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INTRODUCTION TO THE THEMATIC WORKING GROUP

The thematic working group TWG2 on "Teaching and learning of analysis and calculus" continues the working groups on "Calculus and analysis" from the two previous INDRUM conferences (see [START_REF] Trigueros | Challenging issues in the teaching and learning of calculus and analysis[END_REF][START_REF] Vandebrouck | Task design in calculus and analysis[END_REF]. 24 authors and coauthors contributed nine papers and two posters to this working group at INDRUM2022. The research in this working group deepened our understanding of these classic topics in university mathematics education. The contributions were diversified in terms of the selection of specific concepts but also included more general aspects beyond the teaching and learning of a single concept. In addition, new aspects of more advanced topics from university-level calculus and analysis were investigated.

The thematically coherent nature of TWG2 allowed the contributors to discuss a diversified range of topics related to the teaching and learning of analysis and calculus at large. Accordingly, the research presented in this TWG focused on both the teaching and learning of specific mathematical topics or on more general questions dealing with the teaching and learning of courses related to calculus and analysis. Approximately half of the contributions focused on epistemological analyses and individuals' learning of central mathematical topics such as functions of one and several variables and their derivatives as well as integrals in calculus, real analysis, and complex analysis. About the other half of the contributions addressed more general questions related to courses in calculus, real analysis, and beyond. These contributions included lecturers' practices such as defining and enabling students' participation in proofs, the use of interactive tasks in instructional videos, the adaptation of paper and pencil activities to a dynamic geometry environment, and longitudinal effects of the Covid-19 pandemic on students' performances in examinations. Research in this thematic working group also included aspects of theoretical interest related to different frameworks such as the use of schemas in APOS theory, commognition for the study of lecturing and proof, and the relation between basic mental models (BMM) and "personal meanings."

Two sessions for the presentation of each of the paper and poster contributions were organized according to the main topics covered in the contributions. To initiate fruitful discussions for each paper, the presentation sessions were followed by thematically focused discussion sessions. Each group of authors and co-authors prepared a "reaction" to another paper, in which they summarized the central aspects related to the research questions, theoretical and methodological frameworks used and raised discussion with prompts to the authors. More open discussion sessions were held to identify larger strands of research questions and the need for further research in university mathematics education on the teaching and learning of analysis and calculus. The papers dealing mainly with instructional inquiry include the study by Umgelter and Geisler on lecturers' presentation of definitions. The authors propose and discuss a protocol with four categories to describe the presentation of definitions: motivation of concept, description of definition, giving examples and counterexamples, and mental or visual forms of representation. Then, they use this protocol to examine the mathematical exposition by two lecturers. In a poster, Karavi, Lipper, and Mali report on an investigation of lecturers' discursive actions that may assist students' participation in the university mathematical discourse. As an example, they discuss lecturers' discursive actions when presenting a proof (giving an idea on how to start the proof, sharing key ideas of the proof, and bringing means for emergence of the proof) as reflecting the governing metarule while proving, an idea of how to start is needed. Also dealing with instructional inquiry, Griffiths and Palau examine differences between online and face-to-face Calculus 3 courses. They compare the performances of two groups of students who took a face-to-face Calculus 2 course prior to the pandemic, one of which went on to take an online course and the other remained face-to-face. Griffiths and Palau compare the student groups' grade point averages of their midterm and final grades. Then, the authors also compare the students' performance in a subsequent face-to-face differential equations course. Their results show that the face-to-face students performed better. Finally, Krämer and Liebendörfer compare the performance of students who were presented with instructional videos without interruptions to those who had interactive tasks interspersed throughout the videos. They use the context of polynomial differentiation with the product and chain rules to examine students' flexibility in choosing one or the other technique. The comparison showed a weak advantage of the use of interactive tasks. This paper can also be considered to have a component of cognitive inquiry.

In one of two papers mainly dealing with epistemological inquiry, Hanke observes that the creation of vertical coherence between different mathematics courses can be problematic. He shows that the mean value interpretation for integrals of real-valued functions of one real variable does not generalize to the case of complex path integrals in an immediate way. He further supports his observations with an interview with a complex analysis lecturer. Lankeit and Biehler propose a "model of meanings" for the total differential of functions from ℝ ! to ℝ " . The model considers the contexts of analytic-algebraic, geometric, approximation, and real-world interpretations. The authors examine different definitions of the total differential and how the notion and related content could be developed. They also apply the model to analyze the meanings presented in three German textbooks on the subject.

Two papers may be considered as dealing with both epistemological and cognitive inquiries. In one of them, Kouropatov, Noah-Sella, Dreyfus, and Elias argue that there is a substantial difference between real analysis and calculus. According to the authors, calculus requires thinking within an extra-mathematical context, while analysis has an intra-mathematical origin, which leads to didactical challenges. They support this claim with an interview with a student. In the other paper, Dreyfus, Elias, Kouropatov, Noah-Sella, and Thompson argue that "basic mental models" (BMM) and "personal meanings" are different constructs and use the context of integration to contrast the differences. Using task-based interviews, they reconstruct the BMMs and personal meanings of three students related to integrals. The authors argue that personal meaning-making is a cognitive activity as opposed to the epistemological activity of structuring mathematical content and that the focus on personal meaning adds to the normative layer captured in BMMs on integrals. Furthermore, in their poster, Bouguerra and Ghedamsi combine a praxeological analysis of the presentation of the derivative in Tunisian textbooks with students' concept images at the entrance of university.

Finally, two papers were classified as mainly dealing with cognitive inquiry. In one of them, Trigueros, Martínez-Planell, and Borji use APOS theory to examine the construction of the differential calculus schema for two-variable functions. They explore the notions of schema components and the types of relations between schema components to give empirical evidence of this complex construction. In another paper, Trigueros, Orozco-Santiago, and Martínez-Planell adapt activities originally developed for a paper and pencil environment to teach basic ideas of two-variable functions in a GeoGebra environment. The authors use student interviews and students' written productions during the semester to show the potential of this approach. However, they also observe that student performance was not as good as that in the paper and pencil environment and discuss possible reasons. This last paper can also be considered to have a component of instructional inquiry.

FUTURE DIRECTIONS

Several directions for future research were identified during our group discussions. The distinction between calculus and analysis proposed by Kouropatov, Noah-Sella, Dreyfus, and Elias gave rise to some discussion as it seems to be more visible in some countries than in others. For example, in Germany, calculus roughly corresponds to parts of school-level analysis or to application-oriented and less proof-based courses for non-mathematicians. As another example, the paper by Lankeit and Biehler about the total differential of functions from ℝ ! to ℝ " could be considered to deal with analysis, while the one by Trigueros, Martínez-Planell, and Borji on the differential calculus of functions from ℝ # to ℝ $ might be considered to deal with calculus. Would the explicit discussion of this distinction help to better interpret and apply the results of these related papers? There is room here for further research.

There was also much discussion on BMMs and their relation to more cognitively oriented research, like in the paper by Dreyfus, Elias, Kouropatov, Noah-Sella, and Thompson. BMMs might be understood in different ways by different researchers, which might hinder researchers in embedding their own work in the body of literature. Other papers, like those of Hanke, and Lankeit and Biehler also gave rise to the discussion on BMMs. More research on the relation between BMMs and other concepts in mathematics education and epistemological analyses appears to be warranted.

The epistemological analysis of some papers invited reflection on its possible use as a foundation for further cognitive research. For example, from the point of view of the epistemological analysis by Lankeit and Biehler, we may ask whether the study of functions from ℝ # to ℝ $ as in the paper by Trigueros, Martínez-Planell, and Borji helps students generalize from few to higher dimensions. Some of the topics studied were new, mainly because they are more advanced and have rarely appeared in the research literature before. This invites further research on these topics such as complex analysis (Hanke) and the general multivariable function (Lankeit and Biehler).

Finally, the role of teachers and resources in the teaching and learning of calculus and analysis also invites further research, for example how to interweave face to face and online instruction? The contributions by Griffiths and Palau, Krämer and Liebendörfer, and Karavi, Lipper, and Mali are examples in this regard. There also remains the need to study how to interweave paper and pencil and technology; for example, Trigueros, Orozco Santiago, and Martínez-Planell show that this is not a straightforward endeavor.

Overall, this group presented a wide variety of novel and interesting issues that resulted in several productive discussions.
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