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This paper reports from a study that investigates the quality of advanced mathematics lectures, in particular regarding the presentation of definitions. We compare the presentation of definitions given in two real analysis courses by two different lecturers using a structured observation protocol. The results show, that both lecturers present formal concept definitions with great importance, but they perform differently regarding the motivation of concepts, giving of mental or visual forms of representation as well as giving of examples and counterexamples. Therefore, students might have developed different concept images. Furthermore, one of the lecturers might put different value on the presentation of different kinds of definitions.

INTRODUCTION

Advanced mathematics lectures are challenging for many students. Because of this, many students drop out from their mathematics study or change to another subject during their first year at the university [START_REF] Geisler | Early Dropout from University Mathematics: The Role of Students´ Attitudes towards Mathematics[END_REF]. Many researchers have questioned lectures as teaching format at universities (e.g., [START_REF] Fritze | Comparing lectures: effects of the technological context of a studio[END_REF]. Nevertheless, Fritze and Nordkvelle (2003, p. 328) say: "[T]he lecture survives, probably because it serves many functions not so well observed in the present research". However, according to Viirman (2014, p. 512), "programs and resources designed to help university mathematics teachers develop and improve their teaching are not informed by data on the teaching practices actually used in tertiary mathematics teaching". Indeed, we have found only a few studies concerning characteristics and the quality of mathematics lectures (e.g., [START_REF] Viirman | The functions of function discourse -university mathematics teaching from a commognitive standpoint[END_REF][START_REF] Viirman | University Mathematics Lecturing as Modelling Mathematical Discourse[END_REF][START_REF] Rach | Operationalisierung und empirische Erprobung von Qualitätskriterien für mathematische Lehrveranstaltungen in der Studieneingangsphase[END_REF]. Since lectures remain a dominant teaching format in advanced mathematics, more research analysing the quality of mathematics lectures especially concerning lectures in the challenging study entry phase is necessary.

In this paper, we present results of an observation study concerning the presentation of definitions in mathematics lectures supported by a structured observation protocol. In the following, we describe our conceptualization of quality and a theoretical framework for quality of mathematics teaching as well as previous research regarding the presentation of definitions in advanced mathematics lectures.

THEORETICAL PERSPECTIVE

Quality criteria for mathematics lectures

According to [START_REF] Kiendl-Wendner | Die Qualität der Hochschullehre und deren Messung[END_REF], university quality can be characterized according to the following features: forms including macro level (whole university or faculty) and micro level (single courses), and dimensions including process quality (clearly defined processes with standardized roles and procedures), result quality (achievement of the goals set) and structural quality (adequacy of resource allocation).

German and non-German undergraduate mathematics courses usually consist of lectures and tutorials (e.g., [START_REF] Pritchard | Lectures and transitions: from bottles to bonfires?[END_REF]. In our study we take a look at the microlevel-quality of mathematics lectures and investigate their process quality [START_REF] Kiendl-Wendner | Die Qualität der Hochschullehre und deren Messung[END_REF]. Viirman (2021, p. 467) describes lectures as "a teaching mode involving one teacher and a large group of students with communication mainly directed from the teacher to the students […]". Additionally, Bergsten (2007, p. 48) completes lecture as a "time scheduled oral presentation on a pre-announced topic […]". Because empirical research concerning the quality of mathematics lectures is scarce, we have found only two frameworks that describe process quality criteria of mathematics courses. The first framework is theory based and comes from [START_REF] Rach | Operationalisierung und empirische Erprobung von Qualitätskriterien für mathematische Lehrveranstaltungen in der Studieneingangsphase[END_REF] and includes two main categories: formal mathematics criteria that describe the presentation of definitions and theorems in lectures as well as presentation of solutions in tutorials, and general criteria (adapted from secondary school research (e.g., [START_REF] Clausen | Unterrichtsqualität auf der Basis hoch-inferenter Unterrichtsbeurteilungen: Ein Vergleich zwischen Deutschland und der deutschsprachigen Schweiz[END_REF]) such as learner orientation, cognitive activation, instructional efficiency as well as clarity and structure. Presentation of solutions in tutorials has no relevance for us because we do not take a look on the quality of tutorials.

The second framework is practice based and comes from [START_REF] Bergsten | Investigating Quality of Undergraduate Mathematics Lectures[END_REF]. It includes three main categories: mathematical exposition, general criteria and teacher immediacy. By teacher immediacy Bergsten summarizes personality and non-verbal behaviour of the lecturer such as facial expressions or gestures. These criteria have to be fulfilled for a high-quality mathematics lecture [START_REF] Bergsten | Investigating Quality of Undergraduate Mathematics Lectures[END_REF]. Both frameworks include categories regarding formal mathematics and general criteria. The main difference is the category regarding teacher immediacy in lectures in the framework from Bergsten. Moreover, Bergsten names the main categories of a quality lecture but he does not describe them in detail. We have built a synthesis based on both frameworks to describe the quality of mathematics lectures. Our framework regarding quality of mathematics lectures consists of three main categories: mathematical exposition, general criteria and teacher immediacy. The first main category contains actions that are specific and particular relevant in mathematics lectures like presentation of definitions or presentation of theorems and proofs. The second main category summarizes general criteria that can also be used in non-mathematical lectures such as learner orientation, cognitive activation, instructional efficiency as well as clarity and structure. The third and last main category calls teacher immediacy and it contains lecturer´s personality and his or her non-verbal behaviour.

Presentation of definitions in mathematics lectures

Definitions take an important place in mathematics lectures (e.g., [START_REF] Halverscheid | Studying math at the university: is dropout predictable?[END_REF] and are therefore also of major relevance for the quality of a mathematics lecture. In this paper we are going to present our findings concerning the presentation of definitions in mathematics lectures. Therefore, we use a theory of concept formation based on [START_REF] Tall | Concept image and concept definition in mathematics with particular reference to limits and continuity[END_REF]. They define two important terms: concept definition and concept image. Concept definition describes "a form of words used to specify that concept" (Tall & Vinner, 1981, p. 152). Concept image describes "the total cognitive structure that is associated with the concept, which includes all the mental pictures and associated properties and processes" (ibid, p. 152). According to [START_REF] Tall | Concept image and concept definition in mathematics with particular reference to limits and continuity[END_REF], students´ concept image can be in conflict with the concept definition. A major challenge for lecturers is to help students building correct concept images to get a full understanding of a concept definition. Moreover, [START_REF] Capaldi | What Definitions Are Your Students Learning? Problems[END_REF] distinguishes between formal/rigorous definitions that correspond to concept definition and informal/non-rigorous definitions that support students in building a concept image. Therefore, colloquial interpretations and visual characterizations [START_REF] Capaldi | What Definitions Are Your Students Learning? Problems[END_REF] have to be used in mathematics lectures to illustrate concepts. Fukawa-Connelly and Newton (2014) emphasize the importance of examples in mathematics lectures for development of a correct concept image and use the term from [START_REF] Mason | Mathematics as a constructive activity: Exploiting dimensions of possible variation[END_REF] called example space. Nevertheless, the example space is just one of the puzzle piecessuch as formal statement of definition, used language and motivation -to build a correct concept image [START_REF] Fukawa-Connelly | Analyzing the teaching of advanced mathematics courses via the enacted example space[END_REF]. Capaldi assumes that lecturers´ activities concerning presentation of definitions in mathematics lectures influence the development of students´ concept images: students could develop different concept images in courses given by different lecturers [START_REF] Capaldi | What Definitions Are Your Students Learning? Problems[END_REF]. Despite these arguments for the relevance of motivation for concepts, the use of examples and (visual) representations when presenting definitions, many scholars have stated that actually in many mathematics lectures only formal concept definitions are presented (e.g., [START_REF] Davis | The mathematical experience[END_REF]. However, these perspectives were only rarely informed by empirical data. Empirical studies that rely on actual lecture observations draw a less clear picture: Fukawa-Connelly et al. (2017, p. 577) observed 11 advanced mathematics lecture courses and concluded that "Instructors present informal content, including examples, informal representations, […] during their advanced mathematics lectures, at least some of the time." Viirman´s (2014) qualitative study concerning quality of mathematics lectures is based on observations of seven different mathematics lecture courses by different lecturers each. He found out that there are construction routines lecturers use in their mathematics lectures like definition construction, example or counter-example construction and topic-specific constructions [START_REF] Viirman | The functions of function discourse -university mathematics teaching from a commognitive standpoint[END_REF]. Moreover, he identified five different types of definition construction: stipulation (definition based on a reminder), exemplar (definition given according to the example), contrasting (definition given according to examples that differed in an important aspect), saming (definition based on crucial property of examples) and naming (definition based on naming of already constructed mathematical objects) (ibid.). A quantitative study regarding the quality of mathematics lectures from Rach et al. ( 2016) is based on observations and structured coding of a real analysis lecture course by one lecturer. The evaluation of data shows that the lecturer of this mathematics lecture course put value on a correct definition of concepts but he almost does not take time to motivate them [START_REF] Rach | Operationalisierung und empirische Erprobung von Qualitätskriterien für mathematische Lehrveranstaltungen in der Studieneingangsphase[END_REF]. Moreover, his usage of examples and counterexamples as well as usage of mental or visual forms of representation is limited (ibid.).

THE PRESENT STUDY

Research question

The empirical research regarding the characteristics of advanced mathematics lectures is rare, particularly there is not enough empirical research "based on observations of actual lecturing" (Viirman, 2021, p. 467). Previous studies have collected data about mathematics lecturing either through observation of only one lecture or several lectures covering different topics without using of a structured instrument. Our goal is to use a structured observation protocol to enable comparisons of mathematics lectures. In this study we investigate how lecturers present definitions in their courses. In particular we want to answer the following research question:

In which way is it possible to identify differences in the presentation of definitions in advanced mathematics lectures given by two different lecturers and which differences can be found?

Methodology

First of all, we took a look at the study regulations in linear algebra and real analysis -as the courses students usually take during their first year -from several universities in Germany. It turned out that the themes in real analysis are quite similar across different universities. For this reason, we have decided to observe lectures in real analysis, in particular those sessions covering the topics sequences and series.

Next, we decided to observe the lectures with a standardized observation protocol to make our investigation systematic and enable comparisons between different real analysis courses. As afore mentioned, [START_REF] Rach | Operationalisierung und empirische Erprobung von Qualitätskriterien für mathematische Lehrveranstaltungen in der Studieneingangsphase[END_REF] have already researched on the quality of mathematics lecturing at universities and developed a standardized observation protocol. This observation protocol is based on [START_REF] Tall | Concept image and concept definition in mathematics with particular reference to limits and continuity[END_REF] framework concerning definitions. We have merely adapted it slightly for our research.

The standardized observation protocol uses four categories to describe the presentation of definitions: (1) Motivation of concept (introduction of a concept), (2) Description of definition (presenting of a formal definition), ( 3) Giving examples and counterexamples, and (4) Mental or visual forms of representation. Each category can be evaluated in four grades: presented well, presented, presented poorly, and not presented. We assigned the grades the numbers 1, 2, 3, and 4 accordingly. There is an example (see Figure 1) how the category (4) Mental or visual forms of representation must be coded. We have coded all four categories for presentation of definitions. For this paper, we have observed two lecture courses in real analysis (we call them Lecture A and Lecture B) by two different lecturers from a large German public research university. These lecture courses are aimed at pure mathematics students and upper secondary pre-service teachers. We coded only lectures covering the topics sequences and series. Both lecture courses were previously video-recorded. For this The category is coded:

• When the concept is visualized by a graphic representation.

• When mental images are used.

• When misconceptions are mentioned that can be found for this concept.

Coding note: It is important to assess whether the representation is suitable for communicating the intended (desired) train of thought.

• 1 -presented well Various visual representations or mental images are used.

The connection to the formal definition of the concept must be drawn. • 2 -presented Visual and mental representations are used sensibly. The connection to the formal definition is not drawn. • 3 -presented poorly Visual representations are used, but they do not illustrate the concept to be explained or have mathematical weaknesses. Or mental representations are mentioned, but explained in a misleading manner or with mathematical weaknesses. • 4 -not presented No visual representations and no mental representations are addressed.

reason, we have had a good opportunity to stop or to repeat the recordings and to make some notes. Lecture B started often with the repetition of the last definition from the previous lecture. We did not code repeated definitions because these repetitions mainly served as memory aid and were presented less elaborated than in the first occurrence. Moreover, to be sure that our measuring instrument is reliable, we asked another German researcher to code one lecture by each lecturer. In order to check the interrater reliability we calculated the Spearman correlation coefficient between both codings. The corelation of ρ=0.53, indicates a medium but sufficient correlation between our coding of both lectures and the coding of the second coder.

RESULTS

After coding definitions, we analysed which definitions were presented in both lectures. We noticed that there are some similar definitions in the Lecture A and Lecture B and built two groups: primary definitions (are presented in both lectures), and secondary definitions (are presented in only one lecture).

Lecturer A presented only primary definitions in his lecture course. Lecturer B presented primary definitions as well as secondary definitions. 4) are spread on average between presented well and presented badly. We compared the results for presentation of primary definitions by Lecturer A and Lecturer B using the Wilcoxon test, revealing that the differences concerning Motivation of concept are only weakly significant (p<0.1) and those regarding Mental or visual forms of representation are significant (p<0.05); differences in the other categories are not significant. Below we present an example of encoding a primary definition of absolute convergence given by both lecturers in order to illustrate the aforementioned differences concerning the presentation of definitions between both lectures.

Before giving a formal definition of absolute convergence, Lecturer A tried to motivate it. He emphasized the importance of a new tool to decide whether a series is converging and he gave a review of previous definitions concerning convergence of sequences. However, Lecturer A did not mention what the criterion of absolute convergence of series is useful for and how it can be used in the future. Moreover, he did not show the connection between convergent sequences and convergent series. According to our observation protocol, we evaluated Motivation of concept as 2presented. The given formal definition of absolute convergence was mathematically correct and we evaluated Description of definition as 1 -presented well. Only one example (exponential series) was given, so Giving examples and counterexamples was evaluated as 3 -presented poorly. Lecturer A did not use any forms of informal representation so Mental or visual forms of representation was evaluated as 4 -not presented.

Lecturer B used another way to present a definition of absolute convergence than Lecturer A. First of all, he presented with regard to the alternating harmonic series a theorem concerning limit depending on the arrangement of the elements of a series. Furthermore, he explained how the alternating harmonic series can get different limits when rearranging the elements using a sketch. He mentioned, that these series could not fulfil many properties of finite sums such as associative property. Thereby, he motivated the importance of absolute convergent series. Next, Lecturer B gave the mathematically correct formal definition of absolute convergence as well as an example (geometric series) and a counterexample (alternating harmonic series). Moreover, he described the connection between convergence and absolute convergence: every absolute convergent series is also convergent, but not every convergent series is also absolute convergent. There are some limitations in our study. The sample of our study consists of only two different lecture courses. To be able to see more effects concerning quality of mathematics lectures, a larger sample is necessary. In addition, the correlation between our coding and coding of the second coder is only medium. Because of this, we will revise the observation protocol prior to further investigations. This concerns first of all the category Giving of examples and counterexamples. According to the observation protocol, examples as well as counterexamples must be presented to each given definition in the lecture in order to be coded as presented well. But we have the opinion, that not every definition must be supported by counterexamples. We will adapt the observation protocol accordingly. Nevertheless, the use of a structured observation protocol enabled a structured observation of mathematics lectures and a first comparison of their quality regarding the presentation of definitions. We could identify differences in the presentation of primary definitions by both lecturers as well as presentation of primary and secondary definitions by Lecturer B. The next step of our study is to extend our observation protocol to general criteria and teacher immediacy. Future studies should help to generate a more holistic picture of quality of mathematics lectures at German universities. The results of future studies should help us identifying possible connections between the quality of mathematics lectures and performance of students in their mathematics programs. Moreover, it would be relevant to analyse whether the quality of mathematics lectures influences students´ decision to drop out from their mathematics programs.
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 1 Figure 1. Observation protocol for the category Mental or visual forms of representation[START_REF] Rach | Operationalisierung und empirische Erprobung von Qualitätskriterien für mathematische Lehrveranstaltungen in der Studieneingangsphase[END_REF] 

Table 1 . Comparison of the observed lectures (means and standard deviations of the coded categories)

 1 This means, all formal definitions presented in lecture courses were presented mathematically correct. Giving examples and counterexamples was by both lecturers rather presented than poorly presented. Moreover, standard derivation shows that categories (1) and (4) are spread by Lecturer A on average between presented well and not presented, category (3) is spread between presented well and presented badly. It is different for Lecturer B: category (1) is spread between presented well and presented, categories (3) and (
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shows arithmetic means (M) and standard derivations (SD) for above-named categories of definitions. The values in columns Lecture A and Lecture B primary include only primary definitions presented by Lecturer A and Lecturer B in their lecture courses, Lecture B secondary includes secondary definitions presented by Lecturer B in his lecture courses.

First, we compare the characteristics of definitions in Lecture A and Lecture B primary. Arithmetic means suggest that the quality of Motivation of concept and using of Mental or visual forms of representations by Lecturer B was better than by Lecturer A. Both lecturers presented well the Description of definitions.

  Therefore, we evaluated Motivation of concept, Description of definition, Giving examples and counterexamples and Mental or visual forms of representation as 1 -presented well.Second, we take a look at secondary definitions presented by Lecturer B. Arithmetic means for categories (1), (3) and (4) in Lecturer B secondary are between presented and presented badly and point to the mediocre quality of presenting definitions in this lecture. Compared to Lecture B primary we can see that the quality of secondary definitions based on categories (1) and (4) is lower. Standard derivation of these categories shows that they are spread on average between presented well and not presented. Category (2) is always presented well. We compared the results for presentation of primary definitions and secondary definitions by Lecturer B using the Mann-Whitney-U-Test. According to the results, only the difference regarding Motivation of concept is weakly significant (p<0.1) while the differences in other categories are not significant.Comparing the results from Lecture B primary and Lecture B secondary, we can see that Lecturer B pays more attention to the categories Motivation of concept and Mental or visual forms of representation and Giving examples and counterexamples concerning primary definitions than secondary definitions. The arithmetic means for the category Description of definition in both cases is the same. Therefore, secondary definitions were correctly presented as well as primary definitions. The category Giving examples and counterexamples is by both lecturers midrange. Moreover, there are differences in the presentation of primary and secondary definitions by Lecturer B regarding Motivation of concept, Giving examples and counterexamples as well as Mental or visual forms of representation. These categories achieve worse arithmetic means concerning secondary definitions. It seems that Lecturer B puts more value on presentation of primary definitions then on presentation of secondary definitions.Students might have developed different concept images in the course of Lecturer B then the course of Lecturer A concerning primary definitions and maybe could visualize the concepts better. This assumption applies also to primary and secondary definitions presented by Lecturer B. Because of worser values for categories (1), (2) and (4), students might have developed different concept images concerning secondary definitions than primary definitions presented by Lecturer B. Summarizing, students taught by different lecturers probably develop different concept images even if they attend a lecture in the same university and have the same study regulations. A study that investigates the quality of presentation of definitions in lectures and the actual developed concept images by students could confirm these assumptions.

CONCLUSION AND DISCUSSION

Lecturer A and Lecturer B attach great importance to Description of definitions but they deal with Motivation of concept and Mental or visual forms of representation differently. Considering primary definitions, Lecturer B achieves better arithmetic means in these categories than Lecturer B.