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"❡❝#✐♦♥ ✻✳

✷✳ ?❘❖❈❊❙❙ ❆◆❉ ▼❖❉❊▲ ❉❊❙❈❘■?❚■❖◆

❲❤❡♥ ✉"✐♥❣ "❛♠♣❧❡❞ ❞❛#❛✱ #❤❡ "②"#❡♠ ✇✐#❤ ✐♥♣✉# u(tk)
❛♥❞ ♦✉#♣✉# y(tk) ❝❛♥ ❜❡ $❡♣$❡"❡♥#❡❞ ❜② ✭"❡❡ ●❛$♥✐❡$ ❛♥❞
❲❛♥❣ ✭✷✵✵✽✮✮✿

y(tk) =
B(p)

A(p)
e−Tdpu(tk) + w(tk) ✭✶✮

✇❤❡$❡ w(tk) ✐" ❛""✉♠❡❞ #♦ ❜❡ ❛ ●❛✉""✐❛♥ ✇❤✐#❡ ♥♦✐"❡✱ p ✐"

#❤❡ ❞❡$✐✈❛#✐✈❡ ♦♣❡$❛#♦$ p =
d

dt
✱ Td ✐" #❤❡ #✐♠❡ ❞❡❧❛② ❛♥❞

e−Tdp
❤❛" #♦ ❜❡ ✉♥❞❡$"#♦♦❞ ❛"✿

e−Tdpu(t) = u(t− Td) ✭✷✮

A(p) ❛♥❞ B(p) ❛$❡ ♣♦❧②♥♦♠✐❛❧" ✇✐#❤ #❤❡ ❢♦❧❧♦✇✐♥❣ "#$✉❝✲
#✉$❡✿



A(p) = 1 + a1p+ · · ·+ anp
n

✭✸✮

B(p) = b0 + b1p+ · · ·+ bmpm; m < n ✭✹✮

y (tk) ✐% &❤❡ ❛♠♣❧✐&✉❞❡ ♦❢ &❤❡ ❝♦♥&✐♥✉♦✉%✲&✐♠❡ %✐❣♥❛❧ y(t) ❛&

&✐♠❡ tk = kTs✱ ✇✐&❤ Ts &❤❡ %❛♠♣❧✐♥❣ ♣❡7✐♦❞✳ ❋♦7 &❤❡ 7❡%&

♦❢ &❤❡ ♣7❡%❡♥&❛&✐♦♥✱ &❤❡ %✐❣♥❛❧% ❛7❡ ✇7✐&&❡♥ ❛% ❛ ❢✉♥❝&✐♦♥

♦❢ &❤❡ &✐♠❡ (t)✳ ❋♦7 ✐♠♣❧❡♠❡♥&❛&✐♦♥ ♣✉7♣♦%❡✱ &❤❡② ❤❛✈❡ &♦

❜❡ ❝♦♥%✐❞❡7❡❞ ❛& %❛♠♣❧✐♥❣ ✐♥&❡7✈❛❧%✳

✷✳✶ ❖♣❡♥ ❧♦♦♣ )②)+❡♠

▲❡& ✉% ❞❡♥♦&❡ ŷ(t) &❤❡ ❡%&✐♠❛&❡❞ ♦✉&♣✉& ♦❢ &❤❡ ♠♦❞❡❧✱

❞❡✜♥❡❞ ❛%✿

ŷ(t) =
B̂(p)

Â(p)
e−T̂dpu(t) ✭✺✮

❲❤❡7❡ T̂d ✐% &❤❡ ❡%&✐♠❛&❡❞ &✐♠❡ ❞❡❧❛② ❀ Â(p) ❛♥❞ B̂(p) ❛7❡

♣♦❧②♥♦♠✐❛❧% ♦❢ ❡%&✐♠❛&❡❞ ♣❛7❛♠❡&❡7%✳ ❚❤❡ ♦✉&♣✉& ❝❛♥ ❜❡

❡①♣7❡%%❡❞ ✐♥ ❛ 7❡❣7❡%%♦7 ❢♦7♠ ❛% ✐& ✇❛% %❤♦✇♥ ✐♥ ❇❛②%%❡

❡& ❛❧✳ ✭✷✵✶✶✮✳

❚❤❡ ♣7♦♣♦%❡❞ ❛♣♣7♦❛❝❤ ✐❞❡♥&✐✜❡% ❛& &❤❡ %❛♠❡ &✐♠❡ &❤❡

♣❛7❛♠❡&❡7% θ̂ ❛♥❞ &❤❡ ♣❛7❛♠❡&❡7 T̂d✳ ❚❤✉%✱ ❛ ✈❡❝&♦7 Θ̂

✇❤✐❝❤ ❝♦♥&❛✐♥% ❛❧❧ &❤❡ ♣❛7❛♠❡&❡7% ✐% ❞❡✜♥❡❞ ❛% Θ̂T =[
θ̂T T̂d

]
✳

✷✳✷ ❈❧♦)❡❞✲❧♦♦♣ )②)+❡♠

■❢ &❤❡ ♣7♦❝❡%% ✐% ♦♣❡7❛&✐♥❣ ✐♥ ❝❧♦%❡❞ ❧♦♦♣✱ ✇✐&❤ ❛ ❝♦♥&7♦❧❧❡7

C(p) ❞❡✜♥❡❞ ❛%✿

u(t) =C(p) [r(t)− y(t)] ; ✭✻✮

C(p) =
R(p)

S(p)
✭✼✮

✇❤❡7❡ r(t) ✐% &❤❡ 7❡❢❡7❡♥❝❡ %✐❣♥❛❧✳

❯%✐♥❣ &❤❡ ♦✉&♣✉& ❡77♦7 ❛♣♣7♦❛❝❤✱ &❤❡ ❡%&✐♠❛&❡❞ ♦✉&♣✉& ♦❢

&❤❡ ♠♦❞❡❧ ŷ(t)✱ ✐% ❞❡✜♥❡❞ ❛%✿

ŷ(t) =
B̂(p)

Â(p)
e−T̂dpû(t) ✭✽✮

û(t) =C(p) [r(t)− ŷ(t)] ✭✾✮

❚❤❡ ♦✉&♣✉& ❝❛♥ ❜❡ ❡①♣7❡%%❡❞ ✐♥ ❛ 7❡❣7❡%%♦7 ❢♦7♠✿

ŷ(t) =−â1ŷ
(1)(t)− · · · − ânŷ

(n)(t)

+b̂0û(t− T̂d) + · · ·+ b̂mû(m)(t− T̂d)

ŷ(t) = θ̂T φ̂(t) ✭✶✵✮

✇✐&❤✿

θ̂T =
[
â1 · · · ân b̂0 · · · b̂m

]
, ✭✶✶✮

φ̂T (t) =
[
−ŷ(1)(t) · · · −ŷ(n)(t)

û(t− T̂d) · · · û
(m)(t− T̂d)

]
✭✶✷✮

✇❤❡7❡ û(m)(t) = pmû(t) ❛♥❞ ŷ(n)(t) = pnŷ(t)✳

✸✳ ❚❍❊ ❖❋❋✲▲■◆❊ ❖❯❚S❯❚ ❊❘❘❖❘ ▼❊❚❍❖❉

❚❤❡ W✉❛❞7❛&✐❝ ❝7✐&❡7✐♦♥ &♦ ❜❡ ♠✐♥✐♠✐③❡❞ ❢7♦♠ N %❛♠♣❧❡❞

❞❛&❛ ✐%✿

J =
N∑

k=1

(y(tk)− ŷ(tk))
2
=

N∑

k=1

ε2(tk) ✭✶✸✮

❙✐♥❝❡ &❤✐% ❝7✐&❡7✐♦♥ ✐% ♥♦♥❧✐♥❡❛7 ✐♥ &❤❡ ♣❛7❛♠❡&❡7%✱ ♦♥❡

♠✉%& ✉%❡ ❛ ◆♦♥▲✐♥❡❛7 S7♦❣7❛♠♠✐♥❣ ✭◆▲S✮ ♠❡&❤♦❞✳

❚❤❡%❡ ♠❡&❤♦❞% ❛7❡ ❜❛%❡❞ ♦♥ ❛♥ ✐&❡7❛&✐✈❡ ❛♣♣7♦❛❝❤ &♦ ❝♦♥✲

✈❡7❣❡✳ ❆& &❤❡ ✐&❡7❛&✐♦♥ j + 1✱ &❤❡ ♣❛7❛♠❡&❡7% ❛7❡ ✉♣❞❛&❡❞

✉%✐♥❣✿

Θ̂j+1 = Θ̂j +∆Θ̂j ✭✶✹✮

✇❤❡7❡ ∆Θ̂j ✐% &❤❡ ✐♥❝7❡♠❡♥& ♦❢ &❤❡ ♣❛7❛♠❡&❡7% Θ̂j ✳ ❚❤❡

&❤7❡❡ ◆▲S ♠❡&❤♦❞% ♠♦%& ✉%❡❞ ❛7❡ &❤❡ ❣7❛❞✐❡♥& ♠❡&❤♦❞✱

&❤❡ ●❛✉%%✲◆❡✇&♦♥ ♠❡&❤♦❞✱ ❛♥❞ &❤❡ ▲❡✈❡♥❜❡7❣✲▼❛7W✉❛7❞&

♠❡&❤♦❞✱ ✇❤❡7❡ &❤❡ ✐♥❝7❡♠❡♥& ✐% 7❡%♣❡❝&✐✈❡❧② ❞❡%❝7✐❜❡❞ ❛%✿

∆Θ̂j =−µJ
′

(Θ̂j) ✭✶✺✮

∆Θ̂j =−µ
[
J
′′

(Θ̂j)
]−1

J
′

(Θ̂j) ✭✶✻✮

∆Θ̂j =−
[
J
′′

(Θ̂j) + µ❞✐❛❣
(
J
′′

(Θ̂j)
)]−1

J
′

(Θ̂j) ✭✶✼✮

✇❤❡7❡ J
′

(Θ̂j) ❛♥❞ J
′′

(Θ̂j) ❛7❡ 7❡%♣❡❝&✐✈❡❧② &❤❡ ❣7❛❞✐❡♥&

❛♥❞ &❤❡ ❍❡%%✐❛♥✱ µ ✐% ❛ ♣❛7❛♠❡&❡7 ✇❤✐❝❤ ♣❡7♠✐&% &❤❡ &✉♥✐♥❣

♦❢ &❤❡ ❛❧❣♦7✐&❤♠%✳ ❚❤❡ ❧❛&&❡7 ❛❧❣♦7✐&❤♠ ✭✶✼✮ ✐% &❤❡ ♠♦%&

♣❡7❢♦7♠❛♥& ❞✉❡ &♦ ✐&% &✉♥✐♥❣ ♣❛7❛♠❡&❡7 µ✳ ❋♦7 ❤✐❣❤ µ
✈❛❧✉❡% &❤❡ ❛❧❣♦7✐&❤♠ ✐% ❝❧♦%❡ &♦ &❤❡ ❣7❛❞✐❡♥& ♠❡&❤♦❞✱ ❢♦7

❧♦✇ µ ✈❛❧✉❡% &❤❡ ❛❧❣♦7✐&❤♠ ✐% ❝❧♦%❡ &♦ &❤❡ ●❛✉%%✲◆❡✇&♦♥

♠❡&❤♦❞✳ ❚❤❡ ❣7❛❞✐❡♥& ❛♥❞ &❤❡ ❍❡%%✐❛♥ ❛7❡ ❝♦♠♣✉&❡❞ ✉%✐♥❣

&❤❡ %❡♥%✐&✐✈✐&② ❢✉♥❝&✐♦♥%✳ ❉❡♥♦&✐♥❣ σ
θ̂
(t) = ∂ŷ(t)

∂θ̂
&❤❡

♦✉&♣✉& %❡♥%✐&✐✈✐&② ❢✉♥❝&✐♦♥ ✇✳7✳&✳ θ̂✱ ❛♥❞ σ
T̂d

(t) = ∂ŷ(t)

∂T̂d

&❤❡ ♦✉&♣✉& %❡♥%✐&✐✈✐&② ❢✉♥❝&✐♦♥ ✇✳7✳&✳ T̂d✱ &❤❡ %❡♥%✐&✐✈✐&②

✈❡❝&♦7 σ (t) ✐% ✇7✐&&❡♥ ✐♥ &❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦7♠✿

σT (t) =
[
σT

θ̂
(t) σ

T̂d
(t)

]
✭✶✽✮

=
[
σ
â1

(t) · · · σ
ân

(t) σ̂
b0
(t) · · · σ̂

bm
(t) σ

T̂d
(t)

]

❚❤❡ ❣7❛❞✐❡♥& ❛♥❞ &❤❡ ❍❡%%✐❛♥✱ ✇✐&❤ &❤❡ ●❛✉%%✲◆❡✇&♦♥

❛♣♣7♦①✐♠❛&✐♦♥✱ ❛7❡ &❤❡♥ 7❡%♣❡❝&✐✈❡❧② ❣✐✈❡♥ ❜②✿

J
′

(Θ̂) =−2

N∑

k=1

ε (tk)σ (tk) ✭✶✾✮

J
′′

(Θ̂)≃ 2
N∑

k=1

σ (tk)σ
T (tk) ✭✷✵✮

✸✳✶ ❙❡♥)✐+✐✈✐+② ❢✉♥❝+✐♦♥) ❝♦♠♣✉+❛+✐♦♥

❖♣❡♥ ❧♦♦♣ )②)+❡♠

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣✉&❛&✐♦♥% ❢♦7 ❛♥ ♦♣❡♥ ❧♦♦♣ %②%&❡♠

✇❡7❡ ❞❡✈❡❧♦♣❡❞ ✐♥ ❛ ♣7❡✈✐♦✉% ♣❛♣❡7 ✭❇❛②%%❡ ❡& ❛❧✳ ✭✷✵✶✶✮✮✳

❖♥❧② &❤❡ ♠❛✐♥ 7❡%✉❧&% ❛7❡ ♣7❡%❡♥&❡❞ ❤❡7❡✳



❚❤❡ #❡♥#✐&✐✈✐&✐❡# ♦❢ ❛ ♥✉♠❡-❛&♦- ♣❛-❛♠❡&❡- b̂i ❛♥❞ ♦❢ ❛
❞❡♥♦♠✐♥❛&♦- ♣❛-❛♠❡&❡- âi ❛-❡ -❡#♣❡❝&✐✈❡❧② ❝♦♠♣✉&❡❞ ✐♥
&❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

σ̂
bi
(t) =

pi

Â(p)
e−T̂dpu(t) ; σ

âi
(t) =

−pi

Â(p)
ŷ(t)

✭✷✶✮

◆♦&✐❝❡ &❤❛& &❤❡ #❡♥#✐&✐✈✐&② ❢✉♥❝&✐♦♥# σT

θ̂
(t) ❝❛♥ ❜❡ ✇-✐&&❡♥

✐♥ ❝♦♠♣❛❝& ♥♦&❛&✐♦♥✿ σT

θ̂
(t) = 1

Â(p)
φ̂(t, T̂d)✳ ❙♦ &❤❡

#❡♥#✐&✐✈✐&② ❢✉♥❝&✐♦♥# σT

θ̂
(t) ✐# &❤❡ -❡❣-❡##✐♦♥ ✈❡❝&♦- φ̂(t, T̂d)

✜❧&❡-❡❞ ❜②

1

Â(p)
✳ ❚❤✐# ✐♠♣❧✐❝✐& ✜❧&❡-✐♥❣ ❣✐✈❡# ❛♥ ♦♣&✐♠❛❧

❡#&✐♠❛&❡ ❛# #❤♦✇♥ ✐♥ ●❛-♥✐❡- ❛♥❞ ❲❛♥❣ ✭✷✵✵✽✮✱ ✇❤❡♥

Â(p) ⋍ A(p)✳

❚❤❡ #❡♥#✐&✐✈✐&② ♦❢ &❤❡ #✐♠✉❧❛&❡❞ ♦✉&♣✉& ✇✐&❤ -❡#♣❡❝& &♦ &❤❡

&✐♠❡ ❞❡❧❛② T̂d ✐# ❝♦♠♣✉&❡❞ ✐♥ &❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♥♥❡-✿

σ
T̂d
(t) =

∂ŷ(t)

∂T̂d

=
−pB̂(p)

Â(p)
e−T̂dpu(t) = −pŷ(t) ✭✷✷✮

■& ♠✉#& ❜❡ ♥♦&❡❞ &❤❛& &❤❡ #❡♥#✐&✐✈✐&② ❢✉♥❝&✐♦♥ σ
T̂d

✐#

-❡❛❧✐③❛❜❧❡ ♦♥❧② ✐❢ m < n✳

❈❧♦#❡❞✲❧♦♦♣ #②#)❡♠

■♥ &❤✐# ❝❛#❡ &❤❡ #❡♥#✐&✐✈✐&② ❢✉♥❝&✐♦♥ ♦❢ &❤❡ ❡#&✐♠❛&❡❞

♦✉&♣✉& ✇✐&❤ -❡#♣❡❝& ♦❢ ♣❛-❛♠❡&❡- ♦❢ &❤❡ ♥✉♠❡-❛&♦- ✐# ❣✐✈❡♥

❜②

σ̂
bi
(t) =

∂ŷ(t)

∂b̂i
=

∂

∂b̂i

[
B̂(p)e−T̂dp

Â(p)
û(t)

]
✭✷✸✮

❯#✐♥❣ ✭✾✮✱ ✐& ❝❛♥ ❜❡ ✈❡-✐✜❡❞ ❛# ✐♥ ❈❛--✐❧❧♦ ❡& ❛❧✳ ✭✷✵✵✾✮

&❤❛&✿

σ̂
bi
(t) =

S(p)e−T̂dppi

Â(p)S(p) + B̂(p)R(p)e−T̂dp
û(t)

σ̂
bi
(t) =

S(p)e−T̂dppi

P̂d(p)
û(t); ✭✷✹✮

P̂d(p) = Â(p)S(p) + B̂(p)R(p)e−T̂dp
✭✷✺✮

❚❤❡ #❡♥#✐&✐✈✐&② ❢✉♥❝&✐♦♥ ✇✐&❤ -❡#♣❡❝& &♦ ❛ ♣❛-❛♠❡&❡- ♦❢ &❤❡

❞❡♥♦♠✐♥❛&♦- ✐# ❝❛❧❝✉❧❛&❡❞ ✐♥ &❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♥♥❡-✿

σ
âi
(t) =

∂ŷ(t)

∂âi
=

∂

∂âi

[
B̂(p)e−T̂dp

Â(p)
û(t)

]
✭✷✻✮

❚❤❡♥✱ ✇✐&❤ ✭✾✮ &❤❡ ❢♦❧❧♦✇✐♥❣ -❡#✉❧& ✐# ♦❜&❛✐♥❡❞✿

σ
âi
(t) =

−S(p)pi

Â(p)S(p) + B̂(p)R(p)e−T̂dp
ŷ(t)

σ
âi
(t) =

−S(p)pi

P̂d(p)
ŷ(t) ✭✷✼✮

❲✐&❤ P̂d(p) ❣✐✈❡♥ ❜② ✭✷✺✮✳

❚❤❡ #❡♥#✐&✐✈✐&② ❢✉♥❝&✐♦♥# σ
θ̂
❝❛♥ ❜❡ ✇-✐&&❡♥ ✐♥ &❤❡ ❝♦♠♣❛❝&

♥♦&❛&✐♦♥✿

σ
θ̂
(t) =

S(p)

P̂d(p)
φ̂(t) ✭✷✽✮

❙♦ &❤❡ #❡♥#✐&✐✈✐&② ❢✉♥❝&✐♦♥ ❝❛♥ ❜❡ #❡❡♥ ❛# ❛ ✜❧&❡-✐♥❣ ✭❜②

S

P̂
✮ ♦❢ &❤❡ -❡❣-❡##✐♦♥ ✈❡❝&♦-✳ ❚❤✐# ✐♠♣❧✐❝✐& ✜❧&❡-✐♥❣ ✐# &❤❡

#❛♠❡ &❤❛& ▲❛♥❞❛✉ ▲❛♥❞❛✉ ❛♥❞ ❑❛-✐♠✐ ✭✶✾✾✼✮ ♦❜&❛✐♥❡❞ ✐♥

&❤❡ ❞✐#❝-❡&❡✲&✐♠❡ ❝❛#❡ ❢♦- &❤❡ ❋✲❈▲❖❊ ❛❧❣♦-✐&❤♠ ✇❤✐❝❤ ✐#

✇❡❧❧ ❦♥♦✇♥ &♦ ❤❛✈❡ ❡①❝❡❧❧❡♥& ❝♦♥✈❡-❣❡♥❝❡ ♣-♦♣❡-&✐❡#✳

❋✐♥❛❧❧②✱ &❤❡ ♦✉&♣✉& #❡♥#✐&✐✈✐&② ❢✉♥❝&✐♦♥ ✇✐&❤ -❡#♣❡❝& &♦ &❤❡

&✐♠❡ ❞❡❧❛② ✐# ❝♦♠♣✉&❡❞ ❜②✿

σ
T̂d
(t) =

∂ŷ(t)

∂T̂d

=
∂

∂T̂d

[
B̂(p)

Â(p)
e−T̂dpû(t)

]
✭✷✾✮

❯#✐♥❣ ✭✾✮✱ &❤✐# ❣✐✈❡#✿

σ
T̂d
(t) =

−pB̂(p)S(p)

P̂d(p)
e−T̂dpû(t) ✭✸✵✮

❲✐&❤ P̂d(p) ❣✐✈❡♥ ❜② ✭✷✺✮✳

❇❡❝❛✉#❡ &❤❡ &✐♠❡ ❞❡❧❛② ✐# ❝♦♥&❛✐♥❡❞ ✐♥ &❤❡ ❞❡♥♦♠✐♥❛&♦-

♦❢ ❛❧❧ &❤❡ #❡♥#✐&✐✈✐&✐❡# ❢✉♥❝&✐♦♥# ✭✷✹✮✱ ✭✷✼✮✱ ✭✸✵✮ ✐& ✐# ♥♦&

♦❜✈✐♦✉# ❤♦✇ &❤❡② ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥&❡❞✳ ❚♦ ❝♦♣❡ ✇✐&❤✱

&❤❡ &❤-❡❡ ✐♠♣❧❡♠❡♥&❛❜❧❡ #&-✉❝&✉-❡# #❤♦✇♥ ✐♥ &❤❡ ✜❣✉-❡

✶ ❛-❡ ♣-♦♣♦#❡❞✳ ❋♦- ❡①❛♠♣❧❡✱ ✐& ❝❛♥ ❜❡ ❡❛#✐❧② ✈❡-✐✜❡❞

✭❢-♦♠ #&❛♥❞❛-❞ ♣-♦♣❡-&✐❡# ♦❢ &❤❡ ✜-#& ♣-♦♣♦#❡❞ ❝❧♦#❡❞✲❧♦♦♣

#&-✉❝&✉-❡✮ &❤❛&✿

σ̂
bi
(t) =

pi

Â(p)

1

1 + B̂(p)

Â(p)

R(p)
S(p) e

−T̂dp

e−T̂dp

=
piS(p)

Â(p)S(p) + B̂(p)R(p)e−T̂dp
e−T̂dp

✭✸✶✮

σ̂
bi
(t) =

piS(p)

P̂d(p)
e−T̂dp

✭✸✷✮

❚❤✐# ✇✐❧❧ ❜❡ ❛❧#♦ &❤❡ ❝❛#❡ ❢♦- ❛❧❧ &❤❡ ♦&❤❡-# #❡♥#✐&✐✈✐&✐❡#

❢✉♥❝&✐♦♥#✳

❋✐❣✉-❡ ✶✳ ❙❡♥#✐&✐✈✐&② ❢✉♥❝&✐♦♥# -❡❛❧✐③❛&✐♦♥



✸✳✷ ❆❧❣♦'✐)❤♠ ❞❡.❝'✐♣)✐♦♥ ♦❢ )❤❡ ♣'♦♣♦.❡❞ ❈❚❖❊ ❛♥❞

❈❚❈▲❖❊ ♠❡)❤♦❞.

❚❤❡ ❛❧❣♦'✐)❤♠ ✐+ )❤❡ +❛♠❡ ❢♦' )❤❡ ♦♣❡♥ ❧♦♦♣ ♦' ❝❧♦+❡❞

❧♦♦♣ +②+)❡♠✳ ❋♦' )❤❡ ♦♣❡♥ ❧♦♦♣ +②+)❡♠✱ )❤❡ ❛❧❣♦'✐)❤♠

✇❛+ ♣'❡✈✐♦✉+❧② ♣'❡+❡♥)❡❞ ✐♥ ❇❛②++❡ ❡) ❛❧✳ ✭✷✵✶✶✮✳ ❍❡'❡ )❤❡

❛❧❣♦'✐)❤♠ ✐+ ♣'❡+❡♥)❡❞ ❢♦' )❤❡ ❝❧♦+❡❞ ❧♦♦♣ +②+)❡♠✳

✭✶✮ ▲❡) ❥❂✵✳ ❯+❡ ❛♥ ✐♥✐)✐❛❧ ✈❛❧✉❡ ♦❢ Θ̂0✱ µ0 ❛♥❞ J0✳
✭✷✮ ❙✐♠✉❧❛)❡ )❤❡ ♠♦❞❡❧ ✉+✐♥❣ ✭✽✮ )♦ ♦❜)❛✐♥ ŷ(t)✳
✭✸✮ ❈♦♠♣✉)❡ )❤❡ +❡♥+✐)✐✈✐)② ❢✉♥❝)✐♦♥ σT (tk) ✉+✐♥❣ ✭✷✹✮✱

✭✷✼✮ ❛♥❞ ✭✸✵✮✳

✭✹✮ ❈♦♠♣✉)❡ )❤❡ ❣'❛❞✐❡♥) ❛♥❞ )❤❡ ❍❡++✐❛♥ ✇✐)❤ ✭✶✾✮ ❛♥❞

✭✷✵✮✳

✭✺✮ L❡'❢♦'♠ )❤❡ ❢♦❧❧♦✇✐♥❣✿

❈♦♠♣✉)❡

Θ̂j+1 = Θ̂j −
[
J
′′

(Θ̂j) + µ❞✐❛❣
(
J
′′

(Θ̂j)
)]−1

J
′

(Θ̂j)✳

✭❛✮ ❙✐♠✉❧❛)❡ )❤❡ ♠♦❞❡❧ ✭✽✮ )♦ ♦❜)❛✐♥ )❤❡ ♥❡✇ ❡+)✐✲

♠❛)❡❞ ♦✉)♣✉) ŷ(t)✳

✭❜✮ ❈♦♠♣✉)❡ J(Θ̂j+1) =
N∑

k=1

(y (tk)− ŷ (tk))
2
✳

✭❝✮ ❈❤❡❝❦ ✐❢ J(Θ̂j+1) 6 J(Θ̂j)✳ ■❢ ♥♦)✱ ❞♦ µj+1 =
10µj ❛♥❞ ❣♦ ❜❛❝❦ )♦ ✭❛✮✳

✭❞✮ ❉♦ µj+1 = 1
4µj ✳

✭✻✮ ❚❡'♠✐♥❛)❡ )❤❡ ❛❧❣♦'✐)❤♠ ✐❢ )❤❡ ❝♦♥✈❡'❣❡♥❝❡ ❝♦♥❞✐)✐♦♥

✐+ +❛)✐+✜❡❞✳ ❖)❤❡'✇✐+❡✱ ❧❡) j = j + 1 ❛♥❞ ❣♦ ❜❛❝❦ )♦
+)❡♣ ✷✳

✹✳ ▲❊❆❙❚ ❙◗❯❆❘❊❙ ❆▲●❖❘■❚❍▼ ❯❙❊❉ ❋❖❘

■◆■❚■❆▲■❩❆❚■❖◆

❚❤❡ ♣'♦♣♦+❡❞ ♦✉)♣✉) ❡''♦' ♠❡)❤♦❞ ♥❡❡❞+ ❛♥ ✐♥✐)✐❛❧✐③❛)✐♦♥

+)❡♣ ❢♦' )❤❡ ❡+)✐♠❛)❡❞ ♠♦❞❡❧ ✭✺✮ ♦' ✭✽✮✳ ❚❤✐+ )❛+❦ ❝❛♥ ❜❡

❞♦♥❡ ❜② ❛♥ ❛❞❛♣)❛)✐♦♥ ♦❢ )❤❡ ♠❡)❤♦❞ ♣'♦♣♦+❡❞ ❜② ❨❛♥❣

❡) ❛❧✳ ✭✷✵✵✼✮✳ ❚❤✐+ ♠❡)❤♦❞✱ ❜❛+❡❞ ♦♥ )❤❡ +❡♣❛'❛❜❧❡ ❧❡❛+)✲

+_✉❛'❡+ ♠❡)❤♦❞✱ ✐❞❡♥)✐❢② ✜'+)❧② )❤❡ ♥♦♥❧✐♥❡❛' ♣❛'❛♠❡)❡'

✇✐)❤ ❛ ◆▲L ❛❧❣♦'✐)❤♠✱ ❛♥❞ )❤❡♥ )❤❡ ❧✐♥❡❛' ♣❛'❛♠❡)❡'+

✇✐)❤ )❤❡ ❝❧❛++✐❝❛❧ ❧✐♥❡❛' ❧❡❛+)✲+_✉❛'❡+ ❛❧❣♦'✐)❤♠✳ ❚❤✐+ ❛❧❣♦✲

'✐)❤♠ ✐+ ❝❛❧❧❡❞ ●❙❊L◆▲❙ ❢♦' ●❧♦❜❛❧ ❙❡♣❛'❛❜❧❡ ◆♦♥❧✐♥❡❛'

▲❡❛+)✲❙_✉❛'❡+✳

❚❤❡ ♥♦♥❧✐♥❡❛' ♣❛'❛♠❡)❡'✱ ✐✳❡✳ )❤❡ )✐♠❡ ❞❡❧❛②✱ ✐+ ✐❞❡♥)✐✜❡❞

✉+✐♥❣ ❛ ●❛✉++ ◆❡✇)♦♥ ❛❧❣♦'✐)❤♠✳ ■) ✐+ ✇❡❧❧✲❦♥♦✇♥ )❤❛)

)❤✐+ ◆▲L ❛❧❣♦'✐)❤♠ ❝❛♥ ♦♥❧② ✐♥+✉'❡+ ❧♦❝❛❧ ❝♦♥✈❡'❣❡♥❝❡✳

❚❤✉+✱ )♦ ❛✈♦✐❞ ❧♦❝❛❧ ♠✐♥✐♠❛✱ ❨❛♥❣ ❡) ❛❧✳ ✭✷✵✵✼✮ ♣'♦♣♦+❡

)♦ ✉+❡ ❛ '❛♥❞♦♠ ✈❛'✐❛❜❧❡ ❛❞❞❡❞ )♦ )❤❡ ❣'❛❞✐❡♥)✳ ❚❤❡

❛❧❣♦'✐)❤♠ ♣❡'♠✐)+ )❤❡♥ )♦ ♦❜)❛✐♥ ❛ ❜❡))❡' ❝♦♥✈❡'❣❡♥❝❡✳

■) ✐+ ♣'♦♣♦+❡❞ ✐♥ )❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥ ❛❞❛♣)❛)✐♦♥ ♦❢ )❤❡

●❙❊L◆▲❙ ❛❧❣♦'✐)❤♠✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡'❡♥❝❡+ ❝♦♠❡ ❢'♦♠

✐)+ ✉+❡ ✐♥ ❛ ❙■❙❖ +②+)❡♠✱ )❤❡ ✉+❡ ♦❢ ❛ ❝♦♥)✐♥✉♦✉+✲)✐♠❡

✜❧)❡' )♦ ❝♦♠♣✉)❡ )❤❡ ❞❡'✐✈❛)✐✈❡+✱ ❛♥❞ )❤❡ ✉+❡ ♦❢ )❤❡ ✜❧)❡'❡❞

❞❡'✐✈❛)✐✈❡ ❛+ ♦✉)♣✉)✳

❲❤❡♥ ✉+✐♥❣ )❤❡ ❧❡❛+)✲+_✉❛'❡+ ❛❧❣♦'✐)❤♠✱ )❤❡ ♠♦❞❡❧ ✭✽✮ ❝❛♥

❜❡ ✇'✐))❡♥ ✐♥ '❡❣'❡++♦' ❢♦'♠ ❛+✿

ŷ(n)(t) =−
1

ân
y(t)−

â1

ân
y(1)(t)−− · · · −

ân−1

ân
y(n−1)(t)

+
b̂0

ân
e−T̂dpu(t) + · · ·+

b̂m

ân
e−T̂dpu(m)(t)

ŷ(n)(t) = ϑ̂Tφ(t, T̂d) ✭✸✸✮

✇❤❡'❡

ϑ̂T =
[

1

ân

â1

ân

· · ·
ân−1

ân

b̂0

ân

· · · b̂m

ân

]
✭✸✹✮

φT (t, T̂d) =
[
−y(t) −y(1)(t) · · · −y(n−1)(t)

e−T̂dpu(t) · · · e−T̂dpu(m)(t)

]
✭✸✺✮

❇✉)✱ ❜❡❝❛✉+❡ ♦❢ )❤❡ )✐♠❡ ❞❡❧❛②✱ ✭✸✸✮ ✐+ ❛ ♥♦♥❧✐♥❡❛' ♠♦❞❡❧✳

❚♦ ♠❛❦❡ )❤❡ ✈❡❝)♦' φT (t, T̂d) '❡❛❧✐③❛❜❧❡✱ ✐) ✐+ ♥❡❝❡++❛'② )♦
❝♦♠♣✉)❡ )❤❡ ❞❡'✐✈❛)✐✈❡+ ♦❢ )❤❡ +✐❣♥❛❧+ u(t) ❛♥❞ y(t)✳ ❚❤✐+
✐+ ❛❝❤✐❡✈❡❞ ✉+✐♥❣ ❛ ❧♦✇✲♣❛++ ✜❧)❡'✱ ❞❡✜♥❡❞ ❛+✿

F (p) =
1

Λ(p)
=

1

(1 + λp)
n =

1

1 + λ1p+ . . .+ λnpn
✭✸✻✮

✇❤❡'❡ λ ✐+ ❛ ❝♦♥+)❛♥) ✇❤✐❝❤ ❞❡)❡'♠✐♥❡+ )❤❡ ♣❛++ ❜❛♥❞

♦❢ )❤❡ ✜❧)❡'✱ ❛♥❞ λ1, . . . , λn ❛'❡ ♣♦❧②♥♦♠✐❛❧ ❝♦❡✣❝✐❡♥) ♦❢

)❤❡ ✜❧)❡'✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ )❤✐+ ♣❛'❛♠❡)❡' ✐♠♣❧✐❡+ ♣'✐♦'

❦♥♦✇❧❡❞❣❡ ♦❢ )❤❡ +②+)❡♠ ❜❛♥❞ ♣❛++✳

❉❡♥♦)✐♥❣ ✇✐)❤ )❤❡ +✉❜+❝'✐♣) f )❤❡ ✜❧)❡'❡❞ +✐❣♥❛❧+✱ )❤❡

'❡❣'❡++♦' ♠♦❞❡❧ ✭✸✸✮ ❝❛♥ ❜❡ ✇'✐))❡♥✿

ŷ
(n)
f (t) =−

â1

ân
y
(1)
f (t) + · · · −

ân−1

ân
y
(n−1)
f (t)

+
b̂0

ân
e−T̂dpuf (t) + · · ·+

b̂m

ân
e−T̂dpu

(m)
f (t)

ŷ
(n)
f (t) = ϑ̂Tφf (t, T̂d) ✭✸✼✮

✇❤❡'❡

φT
f (t, T̂d) =

[
−yf (t) · · · −y

(n−1)
f (t)

e−T̂dpuf (t) · · · e
−T̂dpu

(m)
f (t)

]
✭✸✽✮

❯+✐♥❣ ✭✸✼✮✱ )❤❡ _✉❛❞'❛)✐❝ ❝'✐)❡'✐♦♥ )❤❛) ❤❛✈❡ )♦ ❜❡ ♠✐♥✐✲

♠✐③❡❞ ✐+ ✇'✐))❡♥✿

J(T̂d) =
1

2

N∑

k=1

(εf (tk))
2

✭✸✾✮

εf (tk) = y
(n)
f (tk)− ϑ̂Tφf (t, T̂d) ✭✹✵✮

■♥ )❤❡ ❢♦❧❧♦✇✐♥❣✱ ❢♦' )❤❡ ♣'❡+❡♥)❛)✐♦♥ ♦❢ )❤✐+ ❛❧❣♦'✐)❤♠✱

✐) ✐+ ❡❛+✐❡' )♦ ✉+❡ ♠❛)'✐① ♥♦)❛)✐♦♥✳ ❚❤✉+✱ )❤❡ ❢♦❧❧♦✇✐♥❣

✈❛'✐❛❜❧❡+ ❛'❡ ❞❡✜♥❡❞✿

Φf (T̂d) =
[
φf (1, T̂d) · · · φf (N, T̂d)

]T
✭✹✶✮

Z =
[
y
(n)
f (1) · · · y

(n)
f (N)

]T
✭✹✷✮

E = [ εf (1) · · · εf (N) ]
T

✭✹✸✮

❲✐)❤ )❤✐+ ♥♦)❛)✐♦♥✱ )❤❡ _✉❛❞'❛)✐❝ ❝'✐)❡'✐♦♥ ✭✸✾✮✱ ✭✹✵✮ ❝❛♥

❜❡ ✇'✐))❡♥ ❛+✿

J(T̂d) =
1

2
ETE ✭✹✹✮

E =Z − Φf (T̂d)ϑ̂ ✭✹✺✮

❚❤❡ ♣'✐♥❝✐♣❧❡ ♦❢ )❤❡ +❡♣❛'❛❜❧❡ ❛❧❣♦'✐)❤♠ ✐+ )♦ ✜'+)❧②

✐❞❡♥)✐❢② )❤❡ ♥♦♥❧✐♥❡❛' ♣❛'❛♠❡)❡' T̂d ✇✐)❤ ❛ ◆▲L ♠❡)❤♦❞



 ❤❡♥  ❤❡ ❧✐♥❡❛' ♣❛'❛♠❡ ❡'* ϑ̂ ✇✐ ❤  ❤❡ ❧✐♥❡❛' ❧❡❛* *,✉❛'❡*

❛❧❣♦'✐ ❤♠✳ ❚♦ *❤♦✇ ❤♦✇  ❤❡ ❣'❛❞✐❡♥ ❛♥❞  ❤❡ ❍❡**✐❛♥ ❛'❡

❝♦♠♣✉ ❡❞✱  ❤❡ ,✉❛❞'❛ ✐❝ ❝'✐ ❡'✐♦♥ ✭✹✹✮ ♠✉* ❜❡ ✇'✐  ❡♥

❛* ❛ ❢✉♥❝ ✐♦♥ ♦❢  ❤❡  ✐♠❡ ❞❡❧❛② T̂d✳ ❚❤❡ ❡* ✐♠❛ ❡❞ ✈❡❝ ♦'

ϑ̂✱ ❝❛♥ ❜❡ '❡♣❧❛❝❡❞ ❜② ✐ * ✐❞❡♥ ✐✜❡❞ ✈❛❧✉❡ ✉*✐♥❣  ❤❡ ❧✐♥❡❛'

▲❡❛* ❙,✉❛'❡* ✭▲❙✮ ❛❧❣♦'✐ ❤♠✳

ϑ̂=
[
ΦT

f (T̂d)Φf (T̂d)
]−1

ΦT
f (T̂d)Z = Φ†f (T̂d)Z ✭✹✻✮

✇❤❡'❡ Φ†f ✐*  ❤❡ ♣*❡✉❞♦✲✐♥✈❡'*❡ ♦❢ Φf ✳ ❙♦  ❤❡ ,✉❛❞'❛ ✐❝

❝'✐ ❡'✐♦♥ ✭✹✹✮ ❝❛♥ ❜❡ ❡①♣'❡**❡❞ ♦♥❧② ❛* ❛ ❢✉♥❝ ✐♦♥ ♦❢  ❤❡

 ✐♠❡ ❞❡❧❛②✿

J(T̂d) =
1

2

∥∥∥Z − Φf (T̂d)Φ
†
f (T̂d)Z

∥∥∥
2

2
✭✹✼✮

❚♦ ❝♦♠♣✉ ❡  ❤❡ ❣'❛❞✐❡♥ ❛♥❞  ❤❡ ❍❡**✐❛♥✱ ❛ ♥♦ ❛ ✐♦♥

*✐♠✐❧❛'  ♦ ◆❣✐❛ ✭✷✵✵✶✮ ✐* ✉*❡❞✿

E
T̂d

=
dE

dT̂d

= −
dΦf (T̂d)

dT̂d

ϑ̂ = −
dΦf (T̂d)

dT̂d

Φ†f (T̂d)Z ✭✹✽✮

E
ϑ̂
=

dE

dϑ̂
= −Φf (T̂d) ✭✹✾✮

❚❤❡ ❣'❛❞✐❡♥ ❛♥❞  ❤❡ ❍❡**✐❛♥✱ ✇✐ ❤  ❤❡ ●❛✉**✲◆❡✇ ♦♥

❛♣♣'♦①✐♠❛ ✐♦♥✱ ✇✐❧❧ ❤❛✈❡  ❤❡ ❢♦'♠ ✭❛* *❤♦✇♥ ✐♥ ◆❣✐❛

✭✷✵✵✶✮✮✿

J
′

(T̂d) =ET

T̂d

E ✭✺✵✮

J
′′

(T̂d) =ET

T̂d

E
T̂d
− ET

T̂d

E
ϑ̂

[
ET

ϑ̂
E

ϑ̂

]−1

ET

ϑ̂
E

T̂d
✭✺✶✮

❨❛♥❣ ❡! ❛❧✳ ♣'♦♣♦*❡  ♦ ✉*❡  ❤❡ ●❛✉**✲◆❡✇ ♦♥ ◆▲N

♠❡ ❤♦❞✱ ✇✐ ❤ ❛ * ♦❝❤❛* ✐❝  ❡'♠ ❛❞❞❡❞  ♦  ❤❡ ❣'❛❞✐❡♥ ✳ ❉❡✲

♥♦ ✐♥❣ η ❛ ●❛✉**✐❛♥ '❛♥❞♦♠ ✈❛'✐❛❜❧❡✱  ❤❡ ❡✈♦❧✉ ✐♦♥ ♦❢  ❤❡

❡* ✐♠❛ ❡❞  ✐♠❡ ❞❡❧❛② ✇✐ ❤  ❤❡ ●❛✉**✲◆❡✇ ♦♥ ❛❧❣♦'✐ ❤♠ ✐*

 ❤❡♥ ✇'✐  ❡♥✿

T̂d,j+1 = T̂d,j −
[
J
′′

(T̂d)
]−1 (

J
′

(T̂d)− βjη
)

✭✺✷✮

✇❤❡'❡ βj ✐*  ❤❡ ✈❛'✐❛♥❝❡ ♦❢  ❤❡ '❛♥❞♦♠ ✈❛'✐❛❜❧❡ η✳ ❚❤✐*

✈❛'✐❛♥❝❡ ✐* ❝♦♠♣✉ ❡❞ ✉*✐♥❣ βj = β0J(T̂d)✱ ✇✐ ❤ β0 ❛

♣♦*✐ ✐✈❡ ❝♦♥* ❛♥ ❝❤♦*❡♥ *✉✣❝✐❡♥ ❧② ❧❛'❣❡✳ ❚❤❡ ✐❞❡❛ ✐*

✐❢  ❤❡ ,✉❛❞'❛ ✐❝ ❝'✐ ❡'✐♦♥ ❜❡❝♦♠❡* *♠❛❧❧❡'✱  ❤❡ * ♦❝❤❛* ✐❝

♣❡' ✉'❜❛ ✐♦♥ βjη ❜❡❝♦♠❡* ✇❡❛❦❡' ❛♥❞  ❤❡ ❛❧❣♦'✐ ❤♠  ❡♥❞

 ♦ ❜❡ ❝❧♦*❡'  ♦  ❤❡ ❝❧❛**✐❝❛❧ ●❛✉**✲◆❡✇ ♦♥ ❛❧❣♦'✐ ❤♠✳ ❚❤❡

❛❧❣♦'✐ ❤♠ ✉*❡❞ ❤❛*  ❤❡ ❢♦'♠✿

✭✶✮ ▲❡ ❥❂✵✳ ❙❡ β0✱  ❤❡ ✐♥✐ ✐❛❧ ❡* ✐♠❛ ❡ T̂d,0 ❛♥❞ ❛♥ ✉♣♣❡'

❜♦✉♥❞ ♦❢  ✐♠❡ ❞❡❧❛②* T d✳

✭✷✮ ❈♦♠♣✉ ❡ ♣'❡✜❧ ❡'❡❞ *✐❣♥❛❧*  ❤❛ ❛'❡ ♣❛' ♦❢ Φf (T̂d)✱
✇✐ ❤  ❤❡ ❧♦✇✲♣❛** ✜❧ ❡' ✭✸✻✮✳

✭✸✮ ❙❡ βj = β0J(T̂d) ✉*✐♥❣ ✭✹✼✮✳

✭✹✮ N❡'❢♦'♠  ❤❡ ❢♦❧❧♦✇✐♥❣

✭❛✮ ❈♦♠♣✉ ❡

∆T̂d,j+1 = −
[
J
′′

(T̂d,j)
]−1 (

J
′

(T̂d,j)− βjη
)

✳

✭❜✮ ❈♦♠♣✉ ❡ T̂d,j+1 = T̂d,j +∆T̂d,j+1✳

✭❝✮ ❈❤❡❝❦ ✐❢ 0 6 T̂d,j+1 6 T d✳ ■❢ ♥♦ ✱ ❧❡ ∆T̂d,j+1 =

0.5∆T̂d,j+1 ❛♥❞ ❣♦ ❜❛❝❦  ♦ ✭❜✮✳

✭❞✮ ❈❤❡❝❦ ✐❢ J(T̂d,j+1) 6 J(T̂d,j)✳ ■❢ ♥♦ ✱ ❧❡ 

∆T̂d,j+1 = 0.5∆T̂d,j+1 ❛♥❞ ❣♦ ❜❛❝❦  ♦ ✭❜✮✳

✭✺✮ ❚❡'♠✐♥❛ ❡  ❤❡ ❛❧❣♦'✐ ❤♠ ✐❢  ❤❡ * ♦♣♣✐♥❣ ❝♦♥❞✐ ✐♦♥ ✐*

*❛ ✐*✜❡❞✳ ❖ ❤❡'✇✐*❡✱ ❧❡ j = j+1 ❛♥❞ ❣♦ ❜❛❝❦  ♦ * ❡♣

✸✳

✭✻✮ ❋✐♥❛❧❧②✱ ❜② *✉❜* ✐ ✉ ✐♥❣  ❤❡ ✜♥❛❧ ✈❛❧✉❡ ♦❢ T̂d✱  ❤❡

❧✐♥❡❛' ♣❛'❛♠❡ ❡' ✈❡❝ ♦' ϑ̂ ❝❛♥ ❜❡ ❡* ✐♠❛ ❡❞ ❜②  ❤❡

▲❙ ♠❡ ❤♦❞ ❣✐✈❡♥ ✐♥ ✭✹✻✮✳

✺✳ ❙■▼❯▲❆❚■❖◆ ❘❊❙❯▲❚❙

❈♦♥*✐❞❡' ❛  ❤✐'❞ ♦'❞❡' *②* ❡♠ ✇✐ ❤ ❛ ③❡'♦✱ ❞❡✜♥❡❞ ❜②✿

G(p) =
−1 + 2p

(p+ 2) (p2 + 2ξωnp+ ω2
n)

e−Tdp
✭✺✸✮

G(p) =
−b0 + b1p

1 + a1p+ a2p2 + a3p3
e−Tdp

✭✺✹✮

✇✐ ❤

ξ = 0.2; ωn =
√
3 '❛❞✴*;

b0 = 0.167; b1 = 0.333; a1 = 0.731;
a2 = 0.449; a3 = 0.167; Td = 1.3 *.

✭✺✺✮

❚❤❡ *②* ❡♠ ✐* ❡①❝✐ ❡❞ ✇✐ ❤ ❛ N*❡✉❞♦ ❘❛♥❞♦♠ ❇✐♥❛'②

❙✐❣♥❛❧ ✭N❘❇❙✮✳ ❆♥ ❛❞❞✐ ✐✈❡ ✇❤✐ ❡ ♥♦✐*❡ ✐* ❛❞❞❡❞  ♦  ❤❡

♦✉ ♣✉ ✇✐ ❤ ❛ ❙✐❣♥❛❧  ♦ ◆♦✐*❡ ❘❛ ✐♦ ✭❙◆❘✮ ♦❢ ✶✺ ❞❇✳ ❚❤✐*

❙◆❘ ✐* ❞❡✜♥❡❞ ❛*✿

SNR = 10 log10

(
var (y0)

var (y − y0)

)
✭✺✻✮

✇❤❡'❡ y0 ✐*  ❤❡ ♥♦✐*❡❧❡** ♦✉ ♣✉ ❛♥❞ y ✐*  ❤❡ ♥♦✐*② ♦✉ ♣✉ ✳

❚❤❡ *✐❣♥❛❧* ✉*❡❞ ❢♦' ✐❞❡♥ ✐✜❝❛ ✐♦♥ ❛'❡ ♣'❡*❡♥ ❡❞ ✐♥ ✜❣✉'❡

✷✳

❋♦'  ❤❡ ❝❧♦*❡❞✲❧♦♦♣ *✐♠✉❧❛ ✐♦♥*✱  ❤❡ ❝♦♥ '♦❧❧❡' ✐*  ✉♥❡❞ ✉*✲

✐♥❣  ❤❡ ❞✐'❡❝ ♠❡ ❤♦❞✱ ✇✐ ❤  ❤❡ ♣❛'❛♠❡ ❡' ✈❛❧✉❡* ♦❜ ❛✐♥❡❞

✇✐ ❤  ❤❡ ❈❚❖❊ ❛❧❣♦'✐ ❤♠✳ ❲✐ ❤  ❤✐* ❛♣♣'♦❛❝❤  ❤❡ ❞❡*✐'❡❞
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