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Actor-Critic learning for mean-field control in continuous time

Noufel FRIKHA* Maximilien GERMAINT  Mathieu LAURIERE?
Huyén PHAMS  Xuanye SONGY

March 12, 2023

Abstract

We study policy gradient for mean-field control in continuous time in a reinforcement
learning setting. By considering randomised policies with entropy regularisation, we derive
a gradient expectation representation of the value function, which is amenable to actor-
critic type algorithms, where the value functions and the policies are learnt alternately
based on observation samples of the state and model-free estimation of the population
state distribution, either by offline or online learning. In the linear-quadratic mean-field
framework, we obtain an exact parametrisation of the actor and critic functions defined
on the Wasserstein space. Finally, we illustrate the results of our algorithms with some
numerical experiments on concrete examples.

Keywords: Mean-field control, reinforcement learning, policy gradient, linear-quadratic, actor-

critic algorithms.

1 Introduction

Mean-field control (MFC in short), also called McKean-Viasov (MKV in short) control problem
is concerned with the study of large population models of interacting agents who are cooperative
and act for collective welfare according to a center of decision (or social planner). It has
attracted a growing interest over the last years with the emergence of mean-field game, and
there is now a large literature on the theory and its various applications in economics/finance,
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population dynamics, social sciences and herd behavior. We refer to the seminal two-volume
monograph [4]-[5] for a detailed treatment of the topic.

Mean-field control problems lead to infinite dimensional problems in the Wasserstein space
of probability measures, and analytical solutions are rarely available. It is then crucial to
design efficient numerical schemes for solving such problems, and in the past few years,
several works have proposed numerical methods in a model-based setting based either on
forward-backward SDE characterisation of MKV from Pontryagin maximum principle, or
Master Bellman equation from dynamic programming, and often relying on suitable class of
neural networks, see e.g. [7], [16], [17], [21], |27], [25].

The question of learning solutions to MFC in a model-free setting, i.e. when the environment
(model coefficients) is unknown, has recently attracted attention, see [8, 9], [18], [1], and this is
precisely the purpose of Reinforcement learning (RL): learn optimal control by trial and error,
i.e., repeatedly try policy, observe the state, receive and evaluate the reward, and improve the
policy. There are two main approaches in RL: (i) Q-learning based on dynamic programming,
and (ii) Policy gradient based on parametrisation of policies, and a key feature in RL is the
exploration of the unknown environment to broaden search space, which can be achieved via
randomised policies. RL is a very active branch of machine learning and we refer to the second
edition of the monograph [29] for an overview of this field.

Most algorithms in RL are limited to discrete-time frameworks for Markov decision processes
(MDP) or mean-field MDP, and the study of RL in continuous time has been recently initiated
in [30], [23], [24] for controlled diffusion processes. In line with these works, we provide in
this paper a theoretical treatment of policy gradient methods for MFC in continuous time
and state/action space by relying on stochastic calculus that has been recently developed
for MKV equations. Our main theoretical result is to obtain a policy gradient representation
for value function with randomised parametric policies and entropy regularisers for encouraging
exploration. Based on this representation, we design model-free actor critic algorithms involving
either the whole trajectories of the state (off-line learning), or the current and next state (online
learning). In the mean-field context, a key issue is to handle the population state distribution,
which is an input of the policy (actor) and value function (critic), and instead of assuming
that we have at disposal a simulator of the state distribution as in [8], we estimate it in a
model-free manner as in [I], which is more suitable for real-world applications. We next study
the linear quadratic (LQ) case for which we derive explicit solutions, and this can be used for
proposing an exact parametrisation of the critic and actor functions that is incorporated in
stochastic gradient when updating the policies and value functions. The explicit solutions in
the LQ setting are served as benchmarks for the numerical results of our algorithms in two
examples.

The rest of the paper is organized as follows. In Section [2| we formulate the mean-field
control problem in continuous-time with randomised policies and entropy regularisers, and state



the partial differential equation (PDE) characterisation of the value function in the Wasserstein
space. We develop in Section [3] policy gradient methods by establishing a policy gradient
representation, and its implication for actor-critic algorithms. Section [ is devoted to the
linear-quadratic setting, and we present in Section [5] numerical results on two examples to
illustrate the accuracy of our algorithms. Finally, proofs of the policy gradient theorem are
detailed in Appendix [A] while the derivation of the explicit solution in the LQ case is shown

in Appendix

Notations. The scalar product between two vectors x and y is denoted by x -y, and | - | is
the Euclidian norm. Given two matrices M = (M;;) and N = (N;;), we denote by M : N =
Te(MT™N) = >, ; M;;N;; its inner product, and by |M| the Frobenius norm of M. Here 7 is
the transpose matrice operator. Let M = (M ,i,) € R%*92Xd he a tensor of order 3. For p
= 1,2,3, the p-mode product of M with a vector b = (b;) € R%/ is denoted by M e, b, and it
is a tensor of order 2, i.e. a matrix defined elementwise as

d1 d2
(M o b 1213 = Z lezgngzla (M (P b)nz;; - Z lezgngzza (M o3 b 7,112 Z Mz11223
i1=1 ia=1 ig=1

The p-mode product of a 3-th order tensor M € R4 *%Xds with a matrix B = (Bij) € R»xd,
also denoted by M e, B, is a 3-th order tensor defined elementwise as

(M o] B Z M’leg’bg 014y (M (P B z Wi Z MZ11213 iol

111 190=1

&213

(M 03 B)ijiy0 = Z M iniz Bige-

i3=1

Finally, the tensor contraction (or partial trace) of a 3-th order tensor M € R%*42Xds whose
dimensions d,, and d, are equal is denoted as Tr, M. This tensor contraction is a tensor of
order 1, i.e. a vector, defined elementwise as

d1 dl
(TripM), = > Muiy, (TrigM), = > My, (TroagM), ZMW
(=1 /=1

2 Exploratory formulation of mean-field control

Let us consider a mean-field control problem where the R%valued controlled state process X
= X“ is governed by the dynamics

dXs = b(Xs, Px,,as)ds + o(Xs, Px,, a5)dWs, >0, (2.1)



with W a standard p-dimensional Brownian motion on a probability space (€2, F,P) equipped
with the filtration F = (F;)¢>0 generated by W, and augmented with a o-algebra G rich enough
to support a uniformly distributed random variable independent of W. The control a = ()¢
is an F-progressively measurable process with ay; representing the action of the agent at time
t, and valued in the action space A C RY. Here, Py, denotes the marginal law of X;, P2(R?) is
the Wasserstein space of probability measures p with a finite second order moment, i.e., Ma (1)

= ( J ]:x\z,u(da?))% < 00, equipped with the Wasserstein distance W, and the coefficient b
(resp. o) is a measurable function from R? x Py(R%) x A into R? (resp. R*P).

Throughout the paper, we make the standard Lipschitz assumptions on the coefficients b
and o to ensure the existence and uniqueness of a strong solution to the stochastic differential
equation (SDE in short) (2.1)) given any initial condition ¢ with law p € Py(R?).

The objective of a mean-field control problem on finite horizon T' < oo, is to minimize over
the control a an expected total cost of the form

T
E[/ e P (X, Px,, a5)ds + e PTg(Xp, Px,)|.
0

Here f is a running cost function defined on RY x Py(R%) x A, while g is a terminal cost function
on RY x Py(R?), and B € R is a given discount factor. In a model-based setting, i.e., when
the coefficients b, o, and the functions f, g are known, the solution to MFC control problem
can be characterised by a forward backward SDE arising from the maximum principle (see
[3], or by a Master Bellman equation arsing from dynamic programming principle (see [26]).
Moreover, the optimisation over F-progressively measurable process « (open-loop control), or
feedback (also called closed-loop) controls «, i.e., in the form oy = w(t, X¢,Px,), 0 <t < T, for
some deterministic policy 7, i.e., a measurable function 7 : [0, 7] x R? x Py(R?) — A, yields
the same value function.

In a model-free reinforcement learning (RL) setting, when the coefficients are unknown,
the agent can only rely on observation samples of state and reward in order to learn the
optimal strategy. This is achieved by trial and error where the agent tries a policy, receive and
evaluate the reward and then improve performance by repeating this procedure. A critical issue
in reinforcement learning when the environment is unknown, is exploration in order to broaden
search space, and a key and now common idea is to use randomised (or stochastic) policies: in
a mean-field setting, this is defined by a probability transition kernel from [0, 7] x R% x Py (R%)
into A, i.e., a measurable function 7 : (¢, 2, ) € [0,T] x R? x Po(RY) = 7(.|t,z, 1) € P(A),
the set of probability measures on A. We then say that the process a = (ay); is a randomised
feedback control generated from a stochastic policy 7, denoted by « ~ 7, if at each time ¢, the
action oy is sampled from the probability distribution 7(.|t, X;, Px,). Note that the sampling
is drawn at each time from the o-algebra G rich enough to support a uniformly distributed
random variable independent of W. More precisely, it is defined as follows: given a probability
transition kernel 7, one can associate a measurable function ¢, : [0,7] x R? x Py(R%) x [0, 1]



— A such that the law of ¢ (¢, z, p, U) is w(.|t, x, ) where U is an uniform random variable on
[0,1]. We would then naturally define the control process by ay = ¢ (¢, Xy, Px,, Uy), 0 <t < T,
for a collection of G-measurable i.i.d. uniform random variables (U);, but this raises some
measurability issues as (t,w) + U;(w) is not jointly measurable in the usual product space
([0, 7] x Q, By ® G, dt @ P). To cope these issues, one can use the notion of Fubini extension,
see [28]. We consider an atomless probability space ([0, 7], T, p) extending the usual Lebesgue
measure interval space ([0, T, By 7y, dt), and a rich Fubini extension ([0,7] x Q,TX G, pXP)
of the product space ([0,7] x Q, T ® G,p ® P). Then, from Theorem 1 in [2§], there exists a
T X G-measurable map U : [0,7] x Q@ — [0, 1] such that the random variables U; = U(t,.) are
essentially pairwise independent, and uniformly distributed on [0, 1]. Denote by F the filtration
generated by (W, U), and consider the controlled process governed by

dX, = b(X,,Px.,a5)ds + o(Xs, Px., ag)dW, (2.2)

where a; = ¢ (t, X¢, Px,, Ur) ~ 7(.|t, X3, Px,), 0 <t < T, is F-progressively measurable. Here,
to alleviate notations, we write p(dt) = dt.

Moreover, in order to encourage exploration of randomised policies, we shall substract
entropy regularisers to the cost term, as adopted in the recent works by [30], [20], by considering
the Shannon differential entropy defined as

E(rtlta) = = [ logplt.,pa)m(alt,z, ),

by assuming that = (.|t,z, u) admits a density p(t,z, u,.) with respect to some measure v on

A. The goal of the social planner is now to minimise over randomised policies 7 the cost

T
J(7) = Eanr| /O e [F(Xa P, 0) = AE(m (|3, X, Px,)) Jds + e Tg(Xr, Px,) | (2.3)

where A > 0 is a temperature parameter on exploration. Here, the notation in E,~[.] means
that the expectation operator is taken when the randomised feedback control « is generated
from the stochastic policy 7, and X = X is driven by the dynamics ([2.2)).

Let us now introduce the dynamic Markovian version of the above mean-field problem.
Given a stochastic policy 7, an initial time-state-distribution triple (t,z,u) € [0,T] x R% x
Po(RY), and € € L?(F;; RY) (the set of square-integrable Fy-measurable random variables valued
in RY) with distribution law p (€ ~ p), we consider the decoupled state processes { X%, ¢ <
s < T} and {Xﬁ’m’é,t < s < T} given by

S S
ng = 5 + / b(X£7E7PX7§’f7a7‘)dT+ / G(X7E7E7PX7{v§7aT) dWT?
s "o (2.4)
Xbor = g 4 /t b(Xﬁ’I’“,IP’Xﬁ,g, o, )dr + /t J(Xﬁ’z’“,IP’Xﬁ,g, a)dW,, t<s<T,



where « is a randomised feedback control generated from m, i.e., oy is sampled at each time
s from ﬂ(.\s,Xﬁ’x’“,th,g) (here, to alleviate notations, we omit the dependence of X*¢ and
XbTh in o ~ 7). We make the standard Lipschitz regularity assumptions on the coefficients
b and o to ensure the existence and uniqueness of a strong solution to given any initial
condition ¢, £, z. By weak uniqueness, it follows that the law of the process (Xé’é) selt,T] given
by the unique solution to the first SDE in only depends upon ¢ through its law p. It thus
makes sense to consider (IP’X?E) se[t,7] @s a function of p without specifying the choice of the
random variable £ that has p as distribution. In particular, for any 0 <t < s <T'| the random
variable X5"# depends on £ only through its law u. As a consequence, we can define the cost
value function of the stochastic policy 7 as the function defined on [0, 7] x R% x Py (RY) by

T
V() = Eanr | / e PO [F(XE P yre, an) = AE (m( |3, XP™ P o)) ds

+ e—ﬁ(T—t)g(X%ac,M7 PX;g)} ) (2.5)

Since X;,g,g = Xﬁ’f a.s., the initial cost value in when starting from some initial random
state £ € L2(G;RY) with law y is equal to J(7) = Ee, [V(0,€, )]

We complete this section by characterizing the cost value function V™, for a given stochastic
policy m, in terms of a linear parabolic partial differential equation (PDE) of mean-field type
stated in the strip [0,7] x R? x Py(R?). We first introduce the coefficients associated to the
dynamics and the value function, given a stochastic policy 7, namely

br(t,z,p) = /b(x,u,a)ﬂ(da\t,x,u), Yotz p) = /(UJT)(x,u,a)ﬂ(dat,x,u),
A A
fw(twrau) = Af(xauaa)ﬂ(da‘tax?ﬂ)> Eﬁ(t,ZL’,ILL) = _/Alogp(tvxmuaa)ﬂ(da’t7x>ﬂ)a

and let o, := 271/2.

Before presenting the regularity assumptions, we introduce some notations regarding the
Wasserstein derivative (also called L-derivative) of a real-valued smooth map U defined on
P2(R?). We follow the common practice of denoting by d,U(u)(v) € R? the Wasserstein
derivative of U with respect p evaluated at (u,v) € Po(R?) x R?. Its ith coordinate is denoted
by 9,U(u)(v). We will also work with higher order derivatives. For a positive integer n, a
multi-index A of {1,--- ,d}, a n-tuple of multi-indices v = (71, -+ ,7n) of {1,--- ,d} and v =
(v1,--- ,vp) € (RD™ we denote by 8;)U(,u)(v) the derivative 82” [ [aﬁlU(u)](vl) o] (vp). If
v — 93U (p)(v) is smooth, we write 8393U (1) (v) for the derivative 97 - - - 9} 93U (1) (v).

V1 w
We will often deal with maps that depend on additional time and space variables. In

particular, we will work with the two spaces C*2(R? x Py(RY)) and CH22([0, T] x R? x Py(R?))
and refer the reader to [4] Chapter 5 for more details.



Having these notations at hand, we make the following regularity assumptions on the
coefficients b, o, the cost functions f,¢ and the Shannon differential entropy F,.. Below,
7:[0,T] x RY x Py(RY) — P(A) is a fixed stochastic policy.

Assumption 2.1 (i) Foranyh € {b, o i=1,,dj=1,-- , D}, the following derivatives
azh(t,ﬂf,ﬂ)a agh(tamnu)’ 8,uh(tax>:u)(v)¢ 3v[8uh(t»33,ﬂ)](v)7

exist for any (t,z,v,p) € [0,T] x (R)? x Po(RY), are bounded and locally Lipschitz
continuous with respect to x, p,v uniformly in t € [0,T]|. Moreover, h(t,.) is at most of
linear growth, uniformly in t € [0,T], namely, there exists C' < oo such that for all t,z, p

[(t, @, p)] < C(1+ || + Ma(p))-

(i6) For any t € (0.7, folt,.), Ex(t, ), g € C22(RY x Py(RY)).
(i4i) There exists some constant C' < oo, such that for any (t,z,v, u) € [0, T] x (R%)? x P2(R?),
| fr(t, 2, )| + | Ex(t,z, )] + |g(a, p)] < C(L+ o] + Ma(r)),

02 fr(t, 2, )| + [On Er (t, 2, )| + [0xg(z, p)| < C(1 + [2] + Ma(p)9),
10 fr (s 2, 1) (V)| 4+ [Op Er (t, 2, 1) (V)] + |Opg (e, 1) (v)] < C(1+ 2] + |v| + Ma(p2)?),

100 [0 fr (t, 2, )] (V)| H107 fr (t, 2, )] + 100 (04 B (t, 2, )] (0)] + |07 Ex (t, 2, 1)
+ 10009 (. 1)) (0)] + [0Z9(x, )| < C(L+ Ma(n)?),

for some g > 0.

Remark 2.1 [t is readily seen from the integral form of by, Xr, fr, Er that if for any a € A,
the functions (z, u) — b(x, u,a),o(x, p,a), f(x, p,a) and the density (z, u) — p(t, x, 1, a) of the
probability measure (dalt, z, u) are smooth with derivatives satisfying some adequate estimates
then Assumption 2.1 is satisfied. In particular, this will be the case when the coefficients b,
o are linear functions and f together with g are quadratic functions of the variables of x,
fRd zu(dz) and a and if p is a Gaussian density with a smooth mean and a time-dependent
covariance-matriz as in the linear quadratic framework, see Section [}

We now have the following PDE characterisation of the cost value function V7.

Proposition 2.1 Under Assumptz’on the function V™ defined by (2.5)) belongs to C122(]0, T]x
RY x Py(R%)) and satisfies the following linear parabolic PDE

LoVt 2, 0) + (fr = AEz)(t 2, 0) = 0, (t,2, ) € [0,T) x R x Pa(RY), (2.6)



with the terminal condition V™ (T, z,u) = g(x, u), where L is the operator defined by

1
Lrlol(t,w, ) = —Bp(t,z, 1)+ Opp(t,z, 1) + br(t, x, p) - Dap(t, z, 1) + §Ew(t, z, 1)« D2o(t, x, )
1
+ Beny | bn(t & 1) - Ouip(t, 2, 1) () + 5B (8,6 1) uOpp(t, 2, 1) (€) |-

Remark 2.2 In particular, the above result indicates that provided the coefficients by, >r, the
functions fr, Er and the terminal condition g are smooth with derivatives satisfying some
appropriate estimates, the solution V™ to the Kolmogorov PDE is smooth. In this sense,
it preserves the regularity of the terminal condition.

Howewver, one can weaken the regularity assumption on the terminal condition (and actually
of the coefficients themselves) by benefiting from the smoothness of the underlying fundamental
solution (or the transition density of the associated stochastic process) under some additional
non-degeneracy assumption. We refer e.g. to [13], [12], [11] in the uniformly elliptic diffusion
setting and to [15] in the case of non-degenerate stable driven SDE.

Proof. See Appendix O

3 Policy gradient method

We now consider a parametric family of randomised policies my, with densities py, 0 € ©, ©
being a non-empty open subset of R, for some positive integer D, and denote by J(6) =
J(my) the associated cost function, viewed as a function of the parameters 6, recalling that J is
defined by (2.3). The principle of policy gradient method is to minimize over 6 the function J(6)
by stochastic gradient descent algorithm. In our RL setting, we aim to derive a probabilistic
representation of the gradient function VyJ(#) that does not involve model coefficients b, o, but
only observation samples of state Xy, state distribution Px,, and rewards f; := f(X¢, Px,, a¢),
gr = g(X7,Px,) when taking decision a ~ mp.

3.1 Policy gradient representation

We make the following assumptions on the parametric family of randomised policy and coefficients.

Assumption 3.1 (i) For any h € {bim,af;g, 1oy Erg, 9,0 = 1,---,d,j = 1,---,p}, any
multi-indices o, B, A of {1,---,d} such that 0 < |a|] < 2,0 < |B| <1, X being of length
n, 0 < n <2, any n-tuple of multi-indices v = (y1,-+ ,Yn) with 0 < |y1|+- -+ || < 2,
denoting by hg(t,x, 1) the value of h at (6,t,x, 1), the following derivatives
0y 053030 ho (t, w, 1) (v), 0305 OFOho (b, ) (v), OFOFOF 0ot w, 1) (v), D3 030,05 ho(t,, 1) (v),
030200 ho(t, o, 1)(v), 070050y ho(t, , 1) (v), OF IR0, OS (¢, , 1) (v), 0 Oy DN O hg(t, x, 1) (v

Mox
0y 0N ho(t,x, 1) (v), DY, O Onho(t, x, 1) (v), O DS, Ophe(t, , 1) (v), 0y DS Y s ho (t, x, 1) (v

xz v

)

—_ —

)
)

)



exist for any (t,0,x,v, 1) € [0,T] x © x (R x Py(R?) and are locally Lipschitz
continuous with respect to 0, z, p, v uniformly in t € |0, T]ﬂ Moreover, if h = bﬁre or oz,
the aforementioned derivatives of order greater or equal to one are bounded.

(ii) The estimates of Assumption (z'z'i) are satisfied for the family of policies {my,0 € O},
locally uniformly in 0, i.e. for any 0 € IKC, K being any compact subset of ©. Additionally,
there exists some constant C < oo, such that for any h € {fr,,Ex,}, any (t,p,x) €
[0,T] x Po(R?) x R, any v = (v1,v2) € (RY)?2, any 6 € K, K being any compact subset
of ©, any multi-index X, |\| = 2, any multi-index A\ = (A1, \2) of {1,---,d}, any couple
of multi-indices v = (vy1,72)

|Doho(t,z, )] < C(L+ |zf? + Ma(u)?),

1090sho(t, x, )| +10xg(z, )| < C(1+ || + Ma(p)?),
|898uh9(t,x,u)(v1)|+\6“81h9(t,1:,u)(vl)|+|8u6xg(x,y)(vl)\ < C(1+|$|+|U1|—|—M2(M)q),

10900, Ouho(t, @, 1) (v1)| + 9602 ho (t, 2, )| + 10,02 ho(t, 2, 1) (v1)| + |03 Opho(t, , 1) (v))]
+ 100,09 (@, 1) (v1)| + 029 (@, )| + 83 8p9(t, 2, 1) ()] < C(1+ Ma(n)?),

for some g > 0.

As shown in Appendix , Assumption guarantees that the derivatives (¢,0, x, p, v) —
D00 Vo(t,x, 1), 0pVo(t,z, 1), Og0sVa(t,x, 1), 90, Vo(t,z, n)(v), 0p02Vo(t, x, 1), 9p0y,0, Vo (t, z, 1) (v),
where Vy(t, z, n) := V™ (t, x, ) defined by with 7 = 7y, exist, are continuous and satisfy
suitable growth conditions.

We then let VyJ(0) = E[Gy(0,&, n)] where Gy(t, z, ) := Vo Vo(t, z, ). The main result of
this section provides a probabilistic representation of the gradient function Gyg.

Theorem 3.1 Suppose that Assumption[3.1 holds. Assume moreover that for any t,z, u, a, the
map © 3 0 — py(t,z, u,a) is differentiable with a derivative satisfying the following estimates:
for some constant C < co and some q > 0, for any (t,z, ) € [0,T] x R? x Po(R?) and any
compact subset K C ©.

/ sup{|Vopo(t, , 1, a)|([b(z, 1, a)| + [(00)" (, 11, a)]
A ek

+ [f (2, a)| + [log(po(t, 2, 1, a))|) yv(da) < oo,

(3.1)

#Hence, according to Clairaut’s theorem, these partial derivatives are equal.



and

/A!Ve log(pe(t,z, 11, a))|*|o(x, 1, a)|? po(t, @, p, @) v(da) < C(1+ [z|? + Ma(n)?). (3.2)

Then, it holds

T
Go(t,z, p) = anm{/t e Py, logpg(s,Xﬁ’x’“,PX?g,as){dV(;(s,Xg’x’“,]P’Xé,g) (3.3)

A Pyre, o) + Mog po(s, XETH,P i, ) = BV(s, X024, P )] ds |

T
[ IH (5, X P s

for any (t,z,1,0) € [0,T] x R? x Py(R?) x © and & ~ p, where Hy is the operator defined by

HG [90] (t7 €z, N) = ]Eﬁw,u [VGbG' (t7 §7 N)Taﬂw(u €z, :u) (5) (34)

+ %tl’lg (ngg(t, 5, M) o 31;3#90(75» €, M)(g))] )

and we set bo(t,x, i) = [, b(x, p, a) mg(dalt,z, 1), Lo(t,z, 1) = [,(007)(z, 1, a)mg(dalt, z, ).
i

Here VgYy = (%ETZ)@M € R¥*IXD s g tensor of order 3, and we used the product tensor
notations e1 recalled in the introduction.

Remark 3.1 (On the martingale property of the policy gradient) The representation
in Theorem [3.1] also means that the process

s
{e—ﬁ(s—t) G9(87 X§7x7ua ]P)Xzé) + / e_B(T_t) V@ 10gp9 (7", X7€7I7M7 Pxﬁvﬁa Oér){dVQ (7", X£7$7M7 PX;}&)
t

+ [FXE™ P e, ap) + Alog po(r, X7 Pyve, ar) = BV(r, X Pyve)]dr |

+/t efﬁ(T*t)Hg[VQ](r, Xﬁ»wy/’l"]P)Xﬁ’g)d’l", t S S S T}

s a martingale, for any given a ~ my.

Proof. See Appendix ad

In the next section, we show how the probabilistic representation formula of the gradient
function Gy provided by Theorem can be used to design two actor-critic algorithms for
learning optimal cost function and randomised policy by relying on samples of the actions,
states and state distributions.
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3.2 Actor-critic Algorithms

Actor-critic (AC) methods combine policy gradient (PG) and performance evaluation (PE).
Compared to most existing works on RL for mean-field problems, mainly based on @-learning
(see e.g. 8], [14], [I8]) we do not assume that the agent (the social planner) has at disposal a
simulator for the state distribution, but instead will estimate the distribution of the population
from the observation of the state of the representative player and by updating the distribution
along repeated episodes. More precisely, for each episode i = 1,2,..., N, from the observation
of the state Xtik of a representative player i at time t;, we update the state distribution
according to

Hy = (1= Py + pisx; (3.5)

where (pk); is a sequence of learning parameters in (0,1), e.g. pk = 1/i. It is expected from
the propagation of chaos, that when the number of episodes N goes to infinity, ,ufz converge
to the limiting distribution P X, of the population. Notice that a similar estimation procedure
was recently proposed in [I] in the context of a MFC control problem in discrete time with
finite state and action spaces over an infinite horizon.

In addition to the family of randomised policies (¢, x, u) — mp(dalt, z, u) = pg(t, z, p)v(da),
with parameter 6, we are given a family of functions (¢, z, u) > J7(t, z, i) on [0, T]x R¢x Py (R%),
with parameter 7, aiming to approximate the optimal cost value function. AC algorithm is then
updating alternately the two parameters to find the optimal pair (6*,7*), hence determining
the approximate optimal randomised policy and the associated cost value function. On the
one hand, the loss function in the PE step for learning J”, for fixed policy my, is based on the
martingale formulation of the process

t
{eiﬁtJn(ta thhuJP)XtS) +/(; 67,31“ [f(Xf”uJP)XSaa’I‘) + Alogp@(ra Xf’#JPXS?a?")] dr, 0 <t < T}a

and on the other hand, the objective (here a cost) function in the PG step for learning 7y, for
fixed J7, is based on the martingale formulation of the process

t
{e_BtGQ(t7 th#ta Pxf) + / e_BTVG 10gp9(r7 X;‘C?M’ Pxfa a'r) [d(]ﬁ(n ijuv Pxf) (36>
0
T+ (FX Py, ar) + Nogpy(r, XEH, e, ar) = BI7(r, X, Py )dr|
+ HolI(r, Xf’“,ng)dTa 0<t< T}.

Here, we denote X*# = X%# (resp. X¢ = X¢) when the initial time of the flow is ¢ =
0. We emphasise that these loss functions are minimised by training samples of the state
trajectories X}’ 0’5, actions a ~ my, estimation u; of ]P’th according to , and observation of
the associated running and terminal costs.

11



We first develop AC algorithms in the offline setting where all state trajectories are sampled.
In this case, given 6, the proposed loss function for the PE step is

T
LPE(n) = Ea~7re|:/0 ‘eiﬁ(Tit)g(XTapXT)

Zdt} ,

T
+ / e PO (X, Px,, ) + Aogpg(r, X, Px, , )] dr — J(t, Xy, Px,)
t

which leads, after time discretisation of [0, 7] on the grid {t;, = kAt,k = 0,...,n}, and by
applying stochastic gradient descent (SGD) with learning rate pg, to the following update rule:

n—1
n < ’I’/—|—pEZ< B(n k g +Z E k At f +Alngg(tg,th,,utz,Oltl)]At
k=0

— (1, th,utk))VnJ”(tk, X, pir, ) A,

where we set f;, = f(XtL,,]P’XtE,atZ), as the output running cost at time t,, for an input state
Xy, action oy, £ = 0,...,n — 1, and gr = g(X7,Px,) the terminal cost for an input Xr.
Given 7, the learning in the PG step relies on the gradient representation , and (after time
discretisation) leads to the update rule

0 <« 06— pcG,

n—1

with é@ - Z eiﬁtk v@ 10gp9 (tk) tha /'Ltk,y atk) |:J77 (tk+17 th+1 ) Mtk+1) - Jn (tka th ) Mtk)
k=0

+ (ft;c + )‘lngﬁ(tk7th.7,U/tka atk) - ﬁJn(tka thvutk))At} + %G[Jn](tku thvutk)At‘

The pseudo-code is described in Algorithm [T}

12



Algorithm 1: Offline actor-critic mean-field algorithm

Input data: Number of episodes N, number of mesh time-grid n (<> time step At =
T /n), learning rates pfg, pr, pé for the state distribution, PE and PG estimation, and
function of the number of episodes i. Parameter A for entropy regularisation.
Functional forms J7 of cost value function, pg of density policies.

Initialisation: p,: state distribution on R? for k = 0,..., N, parameters 7, 6.

for each episodei = 1,...,N do
Initialise state Xg ~ pg

for k=0,...,n—1do

Update state distribution: py, (1 — pl)pe, + pgdxtk

Generate action o, ~ o (.|tk, Xz, , fit,)

Observe (e.g. by environment simulator) state X, ., and cost fy,

If k = n — 1, update terminal state distribution: p, < (1 — ps)ps, + psox,,
and observe terminal cost gy,

kE+—Ek+1
end
Compute
n—1 n—1
AT] = (e_ﬁ(n_k)Atgtn + Z e—ﬂ(f—k)At [ft(g + A Ingg (tg) tha Mtg) atz)] At
k=0 l=k
- Jn(t/fa tha M%)) vﬁ‘]n(tka th ) Mtk)At
n—1
G@ = Ze_ﬂtkve IOgPG(tk7thaMtk,atk) [Jn(tk+17th+17//th+1) - Jn(tkvthnutk)
k=0

+ (ftk + )‘Inge(tk,tha Kty atk) - BJn(tkatha.utk))At} + H@[Jn](tkathmutk)At‘

Critic Update: n < 0+ piA,; Actor Update: 6 « 0 — pi,Gy
end
Return: J7, my

We next develop AC algorithm for online setting where only past sample trajectory is
available, and so the parameters (6,7n) are updated in real-time incrementally. In this case,
given a policy my, we consider at each time step tx, k = 0,...,n — 1, a loss function for PE
given by

LiE(U) = anﬂ'g[

Jn(tk+17 th+1 ) ]P)th+1 ) - Jn(tk7 th ) Pth )

2
+ (f(th7]P)th7atk) + )\Ingg(tk,th,Pth,Oztk) - BJn(tkatha]P)th))At‘ ]

Concerning PG, we note that when 6 is an optimal parameter, we should have Gy = 0.
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Therefore, from the martingale condition in (3.6)), this suggests to find # such that at any
time t, k=0,...,n—1

anﬂg {VO logpe(tka th ) ]P)th ) atk) [Jn(tk’+l7 th+1 ) IP)th+1 ) - Jn(tka th ) Pth)

+ (f(th7]Pth 9 atk) + )\logpg(tk, thaPth ) O[tk) - ﬂ‘]n(tka th,Pth ))At] + HQ [Jn} (tka thu Mtk)At}
=0.

The pseudo-code is described in Algorithm

Algorithm 2: Online actor-critic mean-field algorithm

Input data: Number of episodes N, number of mesh time-grid n (<> time step At =
T /n), learning rates pfg, P, pg for the state distribution, PE and PG estimation, and
function of the number of episodes 7. Parameter A for entropy regularisation.
Functional forms J7 of cost value function, py of density policies.

Initialisation: fy, : state distribution on R?, for k = 0,...,n, parameters 7, 6.

for each episode i = 1,..., N do
Initialise state Xg ~ pg

for k=0,...,n—1do
Update state distribution: g, < (1 — pg),utk + pfgdx%
Generate action o, ~ mo(.|tr, Xz, , fit,)
Observe (e.g. by environment simulator) state Xy, and cost fi,
If k = n — 1, update terminal state distribution: g, , <

(1= ps)pty + P50x,,,, » and observe terminal cost gy,
Compute

Op = JMthr1, Xey oo Htgyr) — I (ks Xy s 1ty

+( fer + ANogpo(te, Xey, piay, ) — BIN(te, Xoy, ey, )) At
A, = 5,7V,7J77(tk,th, Lt
Ay on Vo logpy(t, Xty,, pity,, ) + Ho[I"] (L, Xty ey, ) AL,

with the constraint that when k = n — 1, J"(tgy1, Xoy s ftyry) = Gty -
Critic Update: n < n + piA,; Actor Update: 6 + 6 — pL,Ag
k+—k+1
end

end
Return: J7, my

Remark 3.2 (About the choice of actor and critic parametric functions) In the Actor-
critic algorithms, we have to specify a parametric family of randomised policies wy, and a
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parametric family of critic functions J7. In general, for critic functions, one can consider
cylindrical neural network functions in the form

Ttz p) = U(t,z, < o, u>),  (ta,p) €[0,T] x RY x Py(RY), (3.7)

where U is a feedforward neural network from [0,T] x R? x R¥ into R, and ¢ is another
feedforward neural network from R into R¥ (called latent space), and we use the notation
< ¢, p > = [ P(x)p(dz). The set of parameters n is the union of the parameter sets for the
two neural networks ¥ and . This choice is motivated by the density property of the set of
cylindrical functions, i.e. functions in the form with continuous functions ¥ and @, with
respect to continuous functions on [0,T] x R% x Py(RY) as shown in [19], and the universal
approzimation property of feedforward neural networks on finite-dimensional space, see [22)].
Concerning the policies, notice that when the temperature parameter for exploration X\ is
zero, the optimal policy is of pure (non randomised) feedback form as a function of (t,z, ).
When XA > 0, the optimal policy is in general truly randomised, and the larger is A, the larger
1s the exploration in the sense that the variance of the randomised policy increases. We can
then take for the parametric family of randomised policies, for example Gaussian distributions:

mo(.ftyz, ) = N(m(t,z, @); 9(N)),

where m is a cylindrical neural network function on [0, T] x R? x Py(R?) valued in A C R™, and
9(.) is a given symmetric matriz-valued function, nondecreasing w.r.t. X\, with 9(\) positive-
definite for A > 0, and ¥(0) = 0.

In some particular mean-field models, we may know a priori the structural form of the
optimal value function and optimal randomised policy, and this suggests alternately some
specific form for the parametric family of actor and critic functions. This is typically the
case of the linear quadratic model, as presented in the next section.

Remark 3.3 The above actor-critic algorithms involve the computation of the term Hgo[J"]
at each time ti, and along the observed state Xy, and estimated state distribution py, . This
additional term, compared to the actor-critic algorithms designed in [24)] for standard stochastic
control without mean-field interaction, involves the operator Hg defined in . In the separable
form case, namely when the coefficients of the mean-field process are in the form

b, ,a) = bla,p) + Cla), (00" (@, ma) = S(a,u) + Fla),
where C' and F are known functions from A into R?, resp. R4 we notice that
Vobo(t,z, ;) = VoCo(t,x,u), with Cy(t,z,p) = /C(a)ﬂg(daﬁ,x,u),

veze(tv'xvﬂ') = VGFQ(t7x7M)7 with F@(taxvu) = /F(a)ﬂ-e(da“vxau)?
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are known functions, and consequently also the function Hg[J"]. Another important case where
the term Hg[J"] is a known computable function is given in the linear quadratic framework as
presented in the next section.

4 The linear quadratic case

We focus on the important class of MFC control problem with linear state dynamics and
quadratic reward, namely

b(z,p,a) = Bx+ Bji+ Ca, o(x,pu,a) = v+ Dz + Dji+ Fa,
flz,p,a) = 27Qx + Qi +a"Na +2a" Iz +2a"Iji +2M.x + 2H.a, (4.1)
g(z,u) = 2"Px + p"Pp+ 2Lz,

for (z,u,a) € R% x Py(R?) x R™, where we denote by i = [zu(dx), B, B, D, D are constant
matrices in R¥¢, O, F are constant matrices in R¥*™, ~ is a constant in R%, N is a symmetric
matrix in S, I, I e R™¥4 Q, Q, P, P are symmetric matrices in S¢, with Q >0, P > 0, M,
L eRY HeR™.

In this case, the optimal value function to this LQ MFC problem with entropy regularisation
when minimizing over randomised controls a functional cost as in , is given by

o(t,e, ) = (@ — B)K ()@ — i) + ATA(D)f +2Y (£).x + R(D),

where K (valued in §%), A (valued in S$%), Y valued in R? and R valued in R, are solutions
to a system of ordinary differential equations on [0,7] given in (B.1)). Moreover, the optimal
randomised control is of feedback form with Gaussian distribution:

w () = N80 U@+ W) - U@+ 00): 250,

2

where

St) = N+ F'Kt)F, O() = H+CY(t)+ F'K(t)y
Ut) = I+C"K(t)+ FTK({t)D,  W(t) = I+1+CTA(t) + FTK(t)(D + D).
This is an extension of the mean-field LQ control without entropy and control randomization,

and the proof that adapts arguments in [2] is reported in Appendix

In a RL setting, the coefficients of the LQ model are unknown, thus K, A, Y, and R
cannot be solved from the system of ODEs, and S, O, U, and W are also unknown. We shall
then employ our RL algorithms to solve the LQ problem in a model-free setting. In view of
the above structure of the optimal value function and randomised policy, we parametrise the
cost value function by

Itz ) = (z— @) K"(t)(x — i) + BTAN ) + 2Y (). + RI(t), (4.2)
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for some parametric functions K7, A", Y, R" on [0, T], with parameters n € RP. On the other
hand, we parametrise the randomised policies by

([t @, 1) = N(9(8)x + o5 (t)i + #5(t); =°(1)), (4.3)

for some parametric functions qﬁf, ¢g, ¢g, »% on [0, T], with parameter 6 € RY.

The parametric functions K7, A7, Y R" and gb?,gbg,gbg,ﬁle, could be in general neural
networks on [0,7], but depending on the examples, we could take more specific forms, as
discussed in the next section.

For parametrisation of the cost value function and randomised policies as in , ,
we see that

9"tz p)(2') = —2K"(t)(x — i) + 2Anf, and so 88, J"(t, z, p)(2') = 0,
Vobg(t,z, 1) = CVodi(t) &2+ CVed5(t) @2 [i + CVpdi(t)

and then
HolI")(t,z, 1) = 2[(Vodl(t) + Vooi(t)) &2 i + Vodih(1)]"CT( — K"(t)(x — 1) + A"f),

which only involves, up to the knowledge of C', known functions of (¢, x, u). Notice also that
when gb? = —qﬁg, and gbg = 0 (see below the example of mean-field systemic risk), then Hy[J"]
= 0.

5 Numerical examples

5.1 Example 1: mean-field systemic risk
We consider a mean-field model of systemic risk introduced in [6]. This fits into a LQ MFC
with
B=-B>0,C=1,v>0,D=D=F=0
I=-1>0,Q+Q=0, N:%, M=H=L=0,P+P=0,

and @ > 2I%. We also take Xo ~ N(0,1). In this case, the solution to the system of ODEs
(B.1)) yields the analytic expression:

B \/Zsmh(\/»( t)) + (B + 2I 4 2P) cosh(v/A(T — t))
K@) = [B 2l \F\/Zcosh(\/x( —t)) + (B + 2I + 2P) sinh(VA(T — t))] ’
R(t) = ”22 In [ cosh(VA(T — 1)) + B*ffgﬂ) sinh(VA(T — 1))] — 722(3 1) (T — 1)
—)\(T2_t) log(27\)
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with VA = /(B +2I)2 +2Q — 412, and A = Y = 0, while the optimal randomised policy is
given by
F(tz, ) = N(o@t)(z—R);A), with ¢(t) = —2(K(t) +1I).
In view of these expressions, we shall use critic function as
Itz n) = K't)(x—p)* + R(1),
for some parametric functions K" and R" on [0, 7] with parameters 7, and actor functions as
mo(lte ) = N(@ ()@ — )N,

la — ¢ (t)(z — )|
2 ’

1
ie. logpy(t,z,pu,a) = —§log(27r)\)—

for some parametric function ¢? on [0, T] with parameter 6. As shown in Section , we notice
that He[J7] = 0.

We shall test with two choices of parametric functions:

1. Exact parametrisation:

. 1 sinh(n1 (T'—t))+n2 cosh(n1 (T'—t))
K'(t) = —3 [773 - lcosh(nll(T—t))+7722 sinh(ni(T—t))]’

RM'(t) = maln [cosh(m (T'—t)) + n2sinh(n (T — t))] —nana(T —t) — @ log(2mA)

inh(61 (T'—t))+802 cosh(81 (T—t
¢0(t) = 03— 06, iosh((Qll((Tft))))JrOQzZ?shEGiETftgg’

(5.1)
with parameters n = (91,172,173, 1m4) € Ri, and 6 = (01,02,03) € Ri, so that the optimal
solution in the model-based case corresponds to 7t = VA, 5 = B + 21 + 2P, n; =
B+2I, nf =~%/2, and 0f = VA, 05 = B+ 21 + 2P, 05 = B.

2. Neural networks: for K", R" and ¢’, with time input.
We implement our actor-critic algorithms with a simulator of X for coefficients equal to
T=1v=1,B=-B=06,1=04, P=Q =1,
The simulator for X is based on the real mean-field model:
dX; = (B(E[X{] — Xi) + ap)dt + ydWs.

Since o ~ 7%, we note that E[ay] = ¢’ (t)(E[X{] — E[fi¢]) = 0. We deduce that under such a,
dE[X¢] = 0, hence E[X;] = E[X/]. From the above mean-field dynamics of X, we deduce that

—BAt 1 — e BAE thy1 Blteass)
Xip —E[Xo] = e 77(Xy, —E[Xo]) + atk(T) +7/t e” T dW,
k
BAt — ¢~ BAt BA
~ "Xy, — E[Xo)) + ap (——=——) + ve PHAW;,.

B
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The cost is simulated according to

fo = QX ~E[Xo])? + S0, + 20, I(X;, ~ E[X]), gr = P(Xr ~ E[Xo])*

We first present the numerical results of our offline Algorithm [I| when using the exact
parametrisation . The derivatives w.r.t. to n of K", R"  hence of J7 as well as the
derivative w.r.t. 0 of logpg have explicit analytic expressions that are implemented in the
updating rule of the actor-critic algorithm.

Here we used the following parameters: p, was initialized at 0; the number of episodes
was N = 2100; the time horizon was T = 1 and the time step At = 0.02. The values of the
model parameters were as described above. The learning rates (ps, pg, pc) and A were taken
as ps = 0.2 constant, and at iteration i,

0.03,0.05,0.03) if « < 7000
0.01,0.01,0.01) if 7000 < ¢ < 10000
0.005,0.01,0.005) if 10000 < 7 < 14000
0.002,0.002,0.002) if 17000 < 7 < 21000

, (0.01,0.1,0.01,0.2) if i < 500 ,
pE(i) = pc(i) =

(0.1,0.1,0.1,0.1) if 500 < i < 21000

o~ o~ o~ o~

and
0.1 if 7 < 8000,

A(i) = < 0.01 if 8000 < i < 14000,
0.001 if 14000 < ¢ < 21000
Moreover, after ¢ = 14000 iterations, we also increase the size of the minibatch from 20 to 40.

In Table [I} we give the learnt parameters for the critic and actor functions, to be compared
wih the exact value of the parameters.

m 72 73 un th 02 03
exact | 1.8221 | 1.8660 14 0.5 1.8221 | 1.8660 0.6
learnt | 1.4197 | 2.0536 | 0.9997 | 0.4824 | 1.6204 | 1.9167 | 0.3660

Table 1: Learnt vs exact parameters of the critic and actor functions.

In Figure |1} we see that, even though the parameters n and 6 (shown with full lines) are
slightly different from the true optimal values (shown in dashed lines), the functions K, R and
¢ are matched almost perfectly.

We also display one realization of the control and of the cost. These are based on evaluating
the control and the cumulative cost along one trajectory of the state. We first simulate
10% realizations of a Brownian motion. Based on this, we generate trajectories for one 10%
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population of agents using the learnt control and one population of 10* agents using the optimal

control. For the population that uses the learnt control, the control is given by the mean of the

actor, namely, ¢?(t)(x — fi). In the dynamics, the cost and the control, the mean field term is

replaced by the empirical mean of the corresponding population at the current time. We can

see that the trajectories of control (resp. cost) are very similar.

—_m 1.09 --- Rexact (A =0.001) .
2.00 A N2 —— R learnt (A =0.001) II
ey siIIIIIIIIIIIIIIIIIIIIIIIIZIZIZZZIDLDDIDLDDnooo e R exact (A =0) ,'
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Figure 1: Convergence of the learnt value function
offline Algorithm Top: learned parameters of critic

vs optimal parameters and associated functions. Middle:

and policy with exact parametrisation for the
(left) and associated critic functions K", R" (right)
learned parameters of actor (left) and associated

actor function ¢? vs optimal parameters and associated function. Bottom: one realization of the control (left)

and one realization of the cost (right) vs the optimal ones, respectively along a state trajectory controlled by

the learnt control and a state trajectory controlled optimally (both using the same realization of the Brownian

motion).
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Next, we present in Figure 2] and Figure [3] the numerical results of our online Algorithm
2] when using neural networks. In this case, the derivatives w.r.t. to n of K", R", hence of
J" as well as the derivative w.r.t. 0 of logpy are computed by automatic differentiation. We
use neural networks with 3 hidden layers, 10 neurons per layer and tanh activation functions.
We take n = 30, N = 15000 iterations, batch size 500 (10000 for the law estimation in the
simulator), constant learning rates 1073, except wg = 1. We change X along episodes: A = 0.1
for the first 3334 ones, then 0.01 for the next 3333 ones, then 0.001 until the end.

L0 | — KIt) True — ¢ True
T K{t) Neural network —-1.257 \ ¢ Neural network
084 — Ezt;g::ral network —-1.50 :
0.6 L
£ 200

0.4

0.2

0.0 1

0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 10

Figure 2: Learnt critic cost function with neural networks for the online Algorithm [2| Left panel:
Neural network functions K7, R” vs optimal one. Right panel: Neural network function ¢’ vs optimal one.

—— True non-randomized control —— True cost
124 NN non-randomized control 0.5 Cost

1.0
\ 0.4
0.8 \

0.6 0.3 9

at
JUE Xe, i)

0.4
0.2 4
0.2

0.0  E— 0.1

0.0+

Figure 3: Learnt actor policy function with neural networks for the online Algorithm @ Left
panel: One realization of the control vs the optimal non-randomised one with A\ = 0 Right panel: Plot of one
realization of ¢ — J"(t, X;,Px, ), respectively along a state trajectory controlled by the learnt policy and a state
trajectory controlled optimally (both using the same realization of the Brownian motion).

Finally, we test in Table [2] the learnt policies from the exact and NN parametrisation
by computing the associated initial expected social costs. We simulate 10 populations, each

21



consisting of 10% agents. All the agents use the control function with the parameters learnt
by the algorithm. For the dynamics, the cost and the control, the mean field term is replaced
by the empirical mean of the corresponding population at the present time step. For each
population, we compute the social cost. We then average over the 10 populations in order to
get a Monte Carlo estimate of the social cost. We report in the table the value of this average
social cost, the standard deviation over the 10 populations, and the relative error between the
average social cost and the optimal cost computed by the formula Kg*Var(Xo) + Rg* with the
optimal parameter n*.

Initial cost (Std dev.) | Rel. error
Learnt with exact parameterization 0.625 (0.006) 2.00%
Learnt with NN 0.632 (0.006) 3.10%
Exact value 0.613

Table 2: Initial costs when following learnt policies vs optimal ones

5.2 Example 2: optimal trading

We consider an optimal trading problem where the inventory is governed by
dXt = Oétdt + ’}/th,

and we aim to minimize over randomised trading rate a ~ 7 the cost functional
T
]E[/ o? + 2Hoy — A (my)dt + PVar(X7)|.
0

where v > 0, H > 0 is the transaction price per trading, P > 0 is a risk aversion parameter,
and A > 0 is the temperature parameter. This model fits into the LQ framework, and the
solution to the system of ODEs (B.1)) is given by

P

RO ey

A
R(t) = y?log(1+P(T —t)) — (H* + 5 log (7)) (T — 1),
A =Y = 0, while the optimal randomised policy is given by
. _ A
wita) ~ N(=K@O@—p-H3).

In a RL setting, the coefficients ¢, H and P are unknown, and we use critic function as

It a,p) = K'(t)(x — @)+ R(1),
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for some parametric functions K and R" on [0, 7] with parameters 1, and actor functions as

mollta ) = N0 )+ 40 5).

o=@ — m) - )]
)\ )

1
ie. logpy(t,z,pu,a) = —ilog(ﬂ)\)

for some parametric functions ¢, ¢4 on [0,7] with parameter 6. Given such family of
parametric actor/critic functions, we have

Ho[))(t,2,p) = —2CK"(t)(x — 1) Ve (D).
We shall test with two choices of parametric functions:

1. Exact parametrisation:

K(t) = #&T%)
R(t) = mplog(1+m(T —t)) — (n3 + 5 log(mA)) (T — t) (5.2)
o’(t) = *%a Ph(t) = —bs,

with parameters n = (91,72,13) € (0,00)3, 8 = (01,02) € (0,00)2, so that the optimal
solution in the model-based case corresponds to (n},n3,n%) = (P,~?, H?), and (05,03) =
(P, H).

2. Neural networks: for K", R", ¢? and qbg with time input. Actually, we take for gbg a
constant function.

We first present the numerical results of our offline Algorithm [I] when using the exact
parametrisation . The derivatives w.r.t. to n of K", R", hence of J"7, as well as the
derivative w.r.t. 6 of log pg, and Hy[J"] have explicit analytic expressions that are implemented
in the updating rule of the actor-critic algorithm. Here we used the following parameters: the
learning rates (pg, pg, pg) and A were taken as pg = 0.2 constant, and at iteration i,

0.005,0.005) if 4 < 8000
) (0.05,0.05,0.05) if < < 8000 ) ( Jifi<
pE(i) = ' ' pc (i) = < (0.001,0.001) if 8000 < i < 13000
(0.05,0.05,0.01) if 8000 < 7 < 20000
(0.0005, 0.0005) if 8000 < ¢ < 13000
and

0.1 if 4 < 8000,
A(i) = ¢ 0.01 if 8000 < i < 13000
0.001 if 13000 < ¢ < 20000
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ftt,, was initialized at 0; the number of episodes was N = 20000; the time horizon was 1" = 1
and the time step At = 0.02. The values of the model parameters are: P =3, H =2, v =1,
and Xy ~ N (1,1).

In Table [3] we give the learnt parameters for the critic and actor function to be compared
with the exact values, when using the learnt policy with learnt empirical distribution from the
algorithm.

M 72 73 th 0
exact 3 1 4 3 2
learnt | 2.9864 | 0.9637 | 3.9154 | 3.0161 | 2.0016

Table 3: Learnt vs exact parameters of the critic and actor functions.

In Figure [4] we see that the parameters and, hence, the functions K, R and ¢ are matched
almost perfectly. We also display one realization of the control and of the cost. These are based
on evaluating the control and the cumulative cost along one trajectory of the state. We first
simulate 10* realizations of a Brownian motion. Based on this, we generate trajectories for one
10 population of agents using the learnt control and one population of 10* agents using the
optimal control. For the population that uses the learnt control, the control is given by the
mean of the actor, namely, ¢?(t)(x — i) + ¢4 (¢). In the dynamics, the cost and the control, the
mean field term is replaced by the empirical mean of the the corresponding population at the
current time. We can see that the trajectories of control (resp. cost) are very similar.
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Figure 4: Convergence of the learnt value function and policy with exact parametrisation for the
offline Algorithm [1, Top: learned parameters of critic (left) and associated critic functions K7, R" (right) vs
optimal parameters and associated functions. Middle: learned parameters of actor (left) and associated actor
function ¢’ vs optimal parameters and associated function. Bottom: one realization of the control (left) and
one realization of the cost (right) vs the optimal ones, respectively along a state trajectory controlled by the
learned control and a state trajectory controlled optimally (both using the same realization of the Brownian
motion).
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Next, we present in Figure [5] and Figure [6] the numerical results of our online Algorithm
2] when using neural networks. In this case, the derivatives w.r.t. to n of K", R", hence of
J" as well as the derivative w.r.t. 0 of logpy are computed by automatic differentiation. We
use neural networks with 3 hidden layers, 10 neurons per layer and tanh activation functions.
We take n = 30, N = 15000 iterations, batch size 300 (10000 for the law estimation in the
simulator), constant learning rates 1073, except wg = 1. Again, we change A along episodes:
A = 0.1 for the second 3334 ones, then 0.01 for the next 3333 ones, then 0.001 until the end.

3.0 4 — KTue 0.0 — RTUe
K Neural network R Neural network

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 10

Figure 5: Learnt critic cost function with neural networks for the online Algorithm Left panel:
Neural network function K" vs optimal one. Right panel: Neural network function R"” vs optimal one.

— $Tre —2.00

— ¢ Neural network

—2.02

—2.04
— ¢3True

3 Neural network

40
()

—2.06

—2.08

-2.10

—— True non-randomized control 1.5 | — True cost
NN non-randomized control Cost.

JE Xe. k)
s
&

Figure 6: Learnt actor policy function with neural networks (NN) for the online Algorithm
Left up panel: NN ¢° vs optimal one. Right up panel: NN ¢% vs optimal one. Bottom panel: (lefty One
realization of the control vs the optimal non-randomised one with A = 0, and (right) one realization of the cost
t — J7(t, X¢,Px,) , respectively along a state trajectory controlled by the learnt policy and a state trajectory
controlled optimally (both using the same realization of the Brownian motion).
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Finally, we test in Table [4] the learnt policies from the exact and NN parametrisation
by computing the associated initial expected social costs. We simulate 10 populations, each
consisting of 10 agents. All the agents use the control function with the parameters learnt
by the algorithm. For the dynamics, the cost and the control, the mean field term is replaced
by the empirical mean of the corresponding population at the present time step. For each
population, we compute the social cost. We then average over the 10 populations in order to
get a Monte Carlo estimate of the social cost. We report in the table the value of this average
social cost, the standard deviation over the 10 populations, and the relative error between the
average social cost and the optimal cost computed by the formula Kg*Var(Xg) + Rg* with the
optimal parameter n*.

Social cost (Std dev.) | Rel. error
Learnt with exact parametrisation —1.861 (0.025) 0.11%
Learnt with NN 1,787 (0.035) 4.08%
Exact value —1.863

Table 4: Initial social costs when following learnt policies vs optimal one.

A Proofs of some representation results
A.1 Proof of Proposition
Step 1: For a fixed policy 7, we introduce the non-linear McKean-Vlasov SDE with dynamics
X =¢+ / bre(r, X15, Pgre) dr + / o (r, Xp%, P ) AW, (A.1)
¢ ¢
recalling that o, = Z}r/ 2, as well as its associated decoupled SDE with dynamics
Xﬁ’x’“ =x+ /S by (r, Xﬁ’z’“, PXﬁ’g) dr + /5 ox(r, Xﬁ’x’”,IP’Xﬁﬁg) dW,. (A.2)
¢ t

Under Assumption (i), the coefficients b, and o, are Lipschitz-continuous and with at most
linear growth with respect to the variable x and p locally uniformly in time. Hence, the SDEs

(A.1)-(A.2) admit a unique strong solution.

Denoting by P the probability measure on C([0, c0), R?) (the space of continuous functions
defined on [0, 00) taking values in R?) induced by the unique solution to the SDE (A.1]) and
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by P(t) its marginal at time ¢, its infinitesimal generator is given by

d
o) =3 /A b, B(t), a) m(dalt, z, P(£)) Dy, ()

1 d
T3 /A“"’T)iaj@’“”(t%a>ﬂda!mP(t))ai,m:c»

ij=1
Now, coming back to the dynamics of the McKean-Vlasov SDE ([2.4)), we importantly point
out that since at each time s, the action ay is sampled from the probability distribution
m(.|s, Xﬁ’f, P X;:,g) independently of W, the infinitesimal generator at time ¢ of is exactly
given by E?. Hence, it follows from the uniqueness of the martingale problem associated to £7
that X*¢ and X*¢ have the same law [l
We thus conclude that V™ can be written as

T
Vet = B[ [ €PN (fy - B (5, X Py} ds e P 0g(RE Py
t
(A.3)

Step 2: We know, see e.g. [I3] or [10], that Assumption [2.1(i) guarantees the existence of a
modification of X%# such that:

e The map z — Xﬁ’x’g is IP-a.s. twice continuously differentiable,

o forany 2 € R4 0 <t <s, and any p > 1, the map Po(R%) 3 pu — XL"* € LP(P) is
differentiable and the map R? 3 v 8u)~(§’x’“(v) € LP(P) is differentiable,

e forany p > 1, the derivatives (¢, z, i, v) — Oy XLt 8%5(;"%’”, a”)?ﬁ’f”’“(v), Oy [8”X§’x’“] (v) €
LP(IP) are continuous.

Moreover, the following estimates hold for n = 1,2 and any p > 1

sup (102X o) + 10K 0) 1y + 10,0, K(0) e} < .
0<t<s<T,(z,v)€(R?)2, ueP2(R4)

We thus deduce that the functions z — fr (s, X2, [PXé,g), E,(s, XL™H, ]P)X;,g), g(X%x7M,IP)Xt,§)
are P-a.s. twice continuously differentiable with derivatives that belong to LP(P), for any p > 1,T
uniformly in z, p and t € [0,s]. The dominated convergence theorem eventually guarantees
that x +— V™ (¢, z, u) is twice continuously differentiable with

T d
&WV“(t, z, ,u) — E [/ 6*13(3*15) Z 8:1% (fﬂ' — )\Eﬂ—)(s, X;t,x,,u’ PX?&)axl (X?m“u)kds
¢ k=1

d
+ e—ﬁ(T—t) Z axkg(X%qu’ Pf(;ﬁ)aﬂfz (X;—:mJJ')k , (A4)
k=1

>This was formally shown by law of large numbers in [30] in the standard diffusion case.
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and

O, V7 (ta ) = E[ / e=Bs=t) Z 2 oo = AEx) (5, X2 P L)y, (XE0M)R0, (Xbo0)tds
k=1

d
+ e_ﬁ(T_t) Z 8§k,xgg(X’_?[l$7M7Px;ﬁ)azi(X’%x’“)kawj(X’_?[::E’M)g

k=1
T

n / o~ Bs—1)
t

4 BT

~
Il

M=

Oy (fr — AEx)(s, XM P 1602, (XE™H)Rds

Ti,%;

—_

M= 1

Ti,% T

axkg(X%w’“,PX;,g)@Q (X tm’u)k]

=
Il

1
It follows from the above expression and again the dominated convergence theorem that
(t,x, 1) — O, V™ (t,x, ), 03, 2, V" (t,z, 1) are continuous. i

Similarly, note that under the current assumption, the functions u — h(t,Xﬁ’x’“ ,IP’X;,g),

g(X;sz ,Piie), where h € {fr, Ex}, are L-differentiable with derivatives satisfying
T

d
OL (s, Ko P o0c)](0) = 3 Doy hls, X2, P o OL[(X5#)H] ()
k=1
+ B[ Y 0hs, Ko, P o) (R0, (X0

o 1=

d
> Okn(s, XL P o) (RE M)LK )] (v)] n(da'),
k=1

Dulg (X7 P re)l( Zaxkg X7 P ) Ol (X ) (v)

+/
Rd
k=

+ E[Z 8{39(5{;%“’ Pf(;’g)()?%v’u)axi ()?;lv"u)k]

+ /RdIE[
(A.5)

where ()A(E’x’“)se[t 7 stands for a copy of (X% “M) seqe,r) defined on a copy (Q, F,P) of the original

probability space (€2, F,P). Under Assumption it follows from the above identities that

(t,x, p,v) 8M[h(s,Xﬁ’z’“,IP’Xt,g)](v), 8M[g()~(%x’“,PXt,g)](v) € LP(P), p > 1, are continuous
s T

™~

O g(XE™ P ) (X5 )G (XF" )M (0)] pu(da),
k=1
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and satisfy

[Bpulh(s, Xo™ P )] (0)] < K (L4 [XE7] + o] + Ma(Pgoe) ) (1 + [0, X7 (v)))
< K1+ | XM+ ol + Ma() ) (1 + [0, X 5™ (v)]),

and
Oulg(XE, P )l(0)] < K1+ X5 + o] + Ma(P ) ) (1 + 0,55 (0)])
< K(1+ [XE5M) + o] + Ma(p))(1 + |0, X5 (v)]),

where we used the fact that My(Pgre) < K(1 + Ma(u)), for any s € [t,T], for the last
inequality. Similarly, it follows from (A.5) and the dominated convergence theorem that v +—
Oulh(t, Xy™H, Psee)l(v), Bu[g(X%x’“,PX;g)](v) are continuously differentiable with derivatives
being continuous with respect to their entries and satisfying

+ [o] + Ma(p)9),
+ |v[ + Ma(p)?).

000, lh(s, Xe™ P gee)](v)] < K (1+ | XL
0,0u[9(X5" P gee)](v)| < K (1+ | X5

Coming back to (A.3]) and using the above estimates together with the dominated convergence
theorem allows to conclude that pu +— V™ (t, x, ) is L-differentiable and that v — 0,V (t, z, 1) (v)
is differentiable. Moreover, both derivatives 0, V™ (¢, z, 1) (v), 0,0, V™ (¢, x, u)(v) are continuous
with respect to their entries and satisfy

b {10, V7t 2, 1) ()| + 10,0, V7 (8, 2, p) (0) [} < K (1 4[] + o] + Ma(p)?). (A.6)

We thus conclude that V7™ € C%22([0,T] x R? x Py(R%)).

Step 8: Let us now prove that (t,x,u) — V7 (t,z,u) € CH>2([0,T] x R? x Py(RY)). From the
Markov property satisfied by the SDE ((A.1)), stemming from its strong well-posedness, for any
0 < h < t, the following relation is satisfied

t
Vit —h,z,pn) = eBhE{/

e Bt (f7r — AE7)(s, X—th,z,u’ PXt_h’€ )ds]
t—h ’

- ~t—h7 )
te BhE[V”(t, X! ”,P&t,h,g)].

Now, combining the fact that V™ (¢,.) € C>?(R% x Po(R?)) with (A.6) guarantees that one may
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apply Ito’s rule, see e.g. Proposition 5.102 [4]. We thus obtain
R Y (V™ (t — hyx, ) — VT (t, 2, 1))

t
— Pyl / e—ﬁ(s—”E[( o — AEW)(S,X;—h»fcv“,PXt,h,g)}ds
t—h s
+ e PR [V”(t, X P ne) = VT (L, u)}
t
+h N e =)V (@, p) (A7)

t
_ g Php -1 / ACRO) ) [(fw — AE,)(s, X! Thon, JP’Xt_h,e)} ds
t—h ’

t
e By / E[ﬁ[V”](t,Xz_h’w’“,Pthh,g)]ds
t—h 3

R e DV (L ),

where

1
Lalel(tw.p) = ba(t.z, ) - Dap(t,x, ) + 58(t,w, 1) : D3p(t, z, )

+ Epr, |:b7r(ta 57 :U') ’ 8#90(757 L, H) (6) + %Eﬂ(ta 57 :U') : 81)8#@(75’ L, :U’) (5) :

Letting A | 0 in , from the continuity and quadratic growth of fr, F, as well as the
continuity of £[V™](t,.), we deduce that ¢t + V7(t,x, u) is left-differentiable on (0, 7). Still
from the continuity of fr, E; and LN',[V”], we eventually conclude that it is differentiable on
[0,T") with a derivative satisfying

OV (t,x, ) — BV (t,z, 1) + La[VTI(t, 2, 1) + (fr — NEx)(t, 2, 1) = 0.

The proof is now complete.

A.2 Differentiability of the parametric critic function

Under the standard assumption that the coefficients by, (t,.), or,(t,.) are Lipschitz-continuous
on R? x Py(R?) uniformly in ¢ € [0,7] and 6 € O, the system of SDEs admits a unique
strong solution when o ~ 5. We will denote by (X2¢(6), X:*(6)) the solution taken at time
s. We will also use the more compact notation

s P ) )
XEO) = 6+ [ 3 ajr. XI0). Py ) AW
5=0

s P .
Xt () = 2 +/ > Gy (r, XpTH(0),Pyrep) AWS, t<s<T,
t =
7=0

with g9 (t, 2, 11) = b, (t, 2, 1), gyt 2, 1) = 05 (t, 2, 1), AW, = (AWY, -+, dWPF) with W =
dr.

31



Lemma A.1 Under Assumption the derivatives (t,0,x, ju,v) — g0y Xe™H(6), 0,09 X" (0),
0pO2XL"(0), 0209 XL (0). 05l0, X" (0)](v), B0y XL (0)(v). 05D, [0, X" (0))(v). Du[0,0 X" (0)](v)
€ LP(P) exist and are locally Lipschitz continuous for all p > 1.

Proof. The proof of the existence and continuity of the derivatives of the flow Xiot (0) with
respect to the parameters x, u, v and @ is rather standard but quite mechanical and actually
follows similar lines of reasonings as those employed for the proof of Theorem 3.2 in [13]. We

thus omit it. O
With the same notations as Lemma under Assumption taking hg = fr,, Er, or

g(x, i), we deduce from the above result that the derivatives (t, 6, x, p, v) — 99O [hg(s, X’E’w’“(ﬁ), IP’X;,g(Q))],
89089 [h9(87 X?f’“(e)v P)Zzsﬁ(g))]? 89(9# [h9(37 X—;,x,,u(e): P)szﬁ(g))] (U)7 8/169 [h’t‘)(sv X?%“(e)? P)ngﬁ(g))] (U),
DpDyOyulho(s, XT™H(0), P91 (v), 000,001ha (s, Xborg), P i) (v) € LP(P), for any p > 1

and any 0 <t < s < T, exist and are continuous. For instance, standard computations give

00,0, (g (5. X™H(0), P )
d
= 3 000, ha(s, KL (0), B v )0, (KL (0))

j=1

+ 3002 s, XE0). Pya )0, (XL E(6))70p, (X0 (0))"

Tj,T i

7 1

VRN

E (002, ho(s, XE7(0), P ge.c ) e (K27(0)) 00, (XL (0))* | 0, (X0 (0))

i 1

M=

3700, o5, XETH(0), P e )0, 05, (XL7(0))]

<
Il
—
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and
aela:;[ms XL (9), Pgec )](0)

- Zagla he(s, XLTH(6), P i) (XLmH(9))

J=1
d ~ ~
+ D 02, ho(s, XETH(0), Pgee )L (X7 (0)) 09, (X070 (6))"
Jik=1

3 B[10,00, has, XE7(0), P )i (XE(0)) 0, (XL4(6))*] 91, (XE (67
j.k=1
d ~ . ~ .
3700, hols, KEPH(0), B g e )00, (KL (0)Y
j=1
+ S B0, 05 ho(s, XLV (0), Pre ) (XVH(6))0,, (XL(6))7]
d ~ o~ o~ . ~
37 Bl0r, 0l ho(s, XE7(0), B g o)) (KL (6))0y, (X104 (6))7)0p, (X0
J.k=

d
+ Y BEOS3)ho(s, XL7H(8), P gee ) (X007 (6), X 14 (6))0u, (X1 (0)) D, (X15(6))"]
=

(02, B0 (5, XE7H(8), P e ) (X0 1(6)) By, (XL7H(0))F 0}, (XL #(0) Y (v)] pldla’)

Tk~ 1

+
=
T
&

/R BR[O 0] ho(s, XL (), P 1)) (X0 (6), X15(0))0, (XL (0)) (0)Do, (XL (6))] ()

90, B g5, KE71(60), B g ) (K17 1(60)) g, (KL% (60)) 0, (XL #(6))7 (0)] p(da’)

Ve~

T
&

(a5, X" (0), P ge ) (XL (0)) 09, 05, (X% H(0)) (v)] plda).

4
M=~
R
&)

In the above identity, X2 (6) stands for a random variable independent of (X5™#, X1+ Xt o )

33



with the same law as X’é’g.
Then, starting from the expression of Vy in (with m = 7p), the dominated convergence
theorem guarantees that the derivatives (¢, 0, z, u, v) — 990 Vo (t, 2, 1), 0,00V (t, x, 1), 0g0>Vo(t, z, 11),
8%(99\/9(15, x, 1), 898MV9(t, x, p)(v), 8M89V9(t, x, 1) (v), 898v8MV9(t, x, 1) (v), 303M89V9(t, x, 1) (v)
exist and are locally Lipschitz continuous. Hence, from Clairaut’s theorem, we deduce that
090 Vo(t,z, 1) = 0,09 Vy(t, x, 1), 8@6%\/9(25, T, pu) = 8289\/9(75, x, ), agaqu(t, x, 1) (v) = 3M39V9(t, x, 1) (v)
and 0p0,0, Vg(t, x, u)(v) = 0,0,00Ve(t,x, n)(v) for all t,z, u,6,v.
Moreover, from Assumption and Lemma [ATT] there exist ¢ and C such that for any
t,x, 1,v and any 6 € K, K being a compact subset of ©

06Vo(t, 2, 1) < C(1+ |z + Ma(p)?), (A.8)
1090 Vo (t,z, )| + 1000, Vo (t, z, 1) (v)] < C(1 + |z] + [v] + Ma(p)?), (A.9)

and
10602V o(t, 2, )| + |090u0, Vo (t, 2, 1) (v)] < C(1 + |v] + Ma(p)). (A.10)

Now, differentiating with respect to 6 both sides of , we deduce that 8 — 9,V (t, x, p) is
differentiable with a derivative 0y, Vy(t, x, 1) being continuous with respect to ¢, z, u, 0. Also,
taking m = my and differentiating with respect to 6 both sides of the identity of (using
Lemma together with the estimates (A.8)), (A.9), (A.10) and the dominated convergence
theorem to differentiate the right-hand side therein) and then passing to the limit as h | 0, we
get that t — 0yVy(t,z, n) is differentiable with a derivative 0;,0pVy(t, z, 1) being continuous
with respect to t, x, 1, 0. We thus conclude that the two derivatives 0gdy Vy(t, x, 1) and 0;0p Vg (t, z, 1)
coincide for all ¢, z, u, 6.

A.3 Proof of Theorem [3.1]

Step 1: We start from the PDE characterisation of Vy in Proposition 2.I] that we write as

/A{L'Z[Vg](t,x,,u)—l—f(a:,u,a)+/\logpg(t,x,u,a)}Wg(da\t,x,,u): 0, (A1)
where
Lolel(t, 2, p) = —Bso(t,%u)Jratso(t,w,u)+b(x,u,a)‘Dws0(t,x,ﬂ)+%007(az,u,a):Dicp(tvx,u)
+ Egn[bolt, € 1) - 0ol 2,1)(€) + 350006, : Quluplts, 1) (6],

recalling that b@(ta L, /J') = fA b(l.? s G) W@(da’t7 €T, /J')7 EH(ta €T, M) - fA(UUT)(xv H, CL) ﬂ@(da‘tv €, M)
For any fixed t,z, u, we now differentiate w.r.t. # € © both sides of (A.11]) to get a new
system of linear PDEs satisfied by Gy. In particular, using the identity

Vo |[C5IVl(t 2 )] = £51Gal (L, 1) + HolVol(t, @, ),
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together with (3.1) and the dominated convergence theorem, we get

[ {esicale.om + MoVl

+ [ﬁg[VQ](t, T, M) + f((L', H, CL) + A logp9(t7 T, [, a)] Vo 10gp9(t7 T, [, a)}ﬂ'g(da‘t, Z, ,U,) = 0,
(A.12)
with terminal condition Gy(T, z, u) = 0. Note that we have used the fact that

/ Volog po(t, z, 1, a)mo(dalt, 2, p) = Vi / ro(dalt, z, 1) = 0,
A A

and the above PDE is a system of D equations, where £§[Gy] denotes the operator applied to
each component of the RP-valued function Gg.

Step 2: Denote by

Fe(tvxauaa) = {ﬁg[ve}(tv‘xau) + f(xaﬂ7a) + )\logpg(t,:c,u,a)}ve; 10gp9(t7xa,uva)
+ Ho[Vol(t, z, p),

and
fro(tyz, 1) = Aﬁg(t,x,u,a) mo(dalt, z, 1),
so that the linear PDE satisfied by Gy now writes
Ly [Gol(t, @, 1) + fry(t,,) = 0,

with terminal condition Gg(T,z,u) = 0. Observe that the above PDE is similar to .
In order to obtain the announced probabilistic representation formula, we first apply the
chain rule formula on the strip [¢t,7] x R? x Py(R?), see e.g. Proposition 5.102 in [4], to
(e‘ﬁsG(;(s,f(ﬁ’x’“,Pgé,g))se[tﬂ using the estimates (A.8) and (A.10). We thus obtain

d(e ™ Go(s, XL"H Pre)) = —e 7 fr) (5, X0™H Pie) ds
+ 6_’888$G9(S, )A(:;’I’u, Pj{-g,g)TUﬂg (}?ﬁ,x,u’ Pf(§5) dWs

Observe that (A.9) together with the fact that for any 6 € RY. |oy, (z,p)| < C(1 + |z| +
Ms(p)), for some constant C, directly yields that the stochastic integral is a square integrable
martingale. Hence, integrating from ¢ to 1" both sides of the above and using the facts that

Go(T,xz,p1) =0 and P P P

xt6r Pgran = ]P}Xé,a:,u , we eventually deduce

gre =

as)ds|.

T
Go(t,z, 1) = Eger, [/ e—ﬁ(s—t)Fe(&X‘Z,x,/l,[p)X?f,

t
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Step 3: On the other hand, applying again the chain rule formula to Vg (s, X&™*, P t¢), when
a ~ Tg, see e.g. Proposition 5.102 in [4], we have

dVg(S,X;"T’M,PX;,g) = (ﬁgs [Vg](S,X;’I’“,PX?O + BV@(S,XE’I’“,PX?Q) ds
+ Dy Vo(s, X Pyre) o (X" Pyoe, o) dWs, ¢t <s < T,

and thus by definition of Fy
T ~
/ e_ﬁ(s_t)Fg(s,Xﬁ’x’“,PXz,g,ozs)ds
t
T
= /t E_B(S_t) Vg 10g(p9(37 X;,a:,u7 ]P)XE»S ; as)) (dVQ(S, X?%’Ha PX?&) - 5V9(5a X?%Ma Px?ﬁ)
+ Ho[Ve](s, XEOH, th,f)) ds
T
+ / e POV log(p (s, X1, e, o)) (S(XE, P v, o) + Mog(po(s, X070, Py, ) ) ds
¢
T
- / e_ﬂ(s_t) Vi 1Og(p9(57 X?m”ua ]P)X;fxﬁa Oés)) -DxVG(Sa ijz“ua ngaﬁ)TU(X?z’ua ]Pngfa as) dWs.
t

Note that as well as the bound |D,Vp(s,z,pn)| < C(1 + |z| + |p]?), for some ¢ > 0,
directly deduced from the identity and Assumption guarantees that the stochastic
integral appearing in the right-hand side of the above identity is a square integrable martingale.
Hence, taking expectation in both sides of the above identity eventually yields

T
Golt,x,p) = EW,G[ / e Py, logpg(stg’x’“,IP’Xé,g,as){dVg(s,Xz’m’“,PX?g)
t

+ [F(XgPH Pyee, as) + Mogpa(s, X, Pye, as) — BVo(s, Xo™H, ng,o]ds}

T
+ /t e P Vo] (s, X0, Pxﬁ,g)ds} :

This proves the announced probabilistic representation formula for Gy.

B Linear quadratic mean-field control with randomised controls
and entropy regularisation

A stochastic policy is a probability transition kernel from [0, 7] x R? x Po(R?) into A = R™, i.e.,
a measurable function 7 : (t, 2, u) € [0,T] x R? x Py(R?) + 7(.|t,x, ) € P(R™). We denote
by II the set of stochastic policies m with densities p with respect to the Lebesgue measure
on R™: w(dalt,z,pn) = p(t,z, p,a)da. We say that the process @ = (ay); is a randomised
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feedback control generated from a stochastic policy w € II, denoted by a ~ m, if at each time
t, the action oy is sampled (according to the o-algebra G) from the probability distribution
7(.|t, X¢,Px,). The dynamics X = X follows a linear mean-field dynamics with coefficients
b(z,u,a) = bz, fi,a), o(x, p,a) = 6(x, fi,a) in the form

b(z,%,a) = Bx+ Bz + Ca, &(x,%,a) = v+ Dx+ Dz + Fa,

for (z,p,7,a) € R? x Py(R?) x R? x R™, where we denote by i = [zu(dz), B, B, D, D are
constant matrices in R4*?¢, O, F are constant matrices in R4*™, v is a constant in R<.

Given a stochastic policy 7 € 11, we consider the functional cost V™ with entropy regulariser
defined in with quadratic functions f(z, u,a) = f(z, i,a) and g(z,p) = g(x, i)

f(x,2,0) = 2'Qx +2'Q% +a"Na +2a" [z + 24717 + 2M.x + 2H.a,
g(z,7) = 2Pz + 2Pz +2L.x,

where N is a symmetric matrix in ST, I, I € R™*? Q, Q, P, P are symmetric matrices in S%,
M, L € R? H € R™, assumed to satisfy the conditions:

(H1) (i) There exists 6 > 0 s.t.
N > 6I,, P>0 Q-I'N"'I>o.

or(ii)n=m=1,1=0,F#0,Q>0,P>0.
(H2) (i) There exists 0 > 0 s.t.

Y
o

N > 6I,, P+P >0, (Q+Q) —(I+I)'N'I+1)
or (i) I+I=0,F#0,Q+Q>0,P+P>0,P>0.

The solution to the LQ mean-field control problem with entropy regulariser is then given
by the following theorem:

Theorem B.1 Let Assumptions (H1)-(H2) hold. Then, the value function is equal to
vtz ) = inf Vi(tap) = (o= p)TK ()@ =) + A8 +2Y 1)z + (1),

for (t,z, 1) € [0,T) x R? x Po(R?), where the quadruple (K, A,Y, R) valued in (S¢,S%,R?%, R)
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is solution on [0,T] to the system of Riccati equations:

(

K(t)—BK({t)+Q+ K(t)B+ B'K(t) + DK (t)D

I+ CTK( )+ FTK(t)D)T(N + FTK (t)F)~'(I + CTK(t) + FTK(¢)D) = 0,
A(t) — ( ) +Q+A(t)B+ B™A(t)+ DK (t)D
~(I+CTA(t) + FTK(t)D) (N + FTK(t)F) "' (I + CTA(t) + FTK(t)D) = 0
(
-

D) ! (B.1)
Yt) B ()+M+BT (t) + DTK(t)y
+CTA(t) + FTK()D) (N + FTK(t)F) "\ (H + CTY (t) + FTK(t)y) = 0
R(t) - ()+7TK( )y + 25 log(2m) — 3 logl gyt ivrm e |
—(H +CY(t)+ FTK(t)y)"(N + FTK(t)F) Y (H + CY (t) + FTK(t)y) = 0

\

with the terminal condition (K(T),A(T), Y(T), R(T)) = (P, P, L,0), where we set I := I +1,
B:=B+B,D:=D+D,Q:=Q+Q, P:=P+P.
Moreover, the optimal stochastic policy follows a Gaussian distribution:

7t ) = N( — SO U )z + (U(t) — U#)ji + O(1)); fS(t)_l), (B.2)

where we set

S(t) .= N+ F'K(t)F, O(t) := H+C'Y(t)+ FTK(t)y
Ut) == I+C'K(t)+ FTK{t)D, U(t) := I+C A(t) + FTK(t)D.

Remark B.1 Conditions (H1) and (H2) ensure the ezistence and uniqueness of a solution
(K, ) to the matriz Riccati equation in (B.1]) satisfying K > 0, A > 0 (hence S(t)~! is well-
defined). Given (K, N), the equations for (Y, R) are simply linear ODEs.

Proof of Theorem We adapt the arguments in [2] to our case with randomised controls
and entropy regulariser.

Step 1. Let us consider the function defined on [0, T] x R? x Py(R%) by w(t,z, ) = w(t,x, i),
where @ is defined on [0, 7] x R? x R¢ by

w(t,z,7) = (v—2)K@#)(z—1)+ 7 A0z +2Y (1) + R(t),

for some functions (to be determined later) K, A, Y and R on [0,7], and valued on Si, Si,
R?, and R. Fix (tg, 0, o) € [0,T] x R? x Py(RY), and & € L?(Fiy; RY) ~ pg. Given m € II
with density p, and a randomised control a ~ 7, we consider the process

t
Sfﬂ = —B(t—to) (t Xtoyxo,,uo XfO#lO)_’_/ (s—to) [f(X;O’mO’“(),X;O’HO,Oés)

to

+ A - (logpi(a))pi(a)dalds,
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for tg <t < T, where we set p;(a) = p(t, Xtto’xo”“’, P60, a), and X:O’“O = Eqrn [Xfo’go] which
follows the dynamics: '

dX; = (BX;+ Cay)dt,

with @y 1= Eqrfay].

Step 2. We apply [t6’s formula to Sf* for v ~ 7, and take the expectation to get

AEq-r[S0] = e PR, [DHdt, (B.3)
with
_ d _ _ _
Dy = —pw(t, X, Xt) + aEaNW[w(t, X, Xo)] + f( X, Xy an) + )\/ (log pt(a))pi(a)da,

where we omit the dependence on tg, zg, po of X and X to alleviate notations. By applying [t6’s
formula to w(t, Xy, X;), recalling the quadratic forms of w, f, and using the linear dynamics
of X and X, we obtain similarly as in [2] (after careful but straightforward computations):

Eorr[Df] = Eanr | (X; = X0)7 (K( )+ Q+ K(t)B + BTK(t) + D'K(1)D)(X, — X)
+ X7 (A@) - ﬁA(t) +Q+ A( )B + BTA(t) + DK (t)D) X,
+ 2(Y(t) = BY(t) + M+ B'Y(t) + DK (t)y)"X; + R(t) — BR(t) + 7K (t)y
+ afS(t)ay + 20f (U(8) (X — Xy) + U)X, + O(t)) + A /Rm (log pt(a))pt(a)da}

= Eonr | (X0 = X0)T (K (1) = BK() + Q + K(t)B + BUK(t) + DK (£)D) (X, — X))
+ XT(A@) —BA(t)+Q+ A(t)B+ B'A(t) + DTK (t )D)X
+ 2(Y(t) = BY (t) + M + BTY (t) + DK (t)y)"X; + R(t) — BR(t) + K (t)y

+ [ (@) + Mogpi(@)pi(a)dal, (B.4)

where we used in the last equality the fact that o ~ 7, and set ¢¢(a) := a™S(t)a + 2a™x; with
Xt = Ut)(X: — Xy) + U(H) X; 4+ O(t).

Step 3. Let ¢ be a quadratic function on R™: ¢(a) = a™Sa + 2a™x for some positive-definite
matrix S € ST, and x € R™, and denote by Dy(R™) the set of square integrable density
functions on R™ i.e., the set of nonnegative measurable functions p on R™ s.t. me p(a)da =
1, and g |a[*p(a)da < co. Let us consider the cost functional on Da(R™) defined by

Cop) = [ [6(a) + Alogp(@p(a)da.
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Then, the minimizer of Cy is achieved with p* € Dy(R™) given by

exp (— 19(a))
Jgm exp (= 3¢(a))da’

Indeed, by considering the Lagrangian function associated to this minimization problem

p*(a) =

ae€R™. (B.5)

Ly(p,v) = Cg(p) — 1/(/ p(a)da — 1) = /m [qb(a) + Alogp(a) — V}p(a)da + v,

m

for (p,v) € Do(R™) xR, we see that the minimization over p is obtained pointwisely, i.e. inside
the integral over a € R™, hence leading to the first-order equations:

{¢(a)+)\logp*(a)—l/*+)\ =0, acR”,
faERm p*<a)da =1

This yields the expression of p* in (B.5]), which is actually the density of a Gaussian distribution
* —1 A -1
T :/\/<—5’ X;§S ) (B.6)
The infimum of Cy is then equal to

A A A
inf  Cy(p) = Co(p*) = —x"S 'y — 2" log(2m) —  log|

—Z . B.7
peDs(B™) 2 2 2det(5)’ (B-7)

Step 4. Notice that under (H1), the matrix S(t) = N + FTK(t)F is positive-definite for K >

0, and pi(.) € Do(R™) a.s. for t € [ty,T]. From and (B.7), we then have for all = € II,
Eo~r[Df]

= Eonr | (X0 = X7 (K (1) - BE() + Q +
+ XT(A(t) —BA(t) + Q4+ A(t)B +
+ 2( () — BY (t) + M + BTY () +
+ C¢t(pt)}

> Eorr [(Xt X)(K(t) - BK(t)+ Q + K(t)B+B'K(t) + D'K(t)D — U(t)"S(t) U (t))(X: — Xy)
+ X7 (A(t) — BA{t) +Q+A)B+B'A(t) + D'K(t)D - U(t)"'S(t)'U(t)) X
+2(Y(t) = BY (t) + M + B'Y(t) + DK (t)y — O(t)"S(t) U (t))" X,

+ R(t) = BR(t) + 77K (t)y — O(t)"S(t) 1 O(t) — /\7m log(2m) —

K(t)B+ B'K(t) + D'K(t)D)(X; — X;)

A(t) + DK () D) X,

B
DK (t)y)" X, + R(t) — BR(t) + 7K (t)y

2 log|

. (B.8)

A
Sdet(S@) "
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Therefore, by taking (K, A,Y, R) solution to (B.1)), we see that the r.h.s. of (B.8)) vanishes,
which means that for all # € II, Eno[D§] > 0. Moreover, from , the equality in (B.8))
holds true for the choice of 7* € II as defined in (B.2)), and thus

inf Equr[D?] = Eaun[DY] = 0, tE€ [to,T).
mell

From (B.3)), this means that the function ¢ — E,-[Sf] is nondecreasing on [to,T] for any =
€ II, and constant on [tg, T] for 7 = 7*. By definition of §%, V™, and noting that w(7T,x, Z)
= g(x,z) from the terminal condition on (K, A,Y, R), it follows that

w(t07330a ,UO) = w(t0,$0,ﬁ0) = ECVNTF[S%] < ]EOZNW[S%] = Vﬂ—(th o, MO)v (Bg)
for any w € II, with equality in for m = 7*. We conclude that

TlrlellfI V™ (to, w0, pi0) = V™ (to, 0, p0) = wlto, o, io)
= (xo — fi0)" K (to)(xo — fio) + 10" A(to) o + 2Y (to)"xo + R(to)-

References

[1] A. Angiuli, J-.P. Fouque, and M. Lauriére. Unified reinforcement Q-learning for mean field
game and control problems. Mathematics of Control, Signals and Systems, 34:217-271,
2022.

[2] M. Basei and H. Pham. A Weak Martingale Approach to Linear-Quadratic McKean-
Vlasov Stochastic Control Problems. Journal of Optimization Theory and Applications,
181(2):347-382, 2019.

[3] R. Carmona and F. Delarue. Forward Backward stochastic differential equations and
controlled McKean-Vlasov dynamics. Annals of Probability, 43:2647-2700, 2015.

[4] R. Carmona and F. Delarue. Probabilistic Theory of Mean Field Games: vol. I, Mean
Field FBSDFEs, Control, and Games, Mean Field game with common noise and Master
equations. Springer, 2018.

[5] R. Carmona and F. Delarue. Probabilistic Theory of Mean Field Games: vol. II, Mean
Field game with common noise and Master equations. Springer, 2018.

[6] R. Carmona, J.-P. Fouque, and L. Sun. Mean field games and systemic risk. Commun.
Math. Sci., 13(4):911-933, 2015.

41



7]

8]

9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

R. Carmona and M. Lauriére. Convergence analysis of machine learning algorithms for the
numerical solution of mean-field control and games: II-the finite horizon case. to appear
in Annals of Applied Probability, 2021.

R. Carmona, M. Lauriére, and Z. Tan. Model-free mean-field reinforcement learning:
mean-field MDP and mean-field Q-learning. arXiv: 1910.12802v1, 2019.

René Carmona, Mathieu Lauriére, and Zongjun Tan. Linear-quadratic mean-field
reinforcement learning: convergence of policy gradient methods. 2019.

J.F. Chassagneux, D. Crisan, and F. Delarue. A probabilistic approach to classical solutions
of the master equation for large population equilibria, volume 280. Memoirs of the AMS,
2022.

P.-E. Chaudru de Raynal and N. Frikha. From the backward Kolmogorov PDE on
the Wasserstein space to propagation of chaos for McKean-Vlasov SDEs. Journal de
Mathématiques Pures et Appliquées, 156:1-124, 2021.

P.-E. Chaudru de Raynal and N. Frikha. Well-posedness for some non-linear SDEs and
related PDE on the Wasserstein space. Journal de Mathématiques Pures et Appliquées,
159:1-167, 2022.

D. Crisan and E. McMurray. Smoothing properties of McKean—Vlasov SDEs. Probability
Theory and Related Fields, 171:97-148, 2018.

R. Elie, J. Perolat, M. Lauriére, M. Geist, and O. Pietquin. On the convergence of model
free learning in mean field games. Proceedings of AAAI, 2020.

N. Frikha, V. Konakov, and S. Menozzi. Well-posedness of some non-linear stable driven
sdes. Discrete and Continuous Dynamical Systems, 41(2):849-898, 2021.

M. Germain, M. Lauriére, H. Pham, and X. Warin. DeepSets and their derivative networks
for solving summetric PDEs. Journal of Scientific Computing, 91(63), 2022.

M. Germain, J. Mikael, and X. Warin. Numerical resolution of McKean-Vlasov FBSDEs
using neural networks. Methodology and Computing in Applied Probability, 2022.

H. Gu, X. Guo, X. Wei, and R. Xu. Mean field controls with Q-learning for cooperative
MARL: convergence and complexity analysis. SIAM Journal on Mathematics of Data
Science, 3(4), 2021.

X. Guo, H. Pham, and X. Wei. It6’s formula for flow of measures on semimartingales.
arXiv:2010.05288, to appear in Stochastic Processes and their Applications, 2021.

42



[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

X. Guo, R. Xu, and T. Zariphopoulou. Entropy regularization for mean field games with
learning. Mathematics of Operations research, 47(4), 2022.

J. Han, R. Hu, and J. Long. Learning high-dimensional McKean-Vlasov forward-backward
stochastic differential equations with general distribition dependence. arXiv: 2204.11924,
2022.

K. Hornik, M. Stinchcombe, and H. White. Multilayer feedforward networks are universal
approximators. Neural Networks, 2:359-366, 1989.

Y. Jia and X. Y. Zhou. Policy evaluation and temporal difference learning in continuous
time and space: a martingale approach. to appear in Journal of Machine learning Research,
2021.

Y. Jia and X. Y. Zhou. Policy gradient and actor critic learning in continuous time and
space: theory and algorithms. to appear in Journal of Machine learning Research, 2021.
arXiv: 2111.11232v1.

H. Pham and X. Warin. Mean-field neural networks-based algorithms for McKean-Vlasov
control problems. arXiv: 2212.11518, 2022.

H. Pham and X. Wei. Dynamic programming for optimal control of stochastic McKean-
Vlasov dynamics. SIAM Journal on Control and Optimization, 55(2):1069-1101, 2017.

C. Reisinger, W. Stockinger, and Y. Zhang. A fest iterative PDE-based algorithm for
feedback controls of nonsmooth mean-field control problems. arXiv: 2108.06740, 2021.

Y. Sun. The exact law of large numbers via fubini extension and characterization of
insurable risks. Journal of Economic Theory, 126(1):31-69, 2006.

R. Sutton and A. Barto. Reinforcement Learning: An Introduction. Cambridge, MA:MIT,
2018.

H. Wang, T. Zariphopoulou, and X. Y. Zhou. Reinforcement learning in continuous
time and space: A stochastic control approach. Journal of Machine Learning Research,
21(198):1-34, 2020.

43



	Introduction
	Exploratory formulation of mean-field control
	Policy gradient method
	Policy gradient representation
	Actor-critic Algorithms

	The linear quadratic case
	Numerical examples
	Example 1: mean-field systemic risk
	Example 2: optimal trading

	Proofs of some representation results
	Proof of Proposition 2.1
	Differentiability of the parametric critic function
	Proof of Theorem 3.1

	Linear quadratic mean-field control with randomised controls and entropy regularisation

