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Weak Uniqueness for a PDE with Boundary Condition

L. Coutin, L. Huang, M. Pontier

March 14, 2023

Abstract

In a previous work [6], it has been proved that the joint law of a diffusion and the
running supremum of its first component is absolutely continuous and that its density
satisfies a weak partial differential equation with boundary condition. In this work, we
prove uniqueness of the solution of that PDE.

1 Introduction and statement of the PDE

In finance, a barrier option is a type of option whose pay-off depends on whether or not the
underlying asset exceeds a certain price. An asset is typically modelled using a stochastic
differential equation, and in theory, the barrier can be any curve. Yet, theoretical challenges
already arise when studying the joint distribution of (V;);>0 = (My, X¢)i>0, where:

dXt = B(Xt)dt + O'(Xt)dVVt, X() ~ f(),
Mt = Ssup Xsl7

s<t

Xo being a random variable, independent of W, with density f,. Many papers, dating as far back
as in 1987 [7], have been devoted to understanding the distribution of (V;);>¢. However, in early
works, the emphasis was on characterizing the joint distribution, in order to deduce theoretical
properties (for instance regularity of hitting times or local times). From an applicative point
of view, even though these results are very informative, they offer little to no practicality for
real life purposes like pricing or hedging.

For instance in [3], authors default to giving (sharp) upper and lower bounds. Therefore,
continuous effort has been deployed to better understand the joint distribution. We can notably
cite [2] that provides an approximation of the distribution of (V;);>o, in order to improve
computation time in Montecarlo schemes. Another result we can quote for context is one
obtained by Hayashi and Kohatsu-Higa [10], establishing that the distribution of (V;);>¢ is
absolutely continuous. Such result is expected, since in the simplest case of the Brownian
motion and its running supremum (W, W;);>o, where W;* = sup,, W, an explicit expression
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for that density has been given since [12] (see also [11] for a more recent reference). Nevertheless,
for the Brownian motion, arguments are quite different, as they rely on the reflection principle
which is not true for general diffusions any more.

Still, knowing that the law of V; for ¢ > 0, is absolutely continuous, with density py(.;t) t >
0; one can naturally ask how far is the density of (W}, W;):>o form the actual density. In other
words, one can look for expansion for the density of (V;);>o. In [5], and subsequently in [6],
such program has been implemented. In arbitrary dimension and when the diffusion coefficient
o = I4, the authors use a Girsanov transformation eliminating the drift and relate the law of
(Vi)i>0 to the law of (W}, W;);>0, through a Malliavin integration by parts. In dimension 1, a
Lamperti transform can be done prior to Girsanov to handle a diffusion coefficient. However,
the general case is still for now out of reach with this method. The main result of [5] is the
absolute continuity of distribution of (V;):>o, and the arguments have been further expanded
upon in [6], where the authors obtain a weak PDE for the law of (V})>o:

/T“D(m’ 2)p(m, x; t)dmda = /

Rd

t
@(m,m,f)fo(m,:)?)dmd:)?—l—/ /p(m,x; S)LD(m, x)dmdxds
X . 0 JT
(1.1) +§/ O ®(m, m, T)p(m, m, T; s)dmdzds,
0 Jrd

where @ is a test function belonging to a suitable class of functions, 7 is the subset of R x R
T :={(m,z) €R xR?; m > a'},

and the operator £ is the generator of (X;);>¢ and acts on the variable x as follows:

1
Lf(@) = B()Vf(z) + 5Af(2).
In what follows, we extend the operator £ to functions ® in C?(R%*! R) as

L(®)(m,x) = B'(2)0,,®(m, x) + 182 d(m, x)

2 X4 ,Tq
where we use the Einstein’s convention.

In this paper, we are interested in proving that PDE (1.1) has a unique solution in a suitable
functional space X defined below. Our proof relies on a variation of constant method see [1].

Remark 1.1 (Notations) Throughout this paper we will use the notation v = (x',Z) when
no ambiguity is possible, in order to single out the behavior on the first component . Similarly,
we write dv = dx*dZ to shorten notations.

Let us denote C2(RY) the functions C? class with compact support and CZ(RY) the bounded
functions C? class with bounded derivatives.

Finally, py(t,.) denotes the density of the probability law of process V, = (M, Xy).



Definition 1.1 Let T > 0. Define X to be the space of the real functions on |0,T] x T
satisfying the following items:

2
* (a) supigor) Jpa [Jo [p(m, z;t)|dm]” dz < oo.
e (b) The application (m,¥;s) — p(m,m,7;s) € L'(]0, T]; L*(R?))

e (c) For allt €]0,T)], sup,~qp(m,m—u,&;t) € L*(R?); and for almost surely all (m, ) €
Re, b s p(m, zt, 2;t) is continuous on | — oo, m[ and lim,_o+ p(m, m — u, T;t) exists
and is denoted by p(m,m, T;t).

Theorem 1.2 Assume that B € CHRYLRY). Let T > 0, and fo € L'(RY) N L*(RY) with
positive values such that fRd fo(x)dx = 1. Then, py belongs to X and is the unique solution in
X of (1.1).

It should be emphasized that this PDE is set in dimension d + 1, but it is degenerate, in the
sense that there are no derivative related to the component m. Moreover, the presence of a
boundary term takes us away from the classical equations investigated in textbooks such as
Evans [8].

This paper is organized as follow. In Section 2, we prove that the solution of (1.1) with
fixed initial condition is unique in a certain class of function X'. To do so, we rely on a Theorem
by Ball [1], whose assumptions are checked in Section 3. Then Section 4 proves that py is an
element of set X'. Finally an appendix with some tools is provided.

2 Uniqueness for weak solution of PDE in the set X

The aim of this section is the proof of the following theorem.

Theorem 2.1 Let T > 0 and B € C*(R,R?). In the set X given in Definition 1.1, the PDE
(1.1) with initial condition fo € L*(R?) N L2(RY) admits at most one solution.

In this section, we work up the tools allowing us to obtain uniqueness to the solution of
the PDE (1.1). Naturally, we consider p; and py, two solutions in X to (1.1) with the same

initial condition, and show that their difference is zero. Having the same initial condition, for
q = p1 — p2, we derive the following equation:

t
/@(m,x)q(m,x;t)dmdx = //q(m,x; S)LD(m, z)dmdxds
T 0 JT

1 t
(2.1) + 3 / O ®(m, m, 2)q(m, m, T; s)dmdzds
0 JRrd



for all test function ® € C?(R¥*!). We can chose in particular ®(m,z) = H(m)F(x), for
(m,x) € T, where H € C}(R) and F € C?(R%). And since there is no second derivative with

respect to m, we introduce
(2.2) qu(x;t) = / 1gicmyH(m)g(m, z;t)dm, = € RY, te[0,T]
m>xl

where H € C}(R).

Remark 2.2 Since the solutions to the PDE (1.1) have support over T, we can omit the
indicator {m > '} in the previous integral, and simply write: qy(x;t) = [, H(m)q(m,z;t)dm.
2.1 Reduction to a variation of constant

In this section, we show how to reduce the proof of Theorem 2.1 to the application of a result
due to Ball [1]|, which can be understood as a variation of constant method.

We have the following proposition.

Proposition 2.3 Let q € X be a solution of (1.1) with null initial condition and H € C#(R,R)
with compact support derivative. The function qy(;-) satisfies the equation in a weak sense:

qu(z;t) :/0 L qy(x; s)ds—l—%/o OmH (21)q(21, 21,75 5)ds, t € [0;7T]
where L* is
L(P)(x) =—B(x) - VO(x)(x)— f(x)divB(z) + %A@(x).
Moreover, for allt € [0,T], qu(.,t) € L*(R?).

Proof: Let ¢ € X such that ¢(.,0) = 0. Using Item (a) of Definition 1.1,

2

sup / [/ |q(m,x;t)|dm] dr < 00,

t€)o,7) Jre LJR
and the fact that H is bounded

2
/ [/\H(m)\\q(m,x;t)\dm} do < 50, V> 0.
R LJR

Then, qg(.;t) € L*(RY).

e For a while, assume that H is C? with compact support.
We start from Equation (2.1) satisfied by ¢, and plug the choice ®(m,z) = H(m)F(x) into (2.1)



with F € C?(R%). Since H and F are with compact supports, we can use Fubini’s theorem to
exchange integrals, the left hand side becomes:

/T B(m, 2)q(m, 2 )dmds  — /R dF(x)( m>x1H(m)q(m,x;t)dm> do
_ /R F(@)an(s; )

Now considering the right hand side of (2.1), we have for the first contribution:

/Ot[r(J(m,x; S)LP(m, x)dmdxds = /ot/Tq(m’x; S)E(H(m)F) (z)dmdzds.

Note that the operator £ acts on the variable x, we thus have:

t t
//q(m,x;s)ﬁq)(m,x)dmd:cds = /// q(m, z; s)H(m)LF (x)dmdzds
0o JT 0 JRE Jm>zxl

_ /0 t /R () LF (@) dods

Finally considering the second term in the right hand side of (2.1), since 0,,®(m,m,z) =
8mq)(m,x1,i)‘m1:m, that is, we first compute the derivative of ® with respect to the first

component, and evaluate at (m,m,Z) € R x R%, the second term becomes up to the factor %:

t t
/ Om®(m, m, x)q(m, m, &; s)dmdrds = / H'(m)F(m,z)q(m,m, &; s)dmdzds
0 Jrd

_ /R d < /0 CH m)g(m.m, & s)ds) Fm, #)dmdz

t
= / H'(m)F(m,z)q(m,m, Z; s)dmdzds.
Rd

Thus,

/ F(x)qu(x;t)dx —/ /]Rd x)qu(x; s)dxds + = / RdH oM F(2)q(2!, z; s)dxds.

e Now, we assume that H is C? with compact support derivative. The idea is to recover
the previous case (C? with compact support) via a truncation argument.
Consider a C? function f defined on [0, 1], with f(0) =0, f(1) = 1 and f’(0) = f(1) = f"(0) =
f"(1) = 0. For instance, f can be the polynomial function degree 5: f(x) = 62° — 152 + 1023.
Let (&,)nen be a sequence of C? functions defined as

n(m) =1 Vm € [=n,n], &(m) =0 V|m| = 2n,
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m+ 2n

€n(m)=f< ) Vi € (~2n, —n), sn<m>:f(2"‘m) Vim € (n, 20).

n

In other words, (£,)nen are a sequence of C? functions approximating an indicator function.
We let H, = HE,, which is now C? with compact support.
Using Cauchy Schwartz inequality

Jant50) a0l <11 [ [ [ 1= €stmlloom,z:ojam] s

and

T T 2
[ st = am Colaae < i [ [ | [ 1=l aiolan] azar

Then, using Lebesgue dominated theorem (qg, (-;t))nen converges to gy in L*(RY) for all ¢ €
0, 7] and (g, )nen converges to qg in LY([0, T, dt; L?(RY)).
Note that

H,,(m) = H(m)§&,(m) + H'(m)&(m), Ym € R.

Let n be large enough such that the support of the function H' is in (—n,n) so Vm € [—n, +n],
H!(m) = H'(m). Moreover, for |m| > 2n, H/(m) = 0 and for 2n > |m| > n, H(m) =
& (m)H(m) and H is bounded.

Thus we have :
[(H() = H' @) )o@ 2:5)| = Lusr j<onlél (@) H (2 gl 33 5)]
We now use that if 2! satisfies n < |2!| < 2n then H)(2') = H(z")1f'(*£2*) where f’ and H
are bounded, since the above integrand satisfies |(H),(z') — H'(z"))q(z', x; 5)| < £|q(z!, ;5)|.

Given Item (b) of Definition 1.1 fOT \/f]Rd ¢*(z!, x; s)drds < oo, hence when n goes to infinity,

we get:
T
s

We point out that in fact, fOT \/fRd lq(x, x; s)|dxds < oo would be sufficient.
Thus, (H! (x')q(x!, z;s)), converges in L*([0,T] x RY) toward H'(x')q(x!, z;s).

Let F be a C? function. From the compact support derivative case we have

(5;(:61)[‘[(551) _Hl($1)>q(x1,x; 8)‘dxds .

n—-+o0o

/]Rd F(x)qu, (z;t)dx = /0 g L(F)(x)qu, (z; s)dzds + % /0 g H! (x)F(z)q(x", x; s)dxds.

Using the fact F' is C? with compact support, F' and L(F) are bounded with compact
support thus in L?(R?).

n Rd



/ / x)qy(x; s)drds = hm/ / x)qu, (z; s)dxds.
Rd Rd

Moreover, since (H! (z')q(z*, x;5)), converges in L([0,T] x R?) toward H'(z1)q(x!, x;5),

t
hm/ H' (2" F(2)q(2*, x; 8)dx' ds :/ H'(x")F(2)q(2', z; s)dx'ds
R4 0 JRrd
and
1 t
/ F(x)qu(x;t)dx —/ / x)qu(x; s)dxds + = / H'(z")F(2)q(z", z; s)dxds.
Rd 2 0 Rd
The function gy (z;-) satisfies the equation dx almost surely:
1
qu(x;t) = / Lqu(x;s)ds + 5/ H'(z")q(2", ', %; 5)ds.
0 0
where £ is
1
LY(P)(z) = —B(x).VO(z)—f(x)divB(z) + §A<I>(x)
so the proof is concluded. °

Remark 2.4 The adjoint operator
Lf(x) =—B(z) -V Z&kB’“ + Af( ),
s densely closed and is the generator of the semi-group (Q with kernel I':

o - [ x| 1o

for0<t<T,zcR?and f bounded.
This remark is proved below in Lemma 5.1.

(23)  Qf)(x):=E

Now, let us quote the following theorem ( variation of constants), due to Ball [1].

Theorem 2.5 Let A a densely closed linear operator on a Banach space X which generates a
strongly continuous semi-group () on X of bounded linear operators QQ; bounded on X. Let f
belonging to L'([0,T], X) and u € C([0,T],X) be a weak solution of the PDE:

(2.4) W (t) = Au(t) + f(t), t € (0,T], u(0)==z€ D(A)C X,

where D(A) is the domain of operator A In that case, the unique solution of (2.4) is expressed
as

(2.5) u(t) = Q(t)x +/0 Q(t — s)f(s)ds, Vt € [0,T].



We will check that the assumptions of the theorem are satisfied in our case in Section 3 below.
We use Ball theorem with: X := L*(R?), A := L*, u(t) == qu(:;t), f : t — s H'(z")q(z*, 2', T; 1)
and x = 0. The conclusion of the theorem reads in our case:

26 anlet) = [ Hmatmaitiam =5 [ [ 56 a0y st = s)dsdy

where I' is the transition probability density defined in (2.3).

From there, we work to prove that ¢ = 0. The difficulty of the calculation is to relate ¢(m, z;t)
on the left to its value on the diagonal m = x', which is the quantity appearing in the right
hand side of (2.6) after application of Ball’s theorem.

We can prove the following result:

Proposition 2.6 Let B € CHRY R?Y) and ¢ € X be a solution of (1.1) with null initial
condition. The following identity holds VYt € [0,T] and dy'dZ almost surely:

N I N _ _ _
(27) q(y1>yl>z; t): _5 / /d ) amlr(ylwxa y1>y>t - S)Q(ylayla Y; s)dyds
Rd—

This identity is a first tool from which we can deduce that ¢ = 0, giving Theorem 2.1. We
break down the proof of the above identity in two steps.

First step: going back to (2.6), we multiply both sides by F(z) € C.(R?"!) and integrate
in doldz = du:

(2.8) /R F@H(m)g(m.;t)dmdz = 5 / /R ) Ya(y', y; $)D(w, y, t — s)dsdydz.

We have the following decomposition:

Lemma 2.7 It holds that Yt € [0,T]:
/ F(2)H(m)q(m,m, T;t)dmdi =

(2.9) / /2d 1 D) H (y)T (', 2,y" 0t — s)a(y', v, §; s)dsdy' dydz
R

(2.10) // y )0 Dy, 2,90, it — 8)q(y', y', 4 s)dsdy' dgdz.
R2d—1

Notice that in Lemma 2.7, the functions I' and ¢ are considered on the diagonal m = 3!, as
opposed to Equation (2.8). To achieve this, the idea of the proof is to localize the variable m
in (2.8) around z' using an approximation of the identity.



Proof: Observe, that using Item (c) of Definition 1.1, 2! — gy (2!, Z;t) is continuous dz
almost surely .

According to Lemma 5.5 dZ almost surely z! fo Jea H' (y0)a(y', y, )Lz, y;t — s)dyds
is continuous. We are in position to localize in x! using the following compact support
approximation of unity. Let ¢ be the C'*° function with compact support in [0, 1] defined by

1
_Joaexp =07, if |u| <1,
o) = { O else

Then, ¢ is non negative, even, and a is chosen such that [, ¢(u)du = 1.

For fixed 2! € R, we consider:

From properties of ¢, we can derive:

(2.11) lim ¢. (m)da’ = 6, (da?).

e—0

Remark 2.8 This convergence which allows us to localize q around the diagonal is made
rigorous in our setting using Lebesque dominated convergence theorem. We refer to Lemmas
5.4 and 5.6 of Section 5 for more details. Specifically, Lemma 5.4 coupled with Lemma 5.5
yields (2.9) and with Lemma 5.6 yields (2.10).

Going back to (2.8), applied to m +— ¢-(m)H (m) instead of H, we get:
(2.12) / @ 1 (92 H () ) aom, 25 )
Rd+1
Y o1
/ / 7)1 <y (%( DH(y )) 9y, y; )L (@, y, t — s)dsdyda.
R2d

On the left hand side of (2.12), letting & — 0, from (2.11) and using the continuity x'
q(m,z', Z;t) for all almost (m,z) and all ¢ (see third part of Item (c) of Definition 1.1), we
get:

lim F(:Z’)((ﬁs(m)H(m))q(m,x;t)dmd:c:% / F()H (m)q(m, m, & t)dmd.

e—0 Rd+1 Rd

On the right hand side of (2.12), we compute the derivative:

//de H(y1)>/Q(y1,y;8)F(fE y,t — s)dsdydz
(2.13) / / YO H' (gt v )T (@, y, t — 5)dsdyda



+/0 /de F(2)o (y ) H iy q(y', v $)D(x, y, t — s)dsdydz.

According to Garroni [9] (3.35) page 187

(214) F(l’,yﬂf) :PO(x>y7t)+Pl(zay7t) where FO(Iayvt) = )
\/27rtd

and for all y € R4, t > 0z — ['y(z,y;t) € CHRY). Moreover, from Lemma 3.3 page 184,
estimation (3.25) of Garroni, for a €]0, 1] there exist some positive constants C' and ¢ such that

llz—yl?

(2.15) Dy (2, y;t)| < Ot 2toe

llz—y] 2

(2.16) 10T (2, y;8)| < Ct~ T toe™ o

Now, letting ¢ — 0 and using Lemma 5.4 with k¥ = 2d — 1, and the continuity of x! —
[(z', 2,y;t), Vt € [0,T] the first term on the right hand side converges:

/ / yOH' (Y )aly's y: )L (z,y, t — s)dsdydx
R2d

0/ / ) (ylvylvg; S)F(y z y y, )deydLU
e R2d—1

which gives (2.9) in Lemma 2.7 above.
For the second term in (2.13) we look at the integral in dy*, we need to integrate:

/ /Rm VH(y )a(y", y; )T (x, y, t = s)dsdyda.
Then, since [, ¢L(y")To(z,y,t — s)dz' = 0, we have
| [ F@h 6 0 g5 .- )dsdyds
0 Jr2da
// F(@)oL(y" ) H(yaly", y; s)Ti(x, y, t — s)dsdyda
0 Jrad

which we can do by performing an integration by parts over dz' on R:
/(;5 Wi(zh, 2,9t 4, — s)d /(;55 01 (2t 2, y", 9t — s)da’

since when z! — oo, ¢.(z') goes to 0.
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Letting now ¢ — 0, using estimation (2.16), we obtain:

/qﬁa Oy (2, 2, y", 9, t — s)da’ —>8x1F1(y oyt .t —s).

Note that according to the definition of I', I'y and T’y (see (2.14))
O l'y(m,z,m,g,t —s) = 0 l'(m, T, m,y,t — s).

Consequently, using Lemma 5.6, we have Vit € [0,T]:

/ /R2d F(2)oL(y" ) H(y)aly' y; s)L(x,y, t — s)dsdydx
€_>0 / A2d 1F T)H ) (y Y;s )a:clr(y T y y,t )de'gd[lZ’

which gives (2.10) in Lemma 2.7 above. o
Remark 2.9 We need to use dominated convergence theorem on the functions
xl _)Q(maxla:i';t) ) F([L’l,:i',m,g;t—S) ) axlr(xla:i'am>g;t_8)'

in order to justify the Dirac convergence. These functions have to satisfy the continuity when
' — m and the uniform integrability. The continuity is clear for T' and 0. T (see e.g. [10] )
and for q, it is exactly Item (c) in Definition 1.1 above. The integrability of sup,. |I'(z,y;t—s)|
and sup, |0 (z,y;t — s)| is deduced from [9] page 171 and (3.25) page 184. Moreover, we
also rely on the fact that F has compact support in R4

Second step: we prove that the term (2.9) in the right hand side of Lemma 2.7 actually

vanish. Indeed, this term is exactly the integral with respect to dy* of the product of H'(y')
and expression below (2.17):

Lemma 2.10 We have VYt € [0,T], dy* almost surely
(2.17) / / a(y' y' g )Ty 2,55t — s)dsdrdy = 0.
R2d—-2

Proof: First of all, observe that from (2.6), taking H(m) = 1 for all m > 0 yields:

t
(2.15) [ atmestvin =3 [ [ a0 o)yt~ s)dsdy =
R 2 0 JR4

Consider now for ¥ a test function, following choice for H:

H(m) = / U(y)dy',



In that case, Equation (2.6) becomes :

/ Ly, <V (y1)q(m, z,t)dmdy" = / /d q(y',y, $)D(z,y,t — s)dsdy,
R2 R

for any W so by identification dy; almost surely:

/1 rem@(m, z,t)d // aly',y", g, $)T(z,y', g5t — s)dsdy.
R Rd 1

But recall from (2.18) [, q(m, x,t)dm = 0, hence:

0:/q(m,x,t)dm:/1y1<mq(m,x,t)dm+/1y1>mq(m,x;t)dm
R R R

Therefore, we get:

—/1y1>mq(m v;t)d // q(y', y', 5; )T (x, v, g5t — s)dsdy.
R Rd 1

We multiply that last identity by F' € CL(R?"!) and integrate with respect to dz. Recall that
q has support in T, i.e. ¢(m,z!,Z;t) = 0 when z* > m, we get:

(2.19)

1 t
[ Pyeaalm i tydmds = 5 [ PE) [t gDt gt s)dsdids
Rd R2d-2 0

and letting 2! increase to y!, using item (a) of the Definition 1.1 the limit of left hand is null
dy' almost surely. According to the definition of I' (see (2.14)) and estimation (2.15), the limit
of the right hand side is

1

t
5/ F(f)/ a(y', v, 3, )T (W', &,y i t — s)dsdjdz
R2d—2 0

dy! almost surely. See also Lemma 5.5 for a proof. °

Going back to the conclusion of Lemma 2.7 and cancelling the first term, we get Vt € [0, 77:
[ F@HG" g
= — / / y1)0uT(y' 2, y" 9.t = s)aly',y', s s)dsdy dydz,
R2d-1
which gives by identification over H(y')F(%) dy'dz almost surely:
1 t
q(yla yla :i'v t) - _5 / amlr(yla :i'> y1> 'ga t— S)q(yla yla ga S)dgds

0

which proves the identity (2.7) in Proposition 2.6. °

12



2.2  Proof of Theorem 2.1
Let us show how to conclude to ¢ = 0. Taking the absolute values in Proposition 2.6 gives:
1 t
(2.20) (v y', 75 1)] < 5/ /d a(ys ' 9,901 (y" 2,y 5,1 = s)|dsdy.
0 JRd-

Equation (3.25) page 184 [9] with [ = 1,0 < o < 1 gives the following Gaussian estimate for
I' and its derivatives:

1 1% — gl
1 < Ce(t—s) .
0T (y", 2,y 9t = 8)| < O G s)to eXp( ot — s)

We use this bound then we integrate (2.20) with respect to di:

(2.21)
s L[ . 1 1z =all*y -
11-td<—// Lyl g,8)|C — ) dsdyd.
/RMIQ(y,y,L le=5 | |, 1aw.y.5.9)Cr T P ez sy ) B0

Solving on the right hand the integral with respect to dz, there exists a constant K (¢, d) such
that:

_ .1 ¢ . 1 .
(2.22) / lq(y*, ', @5 t)|dE < <CrK(c, d)/ / la(y", y" 7, )| ————==dsdy.
Rd—1 2 0 JRd-1 (t - S)a

Define for convenience f(y',t) := [|¢(y', y*, &,t)|dZ, the last identity becomes:

! ds
F6'8) < dr [ 5 s)—= S = dr (01, ) 5 galt)
0 (t —s)
for some constant dp > 0 and where g, : s — \/137 Remark that the ratio Z‘l*—((j)) < TU=9)/2 gince

0 < a < land s € [0,7). So the inequality can be written as f(y',t) < dpTA=9/2 f(y' ) x g1 (t).
We can now iterate this inequality to get for all n > 1:

Fyh ) <drTO 92yt Y e gy <o < (AT F (Yt ) % 0™

That iterated convolution can now be dealt with using Gamma functions (see details in Lemma
5.3 below), denoting Dy = drTA=9/2 and recalling that t — s <t < T

(DrT(L)) (DT ()T
1,t§7n2 )t — )" ds < 3 )
0 < i /fy ) =)' < /fy

Finally, Lemma 5.2 below shows that the integral of f (y s) over s is finite dy' almost surely
which yields f(y',t) = 0: Indeed, Va > 0, the ratio ( 7 goes to 0 when n — 0o using Stirling

formula.
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As a conclusion we have shown that [ |q(y',y",9,t)|dg = 0 dy' almost surely, yielding
q(y',y', 7, s) = 0 dj almost surely, and applying Ball (2.6):

1
[ #omatmtyim =3 [ [ 00" 0t = sty =0
0 JRd

thus V¢ € [0,7] < T and for all test function H, we proved that [ H(m)q(m,-;t)dm = 0
meaning the function ¢(-,-;¢) = 0.

This concludes the proof of Theorem 2.1 up to the verification of assumptions in Theorem
2.5, what is done is the next section. °

3 Checking assumptions of Theorem 2.5

In this section, we check that the assumptions of Ball’s Theorem 2.5 actually holds in our
setting. The Banach space X is L?(R?). We have to prove that

- L* is a densely closed linear operator on X, and L£* generates a strongly continuous on

X semi-group (@)« such that the operators @Q; are bounded on L?*(R?), this is done
in Lemma 5.1.

- f belongs to L'([0,T], X) where f(t,z) = 1H'(z")q(a", 2", Z;1).
- u e C([0,T], X); where u = qg.

3.1 The function f belongs to L!([0,T], X)

Recall that this function is defined as
1
fit— <$ — §8mH(x1)q(x1,x1,i;t)) :

Since H' is bounded, this is a consequence of Item (b) satisfied by ¢ € X.

3.2 The function u = gy belongs to C([0,7], X), where X = L*(R?).

Lemma 3.1 Let q satisfies Items (a) and (b), meaning
3.1) s [ | [z i
t€]0,T] J R4 R

32) [/ [t < o

then qu(x;t) == [ H(m)q(m,z;t)dm satisfies qg € C ([0, T], L*(R?)) .

dr < oo

14



Proof:

Step 1: supyejo 1 lqw (s t) || L2mey < +o0.
Remark that for any ¢t € [0, 7]

/Rd Q?{(:C,t)dxz/Rd(/RH(m)Q(m,x;t)dm)zdxS ||H]|§O/Rd (/R|q(m,x;t)|dm)2d:c

and using sup;c(o ) on both hands, Step 1 is proved according to Assumption (3.1)=Item (a).

Step 2: for all p € L*(R?), ¢t [ou¢(x)qu(z, t)dx is continuous.

e Firstly we consider ¢ € C?(R?) and ¢)(m,z) = H(m)p(x). According to the PDE (1.1)
(recall that ¢ = p' — p? so the first term is null)

/ o(z)qu(z,t)de = /]Rd+1 e(x)H(m)q(m, xz;t)dmdx =

t
/ / m, z; s)H(m)Lo(z )dmdxds—l—%/ H'(m)p(m, )q(m, m, ; s)dmdids
0 Jrd

where we identify (using Lebesgue Theorem)

/Rd o(2)qz (2, t)dx =

t 1 t
/ / qu(z,u)Lo(x)drdu + = / H'(m)o(m, 2)q(m, m, Z; u)dmdidu.
0 Jrd 2Jo Jra

Using Cauchy-Schwartz, boundness of H' and denoting G(z,u) = q(z', 2", 7;u):

(3.3) <P( Nan (x,t) = qu(z, s)ldz| <
/ ol [ 1H elolisen s ) end
Since when f € L'[0,T], t — fo s)ds is continuous, and according to Step 1 and Assumption

(3.2) on g then:
0o [ antowla ol 3 [ 1 ol gt lgda

is continuous. Then, for all € > 0, there exists n > 0, such that for |t — s| <7

/ g (s w) | L2y | £ 2 ey + 5 / 1 oo llpl| 2Ry 1 ) | 22y due < €,

and according to estimation (3.3)

<€

[ e@lante.) = ante. s)hds
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so yields the continuity of the map t — [o, ¢(x)qu(x,t)dz for p € C2(RY).

e Secondly, let ¢ € L?(R%). There exists for all ¢ > 0 a function ¢. € C%*(R?) such that

| — @ell2may < €.
Let 0 < s < t:

fRd Qo(quH(xv t) - QH(xv S)d:L’ = fRd (90 - @6)(I)QH(x7 t)
= Jpale — 9:)(@)an(x, s)dz + [pa 0=(2)lan(z,t) — qu(@, s)|dz.

Using the continuity of t — [4, e (2)qu (x,t)dz due to ¢, € CZ, there exists 1) such that t—s <7
yields

| [ #e@lan(@,t) = qu(z, s)ldz] < e.

We now use for any u € [0, 7]

(o — o) @ane,w)da] < g — ooz sup | / (a1 (, u))dal .
Rd uel0,7] JRE

Thus for 0 < s <t <T, t — s < n gathering these three bounds

[, e@autet) = (a5

<c(+2 swp [ [ (gue.)dol?)
u€el0,T] JRd

which concludes the uniform continuity of the map t — [o, p(2)qu(xz, t)dz for p € L*(R?).
Step 3: gy € C ([0,7], L*(RY)) .

The previous step gives the weak continuity, the first step the uniform bound in L?, so the
continuity in C'([0, 7], L?(RY)) is proved.

4 The density py is an element of space X

Let us denote py(+;t,zo) the density of law of (M, X;) when the initial condition is Xy = z.
We recall that fj is the square integrable density of X,. Thus

pv(m,z;t) = /dpv(m,x;t,xo)fo(xo)dxo.
R

The aim in this section is to check that the function py defined above satisfies Items (a) (b)
and (c) in Definition 1.1.

Proposition 4.1 [Item (a) is satisfied by py :

2
sup/ [/ |pv(m,z,t)|dm] dr < 0o
t€]0,T] J R4 R
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Proof: According to 6] (page 26 (ii)) there exists C'r such that
(4.1) pv(m, z;t, x9) < Crapr(m — x5, m — x', & — To; 2t)

where ¢g(u,t) = (\/;T)de_u € R4

Remark 4.1 Considering two R? value Gaussian independent variables X ~ N (a,s) andY ~
N(b,7), the sum —X +Y ~ N (b—a,s+ 1) and by convolution:

Ga(r — a,s)pq(x — b,r)dr = ¢g(b — a,r + s).
Rd

We have to bound V¢ €]0,T]:

Ay = / /pv(m,:c;t)dm
Re | JR

(12) <

Integrating with respect to m and using Remark 4.1, we get:

/ de—i—l ZL’O, 1’1, T — ZZ’Q; 4t)dm = ¢1(1’1 — ZL’é, 8t)¢d_1(:i — ZZ’Q, 4t).

2
dx

2

/ , Gapr(m — xy, m — ', & — To; 4t) fo(zo)dwodm| da.
R JR

Thus, we have :

/ /pv(m, x;t)dm
rd |JR

C3 o1 (x' — xg, 8t) P (x' — o, 8t)Pa—1(T — To, 4)da—1(Z — Fo, 4t) fo(wo) fo(yo)dzdzodys.

R3d

2
dr <

Then integrating with respect to 2!, 7 and using once again Remark 4.1:

2
/d /pV(max%t)dm dx < C7 y &1 (2o — Yo, 16t)da—1(Z0 — Jo, 8t) fo(o) folyo)dzodyo.
rd |JR R
Let 2 = 29 — 1o S0 Yo = T — 2, the upper bound, using sup(¢x(y,t), or(y, 2t) < (V2)*di(y, 2t),
with respect to a multiplicative constant is [o., ¢a(2, 16t) fo(xo) fo(xo — 2)dzd,.
We first integrate with respect to zy so Cauchy-Schwartz inequality yields the upper bound:

z, 16t) <\//f0 (o de/fO o—zdx0> dz

then using the change of variable u = xq — z in the last factor under the square root, since
Jga @a(z,16t)dz = 1 the upper bound is

A < \//R f(?(éfo)dfo/ﬂ{fg(wdu

meaning || fo|7. < 0o according to assumption on fy in Theorem 1.2. o
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Proposition 4.2 [tem (b) is satisfied by py :

t
/ ds / lpv (2!, x5 5)|2dr < 0.
0 Rd

Proof : Using (4.1) with m = !

pv(z!, x;t) < CT/ Gar1 ('t — 2,0, % — To; 4t) fo(wo)dag

Rd

Cr
\/ 8t ]Rd

Ga(a' — g, — To; 4t) fo(we)dio.
We operate the L? norm

[ ovtat )

Rd

. COF R

—87rt ) pa(x' — 25,7 — To; 4t)da(x" — 5, T — Jo; 4t) fo(zo) fo(yo)drodyoda.
R3

We use Remark 4.1 and we integrate with respect to dx

2
[ vt mitde < [ gutoh — ub 30— i S8) o) faluo)dzodae
R4 mt R2d

We operate the change of variable z = xy — ¥

2

/ (py (2!, z;1))*dw < Cr @a(z; 8t) fo(xo) f(xg — 2)dzodz.
Rd nt

R2d

Using Cauchy-Schwartz inegality for the measure dz:

C2 C2
1 . 2 T . 2 _ T 2
vt moyide < &8 [ outesstllollads = gl oll

The integrability in time of this L?(R?)-norm yields Item (b):

T
Cr
" Lat))2de < [ dt .
\//]Rd (py (2, z; x / \/_HfOHLZ(Rd 00

4.1 py satisfies Item (c) in Definition 1.1

Actually Item (c) is stronger than Hypothesis 2.1 in [6], satisfied in case A = I; (our present
case) and d = 1 . For the sake of readability, we recall this assumption here: for all ¢ > 0, the
density with respect to the Lebesgue measure of the distribution of the random vector (M;, X;),
denoted by py, satisfies:
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(i) (t,m, ) — sup,opv(m,m — u, z;t) belongs to L' <[0, T] x RY, dtdmdi").

1) for all ¢, almost surely 1n (m,x) € , limy, o+ py(m, m —u, x;?) exists and 18 denoted by
ii) for all ¢, almost ly i 7) € R% i 7:t) exists and is denoted b
pv(m,m, Z;t).

Property (ii) is not efficient to recover Item(c) since we have to prove the continuity of z' —
py(m,x', Z;t) in all T, not only on the boundary.

Proposition 4.3 Item (c) is satisfied by py: For allt €]0,T], sup,~op(m, m—u, Z;t) € L'(R?);
and for almost surely in (m,z) € R, ' — p(m,x!,Z;t) is continuous on | — oo, m[ and

lim, o+ p(m, m — u, T;t) exists and is denoted by p(m,m, Z;t).

Proof: The proof is a consequence of the following lemmas and propositions.
First, we prove the integrability assumption.

Lemma 4.4 For allt €]0,T), sup,~opv(m,m —u, Z;t) € L'(R?).

Proof: Recall that py (m, ;1) = [p. pv(m, z,t; x0) fo(2o)dxo where py (m, x;t, x) is the density
of the law of (M;, X;) when the initial condition is Xy = x¢. Moreover, recall (4.1)

|pv(m, x; t, SL’(])‘ S CT¢d+1(m - LL’(l), m — LL’l, T — fo; 2t>1m>max(m1,m(1))‘

w2
Then, using the fact that e” 4% <1 we obtain Vt €0, 7]

C
sup py (m,m —u, T;t) < A palm — 4,7 — o3 2t) fo (o) do.

u>0 A7t Jrd

Integrating with respect to m and & we obtain V¢ €0, 77:

- - Cr Cr
su m,m — u, T;t)dmdr < xo)dxg = < 00.
[ N = L

This achieves the proof of Lemma 4.4. °

The following Lemma is Proposition 4.5 of [6].

Lemma 4.5 For all (t,m,z) €]0,T] x R%, lim,_o+ py(m, m — u, T;t) exists and is denoted by
pv(m,m, T;t).

Now, we turn to the continuity of py for z' €] — oo, ml.
Proposition 4.6 For all (t,m,7) €]0,T| xR, x! — py(m,x!, Z;t) is continuous on ] —oo, m|.

Proof: This proposition extends the results of Proposition 4.5 of [6]. Its proof follows almost
the same lines and is splitten in three lemmas. We firstly recall Proposition 4.2 of [6]:

19



Lemma 4.7 For allt > 0,

d+1

(4.3) pv=po— Y (0" +p"")

k=1

where the various p are defined as
po(m, z;t) = /d pwerw (m — x4, @ — x0; t) fo(2o)dro,
R
t
PP (m, x;t) = / / 1m>ka(a)8ka*17W(m —a',x —a;t — 8)py (b, a; s)dbdads,
0 JRa+1

PPl (m, ait) = /t /d+1 1,,55B%(@)Oppw- w (b — a*, x — a;t — s)py(m, a; s)dbdads
0o Jr
where Oy is the derivative with respect to k = m,z', ... 2% and B™ = B'.
Using the same lines as the proof of Lemma 4.5 of [6], one can prove the following Lemma:
Lemma 4.8 For all (t,m,Z), 1 — po(m,z', T;t) is continuous on | — oo, ml.
Using the same lines as the proof of Lemma 4.6 of [6], one can prove the following Lemma:

Lemma 4.9 For all (t,m,7), x; — p"®(m,x',Z;t) is continuous on | — co,m| for k =
m,1,..,d.

Unfortunately, for the continuity of the maps p** we can not follow the same lines as the proof
of Lemma 4.7 of [6], but we can prove the following.

Lemma 4.10 For all (t,m, ), x; — p"P(m,x',Z;t) is continuous on | — oo,m| for k =
m,1,...d.

Proof: Instead of using explicit computations as the proof of Lemma 4.7 of [6], we use uniform
integration. Let us introduce the measure v on [0,#] x R?¢*1 defined by

v(dsdbdadzy) = 1y0.4(5)Lat chpcmpPv (M, a, 8; 0) fo(zo)dsdadbdz.

According to estimation (4.1)
¢
v([0,1] x R*) < C’T/ / Lot cpem®arr(m — x5, m — a', @ — To; 2s) fo(wo)dsdadbdxg
0 R2d+1

t
< C’T/ / (m — a") ap1(m — x5, m — a',a — To; 28) fo(wo)dsdadzg
0 JRr2d

after integrating with respect to b. Integrating with respect to a:
t
v([0,1] x R*1) < C’T/ / (m — a")  po(m — x5, m — a*; 2s) fo(wo)dsda* dxy.
0 JR?
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Then integrating with respect to a'

v([0,1] x R*) < Cp //\/7@ — 28:25) fo(wo)dsdxg

TCr
. < — < — .
(4.4) < 2%/0 /Rfo(xo)dxods_ o < 00

That means that v is a finite measure on [0,¢] x R?*™1. Note that
PP (m, at, i t) = / Ly B¥(a)Oppyer (b — a*, x — a;t — s)v(dsdbdadzy).
[0,T] xR2d+1

According to identity (57) of [6]

pwaw(b—a' 2! —a't) = —20,104(20 — o' — 2", F — @; 1) 1> max(al 21)-

Then, 2! — Opw-w(b —a*,z' —a', T — a;t) is continuous for z' < b.

Assume for a while that for 1 < & < 93 that

d+2°
(4.5) sup I(z1) < o0,
zt<m
where  I(z1) = / | B¥(a)Okpw1 w(b— a*, 2! — a*, & — a;t)|°v(dsdbdadz,)
[0,¢] x R2d+1

then using uniform integrability, namely Vitali convergence Theorem, for all (t,m, ), 1 —
p"P(m, xt, 7;t) is continuous on | — oo, m[ for k = m,1,...,d. We now turn to the proof of
(4.5). Recall estimation (55) of Lemma A.2 of [6]: there exists a constant D such that for
r=>bd", ... a

D .
|8xpW*1,W(b> a; t)| S %gbd-i-l(b, b— al, a 2t)1b>max(a1,0)-

Since & > 1, ¢5,,(:;t) < [V2rt]1=9@ g, 1(;;¢) and B is bounded

De|| B¢
|Bk(a)8xpw*17w(b —at, 2t —ad E—at— s)|F < %qﬁdﬂ(b —a'b—zla: 2(t — s)),

where y =e+ (e —1)(d+1) < 2.
Then, up to a multiplicative constant, using once again (4.1) to bound the density of the
measure v,

De||B
I(x1)§/ ﬁ%l( ol b— -2t —s))
0, xR2a+1 4/ (t — 8)7

Crogi(m — x5, m — a*,a — 7o; 25) fo(wo)dsdadbdy.
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Using Remark 4.1 [o, ¢a(x — a; s)da(x — byr)de = ¢q(b—a; s + 7).
We use this trick several times: we integrate with respect to a so
DFlBl5% ||€

0,]xRd+2 \/(t — §)7

¢1( — ZL’O, 28)¢d_1(2~3’ — fo; 4t)¢1 (b — m; 4t)f0(l’0)d8dbdl’0,

I(x) < 1(b—2'2(t — 5))

then, we integrate with respect to b :
D€I|BH€

0,6 xRé+2 /(L — 5)7

¢1( — 1’07 28)¢d_1(i’ — Zfo; Qt)fo(l'o)dsdl’o.

I(x)) < d1(m — 25 2(3t — 5))

Since s < t then 3t — s >t then
d1(m — x1;2(3t — 8))pg_1(T — To; 2t)p1(m — :5(1); 2s) < | 47rt]_d[ 47‘(‘8]_1

and

D[ BIIS
/ Rd \/ 47Tt \/t— 8)7\/47T5f0(x0)dx0d8'

Since [p, fo(zo)dry =1, Vo' < m:

oy [P,
1) s
V({@Art)d/(t — s)\/Ars

is finite since v < 2 and so sup,i.,, /(1) < oo, and the proof of (4.5) is achieved, so the one
of Lemma 4.10. °

The proof of Proposition 4.6 is achieved using Lemmas 4.7 to 4.10. °

The proof of Proposition 4.3 is then a consequence of Lemmas 4.4 and 4.5 and Proposi-
tion 4.6.

The following concludes this section:

Proposition 4.11 The density of probability py, density of the law of (M, X;) where

t

Xy = X0+/ B(X,)ds + W4,
0

M, = supX/,

s<t

with Xo independent of W with density fo € L*(R?) N L?(R%), is an element of the set X.

This is a consequence of Propositions 4.1, 4.2, 4.3. Finally Theorem 1.2 is proved. °
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5 Tools

In this section, we recall and prove some technical results needed throughout this paper.

Lemma 5.1 The adjoint operator

L f(x) = =B(x)-V ZakB’f )+ Af()

is closed and generates a semi-group (Qi)i>o that is strongly continuous and bounded with
kernel I'. Besides, for 0 <t < T, x € R? and f measurable and bounded,

Yi’) exp (— tzﬁkBk(Yf)dUM ST,y t)dy.

0 k=1

(5.1) Qu(f)(x) == E | f(

where dY;" = —B(Y*)dt +dW,, Y§ = x.

Proof: (i) The fact that £* generates (Q)i>0 is a consequence of Ito’s formula, more
specifically, the Feynman-Kac representation.
The operator £* is densely closed, as a consequence of B € C}.
(ii) The semi-group property can be deduced from the definition of (Q;);>o above and the
Markov property of the process Y:

YF (d) T
Y Y;f—l—s

Indeed, we write:

QioQs(f)(x) = E Q( exp( /Oszk )]
FOYY Y exp (—/0 > 0.BHY,))du )] exp (— /OtZakBk(Yf)du”

k=1 k=1

= B |EB

t d
- £ |r0em |- [S oo (- [ Sason)
0 0

k=1 k=1

J

g
NS, B (g )du

= B |V e [ - / TS 0B ]=Qt+s<f><x>.

(iii) We now deal with the boundness of @Q);: Because divB is bounded, we clearly have:

Q:(f) (@) < CEfYI]-
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Let

7, = exp [ ZBk YE) de——/ |IB(Y")|| ds]

0 k=1

and Q be the probability measure such that

aQ
dP |7
then
Q:(f) ()] < CEg [IF(Y)Z] .
Note that

d t
1
2t =exp |- Y By - 5 [ BOPds|
k=1 2Jo

According to the Girsanov Theorem, Y* — x is a QQ Brownian motion issued from 0 and

—/ Zka+W)de——/ | B(z + W) ds”

0 p—1

|Qu(f)()] < CEp |[f(x + W)|exp

CJ Ep [|f(z + W) ?] Ep

exp[ /OZka+W YAWE — /||Bx+W)||2ds”

< CelPIPT2\ [Bp [ f(x + W) 2]

since

t d ¢
exp [—2/ > Bfa+ W)dWE — 2/ |B(z + Ws>!|2dS]
0

0 k=1

is a martingale and B is bounded. Thus, using Tonelli Theorem we have that (Q;):>o is a
bounded operator in L?:

1QiPIZ < CPIBIET / E [|f(x+ Wh)?] da
Rd
(52) = x| [\ W] = 2T g
]Rd

(iv) Finally, let us say a few words on the strong continuity. First, we expand:

E(f( eXp( /OZakBk ) f(x))'

k=1

Q:(f) (@) = fx)] =
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< [E (f(i/tx)—f(x)eXp( /O;a’ka )”
+|E | f(x) (exp( /OI;@’CBIC >_1>”

= I(t,x)+ I(t,2)

Next, since divB is bounded, we can use the dominated convergence theorem:

e Point-wise convergence:

t d
x) (exp( i ;8#3 (Yu)du) 1) P 0
e Domination:

‘f(:): (exp( /O;akB’f )-1)

Thus, we have
2
/’H(t,z)‘ dr — 0.
t—0

Next, and again, since divB is bounded, we can proceed as in (iii) to get:

t d
(f(Y;tx) - f(:L’)) €xp (—/ Z 0kBk(Yux)du>
0 k=1

and thus conclude using the strong continuity of the Brownian semigroup (note that is is enough
to obtain continuity in a dense subspace, due to the domination condition (5.2)).

Let f € L?(R) and ¢ > 0, there exists g € L? N C(R?% R) such that ||g — f||z2 < € and g
such that for 0 <t < t, ||Q+(9) — 9|2 < e. Then for 0 <t < ty, and using (5.2)

1Q:(f) = fllzz < NQe(f — gz + I — gllzz + 1Q(9) — gl 12
< 2e + CelBPTR | f — gl 2.

<|f(z)], dr® dP integrable

I(t,z) = |[E

< CrEs (f(@+ W) - f(x)).

Thus, (Q:):>0 that is strongly continuous. °

The following lemmas are a collection of tools needed in Section 2 to prove uniqueness with
null initial condition.

Lemma 5.2 For all t < T, almost surely with respect to y' € R, f(f Flyt,s)ds < oo where
b8) = g la(yts ', 25 s)|d
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Proof:
T T
/f(yl,s)dSZ// lq(y*, vt &; 5)|dads.
0 0 Rd—1

Using Item (b) in Definition 1.1 yields fOT Jra la(y',y', &5 s)|dy'dids < co. Tonelli Theorem is
used sincef > 0:

T T
// f(yl,s)dsdylz/ lq(y*, yt, & s)|dytdids < oo.
RJO 0 R4

So the integrand fOT f(y', s)ds is finite dy' almost surely. .

Lemma 5.3 Let g(t) := % Then for alln >0, ¢g*"(t) = t" (I;(( )"

R

| —

w3

Proof: Actually, this is satisfied for n = 1 since the formula provides g(t) = L.

Vit
We now assume the property is satisfied for any k£ < n: ¢*"(t) = " (Fl,((%ﬁ)gn, and we compute
2
t 1\\n 1\\n t n=2
g*(n—i-l)(t) :/ S% (F(%}) 1 ds — (F(2n)) / S 2 ds.
o TG Vs T T S Vi

In the integral we recognize a Beta function after the change of variable s = tu:

n

t gt 1 (n—2)/2 .
/ = dszt"?/ W = B, Lyt = L) e

Thus the lemma is proved:

aexp—ﬁ, if wel—1,1],
0 else

[ ¢(u)du = 1. Then when € — 0 there is a convergence to Dirac measure: lim._o ¢-(m —

x1))dxt = 6, (dzt) meaning for all f continuous with respect to x* and satisfying sup,. | f(zt, z;t)| €

LY([0,T] x REY), v ;

Lemma 5.4 Let ¢(u) := { and ¢.(x) = L¢(%), a such that

e

e—0

T T
1im/ f(z, o) o (m — 2 )dx dudt — / flm, z;t)dxdt.
0 JRkHI 0 JRFk

m—ml

Proof: We operate the change of variable u = VR

/T/ [f(a', 2t) — f(m, & t)|g-(z" — m)da'dzdt =
0 JRk+1
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Since f is continuous with respect to ! and sup,. | f(z!, #;t)| € L*([0,T] x R* the dominated
Lebesgue Theorem is applied so yields the expected limit. °

Lemma 5. 5 Let G be a bounded function with compact support, then dtd almost surely x'
fo Joa Gy1)a(y', y; 8)T (2!, &,y t — s)dyds is continuous.

Proof : For an easier reading, we here recall the previous (2.14), (2.15), (2.16):

_llz—yll?

e 2t

I(z,y;t) = Lo(x,y;t) + T'i(w, y:t) where To(z, y;t) = :
v/ 27Ttd

and for all y € RY, t > 0z Ty(x,y;t) € CHR?). Moreover, for a €]0, 1] there exists some
positive constants C' and ¢ such that

llz—yll? llz— yu2

T, ys )| < CHa%%e " 5 (0T (x,yit)| < O3 e

First, note that for all (z,y,t — s), ' — ['(2', Z,y;t — s) is continuous. Second we will prove
that

(5.3) / / / Glun)a(y', i) sup L' 2,5t — o) |didydscr < .
R2d 1

According to estimation (2.15),

R
d _ llz=3l
2

T(a", 2yt —s)| < Ct—s)"2e =V (Z,y,t) € R*' x [0, 7].

Integrating with respect to £ we obtain

[ [ [ 6wt s 06 2,0t = o)z
R2d—1
SCC‘H/ / Gy)a(y',y; s)|(t — s) 7' Pdydsdt
0 0 R4

Using the fact that G is continuous and has compact support and Cauchy-Schwartz inequality,

/ //2d (y1)a(y', y; s )Isuplf(x T,y;t — s)|drdydsdt
R 1

< O G2 / / \/ / E(t, g, s)dy(t — 5)72dsdt
0 0 R4

Using Fubini theorem, we obtain

/ //2d (y1)a(y', y; s )Isuplf(x T,y;t — s)|drdydsdt
R 1
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T T
CCCHHGHB/ \// >y, y, s)dy/ (t — s)"V2dtds
0 R4 s

Then,

(5.4 [ [ 6w ) 0 2,0t~ oy
R —1

< 2T1/200d_1||GHL2/ \// (y', y, s)dyds < oo
0 R4

according to Item (b) of Definition 1.1. That means that dzdt almost surely

t
(5.5) / ) 1G(y)a(y',y; s)] sup IT(z", Z,y;t — s)|dyds < oc.
0 R x

Third, for all (SL’ t) such that (5.5) holds, according to the dominated convergence theorem
! fo fRd q(yt,y; s)(at, 7, y; t — s)dyds is continuous. .

Lemma 5.6 Let I be a continuous function with compact support, dtdy' almost surely x'
fot fRQd,Q F(@)q(yt, vt g, 8)0(2t, 2,94, §;t — s)dgdsdi is continuous.

Proof: Let G be the indicator of the intervall [n,n]. According to estimation (5.4) and since
F is bounded, almost surely dtdy' on [0,T] x [—n,n]

(5.6) / / E@ a5 s) s T 7y st 5)ldjdsd < oo
R xl

Since (Z,y,t — s) 2! — D(2',Z,y;t — s) is continuous, using Lebesgue dominated theorem
for (t,y;) such that (5.6) holds, z! — f(f Jazae F(@)a(y', yt, g, s)D(at, 2, 9", g5t — s)dydsdz is
continuous.

Since U, [—n,n] = R this achieves the proof of Lemma 5.6. o

6 Conclusion and perspectives

In this work we have shown uniqueness to equation (1.1). Along with previous work on this
matter, namely Proposition 4.3 in [6], where a series expansion is obtained, a numerical approx-
imation of this density could be proposed, based on the joint density of the Brownian motion
and its running supremum.

Moreover, in [4] is obtained an analogous PIDE in the case of Lévy processes. The uniqueness
of a solution to such a PIDE should be accessible with the same kind of method.
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Finally, we would like to point out the similarities between in the methods we used in this
work together with [5], and the parametrix technique. In its simplest form, the parametrix
method is a continuity method that approximates the solution of an equation with the solution
of the same equation, but with constant coefficients (frozen equation). The quality of the
approximation is then controlled using the difference of infinitesimal generator. This method
can be used to derive a series expansion for the solution of the PDE, and it has been pointed
out that the estimates giving the convergence can also be used to derive uniqueness to the
martingale problem (see e.g. Menozzi [13|). However, in our case, it can be shown that
the process (Wy, W/ )i>0 does not have a generator. Upcoming work should investigate the
similarities between the parametrix derivation and the method used here, that are based on a
combination of Girsanov transform and Malliavin calculus.

Acknowledgement: The authors would like to thank Romain Dubosc, Moritz Kassmann
and Philippe Laurencot for insightful discussions on this problem.
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