I], then there is an integer k and an element n ∈ Nk such that X

p = n
Qk , this

implies that pn = XQk. This implies that p divides X. This is absurd. So A[NQ ] ̸= A[
{
Mi
ai

}
i∈I ].

3. Multi-centered dilatations in the absolute setting

In this section, we define multi-centered dilatations and prove some properties.

3.1 Definitions

Let S be a scheme. An S-space is an S-algebraic space. Let us fix an S-space X. For the
convenience of the reader, we recall some basic notations and well-known facts.

Notation 3.1. Let Clo(X) be the set of closed S-subspaces ofX. Recall that Clo(X) corresponds
to quasi-coherent ideals of OX via [StP, Tag 03MB]. Let IQCoh(OX) denote the set of quasi-
coherent ideals of OX . It is clear that (IQCoh(OX),+,×, 0,OX) is a semiring. So we obtain
a semiring structure on Clo(X), usually denoted by (Clo(X),∩,+, X, ∅). For clarity, we now
recall directly operations on Clo(X). Given two closed subspaces Y1, Y2 given by ideals J1,J2,
their sum Y1 + Y2 is defined as the closed subspace given by the ideal J1J2. Moreover, if n ∈ N,
we denote by nY1 the n-th multiple of Y1. The set of locally principal closed subspaces of X
(cf. [StP, Tag 083B]), denoted Pri(X), forms a submonoid of (Clo(X),+). Effective Cartier
divisors of X, denoted Car(X), form a submonoid of (Pri(X),+). Note that Car(X) is a face
of Pri(X). We have an other monoid structure on Clo(X) given by intersection, this law is
denoted ∩. The operation ∩ corresponds to the sum of quasi-coherent sheaves of ideals . The set
Clo(X) endowed with ∩,+ is a semiring whose neutral element for + is ∅ and whose neutral
element for ∩ is X. Let C ∈ Car(X), a non-zero-divisor (for +) in the semiring Clo(X). Let
Y, Y ′ ∈ Clo(X). If C + Y is a closed subspace of C + Y ′, then Y is a closed subspace of Y ′.
Moreover if C + Y = C + Y ′, then Y = Y ′. Let f : X ′ → X be a morphism of S-spaces, then f
induces a morphism of semirings Clo(f) : Clo(X) → Clo(X ′), Y 7→ Y ×X X ′, moreover Clo(f)
restricted to (Pri(X),+) factors through (Pri(X ′),+), this morphism of monoids is denoted
Pri(f). Let Y1, Y2 ∈ Clo(X), we write Y1 ⊂ Y2 if Y1 is a closed subspace of Y2. We obtain a
poset (Clo(X),⊂). Let Y1, Y2, Y3 ∈ Clo(X), if Y1 ⊂ Y2 and Y1 ⊂ Y3 then Y1 ⊂ Y2 ∩ Y3. Let
Y1, Y2 ∈ Clo(X), then (Y1 ∩ Y2) ⊂ Y1 and Y1 ⊂ (Y1 + Y2). Finally, if Y = {Ye}e∈E is a subset of
Clo(X) and if ν ∈ NE , we put Y ν = {νeYe}e∈E and if moreover ν ∈ NE , we put νY =

∑
e∈E νeYe.

Remark 3.2. Be careful that the operation + on Clo(X) is not the operation ∪ of [StP, Tag
0C4H]. Recall that + corresponds to multiplication of ideals whereas ∪ corresponds to intersection
of ideals.

Remark 3.3. We proceed with the notation from Notation 3.1. In general the image of the map
Pri(f)|Car(X) is not included in Car(X ′).

Definition 3.4. Let D = {Di}i∈I be a subset of Clo(X).

(i) Let SpacesD-reg
X be the category of S-algebraic spaces f : T → X over X such that for any

i ∈ I, T ×X Di is a Cartier divisor in T .
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(ii) If X = S is a scheme, let SchD-reg
X be the category of X-schemes f : T → X such that for

any i ∈ I, T ×X Di is a Cartier divisor in T .

If T ′ → T is flat and T → X is an object in SpacesD-reg
X or SchD-reg

X , so is the composition

T ′ → T → X by [StP, Tag 083Z] and [StP, Tag 02OO]. In particular, the categories SpacesD-reg
X

and SchD-reg
X can be equipped with the fpqc/fppf/étale/Zariski Grothendieck topology so that

the notion of sheaves is well-defined.

Fact 3.5. Let D = {Di}i∈I be a subset of Clo(X).

(i) Let f : T → X be an object in SpacesD-reg
X . Then for any ν ∈ NI , the space T ×X νD is a

Cartier divisor in T , namely ν(T ×X D).

(ii) Assume that #I is finite, then SpacesD-reg
X equals Spaces

∑
i∈I Di

X .

Proof. (i) This follows from the fact that (Clo(f),+) is a morphism of monoids and the fact
that Car(X) is a submonoid of Clo(X) (e.g. cf. the discussion in Notation 3.1).

(ii) This follows from the fact that Car(X) is a face of the monoid Pri(X) (e.g. cf. the discussion
in Notation 3.1).

Definition 3.6. A multi-center in X is a set {[Yi, Di]}i∈I such that

(i) Yi and Di belong to Clo(X),

(ii) there exists an affine étale covering {Uγ → X}γ∈Γ of X such that Di|Uγ is principal for all
i ∈ I and γ ∈ Γ (in particular Di belongs to Pri(X) for all i).

In other words a multi-center {[Yi, Di]}i∈I is a set of pairs of closed S-spaces such that locally
each Di is principal.

Remark 3.7. Let {Yi, Di}i∈I such that Yi ∈ Clo(X) and Di ∈ Pri(X) for any i ∈ I. Assume
that I is finite, then {[Yi, Di]}i∈I is a multi-center in X, i.e. the second condition in Definition
3.6 is satisfied.

We now fix a multi-center {[Yi, Di]}i∈I in X. Denote by Mi,Ji the quasi-coherent sheaves
of ideals in OX so that Yi = V (Mi), V (Ji) = Di. We put Zi = Yi ∩ Di and Li = Mi + Ji so
that Zi = V (Li) for any i ∈ I. We put Y = {Yi}i∈I , D = {Di}i∈I and Z = {Zi}i∈I . We now
introduce dilatations OX -algebras by glueing (cf. [StP, Tag 04TP]).

Definition and Proposition 3.8. The dilatation of OX with multi-center {[Mi,Ji]}i∈I is the

quasi-coherent OX -algebra OX

[{
Mi
Ji

}
i∈I

]
obtained by glueing as follows. The quasi-coherent

OX -algebra OX

[{
Mi
Ji

}
i∈I

]
is characterized by the fact that its restriction, on any étale S-

morphism φ : U → X such that U is an affine scheme and each Di is principal on U and
generated by aiU , is given by(

OX

[{Mi

Ji

}
i∈I

])∣∣
U

=
˜

Γ(U,OX)
[{Γ(U,Mi)

aiU

}
i∈I

]
where ˜ is given by [StP, Tag 01I7] and [StP, Tag 03DT] (we work with small étale sites).

Proof. By Definition 3.6, the affine schemes U → X satisfying the conditions in the statement
form an étale covering of X. Now Proposition 3.8 follows from [StP, Tag 03M0] and Corollary
2.31.
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Let Bl{Li}i∈I
OX =

⊕
ν∈NI

Lν denote the multi-Rees algebra, it is a quasi-coherent NI -graded

OX -algebra. By localization, we get a quasi-coherent OX -algebra
(
Bl{Li}i∈I

OX

)
[{J −1

i }i∈I ] (lo-
cally, we invert a generator of Ji, for each i ∈ I). This OX -algebra inherits a grading giving local
generators of Ji degree ei.

Fact 3.9. We have a canonical identification of quasi-coherent OX -algebras

OX

[{Mi

Ji

}
i∈I

]
=
[(
Bl{Li}i∈I

OX

)
[{J −1

i }i∈I ]
]
deg=(0,...,0,...)

,

where the right-hand side is obtained as the subsheaf of degree zero elements in(
Bl{Li}i∈I

OX

)
[{J −1

i }i∈I ]. In particular OX

[{
Mi
Ji

}
i∈I

]
= OX

[{
Li
Ji

}
i∈I

]
.

Proof. This follows from Fact 2.23.

Definition 3.10. The dilatation of X with multi-center {[Yi, Di]}i∈I is the X-affine algebraic
space over S

BlDY X
def
= SpecX

(
OX

[{Mi

Ji

}
i∈I

])
.

Remark 3.11. Fact 3.9 implies that BlDY X = BlDZX.

Fact 3.12. Assume that X = S is a scheme. Then BlDY X is a scheme.

Proof. We have an affine morphism BlDY X → X, now the fact follows from [StP, Tag 03WG].

Notation 3.13. We will also use the notation Bl
{Di

Yi

}
i∈IX and Bl

{Di}i∈I

{Yi}i∈I
X to denote BlDY X. If

I = {i} is a singleton we also use the notation BlDi
Yi
X. If K ⊂ I, we sometimes use the notation

Bl
{Di}i∈K ,{Di}i∈I\K
{Yi}i∈K ,{Yi}i∈I\K

X. If I = {1, . . . , k}, we use the notation BlD1,...,Dk
Y1,...,Yk

X. Etc.

Definition 3.14. Let X be a scheme or an algebraic space over a scheme S. We say that a

morphism f : X ′ → X is a dilatation morphism if f is equal to Bl
{Di

Yi

}
i∈IX → X for some

multi-center {[Yi, Di]}i∈I .

3.2 Exceptional divisors

We proceed with the notation from § 3.1.

Proposition 3.15. As closed subspaces of BlDY X, one has, for all ν ∈ NI ,

BlDY X ×X νZ = BlDY X ×X νD,

which is an effective Cartier divisor on BlDY X.

Proof. Our claim is étale local on X. We reduce to the affine case and apply 2.7 and 2.20.

3.3 Universal property

We proceed with the notation from § 3.1. As BlDY X → X defines an object in SpacesD-reg
X by

Proposition 3.15, the contravariant functor

SpacesD-reg
X → Sets, (T → X) 7→ HomX-Spaces

(
T,BlDY X

)
(3.1)

together with idBlDY X determines BlDY X → X uniquely up to unique isomorphism. The next
proposition gives the universal property of dilatations.
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Proposition 3.16. The dilatation BlDY X → X represents the contravariant functor SpacesD-reg
X →

Sets given by

(f : T → X) 7−→

{
{∗}, if f |T×XDi factors through Yi ⊂ X for i ∈ I;
∅, else.

(3.2)

Proof. Note that the condition f |T×XDi factors through Yi ⊂ X is equivalent to the condition
f |T×XDi factors through Zi ⊂ X, because Zi = Yi ∩Di. Let F be the functor defined by (3.2). If
T → BlDY X is a map of X-spaces, then the structure map T → X restricted to T ×X Di factors
through Zi ⊂ X by Proposition 3.15. This defines a map

HomX-Spaces

(
- ,BlDY X

)
−→ F (3.3)

of contravariant functors SpacesD-reg
X → Sets. We want to show that (3.3) is bijective when

evaluated at an object T → X in SpacesD-reg
X . As (3.3) is a morphism of étale sheaves, we reduce

to the case where both X and T are affine and Ji is principal for all i ∈ I. Now Proposition 2.21
finishes the proof.

Proposition 3.17. Put f : BlDY X → X. Then the morphism of monoids Clo(f)|Car(X) factors

through Car(BlDY X). In other words, any effective Cartier divisor C ⊂ X is defined for f , i.e.
the fiber product C ×X BlDY X ⊂ BlDY X is an effective cartier divisor (cf. [StP, Tag 01WV]).

Proof. We reduce to the case where X = Spec(A) is affine and apply Fact 3.17.

Proposition 3.18. Let J be a subset of I. There exists a unique X-morphism

φ : Bl
{Dj}j∈I

{Yj}j∈I
X → Bl

{Dj}j∈J

{Yj}j∈J
X.

Proof. This follows from Propositions 3.16 and 3.15.

Remark 3.19. Proposition 3.18 is the spaces version of Fact 2.14.

Remark 3.20. Proposition 3.25 will refine Proposition 3.18 and show that φ is in fact a dilatation
map (cf. Definition 3.14).

Proposition 3.21. Let K ⊂ I and assume Zi = Di is a Cartier divisor in X, for all i ∈ K. Then

Bl
{Dj}j∈I

{Zj}j∈I
X = Bl

{Dj}j∈I\K
{Zj}j∈I\K

X.

Proof. Both sides belong to SpacesD-reg
X by Propositions 3.17 and 3.15, so it is enough to show

that they agree when evaluated at any f : T → X ∈ SpacesD-reg
X . We have

Bl
{Dj}j∈I

{Zj}j∈I
X(T ) =

{
{∗}, if f |T×XDi factors through Zi ⊂ X for i ∈ I;
∅, else.

=

{
{∗}, if f |T×XDi factors through Zi ⊂ X for i ∈ I \K;

∅, else.

= Bl
{Dj}j∈I\K
{Zj}j∈I\K

X(T ).

Remark 3.22. Proposition 3.21 is the spaces version of Proposition 2.14.
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Proposition 3.23. Assume Di = Dj =: D for all i, j ∈ I. Then

Bl
{D
Yi

}
i∈IX = BlD∩i∈IYi

X.

Proof. Both sides belong to SpacesD-reg
X by Proposition 3.15, so it is enough to show that they

agree when evaluated at any f : T → X ∈ SpacesD-reg
X . We have

Bl
{D
Yi

}
i∈IX(T ) =

{
{∗}, if f |T×XD factors through Zi ⊂ X for i ∈ I;
∅, else.

=

{
{∗}, if f |T×XD factors through ∩i∈IZi ⊂ X ;

∅, else.

= BlD∩i∈IYi
X(T ).

Remark 3.24. Proposition 3.23 is the spaces version of Proposition 2.18.

Proposition 3.25. Let J be a subset of I and put K = I \ J . Then

Bl
{Di

Yi

}
i∈IX = Bl

{Dk×XBl
{Di

Yi

}
i∈J

X

Yk×XBl
{Di

Yi

}
i∈J

X

}
k∈K

Bl
{Di

Yi

}
i∈JX.

This in particular gives the unique X-morphism

Bl
{Di

Yi

}
i∈IX → Bl

{Di

Yi

}
i∈JX

of Proposition 3.18.

Proof. The right hand side is well-defined (e.g. cf. [StP, Tag 053P]). Using Proposition 3.15 and
Proposition 3.17, one obtains that the right hand side is in SpacesD-reg

X . So it is enough to see

that both sides coincide when evaluated at any f : T → X ∈ SpacesD-reg
X . This follows from

Proposition 3.16.

3.4 Multi-centered dilatations and mono-centered dilatations

We proceed with the notation from § 3.1.

Proposition 3.26. Write I = colimJ⊂IJ as a filtered colimit of sets where transition maps are
given by inclusions of subsets. We have a canonical identification

Bl
{Di

Yi

}
i∈IX = limJ⊂I Bl

{Di

Yi

}
i∈JX

where transition maps are described in Propositions 3.18 and 3.25. On the right-hand side the
direct limit is on the category of S-spaces over X.

Proof. By [StP, Tag 07SF] the limit exists. For each J ⊂ I, Propositions 3.18 and 3.25 give

us a X-morphism Bl
{Di

Yi

}
i∈IX → Bl

{Di

Yi

}
i∈JX, so we get an X-morphism ϕ : Bl

{Di

Yi

}
i∈IX →

limJ⊂I Bl
{Di

Yi

}
i∈JX. To prove that ϕ is an isomorphism, we reduce to the affine case where the

result follows from Proposition 2.27.

Proposition 3.27. Assume that #I = k is finite. We fix an arbitrary bijection I = {1, . . . , k}.
We have a canonical isomorphism of X-spaces

Bl
{Di}i∈I

{Yi}i∈I
X ∼= Bl

(Bl··· )×XDk

(Bl··· )×XYk

(
· · ·Bl(Bl··· )×XD3

(Bl··· )×XY3

(
Bl

(Bl
D1
Y1

X)×XD2

(Bl
D1
Y1

X)×XY2

(
BlD1

Y1
X
)))

.
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Proof. By induction on k using Proposition 3.25.

Proposition 3.28. Assume that #I = k is finite. We fix an arbitrary bijection I = {1, . . . , k}.
We have a canonical isomorphism of X-spaces

Bl
{Di}i∈I

{Yi}i∈I
X ∼= BlD1+...+Dk⋂

i∈I(Yi+D1+...+Di−1+Di+1+...+Dk)
X.

Proof. Since Car(X) is a face of the monoid Pri(X), the right-hand side belongs to SpacesD-reg
X .

Let f : BlD1+...+Dk⋂
i∈I Zi+D1+...+Di−1+Di+1+...+Dk

X → X be the dilatation morphism. Let us prove that

f−1(Di) ⊂ f−1(Yi) for all i ∈ {1, . . . , k}. By Proposition 3.16,

f−1(
⋂
i∈I

Yi +D1 + . . .+Di−1 +Di+1 + . . .+Dk) = f−1(D1 + . . .+Dk)

is a Cartier divisor in f−1(X). Moreover by the discussion in Notation 3.1

f−1(
⋂
i∈I

Yi +D1 + . . .+Di−1 +Di+1 + . . .+Dk)

=
⋂
i∈I

f−1(Yi) + f−1(D1) + . . .+ f−1(Di−1) + f−1(Di+1) + . . .+ f−1(Dk), and

f−1(D1 + . . .+Dk) = f−1(D1) + . . .+ f−1(Dk).

So for any i ∈ {1, . . . , k}, we have

f−1(D1) + . . .+ f−1(Dk) ⊂ f−1(Yi) + f−1(D1) + . . .+ f−1(Di−1) + f−1(Di+1) + . . .+ f−1(Dk).

Since f−1(Dl) is a Cartier divisor for any l ∈ {1, . . . , k}, this implies f−1(Di) ⊂ f−1(Yi). So we

obtain an X-morphism ϕ : BlD1+...+Dk⋂
i∈I(Yi+D1+...+Di−1+Di+1+...+Dk)

X → Bl
{Di}i∈I

{Yi}i∈I
X. To check that ϕ

is an isomorphism, it is enough to prove that there is an X-morphism

φ : Bl
{Di}i∈I

{Yi}i∈I
X → BlD1+...+Dk⋂

i∈I(Yi+D1+...+Di−1+Di+1+...+Dk)
X.

To build φ, we consider the map f ′ : Bl
{Di}i∈I

{Yi}i∈I
X → X and check that f ′−1(D1 + . . . + Dk) ⊂

f ′−1(
⋂

i∈I(Yi +D1 + . . .+Di−1 +Di+1 + . . .+Dk)). This is easy because f ′−1(Di) ⊂ f ′−1(Yi)
for all i. An other method to prove Proposition 3.28 is to build ϕ or φ and then reduce to the
affine case an apply Proposition 2.25.

3.5 Functoriality

We proceed with the notation from § 3.1. Let X ′ and {[Y ′
i , D

′
i]}i∈I be another datum as in § 3.1.

As usual, put Z ′
i = Y ′

i ∩ D′
i. A morphism f : X ′ → X such that, for all i ∈ I, its restriction

to D′
i (resp. Z

′
i) factors through Di (resp. Zi), and such that f−1(Di) = D′

i, induces a unique

morphism BlD
′

Y ′X ′ → BlDY X such that the following diagram of S-spaces

BlD
′

Y ′X ′ BlDY X

X ′ X.

commutes. This follows directly from Proposition 3.16.

Remark 3.29. This is the spaces version of Fact 2.11.

19



3.6 Base change

We proceed with the notation from § 3.1. Let X ′ → X be a map of S-spaces, and denote by
Y ′
i , Z

′
i, D

′
i ⊂ X ′ the preimage of Yi, Zi, Di ⊂ X. Then D′

i ⊂ X ′ is locally principal for any i

so that the dilatation BlD
′

Y ′X ′ → X ′ is well-defined. By § 3.5 there is a canonical morphism of
X ′-spaces

BlD
′

Y ′X ′ −→ BlDY X ×X X ′. (3.4)

Lemma 3.30. If BlDY X ×X X ′ → X ′ is an object of SpacesD-reg
X′ , then (3.4) is an isomorphism.

Proof. Our claim is étale local on X and X ′. We reduce to the case where both X = Spec(B),
X ′ = Spec(B′) are affine, and Ji = (bi) is principal for all i. We denote Z ′

i = Spec(B′/L′
i) and

D′
i = Spec(B′/J ′

i). Then J
′
i = (b′i) is principal as well where b

′
i is the image of bi underB → B′. We

need to show that the map of B′-algebras B′⊗B B
[
L
b

]
−→ B′[L′

b′

]
is an isomorphism. However,

this map is surjective with kernel the b′NI -torsion elements by Lemma 2.30. As b′1, . . . , b
′
i, . . . are

non-zero-divisors in B′ ⊗B B
[
L
b

]
by assumption, the lemma follows.

Corollary 3.31. If the morphism X ′ → X is flat and satisfies a property P which is stable
under base change, then BlD

′
Y ′X ′ → BlDY X is flat and satisfies P.

Proof. Since flatness is stable under base change the projection p : BlDY X ×X X ′ → BlDY X is flat
and has property P. By Lemma 3.30, it is enough to check that the closed subspace BlDY X×XD

′
i

defines an effective Cartier divisor on BlDY X ×X X ′ for all i. But this closed subscheme is the
preimage of the effective Cartier divisor BlDY X ×X Di under the flat map p, and hence is an
effective Cartier divisor as well by [StP, Tag 083Z].

3.7 Relation to multi-centered affine projecting cone

We proceed with the notation from § 3.1 and assume that {Di}i∈I belong to Car(X). In this
case, we can also realize BlDY X as a closed subscheme of the multi-centered affine projecting cone
associated to X,Z and D.

Definition 3.32. The affine projecting cone OX-algebra with multi-center {[Zi = V (Li), Di =
V (Ji)]}i∈I is

CJ
LOX

def
=
⊕
ν∈NI

Lν ⊗ J −ν .

The affine projecting cone of X with multi-center {[Zi, Di]}i∈I is

CD
ZX

def
= Spec

(
CJ
LOX

)
.

Proposition 3.33. The dilatation BlDZX is the closed subscheme of the affine projecting cone
CD
ZX defined by the equations {ϱi−1}i∈I , where for all i ∈ I, ϱi ∈ CJ

LOX is the image of 1 ∈ OX

under the map

OX
∼= Ji ⊗ J −1

i ⊂ Li ⊗ J −1
i ⊂ CJ

LOX .

Proof. We may work locally and the proposition follows from Proposition 2.33 and Remark
2.34.

3.8 Relation to Proj of multi-graded algebras and multi-centered blowups

We proceed with the notation from § 3.1 and assume that X = Spec(A) is an affine scheme but we
expect the content of this section can be adapted to algebraic spaces. We assume moreover that
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I = {1, . . . , k} is finite. We have NI = Nk. We refer to [BS07, §2] for the construction of the Proj
associated to Ω-graded R-algebras where Ω is a finitely generated abelian group and R is a ring.
This construction should globalize to arbitrary Ω-graded quasi-coherent algebras. It should also
work for algebraic spaces, e.g. cf. [StP, Tag 085P] for a hint. We plan to study this later. Recall
that Z1, . . . , Zk are closed subspaces of X with ideals L1, . . . , Lk. Recall that Zi ⊂ Di for all i.
We assume that each Di is principal and given by elements ai ∈ A. We introduce the following
definition. Recall that BlL1,...,Lk

A is canonically Nk-graded, and in particular Zr-graded.

Definition 3.34. The blowup of X with multi-center Z = (Z1, . . . , Zk) is the scheme

BlZX
def
= Proj

(
BlL1,...,Lk

A
)
.

Proposition 3.35. The map BlZ1,...,Zk
X → X is a final object of SchZ1,...,Zk-reg

X .

Proof. We adapt [GW, Chap 13, pages 414-415]. By definition BlZX =
⋃

{f relevant}D+(f) (cf.

[BS07, Def. 2.2]). We have D+(f) = SpecA[L1
f , . . . ,

Lk
f ]. Now 2.7, 2.20 and 2.21 finish the proof.

Proposition 3.36. Let 1 ⩽ r ⩽ k and let Z ′
i = BlZr+1,...,Zk

X ×X Zi for 1 ⩽ i ⩽ r. Then we have
a canonical isomorphism of X-schemes

BlZ′
1,...,Z

′
r
BlZr+1,...,Zk

X = BlZ1,...,Zk
X.

Proof. The right-hand side belongs to SchZ1,...,Zk-reg
X . We now observe that the left-hand side also

belongs to SchZ1,...,Zk-reg
X . Indeed, let g be the composition

BlZ′
1,...,Z

′
r
BlZr+1,...,Zk

X → BlZr+1,...,Zk
X → X.

Obviously g−1(Zi) is a Cartier divisor in BlZ′
1,...,Z

′
r
BlZr+1,...,Zk

X for 1 ⩽ i ⩽ r. We claim that

g−1(Zi) is also a Cartier divisor in BlZ′
1,...,Z

′
r
BlZr+1,...,Zk

X for r+1 ⩽ i ⩽ k. To see this, we observe
that the preimage of any Cartier divisor of BlZr+1,...,Zk

X in BlZ′
1,...,Z

′
r
BlZr+1,...,Zk

X is a Cartier
divisor, this follows from the local definition of Proj and Proposition 3.17. So both sides belong
to SchZ1,...,Zk-reg

X . It is easy to construct an X-morphism BlZ′
1,...,Z

′
r
BlZr+1,...,Zk

X ← BlZ1,...,Zk
X.

This shows that the left-hand side is also (cf. Proposition 3.35) a final object of SchZ1,...,Zk-reg
X .

This finishes the proof.

Proposition 3.37. We have a canonical isomorphism of X-schemes

BlZ1+...+Zk
X = BlZ1,...,Zk

X.

Proof. This follows from [StP, Tag 085Y].

Fact 3.38. The dilatation BlDZX is the open subscheme of the blowup BlZX defined by
D+(a1 . . . ak) (cf. [BS07, page 6] for the notation D+(−)).

Proof. The identity A[L1
a1
, . . . , Lk

ak
] = (BlL1,...,Lk

A)(a1...ak), given by Fact 2.24, is a proof.

4. Iterated multi-centered dilatations

We proceed with the notation from § 3.1. Let ν, θ ∈ NI such that θ ⩽ ν, i.e. θi ⩽ νi for all i ∈ I.

Proposition 4.1. There is a unique X-morphism

φν,θ : Bl
Dν

Y X → BlD
θ

Y X.
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Proof. Let φν : BlD
ν

Y X → X, φθ : BlD
θ

Y X → X be the dilatation maps. Let i ∈ I, if θi = 0,
then θiDi = X and so φ−1

ν (θiDi) = BlD
ν

Y X is a Cartier divisor in BlD
ν

Y X. If θi > 0, then νi > 0
and φ−1

ν (νiDi) = νiφ
−1
ν (Di) is Cartier and so φ−1

ν (Di) is Cartier because Car(Bl
Dν

Y X) is a face
of Pri(BlD

ν

Y X) (cf. the discussion in Notation 3.1). Consequently φ−1
ν (θiDi) = θiφ

−1
ν (Di) is a

Cartier divisor. So we proved that BlD
ν

Y X belongs to SpacesD
θ-reg

X . We now use Proposition 3.16.
Let i ∈ I, we have φ−1

ν (θiDi) ⊂ φ−1
ν (νiDi) ⊂ Y ∩ νiDi. This finishes the proof.

Assume now moreover that ν, θ ∈ NI ⊂ NI .We will prove that, under some assumptions, φν,θ

is a dilatation morphism with explicit descriptions. We need the following observation.

Proposition 4.2. Assume that we have a commutative diagram of S-spaces

B C

X

f ′

f

F
.

Assume that F is affine and f is a closed immersion. Then f ′ is a closed immersion.

Proof. A closed immersion is affine, so by [StP, Tag 08GB], f ′ is affine. Using [StP, Tag 03M4],
we reduce to the case where B,C and X are affine (taking an étale covering of X by affine
schemes). Now the assertion is clear because closed immersions of affine schemes correspond to
surjective morphisms at the level of rings.

Corollary 4.3. Assume that we have a commutative diagram of S-spaces

B BlDY X

X

f ′

f

where the right-hand side morphism is the dilatation map. Assume that f is a closed immersion.
Then f ′ is a closed immersion.

Proof. Clear by Proposition 4.2.

We now assume that Zi ⊂ Di is a Cartier divisor inclusion for all i ∈ I.
Let Di be the canonical diagram of closed immersions

Yi BlνiDi
Yi

X

Zi Di

□

obtained by Propositions 3.16 and 4.3.

Lemma 4.4. Assume I = {i} and let ni ∈ N. We have an identification

Bl
(νi+ni)Di

Y X = BlniDi
Yi

BlνiDi
Yi

X.

Proof. Using Propositions 3.16 and 4.1 and the discussion in Notation 3.1, it is easy to prove

that there is a unique BlνiDi
Yi

X-morphism Bl
(νi+ni)Di

Y X → BlniDi
Yi

BlνiDi
Yi

X. To prove that it is an
isomorphism, we reduce to the affine case and apply Corollary 2.29
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Let fi be the canonical morphism (e.g. cf. 3.18, 3.25 or 4.1)

BlD
ν

Y X → BlνiDi
Yi

X.

We denote by Yi ×Bl
νiDi
Yi

X
BlD

ν

Y X the fiber product obtained via the arrows given by fi and Di.

We use similarly the notation Di ×Bl
νiDi
Yi

X
BlD

ν

Y X.

Lemma 4.5. Let i ∈ I and let ni ∈ N. Let γi ∈ NI be (0, . . . , 0, ni, 0, . . .) where ni is in place i.
We have an identification

BlD
ν+γi

Y X = Bl

niDi×
Bl

νiDi
Yi

X
BlD

ν

Y X

Yi×
Bl

νiDi
Yi

X
BlD

ν
Y X

BlD
ν

Y X.

In particular we have a canonical dilatation morphism

φν+γi,ν : BlD
ν+γi

Y X → BlD
ν

Y X.

Proof. We have

Bl

niDi×
Bl

νiDi
Yi

X
BlD

ν

Y X

Y×
Bl

νiDi
Yi

X
BlD

ν
Y X

BlD
ν

Y X

by Proposition 3.25 = Bl

niDi×
Bl

νiDi
Yi

X
BlD

ν

Y X

Y×
Bl

νiDi
Yi

X
BlD

ν
Y X

Bl
{νjDj×XBl

νiDi
Yi

X}j∈I\{i}

{Yj×XBl
νiDi
Yi

X}j∈I\{i}
BlνiDi

Yi
X

by Proposition 3.25 = Bl
niDi,{νjDj×XBl

νiDi
Yi

X}j∈I\{i}

Yi,{Yj×XBl
νiDi
Yi

X}j∈I\{i}
BlνiDi

Yi
X

by Proposition 3.25 and Lemma 4.4 = Bl
{νjDj×XBl

(νi+ni)Di
Yi

X}j∈I\{i}

{Yj×XBl
(νi+ni)Di
Yi

X}j∈I\{i}
Bl

(νi+ni)Di

Yi
X

by Proposition 3.25 = BlD
ν+γi

Y X.

Proposition 4.6. Recall that θ ⩽ ν. Put γ = ν − θ. Put K = {i ∈ I|γi > 0}. We have an
identification

BlD
ν

Y X = Bl

{γiDi×
Bl

θiDi
Yi

X
BlD

θ

Y X}i∈K

{Yi×
Bl

θiDi
Yi

X
BlD

θ
Y X}i∈K

BlD
θ

Y X.

In particular the unique X-morphism

φν,θ : Bl
Dν

Y X → BlD
θ

Y X

of Proposition 4.1 is a dilatation map.

Proof. We prove the first assertion by induction on #{i ∈ I|νi > 0}. If k = 1 the assertion
follows from Lemma 4.4. The passage from k − 1 to k follows from Lemma 4.5 and Proposition
3.25.

It is now natural to introduce the following terminology.

Definition 4.7. For any ν ∈ Nk, let us consider

BlD
ν

Y X = Bl
{νiDi

Yi

}
i∈IX
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and call it the ν-th iterated dilatation of X with multi-center {Yi, Di}i∈I .

Proposition 4.8. Let ν ∈ NI . Assume Di = Dj =: D0 and Yi = Yj =: Y0 for all i, j ∈ K :=
{i ∈ I|νi > 0}. Put m = maxi∈I νi. Then

BlD
ν

Y X = BlmD0
Y0

X.

Proof. We prove the assertion by induction on k = #K. If k = 1 the assertion is trivial. We
assume that the assertion is true for length k − 1. We fix a bijection K = {1, . . . , k}. We can
assume ν1 ⩽ νi for all i. Put ν1 = (ν1, . . . , ν1). Put γ = ν − ν1. Put K ′ = {i ∈ K|γi ̸= 0}. Note
that #K ′ < k. We have

BlD
ν

Y X =

by Proposition 4.6 = Bl

{γiD1×
Bl

ν1D1
Y1

X
BlD

ν1
Y X}i∈K′

{Y1×
Bl

ν1D1
Y1

X
BlD

ν1
Y X}i∈K′

BlD
ν1

Y X

by Proposition 3.23 = Bl
{γiD1}i∈K′
{Y1}i∈K′

Blν1D1
Y1

X

by induction = Bl
(m−ν1)D1

Y1
Blν1D1

Y1
X

by Lemma 4.4 = BlmD1
Y1

X.

5. Multi-centered dilatations along multiples of a single divisor

LetX be an S-space. We fix a locally principal closed subschemeD ⊂ X. Let Y0, Y1, . . . , Yi, . . . , Yk
be closed S-subspaces of X such that D ∩ Yi ⊂ Yi is a Cartier divisor for all i. We assume
moreover that Y0 ⊂ Yi for i ∈ {1, . . . , k}. Let s0, s1, . . . , sk ∈ N be integers. We claim that we
have a canonical closed immersion Y0 → Bls0D,...,skD

Y0, ... ,Yk
X. This follows from Propositions 3.16 and

4.3 observing that the map Y0 → X restricted to siD factors through Yi∩ siD for any i. We now
use the notation Bls0,...,skY0,...,Yk

X to denote Bls0D,...,skD
Y0, ... ,Yk

X, this is harmless because we fixed D once
for all.

Fact 5.1. Assume that X = Spec(A) is affine. Assume that D = Spec(A/(a)) and Yi =
Spec(A/Mi) for i ∈ I. Then the ideal L of A′ := A[M0

as0 ,
M1
as1 · · ·

Mk
ask ] corresponding to the canon-

ical closed immersion Y0 → Bls0,s1,...,skY0,Y1,...,Yk
X is the ideal ⟨M0

as0 ,
M1
as1 , . . . ,

Mk
ask ⟩ of A′ generated by

M0
as0 ,

M1
as1 , . . . ,

Mk
ask .

Proof. We have a commutative diagram of rings

A A/M0

A[M0
as0 ,

M1
as1 , . . . ,

Mk
ask ]

f

f ′

where f and f ′ are surjective. It is enough to show that ker(f ′) equals ⟨M0
as0 ,

M1
as1 , . . . ,

Mk
ask ⟩. Since

D ∩ Y0 ⊂ Y0 is a Cartier divisor, the element a is a non-zero-divisor in A/M0. This implies that
any power of a is a non-zero-divisor in A/M0. Now let mi ∈Mi, the identity

0 = f(mi) = f ′(mi) = f ′(asi)f ′(
mi

asi
)
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implies that f ′(mi
asi ) = 0. So ⟨M0

as0 ,
M1
as1 , . . . ,

Mk
ask ⟩ is included in ker(f ′). Reciprocally let x =

m
(as0 )ν0 ...(ask )νk be in A′, withm ∈Mν . If ν ̸= (0, . . . , 0), then x belongs to ker(f ′). If ν = (0, . . . , 0),

then x belongs to A moreover x belongs to ker(f ′) if and only if x belongs to M0. Now M0 is
included in ⟨M0

as0 ,
M1
as1 , . . . ,

Mk
ask ⟩. This shows that ker(f

′) ⊂ ⟨M0
as0 ,

M1
as1 , . . . ,

Mk
ask ⟩.

Proposition 5.2. Let 0 ⩽ t ⩽ s0 be an integer. We have a canonical identification

BltY0
Bls0,s1,...,skY0,Y1,...,Yk

X = Bls0+t,s1+t,...,sk+t
Y0, Y1, ... , Yk

X.

Proof. Using Propositions 3.16 and 4.1 and the discussion in Notation 3.1, we get a morphism
from left to right. We then reduce to the case where X = Spec(A) is affine and use the notation
of Fact 5.1. It is enough to show that we have a canonical identification of rings(

A[M0
as0 ,

M1
as1 · · ·

Mk
ask ]

)
[ Lat ] = A[ M0

as0+t ,
M1

as1+t · · · Mk

ask+t ].

Since Mν ⊂ Lν0+...+νk , we can define a map Ψ sending

m

(as0+t)ν0 · · · (ask+t)νk
∈ A[ M0

as0+t
,
M1

as1+t
· · · Mk

ask+t
]

to
m

(as0 )ν0 ···(ask )νk

(at)ν0+...+νk
∈
(
A[
M0

as0
,
M1

as1
· · ·Mk

ask
]
)
[
L

at
].

The map Ψ is a morphism of rings. It is injective and surjective. This finishes the proof.

Fact 5.3. Let A be a ring. Let P = A[T,X1, . . . , Xn] be the polynomial algebra in n+1 variables.
Let d1, . . . , dn ∈ N. Then there is a canonical identification of A-algebras

P [x1, . . . , xn]/(X1 − T d1x1, . . . , Xn − T dnxn) = P [ (X1)

T d1
, . . . , (Xn)

T dn
].

Proof. The map given by xi 7→ Xi

T di
is well-defined and surjective. The source and target of our

map are T -torsion free and the map is an isomorphism after inverting T by Corollary 2.17.

Proposition 5.4. Let A be a ring. Let a ∈ A. Let g1, . . . , gn be elements in A where n ∈ N. Let
d1, . . . , dn ∈ N. There is a surjection

A[x1, . . . , xn]/(g1 − ad1x1, . . . , gn − adnxn)→ A[ (g1)
ad1

, . . . , (gn)
adn

]

whose kernel is the a-power torsion in the source.

Proof. Consider the map P = A[T,X1, . . . , Xn]→ A sending T to a and Xi to gi for 1 ⩽ i ⩽ n.

By Fact 5.3, we have P [x1, . . . , xn]/(X1 − T d1x1, . . . , Xn − T dnxn) = P [ (X1)

T d1
, . . . , (Xn)

T dn
]. Now we

use Proposition 2.30 to finish the proof.

Proposition 5.5. Let A be a ring. Let a, g1, . . . , gn be a H1-regular sequence in A (cf. [StP,
Tag 062E] for H1-regularity). Let d1, . . . , dn be positive integers. The dilatation algebra identifies
with a quotient of a polynomial algebra as follows

A[ (g1)
ad1

, . . . , (gn)
adn

] = A[x1, . . . , xn]/(g1 − ad1x1, . . . , gn − adnxn).

Proof. We can assume that di > 0 for all i by Fact 2.10. By Proposition 5.4, it is enough to show
that the right-hand side is a-torsion free. We adapt the proof of [StP, Tag 0BIQ]. We claim that
the sequence (a, g1 − ad1x1, . . . , gn − adnxn) is H1-regular in A[x1, . . . , xn]. Namely, the map

(a, g1 − ad1x1, . . . , gn − adnxn) : A[x1, . . . , xn]⊕(1+n) → A[x1, . . . , xn]
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used to define the Koszul complex on a, g1 − ad1x1, . . . , gn − adnxn is isomorphic to the map

(a, g1, . . . , gn) : A[x1, . . . , xn]
⊕(1+n) → A[x1, . . . , xn]

used to define the Koszul complex on a, g1, . . . , gn via the isomorphism Θ

A[x1, . . . , xn]
⊕(1+n) → A[x1, . . . , xn]

⊕(1+n)

sending (P0, P1, . . . , Pn) to

(P0 −
n∑

i=1

ani−1xiPi, P1, P2, . . . , Pn);

this follows from the identity

aP0 +

n∑
i=1

(gi − adixi)Pi = a
(
P0 −

n∑
i=1

adi−1xiPi

)
+

n∑
i=1

giPi.

By [StP, Tag 0624] these Koszul complexes are isomorphic. By [StP, Tag 0629] the Koszul
complex K on (a, g1 − ad1x1, . . . , gn − adnxn) is the cone on a : L → L where L is the Koszul
complex on (g1− ad1x1, . . . , gn− adnxn), since H1(K) = 0, we conclude that a : H0(L)→ H0(L)
is injective, so the right-hand side is a-torsion free.

6. Some flatness and smoothness results

Let S be a scheme and let C ⊂ S be a Cartier divisor in S. Let X be a scheme over S. Let D be
the closed subscheme of X given by X ×S C. Let Xj ⊂ D be closed subchemes for 1 ⩽ j ⩽ d.
We are now making the following assumption. We assume that locally over S,X the following
conditions are satisfied

(i) S = Spec(R), C = Spec(R/a) and X = Spec(A),

(ii) there exists a sequence g1, . . . , gn ∈ A such that a, g1, . . . , gn is a H1-regular sequence in A,

(iii) there exists a sequence 1 ⩽ i1 < i2 < . . . < ij < . . . < id = n such that

X1 = Spec
(
A/(g1, . . . , gi1)

)
X2 = Spec

(
A/(

±
g1, . . . ,

±
gi1 , gi1+1, . . . , gi2)

)
...

...

Xj = Spec
(
A/(

±
g1, . . . ,

±
gij−1 , gij−1+1, . . . , gij )

)
...

...

Xd = Spec(A/(
±
g1, . . . ,

±
gid−1

, gid−1+1, . . . , gn)
)

where ± over a symbol means that this symbol possibly appears but not necessarily. We
put Uj = Spec(A/(g1, . . . , gij )) for 1 ⩽ i ⩽ j.

Let m1 ⩾ . . . ⩾ mj ⩾ . . . ⩾ md ⩾ 0 ∈ N be integers.

Proposition 6.1. (i) If X/S is flat and if moreover one of the following holds:

(a) Xj → S is flat and S,X are locally noetherian for 1 ⩽ j ⩽ d,
(b) Xj → S is flat and Xj → S is locally of finite presentation,
(c) the local rings of S are valuation rings,
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then Blm1,...,md
X1,...,Xd

X → S is flat.

(ii) If X → S is smooth and (with the local notation of the assumption) Uj×SSpec(R/(a
mj ))→

Spec(R/(amj )) is smooth for all 1 ⩽ j ⩽ d, then Blm1,...,md
X1,...,Xd

X → S is smooth.

Proof. This is local on S,X. We use notations used to state the assumption before the statement.
Proposition 2.19 implies that we can and do assume that Xj = Uj for all 1 ⩽ j ⩽ d.

(i) We prove the assertions by induction on d. If d = 1 this follows from [MRR20, Propo-
sition 2.16]. By Proposition 3.25 we have Blm1,...,md

X1,...,Xd
X = Blmd

X′
d
Bl

m1,...,md−1

X1,...,Xd−1
X where X ′

d =

Bl
m1,...,md−1

X1,...,Xd−1
X ×X Xd. Proposition 5.5 implies that Bl

m1,...,md−1

X1,...,Xd−1
X identifies with the spec-

trum of P/I where P = A[x1, . . . , xid−1
] and

I = (g1−am1x1, . . . , gi1−am1xi1 , gi1+1−am2xi1+1, . . . , gi2−am2xi2 , . . . , gid−1
−amd−1xid−1

).

We claim that the sequence given by gid−1+1, . . . , gid is H1-regular in P/(I+ (amd)). Let us
prove the claim. Since md ⩽ mj for all 1 ⩽ j ⩽ d − 1, the ideal I + (amd) of A is equal to
(amd , g1, . . . , gid−1

). So P/(I+ (amd)) identifies with
(
A/(amd , g1, . . . , gid−1

)
)
[x1, . . . , xid−1

].
Now since (a, g1, . . . , gn) is H1-regular in A, we know that (amd , g1, . . . , gn) is H1-regular in
A by [StP, Tag 062G]. So gid−1+1, . . . , gid is a H1-regular sequence in A/(amd , g1, . . . , gid−1

)
by [StP, Tag 068L]. This implies that gid−1+1, . . . , gid is a H1-regular sequence in(
A/(amd , g1, . . . , gid−1

)
)
[x1, . . . , xid−1

]. This finishes to prove our claim. We now apply
[MRR20, Proposition 2.16] to deduce the assertions for d.

(ii) We prove the assertion by induction on d. If d = 1, this is [MRR20, Proposition 2.16].
We now assume that the assertion is true for d − 1. Using [MRR20, Proposition 2.16] and
Proposition 3.25, it is enough to show that Z ′

d := (Xd ×X Blm1,...,md
X1,...,Xd

X)×S (Spec(R/(amd))
is smooth over Spec(R/(amd). We have

Z ′
d = Xd ×S Spec(R/(amd))×Spec(R/(amd )) Bl

m1,...,md
X1,...,Xd

X ×S Spec(R/(amd).

We computed Blm1,...,md
X1,...,Xd

X ×S Spec(R/(amd) in (i) and proved that it is the spectrum
of A/(amd , g1, . . . , gid−1

)[x1, . . . , xid−1
]. Now Xd ×S Spec(R/(amd)) is the spectrum of

A/(adm , g1, . . . , gn). Consequently Z
′
d is the spectrum of (A/(adm , g1, . . . , gn))[x1, . . . , xid−1

].
So by assumption A/(adm , g1, . . . , gn) is smooth over R/(adm). Moreover any polynomial
algebra is smooth over its base ring. A composition of smooth morphisms is smooth. So the
composition

R/(adm)→ A/(adm , g1, . . . , gn)→ (A/(adm , g1, . . . , gn))[x1, . . . , xid−1
]

is smooth. This finishes the proof.

7. Néron blowups

Néron blowups are dilatations in the group case. We introduce and study them in this section.
Let S be a scheme, and let G → S be a group scheme. Let C1, . . . , Ck ⊂ S be locally principal
closed subschemes. Put Di = G|Ci = G ×S Ci and D = (D1, . . . , Dk). Let Hi ⊂ Di be a closed
subgroup scheme over Ci for all i ∈ {1, . . . , k} and let H = (H1, . . . ,Hk). Let G := BlDHG → G
be the associated dilatation. We call G → S the Néron blowup of G with multi-center H,D. By
Lemma 3.15 the structure morphism G → S defines an object in SchC-reg

S .

Fact 7.1. Let G → S be the above Néron blowup.
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(1) The scheme G → S represents the contravariant functor SchC-reg
S → Sets given for T → S

by the set of all S-morphisms T → G such that the induced morphism T |Ci → G|Ci factors
through Hi ⊂ G|Ci for all i ∈ {1, . . . , k}.

(2) Let T → S be an object in SchC-reg
S , then as subsets of G(T )

G(T ) =
⋂

i∈{1,...,k}

(
BlGi

Hi
G
)
(T ).

(3) The map G → G is affine. Its restriction over Si factors as Gi → Hi ⊂ Di for all i

Proof. Part (1) is a reformulation of Proposition 3.16. Assertion (2) is immediate using (1).
Finally (3) is immediate from Proposition 3.15.

By virtue of Fact 7.1 the (forgetful) map G → G defines a subgroup functor when restricted
to the category SchC-reg

S . As G → S is an object in SchC-reg
S , it is a group object in this category.

Now if X → S and Y → S are two flat morphisms in SchC-reg
S , then the product of X and Y

in the category SchC-reg
S exists and is equal to the product of X and Y in the full category of

S-schemes. In particular if the Néron blowup G → S is flat, then it is equipped with the structure
of a group scheme such that G → G is a morphism of S-group schemes.

Remark 7.2. In general the product of two objects in SchC-reg
S is not equal to the product of the

same objects seen in the full category of S-schemes (in fact the product of these objects in the
full category of S-schemes need not be in SchC-reg

S ). Proposition 3.35 allows to compute products

in SchC-reg
S .

The following Proposition generalizes the fact that congruence groups are normal subgroups,
it is related to Example 1.4 (note that the proof of [Yu01, Lemma 1.4] is not correct).

Proposition 7.3. Assume that k = 1, C = C1 is a Cartier divisor in S and G→ S is flat. Let
η : H → G be a morphism of group schemes over S such thatH → S is flat. LetK ⊂ G be a closed
subgroup scheme over S such that K → S is flat and BlCKG→ S is flat (and in particular a group
scheme). Assume that HC commutes with KC in the sense that the morphism HC×CKC → GC ,
(h, k) 7→ η(h)kη(h)−1 equals the composition morphism HC ×C KC → KC ⊂ GC , (h, k) 7→ k.
Then H normalizes BlCKG, more precisely the solid composition map

H ×S BlCKG H ×S G G

BlCKG

Id×Bl h,g 7→η(h)gη(h)−1

Bl

factors uniquely through BlCKG.

Proof. Let ϕ be the solid composition map, we claim that it belongs to SchGC -reg
G . Let us prove

this claim. The map θ : H ×S G
h,g 7→η(h)gη(h)−1

−−−−−−−−−−−→ G is flat. Indeed it is the composition of an

isomorphism, namely H×SG
Id×θ−−−→ H×SG, with a flat morphism, namely the projection on the

second factor H×SG→ G. So θ−1(GC) is a Cartier divisor in H×SG (note that GC is a Cartier
divisor in G because G→ S is flat). Now Lemma 3.30 and 3.17 shows that (Id×Bl)−1(θ−1(GC))
is a Cartier divisor. This finishes to prove the claim. Now by Proposition 3.16, ϕ factors uniquely
through BlCKG if and only if ϕ|GC

factors through KC . The following diagram, obtained using
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Proposition 3.15, finishes the proof

(H ×S BlCKG)×G GC (H ×S G)×G GC GC

HC ×C (BlCKG×G GC) HC ×C GC GC

HC ×C KC KC .

8. Congruent isomorphisms

Let (O, π) be an henselian pair where π ⊂ O is an invertible ideal. Let S = Spec(O) and let
C = Spec(O/π).

Theorem 8.1. Let G be a separated and smooth goup scheme over S. Let H0, H1, . . . ,Hk be
closed subgroup schemes of G such that H0 = eG is the trivial subgroup. Let s0, s1, . . . , sk and
r0, r1, . . . , rk be in N such that

(i) si ⩾ s0 and ri ⩾ r0 for all i ∈ {0, . . . , k}

(ii) ri ⩾ si and ri − si ⩽ s0 for all i ∈ {0, . . . , k}.

Assume that G is affine or O is local. Assume that the regularity condition (RC) introduced
below is satisfied (cf. Definition 8.2). Then we have a canonical isomorphism

Bls0, s1, ...,sk
H0,H1,...,Hk

G/Blr0, r1, ...,rk
H0,H1,...,Hk

G ∼= Lie(Bls0, s1, ...,sk
H0,H1,...,Hk

G)/Lie(Blr0, r1, ...,rk
H0,H1,...,Hk

G).

Proof. For i ∈ {0, . . . , k}, put ti = ri−si. As a first step in our proof, we assume that ti = tj =: t
for all i, j ∈ {0, . . . , k}. Proposition 5.2 shows that

Blr0, r1, ...,rk
H0,H1,...,Hk

G = Bl2tH0
Bls0−t,...,sk−t

H0,H1,...,Hk
G and Bls0, s1, ...,sk

H0,H1,...,Hk
G = BltH0

Bls0−t,...,sk−t
H0,H1,...,Hk

G.

Put G′ = Bls0−t,...,sk−t
H0,H1,...,Hk

G. The scheme G′ is smooth over S by (RC). By [MRR20, Theorem 4.3],
we have a canonical isomorphism

BltH0
G′/Bl2tH0

G′ ∼= Lie(BltH0
G′)/Lie(Bl2tH0

G′).

This finishes the proof of the case where ti = tj for all i, j ∈ {1, . . . , k}. Now we prove the
general case. Put tm = maxi∈{0,...,k} ti. The isomorphism [MRR20, Theorem 4.3] is functorial in

G. Applying this functoriality to the morphism Bl
{si−tm}0⩽i⩽k

{Hi}0⩽i⩽k
G→ Bl

{ri−2tm}0⩽i⩽k

{Hi}0⩽i⩽k
G and with the
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integers given by the inequality 0 ⩽ 2tm
2 ⩽ tm ⩽ 2tm, we get a canonical commutative diagram

Bl
{si}0⩽i⩽k

{Hi}0⩽i⩽k
G(O)/Bl{ri}0⩽i⩽k

{Hi}0⩽i⩽k
G(O)

Bl
{si}0⩽i⩽k

{Hi}0⩽i⩽k
G(O)/Bl{si+tm}0⩽i⩽k

{Hi}0⩽i⩽k
G(O) Bl

{ri−tm}0⩽i⩽k

{Hi}0⩽i⩽k
G(O)/Bl{ri}0⩽i⩽k

{Hi}0⩽i⩽k
G(O)

Lie(Bl
{si}0⩽i⩽k

{Hi}0⩽i⩽k
G)(O)/Lie(Bl{si+tm}0⩽i⩽k

{Hi}0⩽i⩽k
G)(O) Lie(Bl

{ri−tm}0⩽i⩽k

{Hi}0⩽i⩽k
G)(O)/Lie(Bl{ri}0⩽i⩽k

{Hi}0⩽i⩽k
G)(O)

Lie(Bl
{si}0⩽i⩽k

{Hi}0⩽i⩽k
G)(O)/Lie(Bl{ri}0⩽i⩽k

{Hi}0⩽i⩽k
G)(O).

The injectivity of the two hookarrows follows from Remark 1.3. This identifies

Bl
{si}0⩽i⩽k

{Hi}0⩽i⩽k
G(O)/Bl{ri}0⩽i⩽k

{Hi}0⩽i⩽k
G(O)

and

Lie(Bl
{si}0⩽i⩽k

{Hi}0⩽i⩽k
G)(O)/Lie(Bl{ri}0⩽i⩽k

{Hi}0⩽i⩽k
G)(O)

inside the right part of the diagram.

Definition 8.2. Let G, {Hi, si, ri}0⩽i⩽k be as in Theorem 8.1. Put tm = maxi∈{0,...,k}(ri − si).
We introduce the following regularity condition

(RC) Bl
{si−tm}0⩽i⩽k

{Hi}0⩽i⩽k
G and Bl

{ri−2tm}0⩽i⩽k

{Hi}0⩽i⩽k
G are smooth over S.

We recall that Proposition 6.1 offers a way to check (RC) in many cases. We finish with the
following result.

Corollary 8.3. Let G be a separated and smooth goup scheme over S. LetH0 ⊂ H1 ⊂ . . . ⊂ Hk

be closed subgroup schemes of G such that Hi is smooth over S for 0 ⩽ i ⩽ d and H0 = eG. Let
s0, s1, . . . , sk and r0, r1, . . . , rk be in N such that

(i) si ⩾ s0 and ri ⩾ r0 for all i ∈ {0, . . . , k}
(ii) ri ⩾ si and ri − si ⩽ s0 for all i ∈ {0, . . . , k}.

Assume that G is affine or O is local. Then we have a canonical isomorphism

Bls0, s1, ...,sk
H0,H1,...,Hk

G/Blr0, r1, ...,rk
H0,H1,...,Hk

G ∼= Lie(Bls0, s1, ...,sk
H0,H1,...,Hk

G)/Lie(Blr0, r1, ...,rk
H0,H1,...,Hk

G).

Proof. By Theorem 8.1, it is enough to check the condition (RC), it follows from [SGA3, Exp.
III, Proposition 4.15] and Proposition 6.1.

Remark 8.4. Note that the result of the proof of [SGA3, Exp. III, Proposition 4.15] is stronger
than its statement. Indeed the statement uses Koszul-regularity and the proof shows regularity
(in the terminology of [StP, Tag 063J]).
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Schémas en groupes - (SGA 3) Tome I. Propriétés générales des schémas en groupes. Revised
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