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The total derivative is an essential concept in first-/second-year university mathematics many students struggle with. However, its concrete teaching and learning gained little attention in mathematics education research. We present an analysis of the meaning of the concept "total derivative" for multivariable functions, providing a "model of meaning" using a framework including several relevant contexts of interpretation. Then, we comparatively analyze three different German "Analysis II"-textbooks dealing with differentiation in the multidimensional case with respect to our model concerning their use of contexts of interpretation. We find variability on the semantic level, especially pertaining to geometric interpretations of the total derivative.

INTRODUCTION AND THEORETICAL BACKGROUND

While the teaching and learning of derivatives in the one-dimensional case at the school level have been studied for some years, studies focusing on differentiation concepts in the multidimensional case are scarce. [START_REF] Martínez-Planell | Multivariable calculus results in different countries[END_REF] give an overview of studies regarding the teaching and learning of multivariable calculus. Most of these studies focus on functions ℝ 2 → ℝ and especially on a geometric approach to concepts of derivatives. Additionally, [START_REF] Weber | Students' Ways of Thinking about Two-Variable Functions and Rate of Change in Space[END_REF] addresses the interpretation of the directional derivative as a local rate of change in space. However, extensive subjectmatter analyses of differentiability concepts in the multidimensional case are lacking but could provide suggestions for teaching in a way that might enrich students' concept images. We, therefore, want to address the total derivative comprehensively, analyzing its meaning in different contexts of interpretation which results in a "meaning model" for the total derivative, fusing and structuring parts of concept images shared by the mathematical community, and looking for these in several German textbooks. [START_REF] Hußmann | Specifying and Structuring Mathematical Topics[END_REF] formulate a framework for specifying and structuring mathematical topics to be learned. In particular, they differentiate between the formal and semantic level for a didactical analysis of a subject. The formal level includes the mathematical objects and phenomena in their formal presentation and logical structure, whereas the semantic level addresses the sense and meaning of a concept. The notion of "concept image" is often used to describe the meaning of a concept. [START_REF] Tall | Concept image and concept definition in mathematics with particular reference to limits and continuity[END_REF] define the concept image as "the total cognitive structure that is associated with the concept, which includes all the mental pictures and associated properties and processes " (p. 152). This includes verbal associations as well as non-verbal ones. In this article, we do not analyze an individual's concept image but rather describe parts of a comprehensive concept image for the total derivative, which can be seen as an attempt for a structured fusion of the mathematical community's concept images (similar to [START_REF] Zandieh | A theoretical framework for analyzing student understanding of the concept of derivative[END_REF] framework for the ℝ 1 -derivative), and analyze to which extent components of those are addressed in different textbooks. As [START_REF] Sierpinska | A Study of Relationships Between Theoretical Thinking and High Achievement in Linear Algebra[END_REF] point out, the meaning of a concept is based on its relations with other concepts. We, therefore, also discuss relationships of the total derivative to related concepts like directional derivatives and partial derivatives.

Building on analyses of the meaning of the derivative in the one-dimensional case [START_REF] Greefrath | Aspects and "Grundvorstellungen" of the Concepts of Derivative and Integral[END_REF][START_REF] Kendal | Tracing learning of three representations with the differentiation competency framework[END_REF][START_REF] Zandieh | A theoretical framework for analyzing student understanding of the concept of derivative[END_REF], we elaborated a framework for describing a comprehensive concept image for multivariable differentiation. It contains conceptually different definitions of the concepts (we call them "definition variants") and then provides several relevant contexts of interpretation. We identify the following relevant interpretive contexts: geometric, analytic-algebraic, approximation, and real-world models. The geometric context of interpretation is further subdivided into the abstract-geometric one, which deals with interpretations related to the graph of functions, and the real-geometric one, in which the abstract-geometric interpretations are transferred to the idea of hilly landscapes in the real world. The geometric context includes all interpretations in the Cartesian coordinate system, in relation to function graphs and the use of words such as "tangent" or -in the multi-dimensional context -tangent (hyper)planes, as well as all "classical" geometric terms such as straight lines and planes. In the analytic-algebraic context, inner-mathematical properties of the definition and the concept, motivations for the concept and relations to other concepts are dealt with that do not belong to other interpretive contexts. "Approximation" means that the derivative is used for a local approximation. Here, on the one hand, the derivative can be understood locally as a linear approximation for the difference of the values of the function at two (nearby) points. On the other hand, the derivative can be used in a local affine-linear approximation of the function. The interpretation in the "real-world model" includes the model-like application of the concept to real situations, for example in the context of a function ℝ → ℝ that represents the location dependent on time, the interpretation of the ℝ 1 -derivative as the instantaneous velocity.

We will apply our conceptual analysis to various textbooks. However, we are aware that textbooks represent only offers for student learning. Studying students' usage of these textbooks is another topic, but we hypothesize that the meaning of derivatives we will reconstruct will constrain students' learning.

RESEARCH QUESTIONS

1. Which interpretations (from the one-dimensional context and beyond) in the various contexts are valid for the total derivative, and how do relationships of the total derivative to related concepts (e. g., partial derivatives, directional derivatives) enrich interpretations of the total derivative on the semantic level?

2. Which interpretations of the total derivative and its relations with other concepts can be found in various textbooks used in German Analysis II courses?

We thus carried out a subject-matter analysis of the concept of the total derivative, including its relations to related concepts using the framework described above. To do so, we discussed possible interpretations for the total derivative in each of the identified contexts extensively. We present our results as a model of meaning -providing a suggestion for a shared concept image of the mathematical community that can be discussed -in the following section. Our model of meaning is comparable to reference models in ATD (cf. for example [START_REF] Wijayanti | Mathematical Practice in Textbooks Analysis: Praxeological Reference Models. The Case of Proportion[END_REF]), but we are not reconstructing praxeologies here. The model is then used for a textbook analysis of relevant books, for which we explain our method separately before showing results.

MODEL OF MEANING OF THE TOTAL DERIVATIVE

We can formulate various equivalent but conceptually different definitions of the total derivative (sometimes also called "derivative" or "(total) differential") on the formal level. There are two facets in which the definitions differ. On the one hand, the total derivative of a function 𝑓: ℝ 𝑛 → ℝ 𝑚 at a point 𝑥 0 can be either defined as a linear mapping ℝ 𝑛 → ℝ 𝑚 or as a matrix ∈ ℝ 𝑚×𝑛 . Matrices and linear mappings can be identified with each other since every linear mapping has a distinctive transformation matrix when ℝ 𝑛 and ℝ 𝑚 are equipped with the canonical basis. The other facet is the formulation of the defining property for total differentiability of a function. A possible definition is the following:

A function 𝑓: ℝ 𝑛 → ℝ 𝑚 is called totally differentiable at 𝑥 0 ∈ ℝ 𝑛 if a linear mapping 𝐴 𝑥 0 : ℝ 𝑛 → ℝ 𝑚 exists such that in a neighborhood of 𝑥 0 the following condition holds: 𝑓(𝑥 0 + ℎ) = 𝑓(𝑥 0 ) + 𝐴 𝑥 0 (ℎ) + 𝜑 𝑥 0 (ℎ), with 𝜑 𝑥 0 being a function that is defined in a neighborhood of 0 ∈ ℝ 𝑛 with values in ℝ 𝑚 and lim ℎ→0 𝜑 𝑥 0 (ℎ) ||ℎ|| = 0. If it exists, this linear mapping 𝐴 𝑥 0 is unique and is called the total derivative of 𝑓 at 𝑥 0 , written as 𝐷𝑓(𝑥 0 ).

Instead of introducing an "error function" 𝜑 𝑥 0 and thus needing two equations, the condition could also be written out in the limit:

lim ℎ→0 𝑓(𝑥 0 +ℎ)-𝑓(𝑥 0 )-𝐴 𝑥 0 (ℎ) ||ℎ|| = 0.
Another possibility is a definition explicitly using partial derivatives. We assume that 𝑓 is partially differentiable at 𝑥 0 . We can determine the Jacobian matrix 𝐽 𝑓 (𝑥 0 ) containing the partial derivatives. The function 𝑓 is called totally differentiable iff lim ℎ→0 𝑓(𝑥 0 +ℎ)-𝑓(𝑥 0 )-𝐽 𝑓 (𝑥 0 )⋅ℎ ||ℎ|| = 0. In this case, 𝐽 𝑓 (𝑥 0 ) is the total derivative represented as a matrix. The latter definition is a constructive one in the sense of [START_REF] Richenhagen | Von der reinen Mathematik zur Numerik[END_REF] while the former possibilities are relational-descriptive definitions in his sense, not telling how to compute the total derivative (which can be derived in a further step).

On the semantic level, we now take a look at the different contexts of interpretation, keeping relations with related concepts in mind.

Analytic-algebraic context: If a relational-descriptive definition is used, it must be shown that the total derivative of a given function at a point is unique. The question how to compute it remains open at first. While it can be done "by hand" by computing 𝑓(𝑥 0 + ℎ) -𝑓(𝑥 0 ) and finding the linear term, the connection to partial derivatives can also be used since it can be shown that total differentiability implies partial differentiability and the total derivative is given by the matrix whose components are the partial derivatives, which can be computed easily using techniques from the onedimensional case. It is important to note that the matrix containing the partial derivatives is not always the total derivative because this matrix can be computed when all partial derivatives exist which, however, does not automatically imply total differentiability. There are two possibilities to check this: showing that lim ℎ→0 𝑓(𝑥 0 +ℎ)-𝑓(𝑥 0 )-𝐽 𝑓 (𝑥 0 )⋅ℎ ||ℎ|| = 0 (necessary and sufficient condition) or that all partial derivatives are continuous (𝐶 1 -criterion, not necessary, but sufficient condition). These are applications of theorems that need to be proven on the formal level. The connection of the total derivative and directional derivatives makes it possible to interpret the total derivative at 𝑥 0 as the linear function that maps each vector 𝑣 ∈ ℝ 𝑛 to the local rate of change of 𝑓 at 𝑥 0 in the direction of 𝑣. For 𝑛 = 𝑚 = 1, the total derivative is the same as the usual ℝ 1 -derivative. However, the definition of the total derivative does not look similar to the usual definition of the ℝ 1 -derivative using the differential quotient. Like ℝ 1 -differentiability and in contrast to other differentiability concepts in ℝ 𝑛 , total differentiability of 𝑓 at 𝑥 0 implies continuity of 𝑓 at 𝑥 0 . If the total derivative of 𝑓 at 𝑥 0 is seen as a linear mapping ℎ ↦ 𝐷𝑓(𝑥 0 )(ℎ), it is clear that this function is always continuous (being a linear mapping between finite-dimensional vector spaces). A different question, however, is whether the function 𝑥 ↦ 𝐷𝑓(𝑥) is also continuous. This is not automatically the case, thus introducing the need for the term "continuously differentiable" which is equivalent to all partial derivatives being continuous. These distinctions can cause confusion for learners.

Approximation context: In the first definition shown, the total derivative is introduced as a linear mapping that can be used to approximate the course of the function 𝑓 near 𝑥 0 . This idea is furthered by the equation in the definition, resulting in the approximation 𝑓(𝑥 0 + ℎ) ≈ 𝑓(𝑥 0 ) + 𝐴 𝑥 0 (ℎ). The "roughly equal"-sign can be specified by the "error function" 𝜑 𝑥 0 . In the other definitions, the approximation interpretation is also already contained, but more hidden than in the first case, since here, the definitions do not contain an equation of the form 𝑓(𝑥 0 + ℎ) = ⋯. However, through the limit expression, it is also indicated here that the relative error made when writing 𝑓(𝑥 0 + ℎ) ≈ 𝑓(𝑥 0 ) + 𝐽 𝑓(𝑥 0 ) ⋅ ℎ is small.

Geometric context: Like the tangent in the one-dimensional case, the abstract geometric interpretation of the total derivative using a tangent plane does not follow directly from any of the definitions. Visualizing a tangent plane is only possible for 𝑛 = 2, 𝑚 = 1, but the wording is often used in other cases as well, generalizing the idea. The total derivative can be used to describe the tangent plane / tangent space as an 𝑛-dimensional affine subspace of ℝ 𝑛+𝑚 . This can be understood as the graph of the total derivative (shifted so that the point (𝑥 0 , 𝑓(𝑥 0 )) corresponds to the origin) if the total derivative is understood as a mapping. Using the definition variant "matrix of partial derivatives", the tangent plane / tangent space can be understood as the set {(ℎ, 𝑓(𝑥 0 ) + 𝐽 𝑓 (𝑥 0 ) ⋅ (ℎ -𝑥 0 )) |ℎ ∈ ℝ 𝑛 }, where the entries of the matrix correspond to the "slopes" of the tangent plane in the directions of the respective coordinate axes. If all directional derivatives exist, tangents to the graph exist in all directions. If the mapping that maps 𝑣 to the directional derivative 𝐷 𝑣 𝑓(𝑥 0 ) is linear, these tangents form a plane. That plane does not have to be a tangent plane to the graph of 𝑓 at 𝑥 0 . This geometric interpretation can help visualize that directional differentiability does not imply total differentiability, not even if additional linearity is given. The realgeometric interpretation is a transfer of this phenomenon to the three-dimensional visual space: If 𝑓: ℝ 2 → ℝ describes the height as a function of a point given by two coordinates, i.e., if its graph results in the relief map of a hilly area, then its total differentiability means that the corresponding hill appears locally like a plane (the tangent Another geometric interpretation of the total derivative 𝐷𝑓(𝑥 0 ) can be formulated using the composition of 𝑓 with a curve 𝛾: 𝐼 → 𝑈 ⊆ ℝ 𝑛 with 𝛾(0) = 𝑥 0 and 𝛾 ′ (0) = ℎ ∈ ℝ 𝑛 : The composed curve 𝛾 ̃= 𝑓 ∘ 𝛾 has then 𝛾 ̃(0) = 𝑓(𝑥 0 ) and 𝛾 ̃′(0) = 𝐷𝑓(𝑥 0 )(ℎ). This can be imagined as follows: If 𝑥 moves from 𝑥 0 with instantaneous velocity ℎ, then 𝑓(𝑥) moves from 𝑓(𝑥 0 ) with instantaneous velocity 𝐷𝑓(𝑥 0 )(ℎ). Using this curve 𝛾, we introduced a notion of time to illustrate the meaning of the total derivative. The directional derivative can then be seen as the particular case of this, with 𝛾 being a specific curve that is a straight line (𝛾(𝑡) = 𝑥 0 + 𝑡 ⋅ 𝑣).

Real-world model: In the multidimensional case, the "standard application" from the one-dimensional situation, instantaneous velocity, could only be used for one of the partial derivatives because there can only be one time dimension. There are many other applications for functions ℝ 𝑛 → ℝ 𝑚 . Suppose 𝑓 describes a real-world application, e. g. the temperature at each point of a room. In that case, the interpretation of a local rate of change can be used for the different components of the total derivative. The total derivative itself cannot be interpreted as "the local rate of change" in any way (only as the mapping that maps every direction to the local rate of change in this direction as described above). It can be used to approximate quantities in a small neighborhood, and the linear approximation itself can then be used for other applications, e. g. when the linearization of a vector field (for example, a force field) makes working with differential equations easier.

ANALYSIS OF TEXTBOOKS BASED ON THE MEANING MODEL OF THE TOTAL DERIVATIVE

Method for the textbook analysis

Textbooks are essential resources for students' learning. However, it is important to note that in mathematics lectures at German universities, there are usually no selected course books that are mandatory: The lectures typically stand on their own, and lecturers often recommend some textbooks for additional reading. In our analysis, we include three different "Analysis II" textbooks and call them "(F)" [START_REF] Forster | Analysis 2[END_REF], "(G)" [START_REF] Grieser | Analysis II. Skript zu den Vorlesungen an der Uni Oldenburg: Analysis IIa: Integralrechnung einer Variablen und Differentialgleichungen, Analysis IIb: Differentialrechnung mehrerer Veränderlicher[END_REF] and "(H)" [START_REF] Heuser | Lehrbuch der Analysis[END_REF]. Two of them, (F) and (H), are "standard textbooks" that lecturers regularly recommend to their students for additional reading. (G) is not yet a published textbook but a lecturer's script (published online and published as a book soon). We decided to include (G) even though it is not yet published as a book due to its particularly rich presentation of the topic with a focus on fostering understanding that we felt would enrich our sample. The script can be used like a textbook already because it can be found online. We are interested in mathematical intentions the textbooks [START_REF] Pepin | Mathematics textbooks and their use in English, French and German classrooms[END_REF]) and our analysis is "vertical" in the sense of [START_REF] Charalambous | A Comparative Analysis of the Addition and Subtraction of Fractions in Textbooks from Three Countries[END_REF] since we looked at the various interpretations of the total derivative in the relevant chapters using our meaning model as a comparison and coding scheme. We used [START_REF] Bowen | Document analysis as a qualitative research method[END_REF] approach to document analysis. At first, we selected the relevant chapters -those dealing with differentiation concepts in ℝ 𝑛 . We are interested in the introduction of the respective concepts and first theories about them. Therefore, we excluded the sections dealing with higher derivatives, Taylor's theorem, submanifolds, the implicit function theorem, etc. from our analysis. Then we divided the relevant chapters into small sections of meaning, e.g., definitions, theorems, examples, and accompanying text. We coded if and which interpretative context from our framework for the total derivative could be found for each section. Let the reader be reminded that in the analytic-algebraic context of interpretation, by our definition of this context in the framework, only comments on the semantic level (e. g., when it is explicitly stated that the relationship between total derivative and partial derivatives implies its uniqueness) are counted and not all properties that might be stated in theorems on the formal level. Since the analyticalgebraic interpretation contains many different possibilities, we work with several subcategories (see Table 1). In the geometric context, we differentiate between the notion of the tangent plane / tangent space and other geometric interpretations regarding the total derivative.

Results of the textbook analysis

In book (F), we identified 14 relevant pages. In sum, we found very few comments on the semantic level. The introduction of the chapter about the total derivative comments on the meaning of the total derivative on the analytic-algebraic and the approximation context:

"In this paragraph, we define the total differentiability of functions from open subsets of ℝ 𝑛 into ℝ 𝑚 as a certain approximability through linear mappings. In contrast to partial differentiability, one does not need to refer to the separate coordinates in the process; additionally, a totally differentiable function is automatically continuous." (Forster, 2008, p. 62, translated by the authors)

As can be seen from this excerpt, partial derivatives are defined before the total derivative is introduced. Total differentiability is then defined similarly to the first definition we stated above, but this is the only time the approximation interpretation is explicitly mentioned. In the analytic-algebraic context, it is explicitly remarked that the theorem stating that the transformation matrix of the total derivative contains the partial derivatives implies the uniqueness of the linear mapping and thus makes the definition of the total derivative possible. There are no geometric interpretations or interpretations in the real-world model for the total derivative (and not for partial derivatives, either), even though the chapter about partial derivatives starts with definitions and figures of level sets and contour lines.

In contrast, book (G) provides very rich interpretations. We found and analyzed 21 relevant pages. Concerning the analytic-algebraic context of interpretation: After the definition of the total derivative is stated, the question is asked whether an interpretation as a local rate of change as in the one-dimensional case is possible. In this book, partial derivatives and directional derivatives are not defined before the total derivative, and the desire to be able to compute the total derivative and interpret it as a local rate of change is presented as motivation for their respective definitions. The 𝐶 1criterion is introduced as an essential criterion for checking for total differentiability. The approximation context is mentioned as well: It is explicitly stated that total differentiability means that the change of function values depends "almost linearly" on the change of x-values. The idea is then used for a heuristic argument for proving the chain rule. The geometric idea of the tangent plane is found throughout the chapter.

The motivation for the total derivative is given by the idea of trying to generalize the idea of tangents for the ℝ 1 -derivative. The illustrative idea of a tangent plane is introduced early, later the tangent plane is defined as the graph of the total derivative. This idea is also taken up later in argumentations about the total differentiability of example functions. It is mentioned that the Jacobian matrix contains the "slopes" of the tangent plane, and the idea of tangent plane and tangents of curves is used to make the connection of total derivative and partial derivatives plausible in an illustrative way.

Another geometric interpretation of the total derivative, the idea of the transformation of a curve (described above), is also mentioned. Regarding the interpretation in realworld models, there is a section listing different real-world situations that could be modeled using functions ℝ 𝑛 → ℝ 𝑚 and the meaning of the total derivative in these contexts, e. g. the air pressure depending on the location (for which the meaning of the gradient -related to the total derivative -as the direction of strongest increase is thematized).

In book (H), we found and analyzed 33 relevant pages. Here, partial derivatives are defined first, then the change behaviour of 𝐶 1 -functions is addressed, and in the course of this, the approximating property of the total derivative is explained before the total derivative itself is defined. The motivation for looking at more than partial derivatives is the desire to analyze the change behavior of the function when change occurs in more than one direction. Like in book (F), the relationship between total derivative and partial derivatives is used to show the uniqueness of the total derivative on the analyticalgebraic level. Additionally, the 𝐶 1 -criterion is introduced as the most important criterion for total differentiability. The approximation interpretation is given explicitly: The total derivative is introduced using the idea of approximating a function with "especially easy," i.e., linear, functions, with reference to the theorem about approximation of 𝐶 1 -functions and explicitly mentioning that change in different directions should be possible (in contrast to partial derivatives). The tangent plane is not introduced. A geometric interpretation is only given for other differentiability concepts: the partial derivative as the slope of the tangent of a curve, the gradient as the direction of greatest ascent, etc. Real-world models are considered throughout the sections regarding partial derivatives, especially in exercises at the end of chapters (e. g. concerning fluid mechanics or oscillating strings). The idea of a function modeling temperature on a thin panel is used for motivating that partial derivatives are not enough. The approximating idea is also applied to real-world models in tasks for 𝐶 1functions, e. g. when propagation of uncertainty in a harmonic oscillator is addressed. These tasks are given before the total derivative is defined; after that, no explicit realapplications are presented. An overview of these results can be found in Table 1. An "x" indicates the interpretation was found in the book, "pd" in the abstract-geometric and real-world model contexts of interpretation means that the interpretation in this context for the total derivative was not in the book, but something similar for partial derivatives. 

Analytic-algebraic

DISCUSSION

We have worked out a variety of possible interpretations of the total derivative in the different contexts that we identified. We have also shown how the related concepts of partial derivatives and directional derivatives, as well as the relations with the ℝ 1derivative and the concept of continuity, enrich the meaning of the total derivative. This is a plea for Sierpinska et al.'s (2002) notion of a theoretical system instead of considering only isolated concept images for each concept. A comparison of our meaning model with different textbooks shows that not all textbooks mention each of the possible interpretations. Not surprisingly, there are differences between the three books. The approximation context of interpretation is mentioned at least briefly in all three books and in two of the books in more detail. The geometric context is not always discussed. While (G) emphasizes geometric interpretations, (F) does not mention these at all, and (H) only includes geometric interpretations of other differentiability concepts. This lack of focus on geometric interpretations, not only in textbooks but also in many lectures, makes it difficult to apply findings from studies mentioned by [START_REF] Martínez-Planell | Multivariable calculus results in different countries[END_REF] to German classes. In some but not all textbooks, real-world applications of the total derivative are given. Book (F) shows very few interpretations and mostly stayed on the formal level, not explicitly trying to further enrich the reader's concept image. Since (F) is a relatively thin book and only 14 pages regarding differentiability were identified, it was expected that this might show fewer contexts of interpretation than the other books. However, the number of pages addressing differentiability does not seem to be a reliable indicator for how rich the provided concept image is: At least in our case, we found fewer pages relevant but more different interpretations for the total derivative in (G) than in (H). Differing from Harel's (2021) findings when investigating six multivariable calculus books, none of the books in our study omitted the definition of the total derivative, and the idea of a tangent plane was not given in two of the books while it was important in all books in Harel's study. On the other hand, the idea of linear approximation was not as important in the books in Harel's investigation. These differences might illustrate a disparity between Calculus and German "Analysis" classes, usually more formal and abstract.

An analysis of three textbooks (which is a tiny sample) can only be the beginning of an analysis of the landscape of textbooks regarding differentiability concepts in the multidimensional case. It would be interesting to find prototypes of different textbook styles (first only regarding differentiability, but this could be extended to other subject areas, too). This would make recommendations for learners easier, knowing what style the different textbooks use. Important questions are what contexts are addressed and what is done to enrich readers' concept images. For lecturers, it might be a good idea to know which meaning of the total derivative in which contexts they want to convey and which textbooks go well with this. For example, if a lecturer focuses on tangent planes, working with a textbook that does not mention the abstract-geometric context of interpretation or the other way round might confuse learners. Further follow-up questions would be why lecturers address contexts of interpretation the way they do, how students work with the textbooks and what kinds of concept images evolve after working with these, and how these help or hinder them in their further studies.

Table 1 : Overview of interpretations of the total derivative found in the three textbooks
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