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Double quantum dots are one of the promising two-state quantum systems for realizing qubits.
In the quest of successfully manipulating and reading information in qubit systems, it is of prime
interest to control the charge response of the system to a gate voltage, as filled in by the dynamical
charge susceptibility. We theoretically study this quantity for a nonequilibrium double quantum dot
by using the functional integral approach and derive its general analytical expression. One highlights
the existence of two lines of maxima as a function of the dot level energies, each of them being split
under the action of a bias voltage. In the low frequency limit, we derive the capacitance and the
charge relaxation resistance of the equivalent quantum RC-circuit with a notable difference in the
range of variation for R depending on whether the system is connected in series or in parallel.
By incorporating an additional triplet state in order to describe the situation of a double quantum
dot with spin, we obtain results for the resonator phase response which are in qualitative agreement
with recent experimental observations in spin qubit systems. These results show the wealth of
information brought by the knowledge of dynamical charge susceptibility in double quantum dots

with potential applications for spin qubits.

I. INTRODUCTION

In double quantum dots (DQDs), the knowledge of the
dynamical charge susceptibility (DCS), which measures
the ability of a system to adapt its electronic charge to an
ac gate-voltage, is of fundamental interest in the general
context of circuit quantum electrodynamics with gated
GaAs, silicon, and germanium semiconductor quantum
dots. This field has become all the more important be-
cause of its expected implications in manipulation, con-
trol and readout of spin qubitsl. There certainly are
some theoretical works on charge susceptibility in DQD
but they are mainly restricted to the study at zero
frequency?® and in the low frequency regime with the
determination of mesoscopic admittance® and quantum
capacitance?, or to calculations performed at the low-
est order in dot-lead coupling amplitude?. Electrical
transport experiments in DQD systems are, however, re-
stricted neither to the weak dot-lead coupling regime nor
to the measurement at low frequencies. On the con-
trary, in the last ten years one has witnessed a consid-
erable experimental effort®19 with measurements per-
formed by using either on-chip superconducting reso-
nant detectorst™1? or dispersive probed microwave spec-
troscopy via reflectometry techniques??22 all of them
made in the high frequency regime. To accompany this
growing experimental development, it becomes of pri-
mary importance to progress on the theoretical level in
order to investigate circuit quantum electrodynamics at
high frequency in nanoscale systems. Indeed, the inter-
pretation of these experiments requires the precise knowl-
edge of the DCS at any frequency and temperature range,
in both equilibrium and out-of-equilibrium DQDs. This
article is precisely devoted to this theoretical issue. It is
organized as follows: in Sec. IT we present the functional
integral approach used to solve this problem and give
the expression for the dynamical charge susceptibility, in

Sec. IIT we give the results for both serial and parallel
DQ@Ds, in Sec. IV we focus on the characterization of
the equivalent quantum RC-circuit to the DQD system.
Finally, in Sec. V, we study the reflection phase of the
system considered as a resonator embedded in an elec-
tromagnetic environment, shedding new light on recent
measurements performed in microwave reflectometry ex-
periments in spin qubit systems. We conclude in Sec. VI.

II. MODEL
A. Functional integral approach

Let us consider a DQD conngcted to two 1ezids de-
sEribed by tkle Hamiltonian H = Hicads + "tldots +
Hhopa with Hicads = ZOL:LR;]CEQ 5ak6(;rk6ak> Hdots =
Zi:l,Z giddei + Vlgd;dl + Vglledg, and Hhop =
Y oL RikCa 2aim1.2 Vi.akC, di + H.c., where g; is the en-
ergy level of the dot 7, V15 is the interdot coupling, €,k
is the energy of one electron with momentum % in the
lead «, and V; 4 is the hopping energy between the dot ¢
and the lead a for momentum k. The very general form
considered in the expression for H allows one to describe
the situations where the two dots are connected in series
as well as in parallel (see Fig.[I)). We use the functional
integral approach to derive the expression for the DCS.
The partition function of the system writes

Z:/ [T ddfda; J] dedideare 5 4@ 1)

i=1,2 a=L,R

k€a
where £(7) = ,_1 5 d;'0rdi + Y01 pica ConOrCak —
‘H is the Lagrangian, di(T) and cé?, the Grassmann

variables associated with the operators @(T) and EOEL)



FIG. 1. Schematic view of the DQD in the (a), (c) serial and
(b), (d) parallel geometries. At €1 = €2 and for symmetrical
couplings to the leads, the bonding state A_ is disconnected
from the leads in the parallel geometry.

By integrating over the Grassmann variables cor =
Cak — D j=1.9 Viar(0r + Eak) 1 one gets Z =
[TTey o dd;Tddse I8 472D swhere Log(r) is an effec-
tive Lagrangian defined as

Legi(7) = ( le dzT )

(T ) () e

where (1) = Za:L,R ZkEa Vz‘fakgak(T)Vj,akv €)=

i7(€) + V=, within the notation T = 2 and 2 = 1, and
Gak(T) = —(0r + ear)! is the Green function in the
lead « for momentum k. In the wide-flat-band limit
for electrons in the leads and when V; ,; is assumed
to be k-independent, one has [;(¢) = —il';;/2 and
FU = Za:L,R Fa,ij7 where Fa,ij = QTF‘/iTak‘/j,akpa. The
density of states p, in the lead « is assumed to be equal
to W1, where W is the energy band width taken as the
energy unit in the rest of the article. From Eq. one
extracts an effective Hamiltonian given by

o El—iFH/Z V{"Q—iFlg/Q
Hett = (v;l —iT91/2 &g —iT/2 ) (3)

which can be diagonalized leading to the eigenenergies

Ai:;(51—ilgl+82—ilg2iA), (4)
with A% = (61 — iF11/2 — &2 + iF22/2)2 + 4(V1*2 —
iI'12/2) (V5] —iT'21/2). The corresponding eigenstates are
the bonding and anti-bonding states of the DQD. They
have a finite relaxation rate related to the imaginary
parts of Ay, resulting from energy dissipation through
connections to leads?.

B. Dynamical charge susceptibility

For a DQD the charge susceptibility is X.(¢,¢) =
D i j=1.0 Qi Xi(t, 1), where aq o are the lever-arm coef-
ficients measuring the asymmetry of the capacitive cou-
plings of each of the two dots to the gate voltaged.

In the linear response theory it is related to a correla-
tion function through a Kubo-type formula X;;(¢,t') =
Ot — t){[AN;(t), AN;(#)]) with N; = d,'d;. Decom-
posing the correlation function in the eigenstate basis
and taking the Fourier transform, for the DCS one gets:
Xe(w) = >, oy=s Cs15:Xsys, (W), where Cy, 5, are coher-
ence factors defined in Ref. 23] X, s, (w) can be expressed
as a function of the Green functions in the dots following

[ d
X =i [ 52[05., 0006 - )

— 00

+G4 (e + hw)G5,, ()] . (5)

where G"®< are retarded, advanced, and nonequilibrium
Green functions in the eigenstate basis. G"* are di-
agonal matrices of elements G (¢) = (¢ — Ax)™! and
Gi(e) = (¢ — A1)~'. In the steady state, one has
G<(e) =G (&)U _~()U G*(¢), where U is the transi-
tion matrix from the initial state basis to the eigenstate
basis, _<(g) = i a—rrfa(€)L , the nonequilibrium
self-energy, and fo(g) = [1 + exp((e — pa)/kpT)] ™", the
Fermi-Dirac distribution in the lead « of chemical poten-
tial o and temperature 7. We have thus established a
general expression for the DCS of a nonequilibrium DQD,
valid whatever its geometry is.

III. RESULTS AND DISCUSSION
A. DQD in series

The results obtained for a DQD symmetrically connected
in series are shown in Fig.[2 The variation of the absolute
value of the DCS, |X.(w)], is plotted in the form of color-
scale plots as a function of e1 and e,. Figures[2|a) and (b)
show the presence of peaks in |X,.(0)| along four branches
denoted as BL, BE, BY and Bf corresponding to the
alignment of the bonding and anti-bonding state energies
with the chemical potential in the leads, occurring when
Re{A+} = pr g* According to Eq. , one has

Ay = % (51 e —iT+ /(o1 — 222 + 4|v12|2) . (6)
making use of FL,ll = FR722 = F, FL,22 = FR711 = O7
and I'; 12 = I'p,12 = 0, and assuming a; = ap = 1 and
Via = Vai. At zero voltage, BY and B coincide (the
same for BL and BR). B! and BJLF’R are two branches
of a hyperbole of equations €169 = |V12|27 separated by
a minimal distance along the diagonal D of equation
£1 = &2, taking the value of 2|Vi5|. From Eq. (6), the
imaginary part of Ay are both equal to —I'/2 and inde-
pendent of €1 and 5. As a result, the width of the charge
susceptibility peak arcs is uniform along the branches
Bi’R, as observed in Fig. (a). At finite voltage, Fig. b)
shows the splitting of the peak arcs into two branches BZ
and B, respectively Bﬁ and lS’f7 with the reduction of



FIG. 2. Color-scale plots of |X.(w)| as a function of £; and €2
for a serial DQD at various values of w and V', with pur, = eV/2
and pr = —eV/2, and I' = 0.01, V12 = 0.1, kgT = 0.01.

the intensity along half of the arcs due to the fact that
for a serial DQD, only the dot 1 is connected to lead L
and the dot 2 to lead R. Thus, only the horizontal end
of B or the vertical end of B lead to a significant value
of |X.(0)]. At finite frequency, one observes a broadening
of the peak arcs located around the Bi’R branches, to-
gether with the formation of an additional central peak
at 1 = g2 = 0 (see Fig. [2|c) and (d)). An exact expres-
sion for X.(w) is derived from Eq. at T'= 0 when
g1 = e and Vo; = Vo for a serial DQD?3. Tt writes
Xe(w) =321 > e g Xt ,a(w) with

hw(fuw + i)

T
Xy o(w) = —mlﬂ< - T Ai(ua))7

(7)
where Ay (¢) = —Im{G’ (¢)}/m are the spectral function
contributions from the anti-bonding and bonding states.

B. DQD in parallel

Figure [3| shows the results obtained for a parallel DQD
with symmetrical couplings: I'n;; = I, Va,14,j, with
a1 = ag = 1 and V1o = Vo1. At zero frequency, one
observes three differences towards the situation in series:
(i) the intensity of |X.(0)| is reduced on the branches
Bf_’R; (ii) |X.(0)] undergoes an extinction of its inten-
sity at the intersections between the branches BE" with
the diagonal D; (iii) at finite voltage, |X.(0)| is of equal
intensity along both halves of the branches BER (respec-
tively BJLr’R). These differences are understood as follows.

According to Eq. (S37)), one has
1
Ay = 5 (81 +eo — 21+ \/(61 — 82)2 + 4(V12 — ZF)2> .
(3)
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FIG. 3. Same as Fig. 2] for a parallel DQD.

The imaginary parts of AL depend on &; and &5, con-
trary to what happens in the case in series where the
imaginary parts of Ay were equal to —I'/2 (see Eq. (@)
Typically the imaginary part of A4 for the parallel DQD
is large along the branches Bi’R explaining the fact that
the intensity of |X.(0)| on the latter branches are re-
duced (property (i)). Along the diagonal D of equa-
tion €1 = €3 = g9, one has A\_ = ey — Vi3 whereas
Ay = g9 + V12 — 2iT. The imaginary part of A_ is zero,
meaning that the bonding state of the parallel DQD is
disconnected from the leads, eliminating any dissipation
effect through contacts to leads, and causing a significant
reduction in the intensity of |X.(0)| at the intersection of
branches B~ and diagonal D (property (ii)). Finally,
the property (iii) can be understood as follows: at finite
voltage |X,(0)| is maximal on the branches B*" with
equal intensity along both halves of the branches since
each dot are equally connected to L and R leads for par-
allel DQD. At finite frequency, Figs. [3(c) and (d) show
the broadening of the branches Bi’R and the widening

of the gap in the branches BEE At T = 0, e1 = &9

and Va1 = Vi9, an exact expression for X,.(w) is derived
from Eq. (S27) in the parallel geometry23. It reads as
Xe(w) =>4 D aer.r Xi,a(w) Where X_ o (w) =0 and

hw(hw + 4iT)

or
X a =——"1 1-—
halw) = = A n( AT

Ay () )
)

IV. EQUIVALENT QUANTUM RC-CIRCUIT

We now focus on the characterization of the equiva-
lent quantum RC-circuit to the DQD whose capacitance
and charge relaxation resistance are respectively given by

C = e*X,(0) and R = e*lim,, o Im{X,(w)}/(wC?25H2T,
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FIG. 4. Capacitance C and resistance R as a function of V2
for a DQD in (a), (c) series and (b), (d) parallel at various
values of V and €1 =e2 =0, ' = 0.1, kg7 = 0.01.

To analyze them, we report in Fig. [4| their values, ex-
tracted from X.(w), versus the interdot coupling Vis.
For a serial DQD, one observes that C' is maximal at
V1o = eV/2. Strictly speaking, C' diverges towards infin-
ity at V =T = 0 when V5 tends to 0 since the two dots
are decoupled. For a parallel DQD, one has a reduction
of amplitude for C' and the absence of a divergence when
V1o tends to 0 at V = T = 0 because there is always a
way for the charges to travel from one lead to the other,
even at Vio = 0. As far as the charge relaxation resis-
tance R is concerned, the results reported in Figs. [4c)
and (d) show that its value at V12 = 0 equals R,/4 in the
case in series while it equals R,/2 in the case in parallel,
where R, = h/e? is the quantum of resistance. In both
cases, R versus Vo increases and then converges back to
R, /4, respectively R,/2, at strong Vi2. To explain why
the variation ranges of R differ so markedly depending
whether the DQD is connected in series or in parallel, let
us start from Eqgs. (7)) and (9)), which give X.(w) at T =0
and €1 = g4, respectively for a serial and a parallel DQD
symmetrically coupled to the leads. For a serial DQD,

Eq. leads to C' = (e?/2) Y, Yo r Ax (1) and

>t Za:L,R Ai (fta)
SIS D NN | EA R

By putting the latter expression in the form
(i 22 (S 02V Ry /(S i) with ;= As (s,
y; = 1, and n = 4, and using the Cauchy-Schwarz
inequality, one deduces that R > R,/4. More-
over, by knowing that >, z! < (X;,27)? with
zi = \/A+(pa), one concludes that B < R,4). Thus
the range of variation for R is from R,/4 to Ry, in
line with what is observed in Fig. c). For a parallel
DQD, the expression for X.(w) given by Eq. (9) leads to
C = (¢2/2) Yoy As (o) and

ZQIL,R Ai(ﬂa)
(ZQ:L,R At (pa))?

R=

R= R, . (11)
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FIG. 5. Im{X.(w)}/X2(0) as a function of w for a DQD in
(a) series and (b) parallel at various values of V' and &1 =
ea =0, = 0.1, V12 = 0.01, kgT = 0.01. The equation of
the dashed line is w/4 for the serial DQD and w/2 for the
parallel DQD.

By employing similar arguments to those used for a se-
rial DQD, and by noticing that n = 2 in the case in
parallel since the bonding state is disconnected from the
leads at €1 = €9, one shows that R varies from R,/2 to
R, in agreement with what is observed in Fig. [f[d). It
means that when e; = 5, the number of quantum chan-
nels n allowing the charge to travel are equal to four in
the case in series whereas it equals two in the case in
parallel. The results given by Eqgs. and can be
viewed as the extension to a DQD of the results previ-
ously established in the cases of a single quantum dot?®
or a quantum point contact??34. As in such systems,
X.(w) in a DQD obeys a generalized Korringa-Shiba
relation®36 according to which lim,, o Im{X,.(w)}/w =
Yot Yoaer.r XE . (0), a characteristic of a Fermi liquid.
It is worthwhile to explore the variation of X.(w) at
higher frequencies and to see how its frequency depen-
dence deviates from this relation. Figure [5] reports the
results obtained for Im{X,.(w)}/X2(0) as a function of
w. For a serial DQD, respectively parallel DQD, one
observes a linear variation with frequency according to
w/4, respectively w/2, at low frequencies in agreement
with the generalized Korringa-Shiba relation, confirming
the difference of a factor two found for the values of R
between the cases in series and in parallel, whereas it
shows strong deviations at higher frequencies.

V. REFLECTION PHASE

We end up by discussing the reflection phase of the sys-
tem considered as a resonator embedded in an electro-
magnetic environment, which is defined as the phase shift
between incoming and reflected microwaves, as measured
in reflectometry experiments® 118 A rapid calculation
shows that this phase is related to the DCS via the rela-
tion ¢(w) = arctan(Re{X.(w)}/Im{X.(w)})**. To com-
pare our predictions to the measurements performed in
spin qubit systems, we generalize the description of the
spinless DQD in series made above by taking spin into



account. This is simply done by considering triplet states
in addition to the bonding and anti-bonding states which
correspond to the singlet states in the case of a DQD
with spin. The eigenenergy of the triplet state is given
by Ay = (eq — iT")/2, where ¢4 = €2 — &1 is the de-
tuning energy?”. Figure [6|(a) shows the e4-dispersion of
the eigenenergies Ay and Ar. At T = 0, we use a gen-
eralized expression for X,(w) obtained from Eq. by
adding a term corresponding to the triplet state contri-
bution according to —3I'/(2hw(hw + i) >°,_; pIn(1 -
hw(hw + iT)Ar(pia)/T'), where Ap(e) = —Im{Gr(e)}/7
with GI.(e) = (¢ — Ar)~'. The results for ¢(w) as a
function of detuning energy and frequency is shown in
Fig. @(b) One observes a dip in phase inside two pock-
ets spreading out symmetrically around the vertical axis
eq = 0, the two pockets being separated by a gap area
located around Aw = Vs, spotted by the dashed line.
The existence of this gap is a direct consequence of the
presence of bonding and anti-bonding states whereas the
formation of the low-frequency pocket below the gap re-
sults from the presence of the triplet state. Our predic-
tion for ¢(w) is in good qualitative agreement with the
experimental results obtained in spin qubitsi®.

VI. CONCLUSION

We have developed a model to calculate the DCS in a
nonequilibrium DQD. We have established a general ex-
pression for this quantity, which, at T = 0 is related
to the spectral function contributions from the bonding
and anti-bonding states, leading to the prediction of a
splitting of the two branches of maxima of the DCS as a
function of the energy levels of the dots resulting from the
application of a finite bias voltage driving the DQD out-
of-equilibrium. It would be interesting to check this pre-
diction experimentally. In the low frequency regime, we
have analyzed the results in terms of the capacitance and
the resistance of the equivalent RC-circuit in both serial

and parallel geometries. In the high frequency regime, by
extending our results to take into account an additional

' | -20
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FIG. 6. (a) eq-dispersion of the singlet and triplet eigenvalues
at e1 + e2 = 0. (b) Color-scale plot of ¢(w) in mrad as a
function of ¢4 and w at e1 =T =V =0, I' = 0.04, and
Vi2 = 0.5 for a serial DQD. The dashed line corresponds to
hw = Via.

triplet mode in order to describe spin qubits, we have de-
duced the evolution for X.(w) as a function of w and g4
and found a qualitative agreement with experimental re-
sults recently obtained. The approach presented here
can be used in many other contexts: quantum dots with
multiple energy levels, submitted to the application of a
magnetic field, in the presence of exchange or Coulomb
interactions8# among others.
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VII. FUNCTION INTEGRAL APPROACH

Within the functlonal integral approach, the partition function can be written as the 1ntegral over the Grassmann

variables d , d; cak, Cak, associated with the creation and annihilation operators d d for the dots, and ¢ cak, Cak
for the 1eads Indeed one has

Z= /HDd 11 Dcakexp< /dTL‘ ) (S1)

1=1,2 a=L,R
kEa

where § = 1/kpT, Dd; and Dc,y are the differential elements defined as Dd; = dd:ddi and Decyr = dcgkdcak.
L(7) is the Lagrangian of the system defined in three parts L( ) = Laots(T) + Eleadg( ) 4 Lhop(T), where Laots(7) =
Doic1 2 dl Ord; — Hdots, Lieads(T) = Za:L,R;kEa cikaTcak Hleads and Lyop(T) = Hhop. One remarks that the sum
of £1eads( ) and Lnop(7T) can be written equivalently in the form of a perfect square from which a supplementary term
is subtracted

Licaas(T) + Luop(T) = > H0r +ear)ar — Y, Y Viar(0r +€ar) " Vjand, d, (52)
a=L,R a=L,R;k€a 4,5
kca

with Cor = Cok — ijl’z Vi ak(0r + €ak) " d;. By integrating over the Grassmann variables ¢,; and Ejk, one gets

Z = [ DdiDds exp(— foﬂ d7Leg (7)), within a constant multiplicative factor. Leg(7) is an effective Lagrangian defined
as

Leg(T) = ( d1T dzT )

Or+e1+ 11(7) ~12(7') dy
; (S3)

21(T) Or +e2+ 22(7) dy

where 5(7) =21 gD rea Viardak(T)Vjak, With gak( )= —(0r +ear) ! and ~ﬁ(€) = ;(e)+ V5. The retarded
Green function in the dots can be obtained from G7;( = [ Dd,Ddyd; d; T exp(— foﬁ drLeg (7). By performing the

integration over the Grassmann variables d; and d¢ , and taking the Fourler transform, one gets

c—ei— L) — L)\

G = . (34)
— 51(¢) e—e2— hole)

From Eq. one extracts an effective Hamiltonian H.g defined through the relation G (g) = (¢ — Heg) L. It is given
by o

T . L2
fLmigs Vhoine
Heff = ) (85)
'y o
Vo — ——
i €2 —i—
since fj(s) = —il';;/2 and I';; = >, plaj, where T'g i = 27V 1. Vjakpa does not depend on k in the flat-

wide-band approximation for electrons in the leads. The fact that Heg is non-hermitian is the consequence of the
integration over the lead Grassmann variables that has been performed. The coupling to the leads is thus explicitly
taken into account in the Hamiltonian. It induces a dissipation® since the eigenvalues of Heg acquire an imaginary
part

o 1 ,F11 1—‘22
)\i = 5 (El 17 + ZT Zl: A) (SG)

with A% = (e; —il'11/2 — e +il22/2)% + 4(Vy — il12/2) (Vs — iT'21/2). The eigenvalues A_ and Ay are respectively
the energies of the bonding and anti-bonding states of the DQD system. The non-hermitian matrix U, of elements



U,j, associated with this diagonalization is

Vlz_iF12/2 (S
D, 2D,
5 Vi, — il91/2
2D, Ds
with
I oo
—e — it 2 A
1) €1 (3 B 2 (3 B 5 (SS)
Ll 6P
D? — * s =
g i 2 + 4 (Sg)

VIII. GENERAL EXPRESSION FOR THE DYNAMICAL CHARGE SUSCEPTIBILITY
A. Calculation of X.(w)

The charge susceptibility is given by X.(w) =", 1,0 0 X (w), where «; are the level-arm coefficients measuring
the asymmetry of the capacitive couplings?, and X;j(w) is the Fourier transform of

Xj(t,t) = iO(t — ) {AN; ('), AN;(t)}) (S10)

where AN;(t) = N;(t) — (N;) with N;(t) = C/I;T(t)(/i\i(t), and {,} denotes the anti-commutator. To calculate this
quantity, one has first to calculate the time-ordered correlator defined as

(7 7') = (T AN () AN(7)
= (LN N - (LINNEIND
= i{Teld) ()3 () (1) di(n)]) = i(Teld] )Tl i) (s11)

where T, is the time-ordered operator. By assuming that there is no Coulomb interaction, one can use the Wick
theorem to calculate this correlator, thus

XL (7, 7) = (LA (7 ()] ) (Teldy (7)d, (7)) (S12)

ij
By introducing the time-ordered Green functions defined as Gf,(7,7') = —i(TC[c/Z\jT (T/)C/i\i(T)D, one gets:
XL(r,7) = iGEj(T, T/)Géi(T/ﬂ') . (S13)

ij

In the basis of the eigenstates associated with the operators c?+ and d_ in which Hes is diagonal, one has

w2
—
=~

w2
—_
=)

) (514)
) ) (815)
(516)
(517)

where U;; are the elements of the transition matrix U. Indeed, one has d; = Zs=i<i|5>g& with (i|s) = Uss. It leads to
G'Ej (Ta 7—/) = UilU]iklgfi- (T7 T/) + UiQU;2gt— (Ta T/) ) (818)
G;i(’T/,T) = Ulei*lgi(r’m) + UppUBG (7, 7) (S19)
where G'(7,7') = —i(T,[d} (')d+(7)]). Finally, one has
XY, ) = iUaUp G (7, )G (7, 7) + U Up Uy UsaG (7, 7)G" (7, 7)
+iU UinUj Uy GY (7, 7)GY (7, 7) + i|UnUja |G (7, 7)GL (7, 7) | (520)



which leads to
X (T, ") Z Copss XL 0y (1,7') (521)

S81,82= +

where X! (7,7') =iGL (7,7")GL (7', 7) and C, s, are coherence factors defined as

Cogp = > aiog|UnUpnl, (522)
i,j=1,2
C+_ = Z aiajUilUi*Q lejQ , (823)
i,j=1,2
C_+ = Z aiajUi*lUinglU;} , (824)
i,j=1,2
C__= Z oziaj|Ui2Uj2|2 . (825)
ij=1,2
One underlines that C; 1 and C__ are both reals, and that C;_ = C_,. By performing an analytical continuation,
one obtains the charge susceptibility X.(7,7") = Zshszzi Csy 55Xy s, (T, 7") With
Koo (1,7) = 1055 (1, 7)GE () 4 G0, (171G ()] (526)
By taking the Fourier transform, one gets Xe(w) =3_, . _, Cs,5,Xs,5,(w) with
. > d€ < a T <
Ko@) =i | 52|05, (098 (e — hw) + G, (= + W), (2)] (s27)

The retarded and advanced Green functions G"“(¢) are diagonal matrices of elements G;(g) = (e — As)"land Go(g) =

(e — A¥)~! in the eigenstate basis associated with the operators c/l\+ and C/l\_, where Ay is given by Eq. 1) In the
steady state, the nonequilibrium Green function is given by

G5(e) =Gl '_“(e)U G"(e) , (528)

where _<(e) = iY ,_; rfa(e)L  is the self-energy in the initial basis associated with the operators di and da,

Ja(e) = [1+exp((e — pa)/ksT)] ™t is the Fermi-Dirac distribution functions of the left (L) and right (R) leads, pr, g,
the chemical potential, and T, the temperature. G<(¢) is usually a non-diagonal matrix in the eigenstate basis.

B. Coherence factors Cs, s,

In case of symmetrical capacitive couplings, i.e. a1 = as = 1, one has

Civ = (UL + U2 =1, (S29)

Cio= Y UnUpUnUp=C 4, (S30)
ij=1,2

Cow = (|Un]?* +[Un?)? = 1. (S31)

In each of the possible geometries of the DQD, it leads to:

e In the case of a DQD in series with symmetrical real couplings, one has I'f, 11 =T'r o2 =TI, I' 22 = T'r,11 = 0,
Fa2=Ta21 =0, Vo, and Vio = Vo

Cio=C_4=0, (S32)
so that only X 1 (w) and X__(w) contribute to the charge susceptibility according to X.(w) = X4y (w)+X__(w).
e In the case of a DQD in parallel with symmetrical real couplings, one has I'y ;; = I, Yo, ¢, j and Via = Voy:

|(Vi2 — iT)8|? — Re{(V12 + i')%6%}
2D4 ’

where D? = [V —il'|2 4 |6|2/4, 0 = e1 —e3 — A, and A? = (g7 — £3)? + 4(V12 — i[')%. One takes note that at
either I' = 0 or €1 = €2, Eq. (S33]) leads to C;— =C_4 = 0.

Ci=C_y =

(S33)



FIG. S1. Coherence factor C4_ = C_4 for a DQD coupled in parallel at V12 =T = 0.1.

IX. EXPRESSION FOR X.(w) AT T =0

For a DQD system, one has X (w) =) Csy 59 Xsy 55 (W) With

S1,82==%

y > de a T
X31$2 (OJ) = Z[ % [g;sz (6)g32 (6 - hw) + 951 (6 + m)g;sz (E):| I (834)
where G’ (¢) and G4 (¢) are the retarded and advanced Green functions in the dots given by G’ (¢) = (¢ — A+) ™! and
Gi(e) = (e—Ay) 1 and g <(e) are the nonequilibrium Green functions in the dots which in the steady state are given
by

G () =g U _~(e)

IS

Gg%(e) . (S35)

with _<(e) = i 0=rrfa(e)L . The matrices G"(¢) and G“() are diagonal while g< (€) may be non-diagonal.
We set the constant i to 1 in the details of the calculation but we will restore this omitted factor 7 in the final
expressions of the results.

A. DQ@QD in series

For a DQD in series with symmetrically capacitive couplings a; = ag =1, one has I';, 11 = T'ro2 =T and I'p 90 =
FR,ll = Fa,12 = O, thus:

e Coherence factors: C;y =C__ =1land C4_ =C_4 =0.

o I and [ R are diagonal matrices:

(T 0 (0 0 <~ _ [ iTfL(e) 0
e Eigenvalues:
1 .
A =g (51 +ep —iD £ \/(e1 —2)2 + 4|V12|2) : (837)
e Diagonalization matrix:
Vi 0 1% 0
1 5 1 12 —3
U= P = U'= 2 (S38)

- - U - - 5 ,
\/|V12‘2+(52/4 -3 Vi \/|V12|2+(52/4 5 v

with 6 = €1 — &9 — A, A2 = (El - 82)2 + 4‘V12|2, and V;l = V12.



It leads to
gl (e Vig -2 frie) 0 % g Gie) O
0= g (o o) (8 ) (70 e ) (8 2) (907 o)
G (e) Vie =3\ ([ fule) 0 ViGi(e)  $Go(e)
|V12|2+52/4< | (e) )( 5 sz)( 0 fR(E)) (‘ggé(E) V1zga(5)>
gr (e) Vio =5\ [ Viafu(e)Gi(e)  $fL(e)G%(e)
IV12|2+52/4< K (€) ) ( : Vf2> (—3&(&)95(6) Vig R(E)Q“(s))
(gg : ) Va2l (@) + T IG5 () Y82[fr(e) — fr(©))G2 ()
|V12|2 62/4 ngé[fL(E)—fR(E)]gi(d (V12 fr(€) + & fL(€)]G% (e)
ir (HM fr(e) + & Fale)]|GL (o) "1;5[fL<e>—ngeﬂ(J:(e)gﬂf)) _ (539
T VP24 \ Yebir (o) - fR(e)] "(€)G4(e)  [Vi2lPfr(e) + & fL(e)]|GT (e)?

By using this result, one gets at T'=0

oslo) =~ [ VPR + Rl OR [0 ¢ - ) + 01 + )
oy (e [ e[t -w o) + 5 [T Eaep[ote-w g +a] )
S40
and o
@) =~ [ ValIne) + ()10 P07 e — )+ 07 e+ )
e o aw (|v12|2/':' g @rfere-w oo+ :/; g ePlone—w +or(e +w>]) .
(S41)
One has to calculate the following integral
fat) = [ 0L EP[o3E —w) + G+ )] (542)
From Eq. (S37)), one can write
GO = 6= 2e) P = (543)
and
Gile—w)+Gale+w) = == Re{lx\i} T2 etwo Re{l)\i} Y2 (S44)
Thus
Lolw) = /i: (e— Reﬁﬁ;ﬁ r2/1 (== Re{lx\i} —ir2 etwo Re{lx\i} ) 69)

By performing this integral explicitly, one gets

Io +(w) ! 2arct I/2 2arct I/2
= —_— I — I
o drw (T — iw) arctan Re{Ai} — po +w arctan Re{Ai} — pta —w

| (10— RefA})? +T2/0)
+iln (( ] , (S46)

fio — w — Re{ AL} + 1“2/4) ((ua tw—Re{Aa})?+ F2/4)




which can be written as

fo(w) = 1 )m((ﬂ (1o — RefAs})® +T2/4 ) | (847)

T 27mw(w + il o —w—Re{As} —iT/2) (i +w — Re{As} +i['/2)
or as well
1 o — /\i|2 1
I, - 1 - In (1 = WG (110))(1 + WG (1
=W =T m ™ ((M w0 (et w A1) ) 2me(w D) (1= G (1)) (1 + wGi (1))
1
e — 1— a o) — T W) — 210m o 2 . 4
o | 1 9 () = G ) 710 1) (549)
——2iTm{G (4a)}
It can be written equivalently in the form
1 2nw(w + i)
i) = ——— (1= ) §49
Ioslo) = 5o (1- T 4 ) (519)
since one has A4 (¢) = —Im{G" (¢)} /7 and for a DQD in series
1 1
" () = = = (fta — Re{A\1} —i'/2)|G% (1a)|?
G 10) = 5 = gy s — e~ RelAs) — /2)/0% o)
F T T T
= Im{G% (o)} = =510 (1a)|* = 20m{G% ()} + TIGL (pa)[* = 0 . (S50)
Finally, one gets X, (w) = X4 (w) + X__(w) with
r 2w (w + i) 52 2w (w + i)
X =— In(1-——-24 —In{l—-———FA4
++(w) 27TCU(OJ+'LF)(‘V12|2 +(52/4) (|V12 n( T +(/’LL)> + 4 n( T +(/’LR) 5
(S51)
r 2rw(w + i) 52 2w (w + i)
X__ =— In(1-——"——2A4_ —In{l—-——FA_
@) = = e T ) (Vi 07/3) ('V” n( T (“R)> T3 n( T ()
(S52)
The expression for X.(w) can be simplified in the following two special cases (we restore the omitted 7 factor):
e For 1 = g3 = g9, one has § = —2));5, which leads to
r he (Few +iT)
(W)= ———— In(1-——— A1 (tta
a=L,R
e For i, = pur = 0 (zero-voltage), one gets whatever €1 and ¢4 are:
r hw(hw + iI")
_ _ wliw +al) S54
) =~y 2 (1- 2 s 0) (354)

B. DQD in parallel

For a DQD in parallel with symmetrically capacitive couplings: a7 = as = 1, identical couplings between each dot
and each lead: I'y ;; =T for Va, 1, j, and assuming coupling Vi2 to be real which implies V12 = Va1, one has:

e Coherence factors: Cy1 =C__ =1 and C;_ = C_; = 0 since one has from Eq. (S33)

s T2 52
Coo =C_\ — |V12 — il)d]| 21;;{(]/12 +il)*0%} ($55)

where D? = |Vio —il|? + |§]2/4, 0 =1 — e — A, and A? = (g1 — e2)? + 4(V1o —il)%
For £1 = 9 = ¢y, it leads to A = 2(Vj3 —il'), 6 = —A and D? = 2|V;5 —il'|?, thus C;_ =C_, = 0.




o I and [ R are non-diagonal matrices equal to:

r r r r . r r
FL:<F F) ) FR:(F F) = _S(e)=i ZLRfa(g)<P F) . (S56)
e Eigenvalues:
1 -
e =3 (51 teo— 20+ /(51 —22)? + 4(Vi2 — zr)z) . (S57)
e Diagonalization matrix:
1% )T 0 1% i 0
1 12 — 1 = D 12 — 1 -3
V=5 5 2 A VR SN CY 5 * ] (558)
R VA WV —il)? 402/ R Vi
2 2
It leads to
G<(0) = iD= fal€) g ( Vig — il -3 1 Vig —il’ 3 gi(e) O
- (V12 — ZF + 52/4 5 % V12 — I 1 —g V12 —I 0 gg (5)
i) a—r,r ol (

(V12 —i)2 + 52/4

(7
"

02 a—r,r fal€) (g " (e)
(%
(o

(Vlg —i)2 4 62/4

ZZa LRfo‘
(V12 —ZF —|—(52/4

(1

(11) ( - _é?g( ’ v g—g;rfg)ﬁ @)
o) (| 3

)

g (

o
((V12 —il)? - %) G4 (e) (Vg =il + %)2 a(g)

iY0ern o) V=T =§)*IgLE@R (V2 —iD)? = 5 ) G1()G2(e) -
T (Viz — D)2+ 8%/4 (Vip —iT)2 — ﬁ)g’“( g4 Vis —iT + 8?16 (¢)2 ’ (559)
12 =1 1) Gr(e)G4(e) (Viz =i+ §)7[G" (2)]
which gives when g1 = g5 = g9
r 2
G5(e) =2 3 ful (Ig+(()€)| 8) | (560)
a=L,R
since one has § = —A = —2(Vj5 —iI") in that case.
Using this result, one gets for X7 (w) at T =0
da
_— / @G5 [G% e ) + G (e +w)]
a=L,RY ™
o d
. / E1G R[04 —w) + G +w)] - (S61)
a=L,R
By performing this integral explicitly, one gets
2T
Xe(w) = " (w1 4iD) ;Rln ((1 = wG§ (ka)) (1 + WGl (1a)))
— L _ T . 2|0r 2
= ol i) 2o, 1|17 (08 ) ~ ) G )| (562

=—2iIm{G} (o)}



which can be written equivalently in the form

B 2T hw(hw + 4iT")
) = ey 2 (1- " ) (563)
since one has for a DQD in parallel
r _ 1 _ 1 _ _ 9 r 2
g_:,.(ﬂa) = Lo — A\t = Yy — Re{/\+} T2l = (/ua Re{/\+} 22F)|g+(ﬂa)|
= Im{G (ta)} = —201G% (1a)|* = Im{G} ()} + 201G} (1a)* = 0 . (S64)

X. EQUIVALENT RC-CIRCUIT AT T =0 AND ¢ =e2 =¢9

In this section, we calculate the capacitance and the resistance of the equivalent quantum RC-circuit which can be

used to account for the behavior of the DQD system in the low-frequency regime?.

A. DQD in series
1. C for a DQD in series

One has C = e2X.(w = 0). One gets from Eq. (S53)

O = T 2 2 (- A ) 5 0= T30 P Ase | (5

a=L,R

using In(1+z) = z

2. R for a DQD in series

One has
e?  Im{X.(w)}
R=glm— (566)
By using In(1 + x) ~ z — 2%/2, one gets from Eq. (S53))
B hw(hw + ) h2w2(il)?
) =g o (T st - S k) (567
It leads to
_ D(hw—il) heo(hw + iT) h2w?
Xe(w) = —m Z Z (‘FAi(Ma) + TAi(Ma) . (S68)

+ a=L,R

The imaginary part of X.(w) is then given by

2 9 9 49 hwI'? 2 (
Im{X.(w)} = Wz Z h A (Ha)): h2w2+rg Z AL (Ha) - (569)

a=L,R + o=L,R
Thus
o Im{X.(w)} R 9
i S =1 Y M) (870)



10

By using C' = (*/2) Y-, > ,—1 g A+ (1), one finally gets

h 2t da-Lr A% (pa)
e? (X4 Za:L,R At (pa))?

The Cauchy-Schwarz inequality (3.7, 27)(> i, y?) > (O, zy:)? for ; = Ay (pa) and y; = 1 leads to

i=1"1

(X% 40) (X X 1) 20 % Astpa) x17

a=L,R a=L,R a=L,R

R= (S71)

=4
) Za:L,R AZ (o) > } =R i
(Zi >a=rrAx(a))? — 4 4e?’

Moreover, in all generality one has > ;- o} < (37| #?)?, thus

=11

Z Z G (ha)|* < Z Z 1G4 (ko)

+ oa=L,R + o=L,R
i Yampr AL(a)  YiYa—r,nlGh ()l "
(E:I: Sacr A ()2 (L Y acr 195 (1a)[?)? <l=R<5, (S73)

since one has for a DQD in series: A () = —Im{G" (¢)}/m = (I'/27)|G% (¢)|?.
In conclusion, one has R € [h/4€?, h/e?] for a DQD in series at T = 0 and 1 = &.

vV

(S72)

B. DQD in parallel
1. C for a DQD in parallel

One has C = e2X.(w = 0). One gets from Eq. (S63)

ot S (1= ) S-S T A T

w—0 hw hw + 4iT) oL R

using In(1 + z) =

2. R for a DQD in parallel

One has
e? Tm{ X, (w)}
R= 2 lim = (S75)
By using In(1 + z) ~ 2 — 22/2, one gets from Eq. (S53))
or heo(hw + 4T) h2u2(4i0)2
R IO ET) A () = PR 42 ) S76
) = i 2 (T A ) AL ) (570
It leads to
2T (hw — 4iT) hw(hw + 4iT) h2w?
X, = ——— A (la AL (Be) | - ST7
) = 1 2 (A ) A ) (577

The imaginary part of X.(w) is then given by

2 w 2
{20} = o 3 1)) = mriors 2 Ab() (578)
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Thus

fipy (@)} g D> A (k) - (S79)

w—0 w

By using C' = (€*/2) 3_,_; r A(tta), one finally gets

- h 2 a=L.R A% (pa)
e? (Za:L,RA+(.Ua))2

The Cauchy-Schwarz inequality (31, 23)(> i, v?) > (O, ziy:)? for ; = Ay (pa) and y; = 1 leads to

(2 ) (X ar)2(E As) <17

a=L,R a=L,R a=L,R

(S80)

=2

Ea:L,R Ai(ﬂa)
(ZQ:L,RA+(IM))2

Moreover, one has in all generality > ., z} < ("1, 2?)?, thus

i

oG < () 1GE (1))

a=L,R a=L,R

o4 ZQ:L,R Ai(ﬂa) . ZQ:L,R |gi(ﬂa)\4 h
RN Sarr A1) (Cacrr % (1a)]?)? <l=R<, (S82)

since one has for a DQD in parallel: A, (¢) = —Im{G’ (¢)}/7 = (2I'/7)|G} (¢)|*.
In conclusion, one has R € [h/2e?, h/e?] for a DQD in parallel at T = 0 and €1 = &3.

>-=R> (S81)

1
2

XI. PHASE RESPONSE ¢(w) OF THE RESONATOR

By definition, the phase response of the resonator is equal to
Im{Z(w)}
= arct — S83
o) = avctan (g2} (553)

where Z(w) is the impedance defined as Z(w) = dVgate(w)/dI(w). Given that the dynamical charge susceptibility is
X, (w) = dN (w)/d(eVgate(w))* and that the electrical current is defined as I(t) = —dQ(t)/dt = —edN(t)/dt = I(w) =
—iewN (w), one gets

o) = dN (w) _ 1dN(w) dI(w) _ 1 _ iZ* (w)
Yel) = Ve @)~ ¢ dI@) Wgale)  iPwZ() ~ P Z@)E (584)
Thus
Re{Z(w)} = *w|Z(w) P Im{X.(w)} and Im{Z(w)} = e*w|Z(w)|*Re{X.(w)} . (S85)
By incorporating these latter expressions into Eq. , one gets
¢(w) = arctan (m> . (S86)

XII. EXPRESSION FOR X.(w) IN A DQD IN SERIES IN THE PRESENCE OF ADDITIONAL TRIPLET
STATES

In order to compare with experiments performed in spin qubits, one needs to take triplet states into account in
addition to the singlet states. To do this, one includes an additional term to the expression for the dynamical charge
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susceptibility given in (S54) for a DQD in series at 7' = 0 and when &; = &9, corresponding to the triplet state
contribution, as follows

Xe(w) = —m a:zL:R (; In (1 - }WAH%)) +3In <1 - WAT(%))> , (S87)

where Ar(e) = —Im{GZ(¢)}/m is the spectral function associated with the Green function GZ.(¢) = (¢ — Ar) ™! where
Ar = (g2 — 1 —i")/2 is the energy of the triplet states. The factor 3 in front of the second term in the r.h.s. of
Eq. (S87)) results from the fact that the number of states in the triplet states is equal to 3.
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