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This paper argues that inquiry into what we call the Brousseaunian guessing game evokes statistical modelling where various concepts and methods in inferential statistics are integrated into relatively large knowledge organisation. To achieve this, an implementation of inquiry-based learning was conducted in a course of teacher training programme in a Japanese university, and we analysed the process of inquiry by using some notions offered by the anthropological theory of the didactic. In particular, the concept of modelling was formulated by the notions and thereby the description of the modelling process revealed that the probabilistic and statistical knowledge was developed meaningfully for the students in their autonomous inquiry.

INTRODUCTION

This paper reports a result of a didactic engineering conducted within the research program of the anthropological theory of the didactic (ATD, hereafter). In the didactic engineering, an inquiry-based statistics course was designed with the intention of examining the possibility of what we call the Brousseaunian guessing game as an inquired material. The guessing game, whose original setting was presented in [START_REF] Brousseau | An experiment on the teaching of statistics and probability[END_REF], is a situation given by the following description:

There is a box containing a large number of red and white marble balls with equal proportions, and we have three empty plastic bottles whose inside cannot be seen from outside (figure 1). Now, five balls are picked out and put into one of the bottles without anyone looking at the balls. We do this for the other bottles. Under these conditions, the followings are allowed for each of the bottles: 1) Drawing out a ball from the bottle to check the colour of the ball and put it back; 2) Repeating the first operation.

The original game was designed to teach probability and statistics for elementary school students. It was referred as one of a typical teaching environment to enable students to learn the piece of knowledge involved-namely, fundamental situations. In contrast, the present study aims to investigate what probabilistic and statistical knowledge can be developed by university students through inquiring into questions raised from the guessing game. 

THEORETICAL FRAMEWORK AND RESEARCH QUESTION

To investigate the possibility of the guessing game, we need some models that enable us to describe the process of knowledge development in the inquiry. In this paper, the notion of praxeology offered by the ATD is used to do this. Praxeology, a term made of the praxis and logos, is an epistemological model of any human activity, which consists of the quadruple of a type of tasks T, technique τ, technology θ and theory Θ. A praxeology is denoted by ℘, that is, ℘ = [T / τ / θ / Θ]. The pair of a type of tasks and a technique is called the praxis block of a praxeology. On the other hand, the logos block of a praxeology consists of the pair of a technology and a theory. The praxis block and the logos block of a praxeology correspond to know-how and knowledge of a human activity, respectively. Therefore, a praxeology is an epistemological model for grasping both any human practice and knowledge.

Let us introduce here a theoretical construct that has not been used very often in the ATD for describing the growing process of praxeologies, that is the notion of trophic relation (cf. [START_REF] Chevallard | Toward a scientific understanding of a possibly upcoming civilizational revolution[END_REF]. Any praxeological entity ℘ 0 -which is able to not only represent a praxeological organization ℘, but also stand for its part metonymically, i.e., T, τ, θ, or Θ-can get larger and more sophisticated through integrating other praxeological entities ℘ 1 , ℘ 2 , ..., ℘ i . Such relations of ℘ 0 to ℘ 1 , ℘ 2 , ..., ℘ i are called the trophic relations-℘ 1 , ℘ 2 , ..., ℘ i are the foods of ℘ 0 . The case of the trophic relation of ℘ 0 to ℘ 1 is denoted by: ℘ 0 ↩ ℘ 1 , where the left arrow with hook "↩" means eating.

Here, a praxeological food is anything that is taken in for evoking a larger praxeology from the original praxeology, and all such taking in is called eating. Foods can come from various sources, such as books, the internet, teachers, and other media, as well as from knowledge students already have. The sequence of the eating by ℘ 0 of ℘ 1 , ℘ 2 , ℘ 3 in succession can be denoted by: [[℘ 0 ↩ ℘ 1 ] ↩ ℘ 2 ] ↩ ℘ 3 . Let us emphasize here that this diagram should be read as the following: ℘ 0 successively eats ℘ 1 , ℘ 2 , and then ℘ 3 . Such succession of trophic relations is actualised through the time flow with different trophic moments like the moment for "eating ℘ 2 ". In this paper, we regard a series of trophic moments as a process of modelling. Namely, any praxeological eater ℘ 0 functions as a system to be modelled, as well as the eating by ℘ 0 of a praxeological food ℘ 1 brings about a new model ℘ 0 ′ of the system ℘ 0 :

℘ 0 ′ = ℘ 0 ⨁ ℘ 1 = [℘ 0 / ℘ 1 ].
This means that the model ℘ 0 ′ of the system ℘ 0 has the praxeological entities which belong to ℘ 0 or ℘ 1 . Any whole process of such praxeological genesis starting from ℘ 0 implies the trophic span of ℘ 0 : ρ(℘ 0 ) ≝ {℘ | ℘ 0 ↩ ℘}. Precisely speaking, the elements of a trophic span are dependent on reference instances î (for example, students), according to whom-denoted by î ⊢ -, a given praxeology eats other praxeologies:

ρ î (℘ 0 ) ≝ {℘ | î ⊢ ℘ 0 ↩ ℘}.
In this way, any process where the mathematical praxeologies further develop is understood as mathematical modelling in the ATD (cf. Garcia et al., 2006). We note here that modelling is not limited to activity that mathematises some non-mathematical systems. Regardless of whether the system is in an extra-or intra-mathematical problem, the activity is identified as a modelling if the tasks are accomplished through constructing some models of the system. Let us add short, but crucial remarks about the expression "statistical modelling" in this paper. We do not use this expression in its usual sense within statistics education research, which seems to refer to some methodological flow of modelling process (e.g., the so-called PPDAC cycle). By contrast, within the ATD, the word "modelling" means the genetic process of praxeological organizations from a more epistemological point of view.

In light of the trophic relation, our spontaneous and ambiguous question about statistical modelling is refined and defined as the following: To what extent can the trophic span involved in the guessing game be developed in our setting, and how can the trophic moments progress?

A REFERENCE PRAXEOLOGICAL MODEL OF THE GUESSING GAME

In the ATD, a reference epistemological model of the concerned praxeologies-that is, a reference praxeological model-has to be built before designing and implementing some teaching experiments (cf. Bosch & Gascón, 2006). This is because we are trying to describe didactic phenomena by letting us emancipate ourselves from the dominant epistemology about the praxeologies. Otherwise, since such a dominant epistemology is taken for granted and conditions our view of understanding didactic realities in some way, we cannot capture what occurs, what the characteristic is, and especially what does not occur.

Our reference praxeological model ℘ ref for the statistical modelling consists of two praxeologies-the experimental one ℘ exp and inferential statistical one ℘ IS : ℘ ref = ℘ exp ⨁ ℘ IS . The first one ℘ exp starts with the type of tasks of estimating the population proportion reliably, which is denoted by T 0 . This can be accomplished by different techniques, but at the beginning of the inquiry, it would be carried out by a lot of experiments (τ exp ). Although τ exp can be justified by some technological-theoretical elements such as the principle of convergence of relative frequencies or the law of large number, this kind of justification is provided seldom unless being asked to explain the technique purposely. Accordingly, ℘ exp is described as

℘ exp = [T 0 / τ exp ].
The second one ℘ IS consists of two sub-praxeologies-the classical statistical one ℘ CS and Bayesian statistical one ℘ BS : ℘ IS = ℘ CS ⨁ ℘ BS . Both of them begin with the awareness of the fact that although the reliability would increase as the number of experiments increases, the experiments must be stopped at some point. This limitation brings about the question of "how do we reliably and economically judge the contents of the bottles?" Then, this would lead to the type of tasks T 1 of determining the minimum sample size required for T 0 and T 2 of accomplishing T 0 with as small sample size as possible. While the characteristics of T 1 is that the sample size is predetermined before starting experimentation, that is not the case with T 2 . Accomplishing the type of tasks T 1 and T 2 evoke ℘ CS and ℘ BS respectively. In other words, in terms of trophic relation, T 1 and T 2 can eat the praxeological entities of ℘ CS and ℘ BS respectively.

We can assume various technical means such as hypothesis testing, interval estimation, and maximum likelihood estimation for T 1 . Let us denote them by τ hyp , τ int , and τ lik in order. For example, τ hyp would be used for judging whether the balls in the bottle are all red or four red balls and one white ball are in the bottle. When judging that it is not (3, 2) but (4, 1), τ int can be put in use-hereafter, the combination of the colour of the balls is denoted as an ordered pair of the number of the red and white ball(s). The technique τ lik would be also used in this kind of subtype of tasks. These techniques can be supported by two technologies: one is the technology θ dis that has various probability distributions such as binomial distribution and normal distribution as its elements; the other one is θ con that consists of the definition and properties of conditional probability. The techniques τ hyp and τ int are justified by θ dis , on the other hand, τ lik is explained by θ con . For these technologies, the definitions of probability and random variable and basic properties of them belong to the theory Θ pro as the theoretical elements. Thus, ℘ CS is described as

℘ CS = [T 1 / τ hyp , τ int , τ lik / θ dis , θ con / Θ pro ].
As for ℘ BS , the technique τ Bay of the Bayesian update would be used because some successive means are required for T 2 . This technique is also supported by θ con and therefore, Θ pro functions as the theory of ℘ BS : ℘ BS = [T 2 / τ Bay / θ con / Θ pro ]. Bayesian statistics is a praxeological organization whose key technique is the repetitive update of probability based on Bayes' theorem and newly gathered data. In contrast with classical statistics, that allows us to accomplish statistical inference without the samples of sufficiently large size. T 1 is more classical statistical, while T 2 is more Bayesian statistical.

Let us add here about the possible paths in the process of modelling in ℘ IS in terms of the dialectic of questions and answers, which fundamentally promotes any inquiry (cf. [START_REF] Chevallard | A short (and somewhat subjective) glossary of the ATD[END_REF]. As mentioned in the above, τ hyp of ℘ CS would emerge as an answer when questioning "how do we judge it is (5, 0)?" This question comes from the situation where we pick out a red ball many times in a row from the beginning of the experimentation. In this case, τ hyp consists of probability of repeated independent trials. Also, τ lik of ℘ CS can be available to the question "what population is the most likely to produce the obtained sample?" if the students have learned the conditional probability by then. On the other hand, τ int of ℘ CS needs to be told or instructed by some media, which is something with the intention of teaching. However, it is natural to refer such media when the students encounter the question "how do we estimate the population proportion?" and then they would be able to learn the technique. As for τ Bay , we assume that the students will not be able to use this technique without any direct instruction by the teacher(s). This is because few of basic statistics textbooks commonly used in Japan cover the Bayesian inference. However, it is also assumed that once directed, τ Bay is fully available because many concepts and techniques on the Bayesian update can be brought about into the milieu from various media such as statistics textbooks for general readers and YouTube, etc. In addition, when the questions about those techniques-"what is p-value?" and "where does '1.96' in the estimating interval come from?" for example-arise, the answers would be found or built in the logos block [θ dis , θ con / Θ pro ] of ℘ IS . In particular, inquiry into questions about τ hyp and τ int mostly leads to θ dis , while inquiry into τ lik and τ Bay generally leads to θ con . The figure 2 shows the reference model. 

CONTEXT OF THE COURSE

The implementation was conducted in the second term in 2020 for four students who were taking the training program for secondary mathematics teachers. Two of them were third, one was fourth and the other was graduated students. They had learned probability theory and statistics in the university by that time. However, they had not acquired the knowledge to apply the techniques and technological-theoretical elements mentioned in the reference model on their own. The course which was the part of the teacher training program consisted of 13 sessions of 90 minutes. All sessions were audio and video recorded. The teacher was the first author of the paper.

In the first session, the explanation of the aims and outline of the course was given. Firstly, the focus on the statistics and inquiry-based learning was introduced with reference to the current educational situation. More precisely, the aims were applying statistics in inquiry into some questions and, by doing so, developing probabilistic and statistical knowledge meaningfully for the students themselves. Then, the teacher explained the "guessing game of the contents of the bottles" to them.

Determining the minimum sample size required for T 0 In case for judging not (4, 1) but (5, 0)

Performing T 0 with as small sample size as possible

T 1.1 T 1 T 2
Hypothesis testing For the setting of the guessing game, the following initial question was presented to the students: "How many red and white balls are in each of the bottles?" Before starting the inquiry, the teacher emphasised that any predetermined knowledge as the goal of the course did not exist and that whatever the students needed was available throughout the course, including the internet and the library. In other words, there were neither a sole goal nor a single path determined by the teacher. We had intended to update the didactic contract that the students spontaneously and implicitly signed, because it is assumed that they had been familiar with the conventional didactic paradigm-that of visiting works. If the emphasis was not done, the students would not inquire the questions but explore what is expected for them as the "inquiring activity". In short, we wanted to avoid possible negative effects from the old contract, while making the new contract of questioning the world explicit.

τ
The outline of the course was as follows: the part of the first inquiry (4 sessions); midterm presentation (1 session); second inquiry (4 sessions); analysis of the entire inquiry (2 sessions); final presentation (1 session). In both the midterm and final presentation, the students made the presentations for three mathematicians and two mathematics education researchers in the university, who were not involved in the course. In designing the course, we had intended that each presentation would be an opportunity to promote the inquiry, or more precisely, the modelling. This is because the questions, comments, and critiques from them to the techniques and/or technological-theoretical aspects must lead the students to reconsider the praxeologies they developed. This evokes the praxeologies that takes the existing praxeologies as the systems. Therefore, the opportunity of making the presentations and getting the feedbacks on them was expected to promote the modelling activity.

In this paper, we describe and analyse the statistical modelling in terms of the trophic relation and trophic moments, focusing on the part of the first inquiry, midterm presentation, and second inquiry.

PROCESS OF THE REALISED STATISTICAL MODELLING

First inquiry (session 2 to 5)

In the session 2 and 3, in response to the initial question, the students tackled the task of guessing how many red and white balls are in the bottles, which corresponds to T 0 in the reference model. Some students took 70 times drawings to make their judgment, and other students said that at least 15 to 20 times are needed. The latter students also claimed that they thought it was enough to take 20 times to make a judgment. We can see here the trophic moment: T 0 ↩ τ exp . Namely, the praxeology grew into ℘ at this point: ℘ = [T 0 / τ exp ]. According to that, the question "how many times do we need to judge the contents reliably?" arose. For this question, the teacher taught that a value of 95% is commonly used as the level of the required reliability.

In this phase, the students encountered an interesting case: red balls appeared 18 times in a row from the beginning, and then a white ball appeared at the 19 th drawing for the first time. Since the students had been thinking that the contents of the bottle were (5, 0) by the 18 th drawing, they were surprised at this result. Considering that such a case might be quite rare, they began to find the probability that the case happened under the hypothetical setting that the contents of the bottle were (4, 1). As a result, they found that the probability was less than 2% and concluded that it was very rare case. This is the spontaneous use of the idea of hypothesis testing. They successively tackled the subtype of tasks T 1.1 of determining the minimum sample size to judge that the contents are not (4, 1) but (5, 0). Namely, the situation or milieu evoked the trophic moment which brings about the more sophisticated praxeology ℘′: ℘ ↩ T 1.1 and ℘′ = [T 0 , T 1.1 / τ exp ]. Technically speaking, ℘′ should be denoted as ℘ IS ′, but "IS" is omitted for simplicity. Then, by applying τ hyp , they built their own answer "if the red balls are put out 14 times in a row from the beginning, we can judge that the contents are (5, 0) with 95% reliability". We can see that the moment when ℘ ↩ τ hyp and the construction of ℘″ occurred here: ℘″ = [T 0 , T 1.1 / τ exp , τ hyp ]. It must be noted that this is a possible abuse of the significance level. The students found (4/5) 14 < 0.05 and wrongly concluded that the "probability" of not being (4, 1) was more than 95% according to the calculation of 100 -5 (%). They implicitly used the following statement which is generally incorrect: P(A|B) = P(B|A). We will mention about the abuse of the significance level in the last section.

In the subsequent sessions, the term of hypothesis testing was introduced by the teacher with reference to τ hyp . The students then tried to apply this technique further to define a criterion for judging whether the contents are (4, 1) or not. They constructed ℘‴ as the product of the moment when ℘ ↩ T 1.2 : ℘‴ = [T 0 , T 1.1 , T 1.2 / τ exp , τ hyp ]. However, they were unable to obtain the solution because of the increased number of variables in the combinatorial calculation. Regarding the introduction of the term, it had been expected not only to facilitate the application of the technique, but also to function as encountering with the logos block of the existing praxeologies. In fact, the students referred to some websites and studied the procedures of hypothesis testing. Nevertheless, the terms "null/alternative hypothesis" and "p-value" were not used to properly explain τ hyp in preparing the midterm presentation. This would be because they were not familiar with the statistical concepts, such as random variables and probability distribution etc., in the descriptions.

Midterm presentation (session 6) and second inquiry (sessions 7 to 10)

In the midterm presentation, the students reported on the progress of their inquiry up to the point to the university teachers. Then, the teachers provided the feedbacks by raising the questions and making the comments. In the comments from them, the technological-theoretical elements that are directly related to ℘‴ appeared. One of the teachers said that the situation of the guessing game could be interpreted by using binomial distribution. Another teacher suggested that the technique the students used could be sophisticated by utilising the terms regarding the procedures of hypothesis testing and the concepts of the probability distribution. These are the elements of θ dis . In addition, there was a comment that Bayes' theorem could be applied to the guessing game. This is an element of a different technology θ con that is not directly related to the technique τ hyp but connected with τ Bay . The students did not understand all of these feedbacks on the spot. They were to learn them as needed in the subsequent inquiry.

In the phase of second inquiry, the students referred to some media in response to the feedbacks and attempted to learn the elements of θ dis . They were not able to sufficiently understand them because the connection of the statistical concepts with the problematic situation of the guessing game could not be recognised. Namely, they could not find how to model the situation in terms of random variables. However, the very fact that the elements of θ dis were needed to justify and explain τ hyp was understood. In this sense, we can see here the moment when ℘ ↩ θ dis ; that is, the praxeology grew into the larger one:

℘ (4) = [T 0 , T 1.1 , T 1.2 / τ exp , τ hyp / θ dis ].
Moreover, while referring the media, one of them found a description about the interval estimation in a mathematics textbook. The student got to know how to use this technique to tackle T 1.2 with the help of the teacher.

Let us note that the only a part of the theoretical aspects was explained to the student in the phase. For example, the teacher taught what the population and sample proportion were in this case. Then, the technique of interval estimation was shared within the group by the student, that is, the moment when ℘ ↩ τ int occurred and the more complexed praxeology was constructed:

℘ (5) = [T 0 , T 1.1 , T 1.2 / τ exp , τ hyp , τ int / θ dis ].
To be specific, a table was created in Excel with the number of drawing and the sample proportion as variables, and the 95% confidence interval of the population proportion was output. According to the result, the students found that 97 drawings were necessary and sufficient to uniquely estimate the contents of the bottles.

As for the response to the feedbacks on Bayes' theorem, the students also studied it by using some media-some video contents from YouTube in particular. Then, one of them learned the theorem based on conditional probability and understood how to find posterior probability from the assumed prior probability and obtained data. In fact, the student was able to calculate the posterior probability of being (n -5, n) for n = 0, 1, …, 5, under the condition she actually got from the experimentation. However, when being asked whether the technique would be useful for the guessing game, she answered that it looked useless because "To me, the idea seems to be that there are bottles of all types.Then, one thinks 'this is the bottle with that type because this [posterior] probability was the highest'. This is not the situation of this problem, so I think this idea is hard to adopt". This explanation can be attributed to the gap between the tasks of the classical statistical type they were working on at that time and possible tasks of the Bayesian statistical type which is evoked by the technique τ Bay . The other students agreed with the decision not to use either τ Bay . According to the students X, ℘ did not eat such a praxeological entity in the inquiry: X ⊬ ℘ ↩ τ Bay . Finally, the findings mentioned above became their final answer.

Summary

Let us here summarise the answer to the research question, which is concerned with praxeologies that can be constructed in inquiry into the guessing game. We have seen the praxeological organisation ℘ (5) was finally developed from ℘ = [T 0 / τ exp ]. This indicates the trophic span ρ(℘) = {T 1.1 , T 1.2 , τ hyp , τ int , θ dis }, as well as the range of the constructed knowledge {T 0 , τ exp } ∪ ρ( ℘ ). Comparing ℘ (5) with the reference praxeology ℘ ref , the entities integrated in θ dis (T 1.1 , T 1.2 , τ hyp , and τ int ) are included in ρ(℘), while those in θ con (T 2 , τ lik , and τ Bay ) are not. In addition, ℘ (5) did not have the theoretical discourse Θ pro . The following descriptions make the comparison clear:

℘ ref = [T 0 , T 1.1 , T 1.2 , T 2 / τ exp , τ hyp , τ int , τ lik , τ Bay / θ dis , θ con / Θ pro ], ℘ (5) = [T 0 , T 1.1 , T 1.2 T 2 / τ exp , τ hyp , τ int τ Bay / θ dis θ con / Θ pro ].
Regarding the progression of the modelling, it has been already shown in the above section. In terms of trophic relation or trophic moments, it can be summarised as follows

: [[[[[T 0 / τ exp ] ↩ T 1.1 ] ↩ τ hyp ] ↩ T 1.2 ] ↩ θ dis ] ↩ τ int .
Each moment when a praxeological entity eats another one leads the progression of the modelling. As we have seen, questioning how to accomplish the tasks, applying the techniques used in the previous cases, referring the media, and receiving the feedbacks through disseminating their own findings played the essential roles for the moments.

Among these actions, studying new works is important, though it may be paid little attention in inquiry-based pedagogy. In the ATD, a process of visiting some pieces of knowledge associating with their raisons d'être is called study and research activity (SRA). Any authentic inquiry has the action of studying as a part of or a form of it. The students studied the procedures of hypothesis testing, how to apply interval estimation, and what is Bayes' theorem, etc. In short, they constructed their statistical praxeologies through interaction with these works obtained from the media. Since the study was undertaken for the purpose of answering the questions, the praxeologies had their raisons d'être, and therefore, a statistical SRA developed in our case.

Furthermore, what could be called the democratic relationship with knowledge was observed (cf. [START_REF] Chevallard | Steps towards a new epistemology[END_REF]. The students selected knowledge to be used, that is, praxeologies to be eaten, by themselves. We can see it in the situation where they judged that τ Bay could not be applicable for T 1 despite the teacher's instruction. In ordinary classes, students usually receive knowledge taught by the teachers and attempt to make use of it. The decision observed in the implementation is the result of renewing the didactic contract and indicates that autonomous inquiry has taken place.

FINAL REMARKS

In this last section, we want to point out two didactic precautions for emancipating teachers from traditional preoccupations in the reproduction of inquiry into the Brousseaunian guessing game. First, the following fact should be recognised in considering supervision of inquiry: direct instruction of knowledge can be effective in some cases. Teachers may expect students to learn everything possible on their own in supervising inquiry. This leads to the teachers avoiding directly teaching the concerned praxeological entities even if it is reasonable. In fact, the teacher of our implementation did not actively teach the technological-theoretical elements of the praxeologies. Here we see a didactic phenomenon that could be called refraining from direct instruction.

However, as mentioned in the above, the praxeologies developed to answer the questions have their raisons d'être. Thus, even if some works involved in the logos blocks are taught by the teacher, they would not be monumentalised. Accordingly, it is suggested that not to refrain from instructing more than necessary is important.

Another suggestion is concerned with a phenomenon that can be called abuse of praxeological entities. We have seen that the students naïvely replaced the (conditional) probability-which is, de facto, the likelihood in this context-with its inverse probability. Teachers tend to feel guilty when they overlook misunderstandings of their students. Indeed, mistakes are usually regarded as antididactic events under the paradigm of visiting works. By contrast, under the paradigm of questioning the world, any possible flaw involved in knowledge needs not always be avoided in advance; in fact, it can be welcomed in inquiry as probably didactic events. This is because the failure can be recognised later, and this facilitates the inquiry by deriving new questions on the mistakes. Since there are many distorted explanations of different works in media especially about statistics (at least in Japan), this phenomenon is likely to be common. We should not have to be afraid of error, but to consider how to take advantage of them for making moments of promoting inquiry.
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 1 Figure 1. The bottle.

Figure 2 .

 2 Figure 2. Our reference praxeological model of the guessing game.
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