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Students encounter integrals in a wide range of mathematical domains, often in relation to the ideas of measuring and mean values. Using the integral as an example, this paper discusses one aspect of the teaching and learning of advanced mathematics, namely, the use of core ideas of mathematical concepts to establish vertical coherence between mathematical domains in teaching. It will be explained to what extent the ideas of measuring and mean values can be used for complex path integrals. Then, the epistemological considerations in this paper are enhanced with a case from an expert interview. This case exemplifies the application of the two aforementioned ideas to complex path integrals, but it also points to a potential overgeneralisation from real to complex analysis.

INTRODUCTION

Mathematics educators at university are driven by the question what thriving teaching at the university level may look like. The transition to university mathematics, the double discontinuity in mathematics teacher training, or teaching mathematics in service courses or for the workplace have already been studied quite a lot (e.g., [START_REF] Biza | Research on teaching and learning mathematics at the tertiary level. State-of-the-art and looking ahead[END_REF][START_REF] Gueudet | Transitions in mathematics education[END_REF]. In addition, mathematics education research has emphasised that learners' previous conceptions of a mathematical concept influence their mathematical thinking when the mathematical concept reappears in other contexts, has been further abstracted or modified (e.g., [START_REF] Biza | The discursive footprint of learning across mathematical domains: The case of the tangent line[END_REF][START_REF] Kontorovich | Why Johnny struggles when familiar concepts are taken to a new mathematical domain: towards a polysemous approach[END_REF][START_REF] Mcgowen | Metaphor or met-before? The effects of previouos [sic!] experience on practice and theory of learning mathematics[END_REF]. Moreover, some authors suggest grounding mathematics teaching in core ideas (e.g., "basic ideas" and "aspects", vom Hofe & Blum, 2016; [START_REF] Greefrath | Aspects and "Grundvorstellungen" of the concepts of derivative and integral". Subject matter-related didactical perspectives of concept formation[END_REF]; "fundamental ideas", [START_REF] Vohns | Fundamental ideas as a guiding category in mathematics education -Early understandings, developments in German-speaking countries and relations to subject matter didactics[END_REF]. However, less research and didactic materials are available for more advanced mathematics (≈2 nd year at university onwards). In this vein, [START_REF] Winsløw | Education and professional development of university mathematics teachers[END_REF] summarise:

Material that identifies fundamental or central ideas, provides insight into learning difficulties or obstacles for the students and that shows possible remedies. Such contentspecific mathematics education knowledge (didactics) is available for teaching at school level, for instance to know about different ways to approach and organise the teaching of derivatives or integrals (cf. [START_REF] Greefrath | Aspects and "Grundvorstellungen" of the concepts of derivative and integral". Subject matter-related didactical perspectives of concept formation[END_REF]. Similar expositions are inaccessible or unavailable when it comes to more advanced subjects (e.g., linear algebra) and their teaching at university level. (p. 74) Particularly in the context of the sequencing and modularisation of mathematics study programmes, it is important to create at least some kind of coherence, for example in the sequence from calculus and analysis in one and several variables to metric space theory or complex analysis (cf. [START_REF] Hochmuth | Transitions to, across and beyond university[END_REF]. Generally speaking, if mathematics educators intend to create coherence between different mathematics courses in undergraduate curricula, they need to identify intersections where lecturers can draw on students' prior knowledge.

In this paper, this issue is investigated using the example of integration. Accordingly, the paper is mainly of epistemological nature. The growing body of literature in mathematics education on complex analysis (e.g., [START_REF] Gluchoff | A simple interpretation of the complex contour integral[END_REF][START_REF] Hancock | Undergraduates' collective argumentation regarding integration of complex functions within three worlds of mathematics[END_REF][START_REF] Hanke | Intuitive mathematical discourse about the complex path integral[END_REF][START_REF] Oehrtman | Experts' construction of mathematical meaning for derivatives and integrals of complex-valued functions[END_REF][START_REF] Soto | Undergraduates' exploration of contour integration: What is accumulated[END_REF] indicates a lack of endorsed, but also idiosyncratic, interpretations of complex path integrals. For example, [START_REF] Hancock | Undergraduates' collective argumentation regarding integration of complex functions within three worlds of mathematics[END_REF], Oehrtman et al.'s (2019[START_REF] Hanke | Intuitive mathematical discourse about the complex path integral[END_REF], and Soto's and [START_REF] Soto | Undergraduates' exploration of contour integration: What is accumulated[END_REF] case studies indicate that both students and experts struggle to interpret complex path integrals or to express what is accumulated here, and that they occasionally blend interpretations from real to complex integrals. Therefore, I address the question "Which epistemological challenges arise when the ideas of mean value formation are transferred to complex path integrals?" mostly from a subject-matter didactical point of view [START_REF] Greefrath | Aspects and "Grundvorstellungen" of the concepts of derivative and integral". Subject matter-related didactical perspectives of concept formation[END_REF]. Additionally, excerpts from an interview with a lecturer of complex analysis illustrate the transfer of the two aforementioned ideas to complex path integrals and a potential overgeneralisation from real to complex analysis. Finally, this epistemological study is more broadly embedded into challenges for the teaching and learning of advanced mathematics.

THE CROSS-CURRICULAR CONCEPT OF INTEGRAL AND MEAN VALUE

Different kinds of integrals appear at various places in undergraduate curricula. Thus, they may be considered as polysemous "cross-curricular concepts", that is, they are "reconsidered in different domains" and their "domanial shift and the substantial change are potential sources for students' difficulties and mistakes" (Kontorovich, 2018, p. 6). Therefore, it seems quite likely that learners may wonder how a newly introduced integral connects to previously encountered integrals-after all, all these notions are baptised "integral" and symbolised with the sign ∫ . Thus, it is important to know what the interpretations of some integrals look like in the context of the others and which constraints arise when these interpretations are transferred.

Aspects and basic ideas of real integrals

As mentioned in the quote by [START_REF] Winsløw | Education and professional development of university mathematics teachers[END_REF], there are guidelines for the teaching of Riemann integrals (e.g., [START_REF] Greefrath | Aspects and "Grundvorstellungen" of the concepts of derivative and integral". Subject matter-related didactical perspectives of concept formation[END_REF]. The pairing of basic ideas (or sometimes also translated with basic mental models; vom Hofe & Blum, 2016) and aspects of a mathematical concept [START_REF] Greefrath | Aspects and "Grundvorstellungen" of the concepts of derivative and integral". Subject matter-related didactical perspectives of concept formation[END_REF] was developed in German subject matter didactics. An aspect of a mathematical concept is "a subdomain of the concept that can be used to characterize it on the basis of mathematical content" (Greefrath et al.,p. 101). In this sense, an aspect of a mathematical concept is an idea that can lead to a definition of the mathematical concept. A basic idea of a mathematical concept is a "conceptual interpretation that gives it meaning" (Greefrath et al., 2016, p. 101). Basic ideas link the mathematical concept "back to a familiar knowledge or experiences, or back to (mentally) represented actions" (vom Hofe & Blum, 2016, p. 230). Greefrath et al. (2016, pp. 114-116) identified three aspects of the Riemann integral:

(i)
The product sum aspect characterises it in terms of limits of Riemann sums and emphasises the idea of a generalised sum. (ii)

The anti-derivative aspect characterises it as the difference between a primitive function of the integrand at the upper and lower limits of integration. (iii) The measure aspect asserts that Riemann integrals satisfy "fundamental properties of measure" when applied to measure areas, lengths, or volumes (p. 115).

Basic ideas for Riemann integrals are as follows (Greefrath et al., 2016, p. 116-121):

(i)
The basic idea of area interprets Riemann integrals as the signed area enclosed by the graph of the integrand. (ii)

If one considers the integrand as the rate of change of a quantity, the basic idea of (re)construction asserts that this quantity can be reconstructed in terms of the integral. (iii) The basic idea of accumulation identifies integrals as accumulations of quantities. (iv)

The basic idea of average value relates integrals to averages.

In the basic idea of accumulation, the integral is interpreted as a continuous version of sum "obtained by accumulating or aggregating multiple partial products" (Greefrath et al., 2016, p. 120). Similarly, in the basic idea of (re)construction, integrals reconstruct a quantity whose derivative is the given integrand. The basic idea of average is reasonable for two reasons. First, by the mean value theorem, there is a 𝜉 ∈ [𝑎, 𝑏] such that ∫ 𝑓(𝑡)

𝑏 𝑎 d𝑡 = 𝑓(𝜉)(𝑏 -𝑎) if 𝑓 is continuous. Second, the integral is like a continuous version of the arithmetic mean: If [𝑎, 𝑏] is partitioned into 𝑛 equidistant subintervals [𝑡 𝑘-1 , 𝑡 𝑘 ] and 𝜉 𝑘 ∈ [𝑡 𝑘-1 , 𝑡 𝑘 ] (𝑘 = 1, … , 𝑛), the arithmetic means 1 𝑏-𝑎 ∑ 𝑏-𝑎 𝑛 𝑓(𝜉 𝑘 ) 𝑛 𝑘=1 converge to 1 𝑏-𝑎 ∫ 𝑓(𝑡)d𝑡 𝑏 𝑎 as 𝑛 → ∞ if the integral exists. In addition, for 𝐴 ≡ 1 𝑏-𝑎 ∫ 𝑓(𝑡)d𝑡 𝑏 𝑎 we have ∫ 𝐴 𝑏 𝑎 d𝑡 = ∫ 𝑓(𝑡) 𝑏 𝑎 d𝑡.
The bottom line is this: All these aspects or basic images emphasise different facets of integrals, but it is always the integrand that is summed up, used for (re)constructions, or averaged. Having encountered one or multiple of these aspects or basic ideas, it is quite natural to wonder what these may look like for "new" integrals (e.g., double integrals, Lebesgue integrals, and of course, complex path integrals).

Complex path integrals

As in calculus and analysis of one or several variables, integrals appear in complex analysis along with the concept of derivative for complex functions. These complex path integrals ∫ 𝑓(𝑧) 𝛾 d𝑧 are path integrals since the domain of integration is a path 𝛾: [𝑎, 𝑏] → ℂ and the integrands are complex-valued functions 𝑓 on the trace tr(𝛾) (for simplicity, we will assume that 𝛾 is continuously differentiable and 𝑓 is continuous). One can define complex path integrals via product sums and accordingly connect them to the product sum aspect (e.g., [START_REF] Needham | Visual complex analysis[END_REF] For example, in the left integral, the integrand is purely real and the path of integration is distributed uniformly around the origin, yet the integral is purely imaginary.

An average interpretation of complex path integrals

We can now ask what is measured in the case of complex path integrals. If ℎ = 𝑢 + 𝑖𝑣 is a complex-valued function on tr(𝛾), then av

𝑧∈tr(𝛾) [ℎ(𝑧)] ≔ 1 𝐿(𝛾) ∫ 𝑢 𝛾 d𝐬 + 𝑖 1 𝐿(𝛾) ∫ 𝑣
𝛾 d𝐬 is the mean value of ℎ along 𝛾, directly analogous to the case of Riemann integrals [1]. However, this is not what the complex path integral measures. For simplicity, assume that 𝛾 is regular and has length 𝐿(𝛾) ≠ 0, and 𝑇 is the "unit tangent vector" 𝛾 ′ /|𝛾 ′ |. Then, for each 𝑛 ∈ ℕ consider an equidistant partition 𝑧 0 , 𝑧 1 , … , 𝑧 𝑛 of tr(𝛾) such that |𝑧 𝑘 -𝑧 𝑘-1 | = 𝐿(𝛾)/𝑛 and points 𝜉 𝑘 between 𝑧 𝑘-1 and 𝑧 𝑘 on tr(𝛾) (𝑘 = 1, … , 𝑛), Gluchoff (1991, p. 642) shows that

(⋆) 1 𝐿(𝛾) ∫𝑓(𝑧) 𝛾 d𝑧 = lim 𝑛→∞ 1 𝑛 ∑ 𝑓(𝜉 𝑘 ) 𝑧 𝑘 -𝑧 𝑘-1 |𝑧 𝑘 -𝑧 𝑘-1 | 𝑛 𝑘=1 = av 𝑧∈tr(𝛾) [𝑓(𝑧)𝑇(𝑧)].
In contrast to the basic idea of average value for Riemann integrals, the average here does not refer to the integrand 𝑓, but to 𝑓 ⋅ 𝑇! This is remarkable and odd at the same time because (⋆) is derived analogously to the basic idea of average value in the real case [START_REF] Gluchoff | A simple interpretation of the complex contour integral[END_REF]. Therefore, it cannot be said that complex path integrals (modulo the constant 𝐿(𝛾)) represent the average of 𝑓 along 𝛾. [START_REF] Gluchoff | A simple interpretation of the complex contour integral[END_REF] average interpretation also conflicts with other properties of integrals and mean values students encounter in courses on calculus and analysis:

• The mean value theorem (see above) does not directly generalise: For example, if 𝛾 is the path from along the line segment from 𝑐 ∈ ℂ to 𝑑 ∈ ℂ, there need not exist a 𝜉 ∈ tr(𝛾) such that ∫ 𝑓(𝑧) 𝛾 d𝑧 = 𝑓(𝜉)(𝑐 -𝑑) (e.g., 𝑓(𝑧) = 𝑒 𝑖𝑧 , 𝑐 = 0, 𝑑 = 1). Instead, there are 𝜉 1 , 𝜉 2 ∈ tr(𝛾)

such that ∫ 𝑓(𝑧) 𝛾 d𝑧 = (𝑑 -𝑐) (Re (𝑓(𝜉 1 )) + 𝑖 Im (𝑓(𝜉 2 ))) (Rodríguez et al., 2013, p. 109).

• If 𝐴 is the average of 𝑓 along tr(𝛾) (i.e., = av 𝑧∈tr(𝛾)

[𝑓(𝑧)]), it is not true that ∫ 𝐴 𝛾 d𝑧 = ∫ 𝑓(𝑧) 𝛾 d𝑧. Let me repeat: This is because the "correct" average involves 𝑓 ⋅ 𝑇! [START_REF] Gluchoff | A simple interpretation of the complex contour integral[END_REF] average formula seems rather unknown (at least, I could barely find references to it in the literature). This suggests that average values are misleading or do not occur in complex analysis, doesn't it? No:

Cauchy's integral formula, average values, and another example

Recall that Cauchy's integral formula for a holomorphic (i.e., complex differentiable) function 𝑓 on an open neighbourhood of the ball 𝐵 𝑟 (𝜔) of radius 𝑟 around 𝜔 ∈ ℂ asserts that 𝑓(𝜔) = d𝑡 (Lang, 1999, p. 145).

Hence, 𝑓(𝜔) is the average of 𝑓 on the boundary of the ball (Needham, 1997, p. 428). However, this average is not the complex path integral of 𝑓 along 𝜕𝐵 𝑟 (𝜔) itself modulo one of the constants 1/2𝜋, 1/2𝜋𝑖, or 1/2𝜋𝑟 (2𝜋𝑟 is the length of 𝜕𝐵 𝑟 (𝜔)). In fact, the complex path integral ∫ 𝑓(𝑧)

𝜕𝐵 𝑟 (𝜔) d𝑧 is 0 by Cauchy's theorem (Lang, 1999, p. 116)!

Another example may once again illustrate what we have seen so far. Take 𝑓(𝑧) ≡ 7 and a path that traverses the boundary of the unit circle 𝜕𝐵 1 (0) once anticlockwise. Then, the average of 𝑓 along that path clearly is av 𝑧∈𝜕𝐵 1 (0)

[𝑓(𝑧)] = 7. Moreover:

• ∫ 𝑓(𝑧)
𝜕𝐵 1 (0) d𝑧 = 0 by explicit computation or Cauchy's integral theorem,

• 7 = 𝑓(0) = 1 2𝜋𝑖 ∫ 𝑓(𝑧) 𝑧-0 𝜕𝐵 1 (0) d𝑧 = 1 2𝜋 ∫ 𝑓(𝑒 𝑖𝑡 ) 2𝜋 0
d𝑡 by Cauchy's integral formula for 𝜔 = 0 and

𝑟 = 1, but • av 𝑧∈𝜕𝐵 1 (0)
[𝑓(𝑧)𝑇(𝑧)] = av 𝑧∈𝜕𝐵 1 (0)

[7𝑖𝑧] = 7𝑖 av 𝑧∈𝜕𝐵 1 (0)

[𝑧] = 0 (since 𝑇(𝑧) = 𝑖𝑧 for 𝑧 ∈ 𝜕𝐵 1 (0)).

THE CASE OF SEBASTIAN

In an interview study of mine, lecturers in complex analysis were asked how they interpret complex path integrals (cf. [START_REF] Hanke | Intuitive mathematical discourse about the complex path integral[END_REF]. Sebastian is a professor of mathematics, who has also taught complex analysis. His case is chosen for this paper to underline the previous observations on the interpretation of integration as measuring

or averaging, but also to underline the subtleties when applying these interpretations to complex path integrals. Before asking for an interpretation of ∫ 𝑓(𝑧) 𝛾 d𝑧, the interviewer recalls the basic image of area for integrals in real analysis. Sebastian immediately interrupts and rejects it by saying "I find this bad". Instead, he explains his general view on integration (excerpts were translated from German and slightly polished for better readability):

Sebastian: […] I would always tell my pupils: Actually, one should think about mean values, in particular when one has Lebesgue integration in mind, and measures. It is about measuring. And, uhm, this geometric intuition [of area;

EH.] can destroy this higher dimensional situation.

[…] And therefore I find it much better if one imagines: integration is mean value formation.

By referring to Lebesgue integration, Sebastian presents integration as a crosscurricular concept. The pedagogical decision that students "should think about mean values […] and measures" with respect to integration underscores the potential practise of including core ideas to the teaching of integrals. Doing so, Sebastian rephrases the basic idea of average value and the measure aspect for a broader context of integration. In particular, he does not only not take up the basic idea of area the interviewer mentioned, but additionally, he values this idea as unhelpful since it "destroy[s] this higher dimensional situation". At this point, Sebastian is likely referring to ℂ as ℝ 2 , which eventually implies that the graphs of complex functions are subsets of ℂ × ℂ ≅ ℝ 4 .

So far, Sebastian's utterances are about integrals in general, not specifically complex path integrals. Accordingly, the interviewer asks what the mean value is taken of:

Interviewer: And which/ mean value of what?

Sebastian: Yes, of what's, uh, in the integrand, so to speak. […] Yes, uh, for me this is simply the mean value of the complex numbers, which I grab along this path. Therefore this is again a complex number because it does not have a geometrical area meaning, but mean value formation over the objects, which one quasi sees along the path. And, uhm, in my view this has nothing to do with area.

[…] This is actually the rotation that one measures on the plane. And this/ here we are again at what we discussed previously, that these, uh, complex numbers always have this character of an amplitwist.

Sebastian describes himself as an actor who "grab[s]" complex numbers along the path to find their mean value. Since this mean value is a complex number, he rejects the area interpretation again. However, Sebastian emphasises another geometric idea: When repeating his general view on integration as measuring "the objects, which one sees along the path", Sebastian links this process to "the rotation […] on the plane" and "complex numbers" to "amplitwists" (cf. [START_REF] Needham | Visual complex analysis[END_REF]. . And, uhm, geometrically speaking, this involves such a stretching and a twist probably, yes, so where the grid points are somehow distorted or so. […] And I average this effect along this path so to speak. [… a few turns later:] Okay, for me the imagination is that I think of a small neighbourhood at each point and from that I see how the effect of f is in some abstract [plane; EH.; see the right part of Fig. 1] lying somewhere else.

[…] I have not thought about that before, uh. Simply/ this four dimensionality is a hurdle, at least for me, to imagine this better. In particular when it comes to those path integration issues. So the number f of z really is a linear amplitwist for me. And this effect is averaged along this path and this is what the integral means to me.

Here, Sebastian describes that the integrand 𝑓 acts on grids in small neighbourhoods of the points on tr(𝛾) by mapping them to another plane (right part of Fig. 1). This "effect" is "averaged along this path" and the values 𝑓(𝑧) are identified with "linear amplitwist[s]". Additionally, Sebastian emphasises that "four dimensionality is a hurdle" for him, particularly at this point when imagining the "path integration issues". It seems that Sebastian omits the 𝛾′ or 𝑇 in his interpretation and focuses mainly on 𝑓(𝑧). In particular, while drawing the arrow at the thickened point in Fig. 1 (possibly representing 𝛾 ′ or 𝑇), he explains that "the parametrisation of the path […] will be quasi cancelled or neutralised right by the definition of the path integral". Although the "parametrisation" is in fact not negligible (see, e.g., ( * ) and (⋆)), let me emphasise again that Sebastian is adopting the measuring and mean value interpretation to complex path integrals during the interview for the first time. Thus, even though his interpretation may not be fully compatible with those in the literature, it takes into account the geometrical operation induced by the function values on the trace of the path as "amplitwists" (see in particular [START_REF] Needham | Visual complex analysis[END_REF]: Since holomorphic functions are linearly approximable, small changes in the input (Δ𝑧; "small grid" in Fig. 1) cause small changes in the output (Δ𝑓), which are approximately given as copies of Δ𝑧 rotated and dilated by the derivative: Δ𝑓 ≈ 𝑓 ′ (𝑧)Δ𝑧 ("distorted grid" to the right of 𝑓 in Fig. 1).

DISCUSSION

This paper investigated the teaching of a cross-curricular topic of integration using the ideas of measuring and mean value formation, especially in relation to complex path integrals. It has been shown that these ideas are applicable to complex path integrals, but they do not work the same way as for real integrals. [START_REF] Gluchoff | A simple interpretation of the complex contour integral[END_REF] showed that ∫ 𝑓(𝑧) 𝛾 d𝑧/𝐿(𝛾) is the average of 𝑓 ⋅ 𝑇 along 𝛾 rather than 𝑓. Additionally, Cauchy's integral formula relates a function value to the mean value of the function along the boundary of a circle. The fact that the expert Sebastian applied the ideas of measuring and mean value formation to complex path integrals underlines their relevance. However, this case also illustrated the potential overgeneralisation of the relationship between integrals and mean values for Riemann or Lebesgue integrals in the sense that Sebastian thought that complex path integrals yield the mean values of the integrands instead of the mean value of their products with the unit tangential vectors attached to the path of integration (modulo the constant 𝐿(𝛾)).

Now, since the transfer of some interpretations of integrals to complex analysis is subtle, it is important to ask what this means for the epistemology, teaching, and learning of integrals in advanced lectures, in particular complex analysis. For example, one may ask whether the ideas of measuring or averaging are locally important for some integrals or globally for the cross-curricular concept of integral per se, which then must be worked out locally for each integral again. Of course, one might simply dismiss these ideas for the case of complex path integral in teaching. Then, lecturers still face the question where discrepancies between different interpretations of integrals like measuring or means values occur and what their possible resolutions may look like. Additionally, appropriate interpretations of integrals in complex analysis remain missing. Besides, it seems that one can get along in complex analysis quite well without any interpretation of complex path integrals at all. For building theory in courses on complex analysis, it seems sufficient to state and use a few properties of complex path integrals, which are stored in propositions (e.g., that it is ℂ-linear, additive with respect to paths, and restricts to the Riemann integral for real functions on paths along real intervals, etc.). At least, this is what most texts on complex analysis I consulted do. Is this satisfactory? Probably not as [START_REF] Gluchoff | A simple interpretation of the complex contour integral[END_REF] illustrated.

One difference between the teaching of calculus / real analysis and complex analysis seems to me that in calculus / real analysis visual, physical, or other vivid interpretations are readily available and well known so that it is hard to not mention them in class. Therefore, the "real" concepts connect quite well to real life experiences and applications. Perhaps this abundance of interpretations of real integrals leads to the assumption that there should be similar (or new) interpretations for complex path integrals as well (cf. [START_REF] Hanke | Intuitive mathematical discourse about the complex path integral[END_REF]. Hence, it seems relevant, at least to me, to reflect on the use of interpretations of cross-curricular topics for their potential applicability in more advanced courses.

At present, we cannot yet foresee how the transfer or potential overgeneralisation of the mean value or measure interpretation may affect the way students interpret or work on tasks on complex path integrals. Rather, more research is needed on how individuals interpret complex path integrals or how they relate the various types of integrals they have encountered (cf. [START_REF] Kontorovich | Why Johnny struggles when familiar concepts are taken to a new mathematical domain: towards a polysemous approach[END_REF].

  Sebastian: […] And on the other hand, I just have these values of the function f of z and, uh, f of z does now what we have seen previously, yes, this now maps some portion of what one has here with this [grid; EH.; see Fig. 1] […]
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 1 Figure 1: Sebastian's drawing of a path 𝜸 and the effect of a function 𝒇 as amplitwist.

  , or directly set This is very similar to the definition of real path integrals, where 𝛾′ is also multiplied to the integrand[1]. The difference, however, is in the choice of product (e.g., complex multiplication vs. scalar product in ℂ ≅ ℝ 2 ).
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		( * )	∫𝑓(𝑧)	d𝑧 ≔ ∫ 𝑓(𝛾(𝑡)) ⋅ 𝛾 ′ (𝑡)	d𝑡
			𝛾					𝑎
	(e.g., Lang, 1999). Complex path integrals satisfy properties like " * ↦ ∫ * 𝛾 d𝑧 is ℂ-linear", " * ↦ ∫ 𝑓(𝑧) *	d𝑧
	is additive", and the inequality "|∫ 𝑓(𝑧) 𝛾	d𝑧| ≤ 𝐿(𝛾) max 𝑧∈tr(𝛾)	|𝑓(𝑧)|", where 𝐿(𝛾) is the
	length of 𝛾 (Lang, 1999). These are quite similar to properties of Riemann integrals,
	which are also linear with respect to the integrand, additive with respect to boundaries
	of integration, and satisfy |∫ 𝑔(𝑡) 𝑏 𝑎	d𝑡| ≤ |𝑏 -𝑎| max
			𝑏 𝑎					can be a baffling experience; what sense is a
	beginning student to make of the results			
	∫ |𝑧|=1	Re 𝑧 d𝑧	= 𝜋𝑖 or ∫ 𝑖 1	𝑖 𝑧	d𝑧	=	-𝜋 2	? (pp. 641-642; notation adopted)

𝑎≤𝑡≤𝑏

|𝑔(𝑡)|. Alongside these properties, the interchangeability of complex path integrals with uniform limits of integrands, only a small number of properties are required to reach the first milestones in a first course on complex analysis, such as Cauchy's integral theorem or the residue theorem (e.g.,

[START_REF] Lang | Complex analysis[END_REF] 

[2]. However, even though complex path integrals share properties like those of Riemann integrals, they also behave quite strangely.

[START_REF] Gluchoff | A simple interpretation of the complex contour integral[END_REF] 

summarises this succinctly: My experience is that students are mystified on first exposure to this concept, and working examples by the formula ∫ 𝑓(𝛾(𝑡))𝛾′(𝑡) d𝑡
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