A(p) = 1 + a 1 p + • • • + a n p n ✭✸✮ B(p) = b 0 + b 1 p + • • • + b m p m ; m < n ✭✹✮ y (t k ) ✐s t❤❡ ❛♠♣•✐t✉❞❡ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ s✐❣♥❛• y(t) ❛t t✐♠❡ t k = kT s ✱ ✇✐t❤ T s t❤❡ s❛♠♣•✐♥❣ ♣❡r✐♦❞✳ ❋♦
y(t) = -a 1 y (1) (t) -• • • -a n y (n) (t) + b 0 u(t -T d ) + • • • + b m u (m) (t -T d ) y(t) = θ T φ(t) ✭✶✵✮ ✇✐t❤✿ θ T = a 1 • • • a n b 0 • • • b m , ✭✶✶✮ φ T (t) = -y (1) (t) • • • -y (n) (t) u(t -T d ) • • • û(m) (t -T d ) ✭✶✷✮ ✇❤❡r❡ u (m) (t) = p m u(t) ❛♥❞ y (n) (t) = p n y(t)✳ ✸✳ ❚❍❊ ❖❋❋✲▲■◆❊ ❖❯❚P❯❚ ❊||❖| ▼❊❚❍❖❉ ❚❤❡ q✉❛❞r❛t✐❝ ❝r✐t❡r✐♦♥ t♦ ❜❡ ♠✐♥✐♠✐③❡❞ ❢r♦♠ N s❛♠♣•❡❞ ❞❛t❛ ✐s✿ J = N k=1 (y(t k ) -y(t k )) 2 = N k=1 ε 2 (t k ) ✭✶✸✮ ❙✐♥❝❡ t❤✐s ❝r✐t❡r✐♦♥ ✐s ♥♦♥•✐♥❡❛r ✐♥ t❤❡ ♣❛r❛♠❡t❡rs✱ ♦♥❡ ♠✉st ✉s❡ ❛ ◆♦♥▲✐♥❡❛r Pr♦❣r❛♠♠✐♥❣ ✭◆▲P✮ ♠❡t❤♦❞✳ ❚❤❡s❡ ♠❡t❤♦❞s ❛r❡ ❜❛s❡❞ ♦♥ ❛♥ ✐t❡r❛t✐✈❡ ❛♣♣r♦❛❝❤ t♦ ❝♦♥✲ ✈❡r❣❡✳ ❆t t❤❡ ✐t❡r❛t✐♦♥ j + 1✱ t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ ✉♣❞❛t❡❞ ✉s✐♥❣✿ Θ j+1 = Θ j + ∆ Θ j ✭✶✹✮ ✇❤❡r❡ ∆ Θ j ✐s t❤❡ ✐♥❝r❡♠❡♥t ♦❢ t❤❡ ♣❛r❛♠❡t❡rs Θ j ✳ ❚❤❡ t❤r❡❡ ◆▲P ♠❡t❤♦❞s ♠♦st ✉s❡❞ ❛r❡ t❤❡ ❣r❛❞✐❡♥t ♠❡t❤♦❞✱ t❤❡ •❛✉ss✲◆❡✇t♦♥ ♠❡t❤♦❞✱ ❛♥❞ t❤❡ ▲❡✈❡♥❜❡r❣✲▼❛rq✉❛r❞t ♠❡t❤♦❞✱ ✇❤❡r❡ t❤❡ ✐♥❝r❡♠❡♥t ✐s r❡s♣❡❝t✐✈❡•② ❞❡s❝r✐❜❡❞ ❛s✿ ∆ Θ j = -µJ ′ ( Θ j ) ✭✶✺✮ ∆ Θ j = -µ J ′′ ( Θ j ) -1 J ′ ( Θ j ) ✭✶✻✮ ∆ Θ j = -J ′′ ( Θ j ) + µ❞✐❛❣ J ′′ ( Θ j ) -1 J ′ ( Θ j ) ✭✶✼✮ ✇❤❡r❡ J ′ ( Θ j ) ❛♥❞ J ′′ ( Θ j ) ❛r❡ r❡s♣❡❝t✐✈❡•② t❤❡ ❣r❛❞✐❡♥t ❛♥❞ t❤❡ ❍❡ss✐❛♥✱ µ ✐s ❛ ♣❛r❛♠❡t❡r ✇❤✐❝❤ ♣❡r♠✐ts t❤❡ t✉♥✐♥❣ ♦❢ t❤❡ ❛•❣♦r✐t❤♠s✳ ❚❤❡ •❛tt❡r ❛•❣♦r✐t❤♠ ✭✶✼✮ ✐s t❤❡ ♠♦st ♣❡r❢♦r♠❛♥t ❞✉❡ t♦ ✐ts t✉♥✐♥❣ ♣❛r❛♠❡t❡r µ✳ ❋♦r ❤✐❣❤ µ ✈❛•✉❡s t❤❡ ❛•❣♦r✐t❤♠ ✐s ❝•♦s❡ t♦ t❤❡ ❣r❛❞✐❡♥t ♠❡t❤♦❞✱ ❢♦r •♦✇ µ ✈❛•✉❡s t❤❡ ❛•❣♦r✐t❤♠ ✐s ❝•♦s❡ t♦ t❤❡ •❛✉ss✲◆❡✇t♦♥ ♠❡t❤♦❞✳ ❚❤❡ ❣r❛❞✐❡♥t ❛♥❞ t❤❡ ❍❡ss✐❛♥ ❛r❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ s❡♥s✐t✐✈✐t② ❢✉♥❝t✐♦♥s✳ ❉❡♥♦t✐♥❣ σ θ (t) = ∂ y(t) ∂ θ t❤❡ ♦✉t♣✉t s❡♥s✐t✐✈✐t② ❢✉♥❝t✐♦♥ ✇✳r✳t✳ θ✱ ❛♥❞ σ T d (t) = ∂ y(t) ∂ T d t❤❡ ♦✉t♣✉t s❡♥s✐t✐✈✐t② ❢✉♥❝t✐♦♥ ✇✳r✳t✳ T d ✱ t❤❡ s❡♥s✐t✐✈✐t② ✈❡❝t♦r σ (t) ✐s ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❢♦r♠✿ σ T (t) = σ T θ (t) σ T d (t) ✭✶✽✮ = σ a1 (t) • • • σ an (t) σ b0 (t) • • • σ bm (t) σ T d (t) ❚❤❡ ❣r❛❞✐❡♥t ❛♥❞ t❤❡ ❍❡ss✐❛♥✱ ✇✐t❤ t❤❡ •❛✉ss✲◆❡✇t♦♥ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❛r❡ t❤❡♥ r❡s♣❡❝t✐✈❡•② ❣✐✈❡♥ ❜②✿ J ′ ( Θ) = -2 N k=1 ε (t k ) σ (t k ) ✭✶✾✮ J ′′ ( Θ) ≃ 2 N k=1 σ (t k ) σ T (t k ) ✭✷✵✮ ✸✳✶ ❙❡♥s✐t✐✈✐t② ❢✉♥❝t✐♦♥s ❝♦♠♣✉t❛t✐♦♥ ❖♣❡♥ •♦♦♣ s②st❡♠ ❚❤❡ ❢♦••♦✇✐♥❣ ❝♦♠♣✉t❛t✐♦♥s ❢♦r ❛♥ ♦♣❡♥ •♦♦♣ s②st❡♠ ✇❡r❡ ❞❡✈❡•♦♣❡❞ ✐♥ ❛ ♣r❡✈✐♦✉s ♣❛♣❡r ✭❇❛②ss❡ ❡t ❛•✳ ✭✷✵✶✶✮✮✳ ❖♥•② t❤❡ ♠❛✐♥ r❡s✉•ts ❛r❡ ♣r❡s❡♥t❡❞ ❤❡r❡✳ ❚❤❡ s❡♥s✐t✐✈✐t✐❡s ♦❢ ❛ ♥✉♠❡r❛t♦r ♣❛r❛♠❡t❡r b i ❛♥❞ ♦❢ ❛ ❞❡♥♦♠✐♥❛t♦r ♣❛r❛♠❡t❡r a i ❛r❡ r❡s♣❡❝t✐✈❡•② ❝♦♠♣✉t❡❞ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ✇❛②✿ σ bi (t) = p i A(p) e -T d p u(t) ; σ ai (t) = -p i A(p) y(t) ✭✷✶✮ ◆♦t✐❝❡ t❤❛t t❤❡ s❡♥s✐t✐✈✐t② ❢✉♥❝t✐♦♥s σ T θ (t) ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ❝♦♠♣❛❝t ♥♦t❛t✐♦♥✿ σ T θ (t) = 1 A(p) φ(t, T d )✳ ❙♦ t❤❡ s❡♥s✐t✐✈✐t② ❢✉♥❝t✐♦♥s σ T θ (t) ✐s t❤❡ r❡❣r❡ss✐♦♥ ✈❡❝t♦r φ(t, T d ) ✜•t❡r❡❞ ❜② 1 A(p) ✳ ❚❤✐s ✐♠♣•✐❝✐t ✜•t❡r✐♥❣ ❣✐✈❡s ❛♥ ♦♣t✐♠❛• ❡st✐♠❛t❡ ❛s s❤♦✇♥ ✐♥ •❛r♥✐❡r ❛♥❞ ❲❛♥❣ ✭✷✵✵✽✮✱ ✇❤❡♥ A(p) ⋍ A(p)✳ ❚❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ s✐♠✉•❛t❡❞ ♦✉t♣✉t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡ ❞❡•❛② T d ✐s ❝♦♠♣✉t❡❞ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ♠❛♥♥❡r✿ σ T d (t) = ∂ y(t) ∂ T d = -p B(p) A(p) e -T d p u(t) = -p y(t) ✭✷✷✮ ■t ♠✉st ❜❡ ♥♦t❡❞ t❤❛t t❤❡ s❡♥s✐t✐✈✐t② ❢✉♥❝t✐♦♥ σ T d ✐s r❡❛•✐③❛❜•❡ ♦♥•② ✐❢ m < n✳ ❈•♦s❡❞✲•♦♦♣ s②st❡♠ ■♥ t❤✐s ❝❛s❡ t❤❡ s❡♥s✐t✐✈✐t② ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t❡❞ ♦✉t♣✉t ✇✐t❤ r❡s♣❡❝t ♦❢ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ♥✉♠❡r❛t♦r ✐s ❣✐✈❡♥ ❜② σ bi (t) = ∂ y(t) ∂ b i = ∂ ∂ b i B(p)e -T d p A(p) u(t) ✭✷✸✮ ❯s✐♥❣ ✭✾✮✱ ✐t ❝❛♥ ❜❡ ✈❡r✐✜❡❞ ❛s ✐♥ ❈❛rr✐••♦ ❡t ❛•✳ ✭✷✵✵✾✮ t❤❛t✿ σ bi (t) = S(p)e -T d p p i A(p)S(p) + B(p)R(p)e -T d p u(t) σ bi (t) = S(p)e -T d p p i P d (p) u(t); ✭✷✹✮ P d (p) = A(p)S(p) + B(p)R(p)e -T d p ✭✷✺✮ ❚❤❡ s❡♥s✐t✐✈✐t② ❢✉♥❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s ❝❛•❝✉•❛t❡❞ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ♠❛♥♥❡r✿ σ ai (t) = ∂ y(t) ∂ a i = ∂ ∂ a i B(p)e -T d p A(p) u(t) ✭✷✻✮ ❚❤❡♥✱ ✇✐t❤ ✭✾✮ t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t ✐s ♦❜t❛✐♥❡❞✿ σ ai (t) = -S(p)p i A(p)S(p) + B(p)R(p)e -T d p y(t) σ ai (t) = -S(p)p i P d (p) y(t) ✭✷✼✮ ❲✐t❤ P d (p) ❣✐✈❡♥ ❜② ✭✷✺✮✳ ❚❤❡ s❡♥s✐t✐✈✐t② ❢✉♥❝t✐♦♥s σ θ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❝♦♠♣❛❝t ♥♦t❛t✐♦♥✿ σ θ (t) = S(p) P d (p) φ(t) ✭✷✽✮ ❙♦ t❤❡ s❡♥s✐t✐✈✐t② ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ✜•t❡r✐♥❣ ✭❜② S P ✮ ♦❢ t❤❡ r❡❣r❡ss✐♦♥ ✈❡❝t♦r✳ ❚❤✐s ✐♠♣•✐❝✐t ✜•t❡r✐♥❣ ✐s t❤❡ s❛♠❡ t❤❛t ▲❛♥❞❛✉ ▲❛♥❞❛✉ ❛♥❞ ❑❛r✐♠✐ ✭✶✾✾✼✮ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ❝❛s❡ ❢♦r t❤❡ ❋✲❈▲❖❊ ❛•❣♦r✐t❤♠ ✇❤✐❝❤ ✐s ✇❡•• ❦♥♦✇♥ t♦ ❤❛✈❡ ❡①❝❡••❡♥t ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt✐❡s✳ ❋✐♥❛••②✱ t❤❡ ♦✉t♣✉t s❡♥s✐t✐✈✐t② ❢✉♥❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡ ❞❡•❛② ✐s ❝♦♠♣✉t❡❞ ❜②✿ σ T d (t) = ∂ y(t) ∂ T d = ∂ ∂ T d B(p) A(p) e -T d p u(t) ✭✷✾✮ ❯s✐♥❣ ✭✾✮✱ t❤✐s ❣✐✈❡s✿ σ T d (t) = -p B(p)S(p) P d (p) e -T d p u(t) ✭✸✵✮ ❲✐t❤ P d (p) ❣✐✈❡♥ ❜② ✭✷✺✮✳ ❇❡❝❛✉s❡ t❤❡ t✐♠❡ ❞❡•❛② ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ ❛•• t❤❡ s❡♥s✐t✐✈✐t✐❡s ❢✉♥❝t✐♦♥s ✭✷✹✮✱ ✭✷✼✮✱ ✭✸✵✮ ✐t ✐s ♥♦t ♦❜✈✐♦✉s ❤♦✇ t❤❡② ❝❛♥ ❜❡ ✐♠♣•❡♠❡♥t❡❞✳ ❚♦ ❝♦♣❡ ✇✐t❤✱ t❤❡ t❤r❡❡ ✐♠♣•❡♠❡♥t❛❜•❡ str✉❝t✉r❡s s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡ ✶ ❛r❡ ♣r♦♣♦s❡❞✳ ❋♦r ❡①❛♠♣•❡✱ ✐t ❝❛♥ ❜❡ ❡❛s✐•② ✈❡r✐✜❡❞ ✭❢r♦♠ st❛♥❞❛r❞ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✜rst ♣r♦♣♦s❡❞ ❝•♦s❡❞✲•♦♦♣ str✉❝t✉r❡✮ t❤❛t✿ σ bi (t) = p i A(p) 1 1 + B(p) A(p) R(p) S(p) e -T d p e -T d p = p i S(p) A(p)S(p) + B(p)R(p)e -T d p e -T d p ✭✸✶✮ σ bi (t) = p i S(p) P d (p) e -T d p ✭✸✷✮ ❚❤✐s ✇✐•• ❜❡ ❛•s♦ t❤❡ ❝❛s❡ ❢♦r ❛•• t❤❡ ♦t❤❡rs s❡♥s✐t✐✈✐t✐❡s ❢✉♥❝t✐♦♥s✳ ❋✐❣✉r❡ ✶✳ ❙❡♥s✐t✐✈✐t② ❢✉♥❝t✐♦♥s r❡❛•✐③❛t✐♦♥ ✸✳✷ ❆•❣♦r✐t❤♠ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❈❚❖❊ ❛♥❞ ❈❚❈▲❖❊ ♠❡t❤♦❞s ❚❤❡ ❛•❣♦r✐t❤♠ ✐s t❤❡ s❛♠❡ ❢♦r t❤❡ ♦♣❡♥ •♦♦♣ ♦r ❝•♦s❡❞ •♦♦♣ s②st❡♠✳ ❋♦r t❤❡ ♦♣❡♥ •♦♦♣ s②st❡♠✱ t❤❡ ❛•❣♦r✐t❤♠ ✇❛s ♣r❡✈✐♦✉s•② ♣r❡s❡♥t❡❞ ✐♥ ❇❛②ss❡ ❡t ❛•✳ ✭✷✵✶✶✮✳ ❍❡r❡ t❤❡ ❛•❣♦r✐t❤♠ ✐s ♣r❡s❡♥t❡❞ ❢♦r t❤❡ ❝•♦s❡❞ •♦♦♣ s②st❡♠✳ ✭✶✮ ▲❡t •❂✵✳ ❯s❡ ❛♥ ✐♥✐t✐❛• ✈❛•✉❡ ♦❢ Θ 0 ✱ µ 0 ❛♥❞ J 0 ✳ ✭✷✮ ❙✐♠✉•❛t❡ t❤❡ ♠♦❞❡• ✉s✐♥❣ ✭✽✮ t♦ ♦❜t❛✐♥ y(t)✳ ✭✸✮ ❈♦♠♣✉t❡ t❤❡ s❡♥s✐t✐✈✐t② ❢✉♥❝t✐♦♥ σ T (t k ) ✉s✐♥❣ ✭✷✹✮✱ ✭✷✼✮ ❛♥❞ ✭✸✵✮✳ ✭✹✮ ❈♦♠♣✉t❡ t❤❡ ❣r❛❞✐❡♥t ❛♥❞ t❤❡ ❍❡ss✐❛♥ ✇✐t❤ ✭✶✾✮ ❛♥❞ ✭✷✵✮✳ ✭✺✮ P❡r❢♦r♠ t❤❡ ❢♦••♦✇✐♥❣✿ ❈♦♠♣✉t❡ Θ j+1 = Θ j -J ′′ ( Θ j ) + µ❞✐❛❣ J ′′ ( Θ j ) -1 J ′ ( Θ j )✳ ✭❛✮ ❙✐♠✉•❛t❡ t❤❡ ♠♦❞❡• ✭✽✮ t♦ ♦❜t❛✐♥ t❤❡ ♥❡✇ ❡st✐✲ ♠❛t❡❞ ♦✉t♣✉t y(t)✳ ✭❜✮ ❈♦♠♣✉t❡ J( Θ j+1 ) = N k=1 (y (t k ) -y (t k )) 2 ✳ ✭❝✮ ❈❤❡❝❦ ✐❢ J( Θ j+1 ) J( Θ j )✳ ■❢ ♥♦t✱ ❞♦ µ j+1 = 10µ j ❛♥❞ ❣♦ ❜❛❝❦ t♦ ✭❛✮✳ ✭❞✮ ❉♦ µ j+1 = 1 4 µ j ✳ ✭✻✮ ❚❡r♠✐♥❛t❡ t❤❡ ❛•❣♦r✐t❤♠ ✐❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✳ ❖t❤❡r✇✐s❡✱ •❡t j = j + 1 ❛♥❞ ❣♦ ❜❛❝❦ t♦ st❡♣ ✷✳ ✹✳ ▲❊❆❙❚ ❙◗❯❆|❊❙ ❆▲•❖|■❚❍▼ ❯❙❊❉ ❋❖| ■◆■❚■❆▲■)❆❚■❖◆ ❚❤❡ ♣r♦♣♦s❡❞ ♦✉t♣✉t ❡rr♦r ♠❡t❤♦❞ ♥❡❡❞s ❛♥ ✐♥✐t✐❛•✐③❛t✐♦♥ st❡♣ ❢♦r t❤❡ ❡st✐♠❛t❡❞ ♠♦❞❡• ✭✺✮ ♦r ✭✽✮✳ ❚❤✐s t❛s❦ ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ❜② (❛♥❣ ❡t ❛•✳ ✭✷✵✵✼✮✳ ❚❤✐s ♠❡t❤♦❞✱ ❜❛s❡❞ ♦♥ t❤❡ s❡♣❛r❛❜•❡ •❡❛st✲ sq✉❛r❡s ♠❡t❤♦❞✱ ✐❞❡♥t✐❢② ✜rst•② t❤❡ ♥♦♥•✐♥❡❛r ♣❛r❛♠❡t❡r ✇✐t❤ ❛ ◆▲P ❛•❣♦r✐t❤♠✱ ❛♥❞ t❤❡♥ t❤❡ •✐♥❡❛r ♣❛r❛♠❡t❡rs ✇✐t❤ t❤❡ ❝•❛ss✐❝❛• •✐♥❡❛r •❡❛st✲sq✉❛r❡s ❛•❣♦r✐t❤♠✳ ❚❤✐s ❛•❣♦✲ r✐t❤♠ ✐s ❝❛••❡❞ •❙❊P◆▲❙ ❢♦r ••♦❜❛• ❙❡♣❛r❛❜•❡ ◆♦♥•✐♥❡❛r ▲❡❛st✲❙q✉❛r❡s✳ ❚❤❡ ♥♦♥•✐♥❡❛r ♣❛r❛♠❡t❡r✱ ✐✳❡✳ t❤❡ t✐♠❡ ❞❡•❛②✱ ✐s ✐❞❡♥t✐✜❡❞ ✉s✐♥❣ ❛ •❛✉ss ◆❡✇t♦♥ ❛•❣♦r✐t❤♠✳ ■t ✐s ✇❡••✲❦♥♦✇♥ t❤❛t t❤✐s ◆▲P ❛•❣♦r✐t❤♠ ❝❛♥ ♦♥•② ✐♥s✉r❡s •♦❝❛• ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤✉s✱ t♦ ❛✈♦✐❞ •♦❝❛• ♠✐♥✐♠❛✱ (❛♥❣ ❡t ❛•✳ ✭✷✵✵✼✮ ♣r♦♣♦s❡ t♦ ✉s❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜•❡ ❛❞❞❡❞ t♦ t❤❡ ❣r❛❞✐❡♥t✳ ❚❤❡ ❛•❣♦r✐t❤♠ ♣❡r♠✐ts t❤❡♥ t♦ ♦❜t❛✐♥ ❛ ❜❡tt❡r ❝♦♥✈❡r❣❡♥❝❡✳ ■t ✐s ♣r♦♣♦s❡❞ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ •❙❊P◆▲❙ ❛•❣♦r✐t❤♠✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡s ❝♦♠❡ ❢r♦♠ ✐ts ✉s❡ ✐♥ ❛ ❙■❙❖ s②st❡♠✱ t❤❡ ✉s❡ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ✜•t❡r t♦ ❝♦♠♣✉t❡ t❤❡ ❞❡r✐✈❛t✐✈❡s✱ ❛♥❞ t❤❡ ✉s❡ ♦❢ t❤❡ ✜•t❡r❡❞ ❞❡r✐✈❛t✐✈❡ ❛s ♦✉t♣✉t✳ ❲❤❡♥ ✉s✐♥❣ t❤❡ •❡❛st✲sq✉❛r❡s ❛•❣♦r✐t❤♠✱ t❤❡ ♠♦❞❡• ✭✽✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ r❡❣r❡ss♦r ❢♦r♠ ❛s✿ y (n) (t) = - 1 a n y(t) - a 1 a n y (1) (t) --• • • - a n-1 a n y (n-1) (t) + b 0 a n e -T d p u(t) + • • • + b m a n e -T d p u (m) (t) y (n) (t) = ϑ T φ(t, T d ) ✭✸✸✮ ✇❤❡r❡ ϑ T = 1 an a1 an • • • an-1 an b0 an • • • bm an ✭✸✹✮ φ T (t, T d ) = -y(t) -y (1) (t) • • • -y (n-1) (t) e -T d p u(t) • • • e -T d p u (m) (t) ✭✸✺✮ ❇✉t✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ t✐♠❡ ❞❡•❛②✱ ✭✸✸✮ ✐s ❛ ♥♦♥•✐♥❡❛r ♠♦❞❡•✳ ❚♦ ♠❛❦❡ t❤❡ ✈❡❝t♦r φ T (t, T d ) r❡❛•✐③❛❜•❡✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❝♦♠♣✉t❡ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ s✐❣♥❛•s u(t) ❛♥❞ y(t)✳ ❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ✉s✐♥❣ ❛ •♦✇✲♣❛ss ✜•t❡r✱ ❞❡✜♥❡❞ ❛s✿ F (p) = 1 Λ(p) = 1 (1 + λp) n = 1 1 + λ 1 p + . . . + λ n p n ✭✸✻✮ ✇❤❡r❡ λ ✐s ❛ ❝♦♥st❛♥t ✇❤✐❝❤ ❞❡t❡r♠✐♥❡s t❤❡ ♣❛ss ❜❛♥❞ ♦❢ t❤❡ ✜•t❡r✱ ❛♥❞ λ 1 , . . . , λ n ❛r❡ ♣♦•②♥♦♠✐❛• ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ✜•t❡r✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤✐s ♣❛r❛♠❡t❡r ✐♠♣•✐❡s ♣r✐♦r ❦♥♦✇•❡❞❣❡ ♦❢ t❤❡ s②st❡♠ ❜❛♥❞ ♣❛ss✳ ❉❡♥♦t✐♥❣ ✇✐t❤ t❤❡ s✉❜s❝r✐♣t f t❤❡ ✜•t❡r❡❞ s✐❣♥❛•s✱ t❤❡ r❡❣r❡ss♦r ♠♦❞❡• ✭✸✸✮ ❝❛♥ ❜❡ ✇r✐tt❡♥✿ y (n) f (t) = - a 1 a n y (1) f (t) + • • • - a n-1 a n y (n-1) f (t) + b 0 a n e -T d p u f (t) + • • • + b m a n e -T d p u (m) f (t) y (n) f (t) = ϑ T φ f (t, T d ) ✭✸✼✮ ✇❤❡r❡ φ T f (t, T d ) = -y f (t) • • • -y (n-1) f (t) e -T d p u f (t) • • • e -T d p u (m) f (t) ✭✸✽✮ ❯s✐♥❣ ✭✸✼✮✱ t❤❡ q✉❛❞r❛t✐❝ ❝r✐t❡r✐♦♥ t❤❛t ❤❛✈❡ t♦ ❜❡ ♠✐♥✐✲ ♠✐③❡❞ ✐s ✇r✐tt❡♥✿ J( T d ) = 1 2 N k=1 (ε f (t k )) 2 ✭✸✾✮ ε f (t k ) = y (n) f (t k ) -ϑ T φ f (t, T d ) ✭✹✵✮ ■♥ t❤❡ ❢♦••♦✇✐♥❣✱ ❢♦r t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤✐s ❛•❣♦r✐t❤♠✱ ✐t ✐s ❡❛s✐❡r t♦ ✉s❡ ♠❛tr✐① ♥♦t❛t✐♦♥✳ ❚❤✉s✱ t❤❡ ❢♦••♦✇✐♥❣ ✈❛r✐❛❜•❡s ❛r❡ ❞❡✜♥❡❞✿ Φ f ( T d ) = φ f (1, T d ) • • • φ f (N, T d ) T ✭✹✶✮ Z = y (n) f (1) • • • y (n) f (N ) T ✭✹✷✮ E = [ ε f (1) • • • ε f (N ) ] T ✭✹✸✮ ❲✐t❤ t❤✐s ♥♦t❛t✐♦♥✱ t❤❡ q✉❛❞r❛t✐❝ ❝r✐t❡r✐♦♥ ✭✸✾✮✱ ✭✹✵✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿ J( T d ) = 1 2 E T E ✭✹✹✮ E = Z -Φ f ( T d ) ϑ ✭✹✺✮ ❚❤❡ ♣r✐♥❝✐♣•❡ ♦❢ t❤❡ s❡♣❛r❛❜•❡ ❛•❣♦r✐t❤♠ ✐s t♦ ✜rst•② ✐❞❡♥t✐❢② t❤❡ ♥♦♥•✐♥❡❛r ♣❛r❛♠❡t❡r T d ✇✐t❤ ❛ ◆▲P ♠❡t❤♦❞ t❤❡♥ t❤❡ •✐♥❡❛r ♣❛r❛♠❡t❡rs ϑ ✇✐t❤ t❤❡ •✐♥❡❛r •❡❛st sq✉❛r❡s ❛•❣♦r✐t❤♠✳ ❚♦ s❤♦✇ ❤♦✇ t❤❡ ❣r❛❞✐❡♥t ❛♥❞ t❤❡ ❍❡ss✐❛♥ ❛r❡ ❝♦♠♣✉t❡❞✱ t❤❡ q✉❛❞r❛t✐❝ ❝r✐t❡r✐♦♥ ✭✹✹✮ ♠✉st ❜❡ ✇r✐tt❡♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ t✐♠❡ ❞❡•❛② T d ✳ ❚❤❡ ❡st✐♠❛t❡❞ ✈❡❝t♦r ϑ✱ ❝❛♥ ❜❡ r❡♣•❛❝❡❞ ❜② ✐ts ✐❞❡♥t✐✜❡❞ ✈❛•✉❡ ✉s✐♥❣ t❤❡ •✐♥❡❛r ▲❡❛st ❙q✉❛r❡s ✭▲❙✮ ❛•❣♦r✐t❤♠✳ ϑ = Φ T f ( T d )Φ f ( T d ) -1 Φ T f ( T d )Z = Φ † f ( T d )Z ✭✹✻✮ ✇❤❡r❡ Φ † f ✐s t❤❡ ♣s❡✉❞♦✲✐♥✈❡rs❡ ♦❢ Φ f ✳ ❙♦ t❤❡ q✉❛❞r❛t✐❝ ❝r✐t❡r✐♦♥ ✭✹✹✮ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ♦♥•② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ t✐♠❡ ❞❡•❛②✿ J( T d ) = 1 2 Z -Φ f ( T d )Φ † f ( T d )Z 2 2 ✭✹✼✮ ❚♦ ❝♦♠♣✉t❡ t❤❡ ❣r❛❞✐❡♥t ❛♥❞ t❤❡ ❍❡ss✐❛♥✱ ❛ ♥♦t❛t✐♦♥ s✐♠✐•❛r t♦ ◆❣✐❛ ✭✷✵✵✶✮ ✐s ✉s❡❞✿ E T d = dE d T d = - dΦ f ( T d ) d T d ϑ = - dΦ f ( T d ) d T d Φ † f ( T d )Z ✭✹✽✮ E ϑ = dE d ϑ = -Φ f ( T d ) ✭✹✾✮ ❚❤❡ ❣r❛❞✐❡♥t ❛♥❞ t❤❡ ❍❡ss✐❛♥✱ ✇✐t❤ t❤❡ •❛✉ss✲◆❡✇t♦♥ ❛♣♣r♦①✐♠❛t✐♦♥✱ ✇✐•• ❤❛✈❡ t❤❡ ❢♦r♠ ✭❛s s❤♦✇♥ ✐♥ ◆❣✐❛ ✭✷✵✵✶✮✮✿ J ′ ( T d ) = E T T d E ✭✺✵✮ J ′′ ( T d ) = E T T d E T d -E T T d E ϑ E T ϑ E ϑ -1 E T ϑ E T d ✭✺✶✮ (❛♥❣ ❡t ❛•✳ ♣r♦♣♦s❡ t♦ ✉s❡ t❤❡ •❛✉ss✲◆❡✇t♦♥ ◆▲P ♠❡t❤♦❞✱ ✇✐t❤ ❛ st♦❝❤❛st✐❝ t❡r♠ ❛❞❞❡❞ t♦ t❤❡ ❣r❛❞✐❡♥t✳ ❉❡✲ ♥♦t✐♥❣ η ❛ •❛✉ss✐❛♥ r❛♥❞♦♠ ✈❛r✐❛❜•❡✱ t❤❡ ❡✈♦•✉t✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t❡❞ t✐♠❡ ❞❡•❛② ✇✐t❤ t❤❡ •❛✉ss✲◆❡✇t♦♥ ❛•❣♦r✐t❤♠ ✐s t❤❡♥ ✇r✐tt❡♥✿ T d,j+1 = T d,j -J ′′ ( T d ) -1 J ′ ( T d ) -β j η ✭✺✷✮ ✇❤❡r❡ β j ✐s t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜•❡ η✳ ❚❤✐s ✈❛r✐❛♥❝❡ ✐s ❝♦♠♣✉t❡❞ ✉s✐♥❣ β j = β 0 J( T d )✱ ✇✐t❤ β 0 ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❝❤♦s❡♥ s✉✣❝✐❡♥t•② •❛r❣❡✳ ❚❤❡ ✐❞❡❛ ✐s ✐❢ t❤❡ q✉❛❞r❛t✐❝ ❝r✐t❡r✐♦♥ ❜❡❝♦♠❡s s♠❛••❡r✱ t❤❡ st♦❝❤❛st✐❝ ♣❡rt✉r❜❛t✐♦♥ β j η ❜❡❝♦♠❡s ✇❡❛❦❡r ❛♥❞ t❤❡ ❛•❣♦r✐t❤♠ t❡♥❞ t♦ ❜❡ ❝•♦s❡r t♦ t❤❡ ❝•❛ss✐❝❛• •❛✉ss✲◆❡✇t♦♥ ❛•❣♦r✐t❤♠✳ ❚❤❡ ❛•❣♦r✐t❤♠ ✉s❡❞ ❤❛s t❤❡ ❢♦r♠✿ ✭✶✮ ▲❡t •❂✵✳ ❙❡t β 0 ✱ t❤❡ ✐♥✐t✐❛• ❡st✐♠❛t❡ T d,0 ❛♥❞ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t✐♠❡ ❞❡•❛②s T d ✳ ✭✷✮ ❈♦♠♣✉t❡ ♣r❡✜•t❡r❡❞ s✐❣♥❛•s t❤❛t ❛r❡ ♣❛rt ♦❢ Φ f ( T d )✱ ✇✐t❤ t❤❡ •♦✇✲♣❛ss ✜•t❡r ✭✸✻✮✳ ✭✸✮ ❙❡t β j = β 0 J( T d ) ✉s✐♥❣ ✭✹✼✮✳ ✭✹✮ P❡r❢♦r♠ t❤❡ ❢♦••♦✇✐♥❣ ✭❛✮ ❈♦♠♣✉t❡ ∆ T d,j+1 = -J ′′ ( T d,j ) -1 J ′ ( T d,j ) -β j η ✳ ✭❜✮ ❈♦♠♣✉t❡ T d,j+1 = T d,j + ∆ T d,j+1 ✳ ✭❝✮ ❈❤❡❝❦ ✐❢ 0 T d,j+1 T d ✳ ■❢ ♥♦t✱ •❡t ∆ T d,j+1 = 0.5∆ T d,j+1 ❛♥❞ ❣♦ ❜❛❝❦ t♦ ✭❜✮✳ ✭❞✮ ❈❤❡❝❦ ✐❢ J( T d,j+1 ) J( T d,j )✳ ■❢ ♥♦t✱ •❡t ∆ T d,j+1 = 0.5∆ T d,j+1 ❛♥❞ ❣♦ ❜❛❝❦ t♦ ✭❜✮✳ ✭✺✮ ❚❡r♠✐♥❛t❡ t❤❡ ❛•❣♦r✐t❤♠ ✐❢ t❤❡ st♦♣♣✐♥❣ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✳ ❖t❤❡r✇✐s❡✱ •❡t j = j + 1 ❛♥❞ ❣♦ ❜❛❝❦ t♦ st❡♣ ✸✳ ✭✻✮ ❋✐♥❛••②✱ ❜② s✉❜st✐t✉t✐♥❣ t❤❡ ✜♥❛• ✈❛•✉❡ ♦❢ T d ✱ t❤❡ •✐♥❡❛r ♣❛r❛♠❡t❡r ✈❡❝t♦r ϑ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜② t❤❡ ▲❙ ♠❡t❤♦❞ ❣✐✈❡♥ ✐♥ ✭✹✻✮✳ ✺✳ ❙■▼❯▲❆❚■❖◆ |❊❙❯▲❚❙ ❈♦♥s✐❞❡r ❛ t❤✐r❞ ♦r❞❡r s②st❡♠ ✇✐t❤ ❛ ③❡r♦✱ ❞❡✜♥❡❞ ❜②✿ G(p) = -1 + 2p (p + 2) (p 2 + 2ξω n p + ω 2 n ) e -T d p ✭✺✸✮ G(p) = -b 0 + b 1 p 1 + a 1 p + a 2 p 2 + a 3 p 3 e -T d p ✭✺✹✮ ✇✐t❤ ξ = 0.2; ω n = √ 3 r❛❞✴s; b 0 = 0.167; b 1 = 0.333; a 1 = 0.731; a 2 = 0.449; a 3 = 0.167; T d = 1.3 s. ✭✺✺✮ ❚❤❡ s②st❡♠ ✐s ❡①❝✐t❡❞ ✇✐t❤ ❛ Ps❡✉❞♦ |❛♥❞♦♠ ❇✐♥❛r② ❙✐❣♥❛• ✭P|❇❙✮✳ ❆♥ ❛❞❞✐t✐✈❡ ✇❤✐t❡ ♥♦✐s❡ ✐s ❛❞❞❡❞ t♦ t❤❡ ♦✉t♣✉t ✇✐t❤ ❛ ❙✐❣♥❛• t♦ ◆♦✐s❡ |❛t✐♦ ✭❙◆|✮ ♦❢ ✶✺ ❞❇✳ ❚❤✐s ❙◆| ✐s ❞❡✜♥❡❞ ❛s✿ SN R = 10 log 10 var (y 0 ) var (y -y 0 ) ✭✺✻✮ ✇❤❡r❡ y 0 ✐s t❤❡ ♥♦✐s❡•❡ss ♦✉t♣✉t ❛♥❞ y ✐s t❤❡ ♥♦✐s② ♦✉t♣✉t✳ ❚❤❡ s✐❣♥❛•s ✉s❡❞ ❢♦r ✐❞❡♥t✐✜❝❛t✐♦♥ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✷✳ ❋♦r t❤❡ ❝•♦s❡❞✲•♦♦♣ s✐♠✉•❛t✐♦♥s✱ t❤❡ ❝♦♥tr♦••❡r ✐s t✉♥❡❞ ✉s✲ ✐♥❣ t❤❡ ❞✐r❡❝t ♠❡t❤♦❞✱ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡r ✈❛•✉❡s ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❈❚❖❊ ❛•❣♦r✐t❤♠✳ ❲✐t❤ t❤✐s ❛♣♣r♦❛❝❤ t❤❡ ❞❡s✐r❡❞ ❝•♦s❡❞ •♦♦♣ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ♠♦❞❡• G CL ✐s ❝❤♦s❡♥ t♦ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❢♦r♠✿
❋✐❣✉r❡ ✷✳ ❙✐❣♥❛• ✉s❡❞ ❢♦r ✐❞❡♥t✐✜❝❛t✐♦♥ ✐♥ ❛✮ ♦♣❡♥ •♦♦♣ ❛♥❞ ❜✮ ❝•♦s❡❞✲•♦♦♣ G CL = -6 (-1 + 2p) (p + 2) p 2 + 2 × 1.5 × √ 3p + 3 e -T d p ✭✺✼✮ ❲❤❡r❡ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t G CL ❤❛✈❡ t❤❡ s❛♠❡ ✉♥st❛❜•❡ ③❡r♦ ❛♥❞ t❤❡ s❛♠❡ t✐♠❡ ❞❡•❛② ✈❛•✉❡ ✭❛s ✐♥ G(p)✮ ❜✉t t❤❡ st❛t✐❝ ❣❛✐♥ ✐s ♥♦✇ ❡q✉❛• t♦ ♦♥❡ ❛♥❞ t❤❡ ❞❡s✐r❡❞ ❝•♦s❡❞ •♦♦♣ ❞❛♠♣✐♥❣ ❢❛❝t♦r ✐s ♥♦✇ ❡q✉❛• t♦ ✶✳✺ ✭✇❡•• ❞❛♠♣❡❞ ♣♦•❡s✮✳ ❚❤❡♥✱ t❤❡ ❝♦♥tr♦••❡r ✐s ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ ❢♦r♠✉•❛✿ C(p) = 1 G(p) G CL (p) 1 -G CL (p) ✭✺✽✮ ❚♦ ♦❜t❛✐♥ ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥ ❝♦♥tr♦••❡r C(p)✱ t❤❡ ❢♦••♦✇✐♥❣ s❡❝♦♥❞ ♦r❞❡r P❛❞é ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ t✐♠❡ ❞❡•❛② T d ✇❛s ✉s❡❞✿ e -T d p = 1 -1 2 T d p + 1 12 (T d p) 2 1 + 1 2 T d p + 1 12 (T d p) 2 ✭✺✾✮ ❲✐t❤ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ t❤❡ ❝♦♥tr♦••❡r ❜❡❝♦♠❡s ✿ C(p) = -256 -353p -272p 2 -144p 3 -43.9p 4 -6p 5 236p + 57.5p 2 + 66p 3 + 11.8p 4 + p 5 ✭✻✵✮ ✶✵✵ ▼♦♥t❡✲❈❛r•♦ s✐♠✉•❛t✐♦♥s ❛r❡ ❝♦♥❞✉❝t❡❞ t♦ ❛♥❛•②③❡ t❤❡ st❛t✐st✐❝❛• ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❈❚❖❊ ❛♥❞ ❈❚❈▲❖❊ ♣r♦♣♦s❡❞ ❛•❣♦r✐t❤♠s✳ ❚❤❡ r❡s✉•ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♠❡❛♥ ❛♥❞ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✳ ❚❤❡ ♣❛r❛♠❡tr✐❝ ❞✐st❛♥❝❡✱ ❝♦♠♣✉t❡❞ ✉s✐♥❣ D = n+m+1 l=1 100 i=1 Θ l -Θ l,i Θ l 2 ✐s ❛•s♦ ♣r❡s❡♥t❡❞✳ ✇❤❡r❡ i ✐s t❤❡ ✐♥❞❡① ♦❢ t❤❡ ▼♦♥t❡✲❈❛r•♦ s✐♠✉•❛t✐♦♥✱ ❛♥❞ l t❤❡ ✐♥❞❡① ♦❢ t❤❡ ♣❛r❛♠❡t❡r ✈❡❝t♦r Θ✳ ❚❤❡ s❛♠♣•✐♥❣ ♣❡r✐♦❞ ❝❤♦s❡♥ ✐s T s = 10 ♠s✳ ❚❤❡ ✐♥✐t✐❛• ♣❛r❛♠❡t❡r ❢♦r t❤❡ ♣r♦♣♦s❡❞ ❛•❣♦r✐t❤♠ ✐s µ = 0.1❀ ❢♦r t❤❡ •❙❊P◆▲❙ ♠❡t❤♦❞✱ t❤❡ ✐♥✐t✐❛• ✈❛r✐❛♥❝❡ ♦❢ t❤❡ st♦❝❤❛st✐❝ ✈❛r✐❛❜•❡ ✐s β 0 = 10 5 ✱ ❛s ♣r♦♣♦s❡❞ ✐♥ (❛♥❣ ❡t ❛•✳ ✭✷✵✵✼✮✳ ❚❤❡ ✐♥✐t✐❛• ✈❛•✉❡ ♦❢ T d ✐s ✺ s ❛♥❞ t❤❡ ♣❛r❛♠❡t❡r ❢♦r t❤❡ ✜•t❡r ✭✸✻✮ ✐s ❝❤♦s❡♥ ❛s λ = 0.2 ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s ❛♣♣r♦①✐♠❛t❡•② t♦ t❤❡ ❜❛♥❞♣❛ss ♦❢ t❤❡ s②st❡♠✳ ❚❤❡ s②st❡♠ ✐s ✜rst•② ✐❞❡♥t✐✜❡❞ ✐♥ ♦♣❡♥ •♦♦♣✳ ❚❤❡ s✐♠✲ ✉•❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐s t♦ ♦❜t❛✐♥ ❛♥ ✐♥✐t✐❛• ❡st✐♠❛t❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ✉s✐♥❣ t❤❡ •❙❊P◆▲❙ ♠❡t❤♦❞✳ ❚❤❡♥✱ t❤❡ ♣r♦✲ ♣♦s❡❞ ♦✉t♣✉t ❡rr♦r ♠❡t❤♦❞s st❛rt ✇✐t❤ t❤✐s ✐♥✐t✐❛• ❡st✐♠❛t❡✳ ❚❤❡ s✐♠✉•❛t✐♦♥ r❡s✉•ts ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ t❛❜•❡ ✶✳ ❲✐t❤ ❈❚❖❊ ❛♥❞ ❈❚❈▲❖❊ t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ q✉❛•✐t② ✐s ✈❡r② s✐♠✐•❛r ❛♥❞ t❤❡ ❡st✐♠❛t❡❞ s②st❡♠ ❛r❡ ✉♥❜✐❛s❡❞✳ ✻✳ ❈❖◆❈▲❯❙■❖◆ ❚❤✐s ♣❛♣❡r ❤❛s ♣r❡s❡♥t❡❞ t✇♦ t✐♠❡ ❞♦♠❛✐♥ ♦✉t♣✉t ❡r✲ r♦r ❛•❣♦r✐t❤♠s ❝❛••❡❞ ❈❚❖❊ ❛♥❞ ❈❚❈▲❖❊ t♦ ✐❞❡♥t✐❢② ❛ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ •✐♥❡❛r s②st❡♠ ✇✐t❤ t✐♠❡ ❞❡•❛②✱ ✐♥ ♦♣❡♥ ♦r ❝•♦s❡❞✲•♦♦♣ ✇✐t❤ ✈❡r② ❣♦♦❞ st❛t✐st✐❝❛• ♣r♦♣❡rt✐❡s✳ ■t ❤❛s ❜❡❡♥ ❛•s♦ ♣r♦♣♦s❡❞ ❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ •❙❊P◆▲❙ t♦ ✐♥✐t✐❛•✐③❡ t❤❡♠✳ ❚❛❜•❡ ✶✳ ❙✐♠✉•❛t✐♦♥ r❡s✉•ts ♦❢ t❤❡ ✶✵✵ ▼♦♥t❡✲ ❈❛r•♦ r✉♥s P❛r❛♠❡t❡r •❙❊P◆▲❙ ❈❚❖❊ ❈❚❈▲❖❊ b 0 ✭✲✵✳✶✻✼✮ ✲✵✳✶✺✷✸ ✲✵✳✶✻✻✻ ✲✵✳✶✻✻✽ ±✵✳✵✵✶✵ ±✵✳✵✵✵✺ ±✵✳✵✵✵✺ b 1 ✭✵✳✸✸✸✮ ✵✳✷✽✸✺ ✵✳✸✸✸✸ ✵✳✸✸✸✸ ±✵✳✵✵✶✻ ±✵✳✵✵✵✼ ±✵✳✵✵✶✵ a 1 ✭✵✳✼✸✶✮ ✵✳✹✸✼✺ ✵✳✼✸✵✾ ✵✳✼✸✵✼ ±✵✳✵✵✸✾ ±✵✳✵✵✸✷ ±✵✳✵✵✹✻ a 2 ✭✵✳✹✹✾✮ ✵✳✹✸✻✵ ✵✳✹✹✽✽ ✵✳✹✹✽✺ ±✵✳✵✵✶✷ ±✵✳✵✵✼ ±✵✳✵✵✶✼ a 3 ✭✵✳✶✻✼✮ ✵✳✵✼✶✽ ✵✳✶✻✻✼ ✵✳✶✻✻✺ ±✵✳✵✵✷✵ ±✵✳✵✵✶✷ ±✵✳✵✵✷✶ T d ✭✶✳✸✮ ✶✳✸✾✽✺ ✶✳✷✾✾✾ ✶✳✸✵✵✺ ±✵✳✵✵✽✶ ±✵✳✵✵✷✹ ±✵✳✵✵✸✼ ❉ ✼✳✷ ✵✳✶ ✵✳✶✺ ❆✈❡r❛❣❡ ♦❢ ✐t❡r❛t✐♦♥s ✷✸ ✶✵ ✶✶ |❊❋❊|❊◆❈❊❙ ❆❤♠❡❞✱ ❙✳✱ ❍✉❛♥❣✱ ❇✳✱ ❛♥❞ ❙❤❛❤✱ ❙✳ ✭✷✵✵✻✮✳ P❛r❛♠❡t❡r ❛♥❞ ❞❡•❛② ❡st✐♠❛t✐♦♥ ♦❢ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ♠♦❞❡•s ✉s✐♥❣ ❛ •✐♥❡❛r ✜•t❡r✳ ❏♦✉r♥❛• ♦❢ Pr♦❝❡ss ❈♦♥tr♦•✱ ✶✻✭✹✮✱ ✸✷✸ ✕ ✸✸✶✳ ❇❛②ss❡✱ ❆✳✱ ❈❛rr✐••♦✱ ❋✳❏✳✱ ❛♥❞ ❍❛❜❜❛❞✐✱ ❆✳ ✭✷✵✶✶✮✳ ❚✐♠❡ ❞♦♠❛✐♥ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ s②st❡♠s ✇✐t❤ t✐♠❡ ❞❡•❛② ✉s✐♥❣ ♦✉t♣✉t ❡rr♦r ♠❡t❤♦❞ ❢r♦♠ s❛♠♣•❡❞ ❞❛t❛✳ ■♥ ✶✽t❤ ■❋❆❈ ❲♦r•❞ ❈♦♥❣r❡ss✱ ✈♦•✉♠❡ ✶✽✳ ▼✐•❛♥♦✱ ■t❛•②✳ ❈❛rr✐••♦✱ ❋✳❏✳✱

  r t❤❡ r❡st ♦❢ t❤❡ ♣r❡s❡♥t❛t✐♦♥✱ t❤❡ s✐❣♥❛•s ❛r❡ ✇r✐tt❡♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ t✐♠❡ (t)✳ ❋♦r ✐♠♣•❡♠❡♥t❛t✐♦♥ ♣✉r♣♦s❡✱ t❤❡② ❤❛✈❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛t s❛♠♣•✐♥❣ ✐♥t❡r✈❛•s✳ ✷✳✶ ❖♣❡♥ •♦♦♣ s②st❡♠ ▲❡t ✉s ❞❡♥♦t❡ y(t) t❤❡ ❡st✐♠❛t❡❞ ♦✉t♣✉t ♦❢ t❤❡ ♠♦❞❡•e -T d p u(t) ✭✺✮ ❲❤❡r❡ T d ✐s t❤❡ ❡st✐♠❛t❡❞ t✐♠❡ ❞❡•❛② ❀ A(p) ❛♥❞ B(p) ❛r❡ ♣♦•②♥♦♠✐❛•s ♦❢ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ♦✉t♣✉t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ ❛ r❡❣r❡ss♦r ❢♦r♠ ❛s ✐t ✇❛s s❤♦✇♥ ✐♥ ❇❛②ss❡ ❡t ❛•✳ ✭✷✵✶✶✮✳ ❚❤❡ ♣r♦♣♦s❡❞ ❛♣♣r♦❛❝❤ ✐❞❡♥t✐✜❡s ❛t t❤❡ s❛♠❡ t✐♠❡ t❤❡ ♣❛r❛♠❡t❡rs θ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡r T d ✳ ❚❤✉s✱ ❛ ✈❡❝t♦r Θ ✇❤✐❝❤ ❝♦♥t❛✐♥s ❛•• t❤❡ ♣❛r❛♠❡t❡rs ✐s ❞❡✜♥❡❞ ❛s Θ T = θ T T d ✳ ✷✳✷ ❈•♦s❡❞✲•♦♦♣ s②st❡♠ ■❢ t❤❡ ♣r♦❝❡ss ✐s ♦♣❡r❛t✐♥❣ ✐♥ ❝•♦s❡❞ •♦♦♣✱ ✇✐t❤ ❛ ❝♦♥tr♦••❡r C(p) ❞❡✜♥❡❞ ❛s✿ u(t) = C(p) [r(t) -y(t)] ; t) ✐s t❤❡ r❡❢❡r❡♥❝❡ s✐❣♥❛•✳ ❯s✐♥❣ t❤❡ ♦✉t♣✉t ❡rr♦r ❛♣♣r♦❛❝❤✱ t❤❡ ❡st✐♠❛t❡❞ ♦✉t♣✉t ♦❢ t❤❡ ♠♦❞❡• y(t)✱ ✐s ❞❡✜♥❡❞ ❛s✿ y(t) = B(p) A(p) e -T d p u(t) ✭✽✮ u(t) = C(p) [r(t) -y(t)]✭✾✮ ❚❤❡ ♦✉t♣✉t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ ❛ r❡❣r❡ss♦r ❢♦r♠✿

  ❇❛②ss❡✱ ❆✳✱ ❛♥❞ ❍❛❜❜❛❞✐✱ ❆✳ ✭✷✵✵✾✮✳ ❖✉t♣✉t ❡rr♦r ✐❞❡♥t✐✜❝❛t✐♦♥ ❛•❣♦r✐t❤♠s ❢♦r ❝♦♥t✐♥✉♦✉s✲t✐♠❡ s②s✲ t❡♠s ♦♣❡r❛t✐♥❣ ✐♥ ❝•♦s❡❞✲•♦♦♣✳ ■♥ ✶✺t❤ ■❋❆❈ ❙②♠♣♦s✐✉♠ ♦♥ ❙②st❡♠ ■❞❡♥t✐✜❝❛t✐♦♥✱ ❙(❙■❉ ✷✵✵✾✱ ✈♦•✉♠❡ ✶✺ ♦❢ ❙②st❡♠ ■❞❡♥t✐✜❝❛t✐♦♥✳ ❙t ▼❛•♦✱ ❋r❛♥❝❡✳ •❛r♥✐❡r✱ ❍✳ ❛♥❞ ❲❛♥❣✱ ▲✳ ✭❡❞s✳✮ ✭✷✵✵✽✮✳ ■❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❈♦♥t✐♥✉♦✉s✲t✐♠❡ ▼♦❞❡•s ❢r♦♠ ❙❛♠♣•❡❞ ❉❛t❛✳ ❆❞✈❛♥❝❡s ✐♥ ■♥❞✉str✐❛• ❈♦♥tr♦•✳ ❙♣r✐♥❣❡r✳ ❍✇❛♥❣✱ ❙✳❍✳ ❛♥❞ ▲❛✐✱ ❙✳❚✳ ✭✷✵✵✹✮✳ ❯s❡ ♦❢ t✇♦✲st❛❣❡ •❡❛st✲sq✉❛r❡s ❛•❣♦r✐t❤♠s ❢♦r ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❝♦♥t✐♥✉♦✉s s②st❡♠s ✇✐t❤ t✐♠❡ ❞❡•❛② ❜❛s❡❞ ♦♥ ♣✉•s❡ r❡s♣♦♥s❡s✳ ❆✉t♦♠❛t✐❝❛✱ ✹✵✭✾✮✱ ✶✺✻✶ ✕ ✶✺✻✽✳ ▲❛♥❞❛✉✱ ■✳❉✳ ❛♥❞ ❑❛r✐♠✐✱ ❆✳ ✭✶✾✾✼✮✳ |❡❝✉rs✐✈❡ ❛•❣♦r✐t❤♠s ❢♦r ✐❞❡♥t✐✜❝❛t✐♦♥ ✐♥ ❝•♦s❡❞ •♦♦♣✿ ❆ ✉♥✐✜❡❞ ❛♣♣r♦❛❝❤ ❛♥❞ ❡✈❛•✉❛t✐♦♥✳ ❆✉t♦♠❛t✐❝❛✱ ✸✸✭✽✮✱ ✶✹✾✾ ✕ ✶✺✷✸✳ ▲✐✉✱ ▼✳✱ ❲❛♥❣✱ ◗✳•✳✱ ❍✉❛♥❣✱ ❇✳✱ ❛♥❞ ❍❛♥❣✱ ❈✳❈✳ ✭✷✵✵✼✮✳ ■♠♣r♦✈❡❞ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ❞❡•❛② ♣r♦✲ ❝❡ss❡s ❢r♦♠ ♣✐❡❝❡✇✐s❡ st❡♣ t❡sts✳ ❏♦✉r♥❛• ♦❢ Pr♦❝❡ss ❈♦♥tr♦•✱ ✶✼✭✶✮✱ ✺✶ ✕ ✺✼✳ ◆❣✐❛✱ ▲✳ ✭✷✵✵✶✮✳ ❙❡♣❛r❛❜•❡ ♥♦♥•✐♥❡❛r •❡❛st✲sq✉❛r❡s ♠❡t❤✲ ♦❞s ❢♦r ❡✣❝✐❡♥t ♦✛✲•✐♥❡ ❛♥❞ ♦♥✲•✐♥❡ ♠♦❞❡•✐♥❣ ♦❢ s②st❡♠s ✉s✐♥❣ ❦❛✉t③ ❛♥❞ •❛❣✉❡rr❡ ✜•t❡rs✳ ❈✐r❝✉✐ts ❛♥❞ ❙②st❡♠s ■■✿ ❆♥❛•♦❣ ❛♥❞ ❉✐❣✐t❛• ❙✐❣♥❛• Pr♦❝❡ss✐♥❣✱ ■❊❊❊ ❚r❛♥s✲ ❛❝t✐♦♥s ♦♥✱ ✹✽✭✻✮✱ ✺✻✷ ✕✺✼✾✳ ❲❛♥❣✱ ◗✳•✳✱ •✉♦✱ ❳✳✱ ❛♥❞ )❤❛♥❣✱ (✳ ✭✷✵✵✶✮✳ ❉✐r❡❝t ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❝♦♥t✐♥✉♦✉s t✐♠❡ ❞❡•❛② s②st❡♠s ❢r♦♠ st❡♣ r❡s♣♦♥s❡s✳ ❏♦✉r♥❛• ♦❢ Pr♦❝❡ss ❈♦♥tr♦•✱ ✶✶✭✺✮✱ ✺✸✶ ✕ ✺✹✷✳ (❛♥❣✱ )✳❏✳✱ ■❡♠✉r❛✱ ❍✳✱ ❑❛♥❛❡✱ ❙✳✱ ❛♥❞ ❲❛❞❛✱ ❑✳ ✭✷✵✵✼✮✳ ■❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ s②st❡♠s ✇✐t❤ ♠✉•t✐♣•❡ ✉♥❦♥♦✇♥t✐♠❡ ❞❡•❛②s ❜② ❣•♦❜❛• ♥♦♥•✐♥❡❛r •❡❛st✲sq✉❛r❡s ❛♥❞ ✐♥str✉♠❡♥t❛• ✈❛r✐❛❜•❡ ♠❡t❤♦❞s✳ ❆✉t♦♠❛t✐❝❛✱ ✹✸✭✼✮✱ ✶✷✺✼ ✕ ✶✷✻✹✳