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On Quasipolynomials Real Roots Coexistence: Effect on Stability of
Time-Delay Systems with Perspectives in Partial Pole Placement

Timothée Schmoderer1,2, Islam Boussaada1,2, Silviu-Iulian Niculescu1, Fazia Bedouhene3, Amira Remadna4

Abstract— In this work, which is a natural continuation of
[1] and [2], we show, that the coexistence of the maximal
number of real spectral values of generic single-delay retarded
second-order differential equations guarantees the realness of
the rightmost spectral value. This is interpreted from a control
theory point of view as, using a delayed PD controller, one can
stabilize a second-order delay differential equation by assigning
the maximal number of negative roots of the corresponding
characteristic function (which is a quasipolynomial). We give a
necessary and sufficient condition for the rightmost root to be
negative and thus guarantee the exponential decay rate of the
system solutions. We illustrate the proposed design methodology
in the delayed PD control of the harmonic oscillator.

Index Terms— Time-delay equations, coexisting-real-root-
induced-dominancy, stability analysis, spectral method, root
assignment.

I. INTRODUCTION

The class of dynamical system considered in this work is
represented by a second-order linear autonomous differential
equation of the form

y′′(t) + ay′(t) + by(t) = u(t),

where u(t) is a forcing delayed proportional-derivative con-
troller given by

u(t) = −αy′(t− τ)− βy(t− τ), τ > 0.

The closed-loop system is represented by a second-order
delay-differential equation (DDE) including five parameters:
the plant parameters a, b ∈ R, the controller gains α, β ∈ R
and the delay τ ∈ R+.

The idea to use the delay as a controller parameter is
not new and there exists several examples in the literature
showing its interest. For instance, at the end of 1970, [3]
introduced the so-called ”proportional-minus-delay” (PMD)
controller and showed that such a controller has a few
interesting properties. More precisely, similar to the PD
controllers, it shows quick responses to input changes, but,
surprisingly, it has less sensitivity to high-frequency noise
and it, and thus it can offer an alternative to the “classical”
PD controllers. Such controllers were applied and showed
their interest in various case studies [4] including, among
others, the well-known inverted pendulum [5], [6]. Next, [7],
[8] (see also [9]) has shown that a chain of n integrators can
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be stabilized using n delay blocks. Using this terminology,
the PMD controller corresponds to a two-delay block. For
a deeper discussion on the effects induced by the delays on
the systems’ dynamics, we refer to [10], [11].

The interest of considering a delayed PD control law of the
above form lies in its generality and simplicity; e.g. the term
with the delayed derivative can be seen as the use of past
friction available information by the system, see for instance
[5], [6].

From a control theory point of view, the method that we
propose consists in tuning the control parameters (the ”gains”
α, β and the ”delay” τ ) such that the solutions of the closed-
loop system have a guaranteed exponential decay.

To achieve this general purpose, several methodologies
exist. On one hand, a time-domain approach based on
Lyapunov functions has proven some efficiency; see e.g. [12]
and the references therein. On the other hand, in frequency-
domain, recent studies [13]–[17] have illustrated that the so-
called Multiplicity-Induced-Dominancy (MID) property can
effectively be used to prescribe the decay rate of a DDE. In
this approach, one assigns to the characteristic function of
the system a single real root s0 with maximal multiplicity.
Then, one shows (under necessary and sufficient conditions)
that any other root should have a real part less than s0,
which proves the exponential stability for the solutions
of the system. In other words, s0 represents the spectral
abscissa of the characteristic function. On the opposite side,
our approach assigns to the characteristic function of the
equation a maximal number of simple real roots. Then,
we give necessary and sufficient conditions to show that
the largest root is negative and dominant, and thus it is
nothing else than the corresponding spectral abscissa. We
call this property: Coexisting-Real-Root-Induced-Dominancy
(CRRID), [1], [14]. Notice that the well studied MID prop-
erty [16] can be seen as the limit of the CRRID property
when all the simple real roots tends to the same value.

In this work, we show that the CRRID property can
successfully be applied to stabilize second-order linear differ-
ential equations with a proportional-minus-derivative-delay
controller. We provide a necessary and sufficient condition
that guarantees that the assigned roots are negative and that
the largest one is the dominant root of the characteristic
function. Hence, we guarantee the exponential decay rate of
the solutions of the system. We apply our methodology to the
control of an oscillator and give a numerical implementation
of our results.

The remaining of the paper is organized as follows: some
preliminary results and a simple motivating example are
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presented in Section II. Next, the main results are derived in
Section III. An illustrative example is proposed in Section
IV and some concluding remarks end the paper.

II. PRELIMINARY RESULTS AND MOTIVATING EXAMPLE

In order to fix the ideas, we consider the following control
problem:

y′′(t) + ω2y(t) = u(t), (1)

where ω > 0 stands for the oscillator natural frequency,
and we consider a controller u having a proportional-minus-
derivative-delay structure, i.e.

u(t) = −a0y(t)− kty
′(t− τ)− kpy(t− τ), τ > 0. (2)

Thus the corresponding closed-loop characteristic function
∆ : C× R3 × R+ 7→ C is given by:

∆(s; a0, kt, kd, τ) = s2 + ω2 + a0 + e−τs (kts+ kp) , (3)

which is a quasipolynomial. In general, a given quasipoly-
nomial admits an infinite number of roots. However, a
corollary of a result by Pólya and Szegö [18, Problem 206.2]
asserts that the maximal number of real roots (counted with
multiplicities) of a quasipolynomial is equal to its degree
(defined as the sum of the involved polynomials plus the
number of delays). Therefore, since the degree of (3) is
deg∆ = 4, the purpose of our approach consists in assigning
four negative roots s4 < . . . < s1, and imposing constraints
on the parameters, such that the real root s1 corresponds to
the rightmost root of the characteristic function, that is the
spectral abscissa of our system (see, e.g., [11] for a deeper
discussion of this notion). Finally, if s1 < 0 is the spectral
abscissa, the exponential stability of the trivial solution of
the closed-loop system follows straightforwardly.

It is important to emphasize that the method based on
the multiplicity-induced-dominancy property [17] cannot be
applied since the plant (oscillator) is without friction and,
therefore, it is impossible to have a real characteristic root
with multiplicity four.

III. MAIN RESULTS

Consider a general second-order linear differential equa-
tion with a proportional-derivative-delay term of the form:

y′′(t) + a1y
′(t) + a0y(t)

+ α1y
′(t− τ) + α0y(t− τ) = 0, (4)

under appropriate initial conditions belonging to the Banach
space of continuous functions C([−τ, 0],R). In the Laplace
domain, the corresponding quasipolynomial characteristic
function defined by ∆ : C× R4 × R∗

+ → C writes

∆(s; a0, a1, α0, α1, τ) = s2 + a1s+ a0

+ e−τs (α1s+ α0) . (5)

The study of zeros of ∆ plays a central role in the analysis
of the asymptotic stability of (4). Indeed, the trivial solution
of the DDE (4) is asymptotically stable if, and only if, all the
zeros of ∆ are in the open left-half plane [11]. The degree

of ∆ is 4. Thus, due to the Pólya and Szegö bound, the
maximal number of real distinct roots is four. The following
Theorem 1 gives necessary and sufficient conditions on the
coefficients ak and αk of (4) in order to ∆ to admits 4
distinct real roots as a function of the delay parameter τ .

Proposition 1 (Coexisting real roots): For a given τ >
0, the quasipolynomial (5) admits 4 distinct real values
s1, . . . , s4 if, and only if, the coefficients a1, a0 and α1, α0

are respectively given by the following functions in τ and
S = (s1, . . . , s4):

a1 =
−1

δ(τ, S)
det


s21 1 s1e

−τs1 e−τs1

s22 1 s2e
−τs2 e−τs2

s23 1 s3e
−τs3 e−τs3

s24 1 s4e
−τs4 e−τs4

 ,

a0 =
1

δ(τ, S)
det


s21 s1 s1e

−τs1 e−τs1

s22 s2 s2e
−τs2 e−τs2

s23 s3 s3e
−τs3 e−τs3

s24 s4 s4e
−τs4 e−τs4

 ,

and

α1 =
−1

δ(τ, S)
det


s21 s1 1 e−τs1

s22 s2 1 e−τs2

s23 s3 1 e−τs3

s24 s4 1 e−τs4

 ,

α0 =
1

δ(τ, S)
det


s21 s1 1 s1e

−τs1

s22 s2 1 s2e
−τs2

s23 s3 1 s3e
−τs3

s24 s4 1 s4e
−τs4

 ,

where δ(τ, S) is the determinant of the following matrix

V (τ, S) =


s1 1 s1e

−τs1 e−τs1

s2 1 s2e
−τs2 e−τs2

s3 1 s3e
−τs3 e−τs3

s4 1 s4e
−τs4 e−τs4

 .

The proof of Theorem 1 relies on the study of the matrix
V (τ, S), which appears when trying to solve the set of
transcendental equations given by ∆(si) = 0, for 1 ≤ i ≤ 4.
In particular, we show that its determinant δ(S, τ) does
not vanish for τ > 0 and distinct roots si. The following
Theorem 2 gives necessary and sufficient conditions for the
spectral abscissa of (5) to be negative leading to necessary
and sufficient conditions for the exponential stability of (4)
with decay rate s1.

Theorem 2 (Main result): For a fixed τ > 0, assume that
the characteristic function (5) admits 4 distinct real roots
s4 < . . . < s1. The following assertions hold:

1) (Negativity) The spectral value s1 is negative if, and
only if, there exists τ∗ > 0 such that

a1(τ
∗, S)− s2 = 0 (6)

2) (Dominancy) If s0 ∈ C is a root of ∆, then ℜ(s0) ≤
s1, i.e. the spectral value s1 is the spectral abscissa of
the function (5).



The proof of our main theorem relies on the expression of a1
given in Theorem 1 and also on the following factorisation
of the quasipolynomial ∆.

Proposition 3: Assume that the quasipolynomial ∆ ad-
mits 2 distinct real roots s2 < s1. Then it can be written
under the following factorised form:

∆(s) = (s− s1)(s− s2)

(
1− α1

d

dτ

[
(−τ)2Fτ,2(s, s1, s2)

]
+ α0(−τ)2Fτ,2(s, s1, s2)

)
,

where the multivariate function Fτ,2(s, s1, s2) is given by∫ 1

0

∫ 1

0

(1− t1)e
−τ(t1s+(1−t1)(t2s1+(1−t2)s2) dt1dt2.

The multivariate function Fτ,2 has been defined and exten-
sively analysed in [14].

IV. ILLUSTRATIVE EXAMPLE

To show the potential of our approach, we consider the
control problem given by (1) and (2). For simplicity, we
consider the case of equidistributed roots, which corresponds
to sk = s1 − (k − 1)d, with d > 0, for 1 ≤ k ≤
4. One solve the system of transcendental equations for
the control parameters (a0, kt, kp) in terms of the system
physical parameter ω as well as the assigned root and the
distance between two consecutive roots ”d”. One obtain the
following solution:

τ =
σ

d
,

a0 =
3

8
d2 − 3

2
s1d− ω2 +

1

2
s21,

kt =
−1

2
(d− 2s1)e

−τ(d−s1),

kp =
5

8
(d− 2s1)(3− 2s1)e

−τ(d−s1),

with

σ = ln

(
5d− 2s1
2d− 2s1

)
.

The distance d has to be chosen such that the positivity of
the delay τ is guaranteed. To do so, one has to choose d
such that

5d− 2s1
2d− 2s1

= 1 +
4d

d− 2s1
> 1,

which is equivalent to choose d such that d > 2s1. Since
s1 < 0, then d can be arbitrarily chosen. For a numerical
illustration, set ω = 1, d = 1, and s1 = −1, which implies
that τ = ln

(
7
3

)
≈ 0.84 . . .. The obtained positive value of τ

allows the spectral distribution illustrated in Figure 1.
Finally, Figure 2 shows the time-domain simulation of

equation (1) with initial conditions y(0) = 1
2 and y′(0) = 3

together with the previously described control parameters for
(2).

Fig. 1. Spectrum distribution of the closed loop system (1) using a delayed
PD controller (2).

Fig. 2. The closed-loop time-domain simulation of the state variable y(t)
in the time-window of 15-seconds. .

V. CONCLUDING REMARKS

This work focused on the stabilisation of a generic linear
differential equation of order 2 with a delayed PD controller
via the assignment of the maximum number of real roots
of the corresponding characteristic function. We give the
expression of the differential equation such that the corre-
sponding quasipolynomial admits the maximal number of
real roots (which in our case in four). We give a necessary
and sufficient condition on those coefficients in order for
the largest real root to be negative. And we show that this
root is always the spectral abscissa of the quasipolynomial.
Therefore, we proved exponential stability of the second
order linear differential equation and thus, we provide an
alternative to the MID property.

In future work, we aim to extend these results to systems
of higher order and present a detailed proof in a forthcoming
publication.
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