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ABSTRACT

According to Lidstone interpolation theory, an entire function of
exponential type < 7 is determined by it derivatives of even order at
0 and 1. This theory can be generalized to several variables. Here

we survey the theory for a single variable. Complete proofs are given.
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This first paper of a trilogy is devoted to Univariate Lidstone interpo-
lation; Bivariate and Multivariate Lidstone interpolation will be the
topic of two forthcoming papers.
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1. INTRODUCTION

In 1930, in a seminal paper [3], G. J. Lidstone introduced a basis
Ak(z) (k > 0) of the space C[z] of polynomials in a single variable,
which has the property that any polynomial f € Cl[z] has a finite

expansion

F(2) =D FEPO0)A(L = 2) + Y FEP (D) A(=),

k>0 k>0

ey _ (AN
re —(dz) 12

Two years later, H. Poritsky [4] J. M. Whittaker [8] extended these

expansions to entire functions of exponential type < 7. In 1936,
2
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I.J. Schoenberg [5] proved that the only entire functions of finite ex-
ponential type which vanish at the two points 0 and 1 together with
all their derivatives of even order are the linear combinations with
constant coefficients of the functions sin(krz), with £ € N. This re-
sult follows from an expansion formula for such functions which was
obtained by R.C. Buck in 1955 [2].

We recall the basic facts concerning Lidstone expansion in a single
variable. In this section z and ¢ are in C. It will be convenient to use
notations which can be generalized to several variables. The classical
Lidstone polynomials [3, §6 p. 18] Ax(z) (k > 0) are denoted here
Aok 1(2), while the polynomials Ay (1—2) are written here Ay o(z). The
successive derivatives of a function f of a single variable are denoted
1o f" o e,

The Lidstone polynomials are introduced in Theorem 1. They are
the solution of a system of differential equations (Lemma 2). The
unicity of the expansion for an entire function of exponential type < m
(Theorem 2) is easy to prove, the existence (Theorem 3) needs more
work - both results are due to H. Poritsky and J. M. Whittaker. Next
we prove integral formulae for the Lidstone polynomials (Propositions
1 and 2), and we give proofs of the results of Buck (Proposition 3)
and Schoenberg (Corollary 2).

This paper is self contained, full proofs are given. It is an introduc-
tion to two forthcoming papers, [6] where we extend the theory to two
variables and [7] where we extend the theory to an arbitrary number

of variables.

2. DEFINITION OF THE UNIVARIATE LIDSTONE POLYNOMIALS

Let us recall the definitions of the order of an entire function f:

) loglo r
o) = timsup BBV v 11, = sup | £(2)

r—00 |z|=r
and of the exponential type of f:

1
7(f) = limsup oel/lr |f|r
r—00 r

3



If the exponential type of f is finite, then f has order < 1. If f has
order < 1, then the exponential type is 0. Using Cauchy’s estimate
for the coefficients of the Taylor series together with Stirling’s formula
for n!, one deduces [8, Lemma 1] that if f has exponential type 7(f),
then for all 2y € C,

lim sup | £ (z0)['" = 7(f)-

n—oo

For ¢ € C\ {0}, the function €% has order 1 and exponential type |(].

We denote by 2N the set of even nonnegative integers. The starting
point of the theory of Lidstone interpolation is the following.

Lemma 1. Let f be a polynomial satisfying
fO0) = fO(1) =0 for all t € 2N. (1)
Then f = 0.

We give three proofs of this lemma, the arguments are slightly dif-
ferent and will be used again.

First proof. By induction on the total degree of the polynomial f.

If f has degree < 1, say f(z) = apz + ai, the conditions f(0) =
f(1) =0 imply ap = a; = 0, hence f = 0.

If f has degree < d with d > 2 and satisfies the hypotheses, then f”
also satisfies the hypotheses and has degree < d, hence by induction
f"” =0 and therefore f has degree < 1.

Lemma 1 follows. O

Second proof. Let f be a polynomial satisfying (1). The assumption
f®(0) = 0 for all ¢ € 2N means that f is an odd function: f(—z) =
—f(2). The assumption f® (1) = 0 for all ¢ € 2N means that f(1 — 2)
is an odd function: f(1 —z) = —f(1+ z). We deduce

fe+2)=fl+z+1)=—f(1-2-1)=—f(=2) = f(2),

hence the polynomial f is periodic, and therefore is a constant.

Since f(0) = 0, we conclude f = 0. O
4



Third proof. Assume (1). Write

f(z> =a1z + CL323 + CL5Z5 + a7z7 T a2m+1z2m+1 T

(finite sum). We have f(1) = f"(1) = fi(1) = ... = 0:
a; —“+az —as +ay +--0 Faon41 +...=0
6as +20a; +42a; +--- +2m(2m+ l)agmyr +---=0
(2m+1)!

120@5 —|—840(l7 + - ma2m+1 +---=0

The matrix of this system is triangular with maximal rank. We con-
clude a; = a3 =a5=---=0. O

The fact that this matrix has maximal rank means that a polynomial
f is uniquely determined by the numbers

f(0) and fY(1) for t e 2N.

Let T" > 0 be even. The space C[z]<r4; of polynomials of degree
< T + 1 has dimension 7"+ 2. All elements f € C[z]<ry1 satisfy
f®) =0 for k> T + 2. Lemma 1 shows that the linear map

C[Z]§T+1 — CT+2
f — (f(t)(0)7 f(t)(1)>0§t§T, t€2N
is injective. Hence it is an isomorphism.

Given numbers a; and by, (t € 2N), where all but finitely many of
them are 0, there is a unique polynomial f such that

f(0) = a; and fO(1) = b, for all t € 2N.

In particular, for each ¢t € 2N, there is a unique polynomial A, which
satisfies

AD(0) = 6, and AY(1) =0 for 7€ 2N

(Kronecker symbol), and there is a unique polynomial A;; which sat-

isfies
AD©0) =0 and A7)(1) =6, for 7€ 2N.

Therefore:



Theorem 1 (G. J. Lidstone (1930)). There exist two sequences of
polynomials, (At70(z>)te2N’ (At,l(z))tem, such that any polynomial f
can be written as a finite sum

= > fP0)A(2) + > O ALz (2)
te2N te2N

The involution z — 1 — z:
O0—1, 1—0, 1—2z—z

shows that A;o(z) = A1 (1 — 2).
At this point, we can make an analogy with Taylor series, where the
polynomials z™/m/! satisfy

k m
d_(z_> = 0mr for m >0 and k> 0.
z=0

dzF \ 'm!
Given a sequence (G,)m>o of complex numbers, the unique analytic
solution (if it exists) f of the interpolation problem

f™(0) = ay, for all m >0

is given by the Taylor expansion
Zm
Sl
m)!
m>0

Lidstone expansion replaces the single point 0 and the sequence of all
derivatives with two points 0 and 1 and only the derivatives of even
order at these two points.

The first Lidstone polynomial is Ag;(2) =

Aoa(0) =0, Apa(1)=1, AJ(0)= Agfg( 1) =0 for t €2N, t>2.

The next lemma provides an inductive way for finding all of them.

3. DIFFERENTIAL EQUATION

Lemma 2. The sequence of Lidstone polynomials (At’1>t62N is deter-

mined by No1(2) = z and

A:fl,l =MN_91 for t > 2 even,
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with the initial conditions Ay1(0) = Ay1(1) = 0 fort € 2N, t > 2.
More precisely, let (Lt) be a sequence of polynomaials satisfying

Lo(2) = z and

te2N

Ly =1L, 5 for t€2N, t>2,

with the initial conditions L;(0) = Ly(1) = 0 fort € 2N, t > 2; then
Ly = A forallt € 2N,

Notice that the assumption Lo(z) = z cannot be omitted: given any
polynomial A, there is a unique sequence (Lt) . satisfying all other
assumptions but with Ly = A.

Proof. That the sequence (At,l) .
We now prove the unicity. Let (Lt)

satisfies these conditions is plain.
reony be a sequence of polynomials
satisfying the conditions of Lemma 2. By assumption Lo(z) = z. By
induction, assume that for some ¢ > 2 we know that L;_» = Ay_o.
Then the difference g = L; — Ay satisfies ¢” = 0, hence ¢ has degree
< 1. The assumptions L;(0) = L(1) = 0 for t € 2N, ¢ > 2 imply

g=0. U

For t € 2N, the polynomial A;; is odd, it has degree ¢ + 1 and

1

(t+1)!2t+1' For instance

leading term

Aoyi(2) = %(z‘3 —z)= éz(z —1)(z+1),



4. RECURRENCE FORMULA

For ¢ € 2N, the polynomial f;(z) = z'*! satisfies

DL for 0 <7<t 7€2N
F0)=0 for Te2N, f7(1) =4 ETH ==
0 fortr>t+2, 7€ 2N.

From Theorem 1 one deduces, for t € 2N,

t+1)!
Zt—i—l — (—A7_1(Z)7
TE2N

which yields the recurrence formula

t+1 1
Apa(z) = . > m/\ﬂ(z). (4)

0<r<t—2
TE2N

Another consequence of Theorem 1 is

T =Ml + 3 (e (5)

0<r<t
T€2N

for t € 2N.

5. UNICITY FOR ENTIRE FUNCTIONS

According to Theorem 1, a polynomial is determined by the values
of its derivatives of even order at the two points 0 and 1. H. Poritsky
[4] and J. M. Whittaker [8] proved that he same is true more generally
for an entire function of exponential type < m:

Theorem 2 (H. Poritsky, J. M. Whittaker 1932). Let f be an entire
function of exponential type < 7 satisfying f®(0) = fO(1) = 0 for all
sufficiently large t € 2N. Then f is a polynomial.

Proof. We combine some arguments that we used for polynomials in
the three proofs of Lemma 1. Let f = f— P, where P is the polynomial
satisfying

PY0) = fD(0) and PY(1) = fD(1) for t € 2N.

We have f®(0) = f((1) = 0 for all ¢ € 2N.
8



The functions f(z) and f(1 — z) are odd, hence f(z) is periodic of
period 2. Therefore there exists a function g, analytic in C*, such that
f(2) = g(e™). Since f(z) has exponential type < 7, using Cauchy’s
inequalities for the coefficients of the Laurent expansion of g at the

origin, we deduce f = 0 and f = P. U

Theorem 2 is best possible in the following two directions:
e The entire function sin(7z) has exponential type 7 and satisfies
f®0) = f®(1) =0 for all t € 2N.
e If we assume only f®(0) = f®(1) = 0 for all even ¢ outside a finite
set, then the conclusion is still valid — this follows from Theorems 1
and 2. However, if we remove an infinite subset of conditions in the

assumptions of Theorem 2, then the conclusion is no more valid:

Lemma 3. Let £ be an infinite subset of the set of (t,i) € 2N x {0, 1}.
Then there exists a non countable set of transcendental entire functions

f of order 0, with rational Taylor coefficients at the origin, such that
fO@) =0 for all (t,i) € (2N x {0,1})\ €.

Proof. Let (P,,)m>0 be an infinite sequence of polynomials belonging
to the set {Ay; | (¢,7) € £}. Let d,,, be the degree of P,,. We assume
the sequence (dp,)m>o to be increasing. Let (¢, )m>0 be a sequence of

rational numbers such that
|Plr < |em|r®

for all » > 1 and m > 0. For m > 0, set

The series

Z U P (2)

m2>0

is uniformly convergent on any compact subset of C, its sum f(z) is

an entire function of order 0. From the uniform convergence of the
9



series, we deduce, for all t € 2N and i € {0, 1},

f(t) (@) _ Um if Pm = At,i;
0 if P # Ap.

The conclusion of Lemma 3 follows. O

6. EXPANSION OF ENTIRE FUNCTIONS AND GENERATING SERIES

Lidstone finite expansion for polynomials (2) has been extended in
[4, 8] to an infinite expansion for entire functions of exponential type
< 7 as follows:

Theorem 3 (H. Poritsky, J. M. Whittaker 1932). The expansion (2)
holds for any entire function f of exponential type < m, where, for

each z € C, the series
> FP0)Ao(2) and > FO(1)A (2
te2N te2N

are absolutely convergent.

Notice that Theorem 2 is a consequence of Theorem 3.
We will deduce from Theorem 3 explicit formulae for the two fol-

lowing generating series:

=) Ai(2)¢" and My(¢,2) ==Y Ao(2)¢".

te2N te2N

Corollary 1. For || < 7, we have

MG =) ©)
and
My((, z) = cosh(Cz) — sinh(Cz) coth((). (7)

Since At o(z) = Ap1(1—2z), we have My(¢, z) = M1(¢,1— z) and the

trigonometric relation
sinh(z; — z2) = sinh(z1) cosh(zg) — cosh(z;) sinh(z;)

shows that the two formulae (6) and (7) are equivalent.
10



Proof of (6) as a consequence of Theorem 3. Let ( € C satisfy |(] <

7. We use Theorem 3 and formula (2) for the function f¢(z) = €.
Since fét)((]) = (" and fc(t)(l) = e%¢!, we deduce

¢ = Aro(2)¢" + ¢ Y Ara(2)¢" (8)

te2N te2N

Replacing ¢ with —( yields
e =) Ao(2)¢ +e ¢ Aa(2)C

t€2N teaN
Hence
e —e %" = (e —e™°) Z Ava(2)Ch
t€2N
This proves (6). O

From (6) one readily deduces the following relation [8, Equation(3.5)]

for t € 2N,
ians 1+ 2z
At,l(z) = thH (T) )

between the Lidstone polynomials and the Bernoulli polynomials; the
latter are defined by

From Corollary 1 we deduce M;(¢,z+ 1) — M;(¢,z— 1) = 2cosh((z),

which means
t

At71(2 + 1) — At71(2 — 1) = 2%

This relation also follows from the functional equation
B,(z+1) — B,(2) = nz""!

of the Bernoulli polynomials.
Our proof of Theorem 3 below will rest on (6), hence we need to

give a direct proof of it.

Direct proof of (6). We start with the formula

oG sinh(¢(1 — z)) o sinh((z)
Sinh(0) Snh(0) ° )

11



which holds for ( € C, ( € wiZ and z € C. For ( € C, ( & 7iZ, the

entire function
sinh((z et — e ¢?
floy= DD _ e
sinh(() eS¢ —e¢

satisfies
ff=C¢f f0)=0, f(1)=1,
hence f®(0) = 0 and f®(1) = ¢* for all t € 2N.
For z € C and |¢| < m, let
sinh(¢z)
F e & o
(©2) = S
with F(0,z) = 2. Fix z € C. The map ¢ — F((, z) is analytic in
the disc |¢| < 7 and is even: F(—(,z) = F((,z). Consider its Taylor
expansion at the origin:
F(G2) = a(z)¢
te2N

with ¢y(2) = z. For fixed z € C, this Taylor series is absolutely and
uniformly convergent on any compact subset of the disc |¢| < w. We
have F'((,0) =0, F(¢,1) =1, and
e$% — ¢
(¢, 2) =

o _oC

From

eo(z) = % (%)tF(O,z)

it follows that ¢;(z) is a polynomial. From

<%>2 F(¢.2) = C*F(¢, 2)

we deduce
¢ =co for t € 2N, t > 2.

Since ¢(0) = ¢(1) = 0 for t € 2N, ¢ > 2, we deduce from Lemma 2
that Ct(Z) = At,l(z)-
This completes the proof of (6), hence the proof of (8) for all ¢ € C

with (] < 7. O
12



We are going to prove Theorem 3 by means of the Laplace transform,
which is a special case of the method of kernel expansion of R.C. Buck
[2]; see also [1, Chap.I §3]. Let

_ Uk k
f(Z> - k?‘
k>0

be an entire function of exponential type 7(f). The Laplace transform

of f, viz.
= (10)

k>0
is analytic in the domain {( € C | || > 7(f)}. From Cauchy’s

residue Theorem we deduce, for r > 0,

1 2k
— Gl = = 11
2mi K‘:Te C C k)‘ ( )

From the absolute and uniform convergence of the series in the right
hand side of (10) on |(| = r, it follows that for » > 7(f) we have

1

16) =55 | PO
and )
() = t (z
@) =5 | CEFOAC

Proof of Theorem 3. Let f be an entire function of exponential type
7(f) satisfying 7(f) < m. Let r satisfy 7(f) < r < w. From the
uniform convergence of the series (8) on the compact set {¢ € C |
|| = r}, we deduce

10 =3 (5 [ PO M)+

e NI =
1
> (2—m cfe<F<<>d<) Ara(2),

t€2N I¢|=r

and therefore (formula of Poritsky and Whittaker (2) for entire func-
tions of exponential type < )

= FO0)A0(2) + D FOD A (2

te2N te2N
13



where the two series are absolutely convergent.

This completes the proof of Theorem 3. U

7. INTEGRAL FORMULAE FOR LIDSTONE POLYNOMIALS

Using Cauchy’s residue Theorem, we deduce from (6) the following

integral formula [8, (4.1)]:

Proposition 1. For z € C, t € 2N and K > 0, we have

A (2) = (—1)7? 2 Z (=)™ sin (kmz)

it L+l
k=1
1 sinh((z
4+ — C_t_l : (C )dC
271 J\¢j=(2K +1)7/2 sinh(()

Proof. Let z € C. Inside the disc {¢ € C | || < (2K + 1)7/2}, the
function ¢ — ¢ *tflssiil};féz)) has a pole of order ¢ + 1 at ( = 0 and only
simple poles at ¢ = kni with k € Z, 0 < |k| < K. The residue at 0 is

At1(2), while for k € Z \ {0}, the residue at ki is
(=1)M " (km) ™" sin(kmz). (12)

Since t is even, the function is odd and the residues at kni and at
—kmi are the same. O

In particular, with K = 1 we have [8, (4.3)]

e 2 1 ~¢-15inh(C2)
Aa(z) = (—1) Y sin(mz) + ori /C|—37f/2< sinh(¢) de.

Since |sinh(¢)| > 1 for |¢| = 37/2, one deduces, for t > 0 and r > 0,
2

2\
t/2 ] 37r/2
Ara(z) = (=) msm(ﬂz) < (37r) 32, "
Apo(z) — (_1)t/2 2 sin(mz)| < e3m/2 i te37rr/2
t,0 7Tt+1 < o= .

These estimates enable Whittaker [8, Theorem 1] to solve the Lidstone
interpolation problem as follows. Let (a;)icon and (by)ieon be two
sequences of complex numbers. If the series

a b
Z(—ntﬂﬂ—j and Z(-l)tﬂﬁ—j

te2N te2N
14



are convergent, then

Z aiNeo(2) + Z b 1(2) (14)

is uniformly convergent on any compact of C and its sum f(z) is an
entire function satisfying

f(0)=a, and fO(1) =10, for all t € 2N,

If one of the series

Sl Sy

te2N te2N
is not convergent, then (14) cannot converge for any non integral value
of z.

Another consequence of (13) is, for t € 2N and r > 0,

Aga]r < 2078®™/2 and |Aggl, < 28372 ted™/2, (15)
We now prove another integral formula for the polynomials A .

Proposition 2. Fort € 2N and for K > 0, we have

2t 2 N1
Aio(z) = E—i—(—l)fﬂm Z pEaS sin (k7z)
k=1

_ b ¢ sinh(C2) coth(C)dC.
211 Jj)=@K +1)m/2
Proof. Proposition 2 is equivalent to Proposition 1 by changing the
variable z to 1 — 2. We give another proof by repeating the same
arguments as for the proof of Proposition 1. Inside the disc {¢ € C |
I¢| < (2K + 1)m/2}, the function ¢ — ¢! sinh((z) coth(¢) has only
simple poles at kri with k € Z, |k| < K. From (7), it follows that the

residue at ( = 0 is
t

z
0 Ato(2),
while for k£ € Z \ {0}, the residue at ki is
i~ (km)™" " sin(knz). (16)

Since t is even, the function we integrate is odd and the residues at

ki and at —kml are the same. O
15



8. FUNCTIONS OF FINITE EXPONENTIAL TYPE

We follow [2]. Let K > 1. The function ¢ Ssi;l;((%) is even and has
only simple poles at kni with k& € Z \ {0}, with residue given by (12)
with ¢ = —1, namely (—1)*isin(k7z). The sum of the residues at k
and —k is 0 and we have'

(—=1)*isin(krz)  (—1)*isin(knz) ki ksin(kmz)
ki (rkm T e

Hence the function G (¢, z) defined by

sinh( Cz e Z k“k sin(k7z) - GR(C ) (17)

SlIlh + k272

is analytic in the domain { ) € C* | [¢] < (K +1)7}. Notice that
for || < km and k£ > 1 we have
T (i¢)*
C2 1 k22 % (km)t+2’

The function z — Gk((, 2) is odd. Since the function ¢ — Gk (¢, 2)
is even, its Taylor expansion at the origin can be written
2= gx)¢
t€2N

where the functions g;(z) are odd entire functions. This Taylor series
is absolutely and uniformly convergent for ¢ in any compact subset of
the disc {¢ € C | |¢| < (K + 1)w}. The Taylor coefficient g,(z) is
the sum of A;;(2) and a finite trigonometric sum of exponential type
< K7, namely

K
gi(2) = A ( D72y (-1 ~Lsin(krz).

k=1
Using (9) we deduce, for (| < (K + 1),

= a(1=2)C"+e¢ Y gu(2)¢ +2m stm :;:2 14 (~1)Fef).

te2N te2N

TA factor 2 is missing in [2, p.795] and [1, Chap.I §4 p.15].
16



Proposition 3 (R.C. Buck, 1955). Let K be a positive integer. Let f
be an entire function of finite exponential type 7(f) < (K + 1)m and
let F(C) be the Laplace transform of f. Then for z € C we have

f(2) = fO0)g(1=2)+ Y fPWgu(2) + ) Cysin(km),

te2N te2N k=1
where the series are absolutely convergent and
, 1+ (—1)k+Les
C’:—k‘l/ ——FF——F(()d¢ (1<k<K 19
i= k| e PO ) (19)
for any r in the range 7(f) <r < (K + 1)7.

Proof. Let r satisfy 7(f) < r < (K + 1)m. From the absolute and
uniform convergence on |(| = r of the series in the right hand side of
(18), we deduce

1
FE) =5 [ e FOK
T Jigl=r
1 1
= (1 — 2)— PF(C)AC + \Z) 5= e F(¢)d
te%g( Do [, CFOC %}Ng(%m SR
K
+ Z Cr sin(kmz),
k=1
with
1 ! _ 1 e o
i [ PO =100) and 5 [ cetpac = 100,
]
Example. The Laplace transform of f(z) = sin(7z) is F({) = e

and for m < r < 27 we have

/ 1+ dC_i
cl=r (%4 72)2 RS

hence for this function f, we have
14 e 1+ e
Cy = —i ——F(()d( = —i ———d( =1,
1 l/Klzr €2+7T2 (C) C 17T/|C|:7« (<2+7T2)2 C

as expected.
17



In [6] and [7], we will need the following variant of (17). The func-
tion H ((, z) defined by

ksin(k
sinh((z) coth(¢) = —27 Z sin k;TZQ Hg (¢, 2), (20)

is analytic in the domain {(¢,z) € C* | |¢| < (K + 1)7}. The map
¢ — Hg((, z) is even and the map z — Hg((, 2) is odd. Replacing z
with 1 — z in (17) yields

Hg (¢, 2z) = cosh((z) — Gk (¢, 1 — 2).

Corollary 2 (I.J. Schoenberg, 1936). Let f be an entire function of
finite exponential type T(f) satisfying f(0) = fO(1) = 0 for all

t € 2N. Then
K
z) = Z Cysin(krz).
k=1
with K < 7(f)/m and with the constants C4,...,Ck given by (19).

A side result is that the exponential type 7(f) of a function f sat-
isfying the assumption of Corollary 2 is an integer multiple of 7.
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