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We present a qualitative study on student teachers' knowledge on the geometric concept "congruence". The study is part of a design research project in which we develop and study a 6 th -semester geometry course for upper secondary student teachers with a particular focus on profession orientation. Based on theoretical analysis of how congruence is introduced and used in textbooks, we use qualitative content analysis to evaluate student teachers' answers on an ePortfolio-task where they have to complete definitional sentences for congruence of different types of plane figures.

INTRODUCTION

As an innovation to overcome the second discontinuity in teacher education (cf. Klein 1967, p. 1), we developed, implemented, and researched a geometry capstone course for upper secondary student teachers [START_REF] Hoffmann | Designing a Geometry Capstone Course for Student Teachers: Bridging the gap between academic mathematics and school mathematics in the case of congruence[END_REF][START_REF] Hoffmann | Von der Axiomatik bis zur Schnittstellenaufgabe: Entwicklung und Erforschung eines ganzheitlichen Lehrkonzepts für eine Veranstaltung Geometrie für Lehramtsstudierende[END_REF]. Our course concept's two essential design elements were replacing two semester weeks with so-called "interface weeks" (dealing with the topics congruence and symmetry) and implementing a semester-accompanying so-called "interface ePortfolio". Both design decisions intend to support a stronger and more explicit professional orientation: Explicit connections between the course content and the intended profession (teaching mathematics) are addressed in the interface weeks. The ePortfolio-activities allow students to practice typical mathematics-related professional job tasks (e.g., judge textbook materials or analyze and respond to student contributions, see Ball and Bass (2002, p. 11), Prediger (2013, p. 156)). In this way, situation-specific skills focusing on mathematical dispositions are to be promoted. Hence, the learning activities contribute to acquiring professional competence in the continuum model from [START_REF] Blömeke | Beyond dichotomies: Competence viewed as a continuum[END_REF].

We develop and study our interface activities within a design research approach (van den Akker et al., 2006), adapting the particular methodology of [START_REF] Prediger | Lehr-Lernprozesse initiieren und erforschen -Fachdidaktische Entwicklungsforschung im Dortmunder Modell[END_REF]. For our project, this means following the cycle (Hoffmann & Biehler, 2020, p. 341): Specifying and structuring the interface topic (Step 1), (re)designing interface learning activities (Step 2), using, and studying interface activities (Step 3) and developing and refining (local) theories (Step 4). Specifying and structuring the interface topic (step 1) includes, in particular, analyzing the learner's perspective on the topic. Initially, this can only be formulated based on existing literature and theoretical considerations. We continuously refine the learner's perspective based on empirical data during the design research project. For this purpose, we use special ePortfolio activities. In this paper, we present results obtained on the interface topic of congruence. These provide interesting insights into the learning requirements of student teachers on this topic, even independently of our specific project, and are thus valuable both for research and university teaching practice. The study presented is part of the first author's PhDproject (Hoffmann, 2022, p. 212) and is embedded there in a larger theoretical framework. In the following, we focus on the presentation of relevant results.

THEORETICAL BACKGROUND TO THE CONCEPT OF CONGRUENCE

Before describing the research design, we will give an overview of the mathematical background knowledge of the concept of congruence and summarize our literatureand textbook review on congruence as a topic in secondary school.

Congruence from a Mathematical Perspective

From a mathematical perspective, there are several ways to formalize congruence. The decisive factors here are, first, the role isometries play in the theory building and, second, the generality of the congruence concept concerning the figures (subsets of the geometric space used) that can be handled with it. In our course, we build up the plain geometry on the definition of metric spaces. Thus the concept of isometries is naturally available as an essential tool for definitions and proofs. In this approach, congruence can be defined for any two figures F, G via the existence of an isometry φ with the property φ(F) = G. Instead of using a general concept of isometry (in the sense of an arbitrary mapping that leaves distances invariant), one can also use special isometries (without necessarily naming them as such) like just reflections or reflections, rotations, and translations. The Three Reflections Theorem provides the equivalence of the three approaches. Alternatively, congruence can also be defined entirely without the use of isometries. For example, [START_REF] Hilbert | Foundations of Geometry[END_REF] explains with axioms what congruence means for line segments and angles and then postulates the congruence theorem SAS. In a final step, the concept is extended to any finite set of points and thereby implicitly extended to any infinite set of points uniquely specified by a finite set of points. However, congruence for more complicated figures cannot be described this way (in contrast to the approach described first).

For teacher professionalization, it is necessary that important mathematical concepts are carefully embedded axiomatically but also considered detached from a specific axiomatic structure. In this sense, we refer to essential characteristics of mathematical concepts found through inductive subject-specific-didactical analyses as interface aspects. For congruence, we have worked out the following four interface aspects (refined compared to Hoffmann and Biehler (2020, p. 343)):

1. The aspect of quantities with identical sizes: Congruent figures match in several geometric quantities. This emphasizes the static-comparative character of congruence.

2. The aspect of mapping: This aspect describes a dynamic perspective on congruence: For every two congruent figures, a mapping (bijective isometry) exists, which transfers the figure into the other.

The aspect of relation:

Congruence is an equivalence relation on the power set of the geometric space used. The statement delivers characteristics connected intuitively with the concept of congruence as a kind of "geometric equal sign". Furthermore, the congruence relation divides the plane figures into equivalence classes, so-called congruence classes.

4. The aspect of classification: This aspect brings together the previous aspects.

The aspect of relation provides a disjunctive division of all figures into congruence classes. All figures of a congruence class correspond in different geometric sizes (the aspect of quantities with identical sizes) and can be transformed into each other in pairs by isometries (the aspect of mapping).

Congruence in German Mathematics School Classes

Congruence is a central concept in German lower secondary geometry teaching (Holland, 2007, p. 65). It appears mainly in the form of the congruence theorems for triangles. Those are used on the one hand as a theoretical background for construction problems (e.g., because the theorem SSS holds, all triangles constructed from three lengths are congruent) and, on the other hand, as a method for geometric reasoning (Weigand et al., 2014, p. 202). The main question underlying the construction of triangles is when a triangle can be uniquely (except for congruence) constructed from a subset of size specifications. Therefore, it is a question of which subset of size specifications a congruence class of triangles is already uniquely determined. Thus congruence is used in the sense of the aspect of classification described above. Geometric reasoning with congruence is about identifying congruent figures (usually triangles) and then taking advantage of the fact that the equality of corresponding quantities follows from congruence (aspect of quantities with identical sizes). In addition, the aspect of classification also plays an important role here, as it allows to deduce congruence of partial figures of the proof figure based on incomplete information.

In an analysis of several current relevant textbooks, we were able to determine that, in addition to the emphasis above on congruence theorems and triangles, there was always a preformal-illustrative definition of a general congruence concept. However, this did not play a role in the rest of the chapter in the sense that neither the congruence theorems were justified regarding the definition, nor were there tasks in which one had to work with the definition (details of this textbook analysis : Hoffmann, 2022, p. 170).

Overall, it can be stated that congruence in Germany is a topic of lower secondary geometry that usually does not play any further role in mathematics teaching at the upper secondary level. Also, at university, congruence is usually not a topic of the standard courses in teacher education. Thus, the prerequisites of student teachers result from the skills and abilities that are still available from geometry lessons they attended in lower secondary school. We have made the experience that this includes a conceptual idea of congruence and a rough remembrance of the congruence theorems SSS, SAS, and ASA in connection with construction tasks. Knowledge of a precise definition of congruence cannot be assumed.

RESEARCH QUESTION AND STUDY DESIGN

We present a qualitative study that contributes to answering the following research question, which we already outlined in the introduction: What knowledge do German student teachers have on the geometric concept of congruence before taking a university course on geometry?

The data basis are pseudonymized responses to an ePortfolio-activity that the students completed directly at the beginning of the semester. The students' knowledge about the concept of congruence was mainly acquired in the context of their mathematics classes in secondary school. Some students may have "refreshed" their knowledge in the meantime through internships or private tutoring, but congruence was not a compulsory component of other courses in their studies. Thus, when dealing with congruence in the course (both as mathematical content and as an interface topic), it cannot be assumed that students have sound prior knowledge, let alone common learning prerequisites. This is exactly where the following ePortfolio activity comes in:

Please write down how you would complete the following definitions. Please do not look them up in a book or online, and please do not exchange ideas with your fellow students but answer as if you were asked these questions in a conversation. With the aim of better understanding what concepts and misconceptions students have at the beginning of the course, they are asked to complete congruence definitions for different geometric figures: The first subtask is about triangles which are the central objects for congruence considerations in mathematics teaching. Next, congruence is to be defined for quadrilaterals. These are much more complex from a congruence perspective (e.g., [START_REF] Laudano | Congruence theorems for quadrilaterals[END_REF]. The third subtask is on defining congruence for circles, which is a step away from considering n-gons. Finally, the students should give a general congruence definition for arbitrary figures in the plane and thus think about a concept of congruence that is detached from the unique geometric properties of individual object classes.

The task is designed to make it as easy as possible for the students to complete. On the one hand, this shows up in that the task is not to write down a perfect, "formal definition" but to answer as spontaneously as possible. On the other hand, sentence starters are already given to encourage the students to answer based on their previous knowledge and not to research in books or online. In this way, the data collected should provide a sample as realistic as possible of the students' concepts of congruence.

However, this procedure has the disadvantage that the students are not explicitly asked to reflect on their answers' precision and mathematical content. At the end of this paper, we will discuss how the methodological design can be optimized for this purpose in subsequent studies. In addition to the usefulness for research, the task also supports students' professionalization as it provides a starting point for them to reflect on their learning progress.

We used the activity in the winter semester of 2019/2020 (cycle 2) and the summer semester of 2020 (cycle 3) after the heterogeneity of prior knowledge of the concept of congruence became very apparent in the practical experiences in the summer semester of 2019 course (cycle 1). A total of 44 students' texts are available for analysis (cycle 2: n = 12, cycle 3: n = 32). We analyzed them using the method of structuring qualitative content analysis (QCA) (Kuckartz, 2018, p. 97) to describe typical concepts and (mis)conceptions of the concept of congruence.

SELECTED RESULTS OF THE QUALITATIVE CONTENT ANALYSIS

To develop an initial category system, we did an a-priori-analysis based on the summarized theoretical background described above to develop hypotheses on the student's possible answers. As it is not possible to present the QCA in all its details within this paper, we have decided on the following structure: In the subsequent subsections, sorted by the subtasks of the ePortfolio activity, we first present a summary of the a-priori analysis and then selected results of the QCA. The fully documented content analysis (including the complete system of categories) can be found at Hoffmann (2022, p. 212).

Congruence of Triangles

As mentioned, triangles are the central class of objects for congruence considerations in school mathematics. In this context, the congruence theorems have much greater importance than working with the actual definition of congruence. For this reason, we assume that most students define the congruence of triangles via congruence theorems and, conversely, almost no one chooses a definition using isometries (e.g., via "rotate, reflect, translate" or via "cover one triangle exactly with the other"). In fact, from a purely mathematical perspective, there is nothing wrong with using one of the congruence theorems as a definition for the congruence of triangles since all congruence theorems are equivalence statements. This means: If one uses one of the congruence theorems as a definition, the others can be concluded from it. As mentioned above, Hilbert also argues in this way. In the context of this study, however, it is essential to note that it does not automatically follow from the use of a congruence theorem when completing the sentence in this subtask that the person is aware that all other congruence theorems can be deduced from the chosen one. Mainly when students write down several congruence theorems simultaneously, this tends to indicate that they do not have a concept of a concise definition for triangular congruence. In addition, it can also be expected that some students will complete the definition mathematically incorrectly.

The analysis of the student responses confirmed these hypotheses. As expected, most students used one or more of the congruence theorems to complete the sentence (SSS, 26 codings; SAS, 22 codings; ASA, 17 codings; SsA, 10 codings). Most students who mention a congruence theorem refer to several congruence theorems (24 codings). Six students use exactly one congruence theorem. Furthermore, five students correctly define the congruence of triangles by the correspondence of all side lengths and all angles. Eight Students define the congruence of triangles via "exact covering" and/or a colloquial formulation referring to explicit geometric mappings (e.g., "rotate, reflect, translate"). 15 students give incorrect statements about the congruence of triangles. It becomes apparent that many students know the congruence theorems in principle but not their exact prerequisites (e.g., the position of the given sizes in relation to each other. This leads to the formulation of false congruence theorems for triangles. The following quotes from Romy and Jason are examples of the two most frequent mistake patterns in this category. Jason mentions the incorrect congruence theorem AAA. The problem with Romy's completion is more subtle: "Two triangles are congruent if […] one side and two angles are equal." Romy obviously aims at the congruence theorem ASA but does not consider that the two angles and the side must each be in the same position to each other; without this precondition, the statement is incorrect.

In summary, it can be stated that a reference to the congruence theorems characterizes a large part of the students' answers. Many students make correct statements about the congruence of triangles, but often no distinction is made between a congruence theorem and the definition of congruence for triangles; in some cases, this cannot be decided with the available data.

Congruence of Quadrilaterals

The congruence of quadrilaterals is a topic that is treated at most as an excursus in school mathematics, but in no case systematically. Therefore, it is not to be assumed that the students have substantial prior knowledge here. There are at least two plausible strategies for completing the sentence: On the one hand, students could try to generalize a congruence theorem for triangles; on the other hand, students could try to use a general, quadrilateral-unspecific congruence definition. Due to the dominance of the congruence theorems in mathematics lessons, we assume that the first approach will dominate. Because finding congruence theorems for quadrilaterals is not trivial, correct and incorrect formulations are expected in the congruence statements for quadrilaterals generalized from triangle congruence theorems. In addition, one has to consider the role of convexity as an essential precondition for the validity of certain congruence theorems. However, since non-convex quadrilaterals do not play a designated role in mathematics teaching, we do not expect students to consider this case when working on the task. Accordingly, we evaluate the correctness of the statements made assuming that it is only about convex quadrilaterals.

Based on the analysis results, it can be stated that, as expected, convexity was not mentioned by any of the students. Overall, the picture is more heterogeneous than in the case of triangular congruence. This is consistent with the a priori analysis. The heterogeneity may be a consequence of the fact that the students cannot use prior knowledge here but have to make independent mathematical considerations. As suspected, many students make congruence statements for quadrilaterals analogous to the congruence theorems for triangles. The correct congruence theorems for quadrilaterals mentioned by the students are SASAS (7 codings), ASASA (4 codings), and SSSSD (1 coding). The most frequently coded correct category for the congruence of quadrilaterals is the equality of the sizes of all corresponding angles and sides (11 codings). This is similar to the described congruence sentences in that congruence is also defined here via the specification of matching sizes. The difference is that no attempt is made (as is usual for a congruence theorem) to describe congruence by a minimal subset of these quantities. Furthermore, six students chose a formulation that refers to isometries and would be transferable to other figures.

However, incorrect congruence statements for quadrilaterals were found most frequently (19 codings). The mistake patterns are more diverse than the statements concerning the congruence of triangles. The inadmissible generalization of the congruence theorem SSS to SSSS occurs several times. The other incorrect statements on the congruence of quadrilaterals cannot be summarised under a common description.

Overall, the analysis results confirm that most students have no systematic prior knowledge about the congruence of quadrilaterals and seem to make their own considerations when answering the task. In addition, many students try to generalize their knowledge about congruence theorems to triangles, which only some of the students succeed in doing.

Congruence of Circles

The question of the congruence of circles is almost certainly new to nearly all students. Assuming again that most students associate congruence with the congruence theorems for triangles, a logical transfer of the idea of specifying sizes is to define two circles as congruent if they have the same radius, diameter, or circumference, for example.

The results of the analysis support this hypothesis. Practically all students succeeded in making a congruence statement for circles. Almost exclusively, the equality of the radii was used as a criterion (40 codings). Some students (11 codings) list several properties simultaneously (e.g., radius, diameter, circumference). For these students, it is plausible to assume that defining congruence (as required in the task) is not distinguished from stating congruence theorems (which must be proved based on a definition). This problem has also been identified with triangles.

Congruence of two Arbitrary Figures

In completing the fourth sentence, depending on how congruence was treated in one's school lessons, aspects from all the approaches to the concept of congruence identified in the textbook analysis can occur. These include the idea of "exact covering," the approach of "reflect, rotate, translate," the formulation of "same shape and size," as well as a reference to geometric constructions. In addition, a further generalization of the congruence theorems in the sense of "equality of the sizes of all corresponding angles and sides" is conceivable.

The results of the analysis confirm the hypotheses in the sense that all different approaches could be identified: Congruence as "exact covering" (17 codings), congruence as mappable by "reflect, rotate, translate" (10 codings), and congruence as "same shape and size" (9 codings). The "equality of the sizes of all corresponding angles and sides" also be coded (11 codings). Apparently, the students whose explanations were coded in this category, understand by "arbitrary figures" only n-gons since this approach does not work for curvilinear bounded figures.

Some students refer to the existence of a transferring congruence mapping or isometry. This is striking from the perspective of the school textbook analyses because isometries play only a minor role in German mathematics teaching at school. Two possible explanations are that the students are attending the course for the second time or have learned the terms in the context of a non-obligatory seminar. However, not all students who recur abstractly to the existence of a certain mapping succeed in correctly specifying the necessary properties of this mapping. (3 codings). Instead of the isometry property, only affine linearity, bijectivity, or equality of aspect ratios is formulated as a requirement.

Finally, we would like to present a result of the analysis that was not included in the conception of the study but was so striking in the analysis of the students' texts that it is briefly described here. Even though the assignment did not explicitly ask for a "formal definition", the lack of language precision in the statements of many students is worth mentioning. Often, it is clear to a reader who already knows the subject what is meant, but many formulations are problematic as a satisfactory mathematical statement, even or in particular for school students, because they contain unnecessary redundancies, are ambiguous, and/or lack necessary conditions.

DISCUSSION AND OUTLOOK

The qualitative study presented in this paper aims to gain insights into student teachers' knowledge about the concept of congruence, which must be considered as prerequisites for teaching geometry in a university course. Taking this previous knowledge not into account and teaching just on a university mathematical level is likely to perpetuate what Klein described as the second discontinuity. Previous school mathematical knowledge is expected to coexist with university mathematical knowledge instead of correcting and updating it. For researching this, we analyzed student work on an ePortfolio activity. The results presented in this paper have to be interpreted considering the research methodology's limitations. First, the results are not generalizable but show a spectrum of possible student perspectives. Furthermore, the task is designed so that the students are asked to answer as spontaneously as possible and without external support. This procedure has the disadvantage that it is not possible to ascertain whether the students, at a second glance, may correct their own statements. In particular, the observed mention of different congruence statements for a figure raises the question of whether these students have clear ideas about the difference between a definition of a concept and theorems about that concept. It would make sense to try a more elaborate research design in a subsequent course cycle. One is to send the students their own statements after a short time, e.g., via an activity in the elearning system, with the task to look at them again, reflect on their function as a definition, and, if necessary, revise them. With a view to the professional orientation of the event, it would be helpful here to let the students develop and compare both a definition at the university level and a definition at the school level.

A key result of our study is the confirmation of the hypotheses made in the a priori analysis: The study results confirm the strong connection between the concept of congruence and the congruence theorems for triangles in students' minds. This leads to congruence statements being linked to the goal of specifying the smallest possible set of geometric quantities from which congruence can already be inferred. In terms of the interface aspects, congruence is thus mainly used in terms of the aspect of quantities with identical sizes, while the aspect of mapping hardly plays a role in the students' minds. The concept of congruence, characterized by the aspect of quantities of identical size, can also be seen in the students' formulations of quadrilaterals and circles and, to some extent, even in arbitrary figures. More general prior knowledge beyond the congruence theorems is mainly preformal and not very systematic.

The results on the student formulations of the congruence of quadrilaterals were particularly interesting. Here, significant heterogeneity in the students' prerequisites on congruence became apparent in the fact that some students gave very differentiated correct congruence theorems for quadrilaterals, while others simply transferred the general informal definition of figure congruence (roughly: two quadrilaterals are congruent if one of them exactly covers the other) and still others produced incorrect congruence theorems, which, however, provide rich discussion opportunities for a deeper study of quadrilateral congruence. That is why quadrilateral congruence seems particularly suitable for reflecting on previous school experiences of congruence and for initiating a productive discussion of the topic. A corresponding interface activity was used later in the lecture (Hoffmann & Biehler, 2020, p. 344).

For the design research on the interface topic congruence, which we will report in a different paper, this study provides results on several levels: First of all, the learner perspective could be sharpened to the extent that the theoretically founded hypotheses were confirmed, according to which most students do not bring a precise content knowledge to the concept of congruence and, in further considerations, build on the congruence theorems for triangles and try to apply them to other contexts in terms of the aspect of quantities with identical size. In addition, the non-optimal or incorrect student formulations, in particular, provide rich opportunities for the construction of further learning opportunities on the concept of congruence, for example, by using them as the basis for a critical group discussion or a comparative written analysis.