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Atomistic simulation of the collective carbon motion in body-centered tetragonal iron:
A new insight into the martensite ageing
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Abstract

Thermodynamic and kinetic properties of carbon (C) atoms in body-centered tetragonal iron (Fe) are investigated by using Monte
Carlo (MC) simulations. Pairwise interactions between carbon atoms are obtained by combining the linear elasticity theory and the
state-of-the-art results from density functional theory (DFT). This energy database is applied to MC simulations to predict the equi-
librium carbon configuration and the collective kinetic motion of carbon atoms in an as-quenched martensite. From the metropolis
MC simulation, we obtain a novel equilibrium phase of Fe6C2 structure. However, according to the kinetic MC simulations, it is
difficult to reach this equilibrium phase during the martensite ageing because, at room temperature or below, the carbon diffusivity
is so slow that it will take an unrealistically long time for the system to achieve the equilibrium; and at higher temperature, even
though the kinetics are accelerated, the carbon concentration of the predicted equilibrium phase is so high that other metastable
carbides can be formed before such equilibrium is reached. Moreover, the effects of the temperature, the applied stress, and the
initial state on the ageing kinetics are highlighted. The evolution of the carbon cluster concentration and the time scale of the ageing
kinetics are in good agreement with some existing experimental results.
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1. Introduction

Martensitic steels have a wide range of mechanical applica-
tions due to their high strength. It corresponds to a carbon-
supersaturated iron with a centered tetragonal (bct) structure.
However, it is a metastable phase because it decomposes
into carbon-free and carbon-rich nanodomains during ageing,
thereby changing its mechanical properties. To fully understand
the mechanisms of this decomposition, the thermodynamic and
kinetic properties of this process need to be thoroughly investi-
gated.

An in-situ X-ray diffraction study evidenced the set up of
tetragonality as the martensite forms [1]. It was also reported
in Ref. [2] that the tetragonality of the quenched martensite in-
creased during its ageing at room temperature. In addition,
measurements of the lattice parameters of Fe-C steels with dif-
ferent carbon contents at room temperature have revealed a
sharp transition from low-carbon cubic ferrite to high-carbon
tetragonal martensite [3, 4, 5, 6]. As for the carbon distribution,
multiple studies showed that the martensite ageing is accompa-
nied by the formation of carbon-rich clusters [7, 8, 9]. Choo
and Kaplow [7] showed that the carbon-rich region in Fe-8.2C
(at%) formed at room temperature after 3 months was probably
an ordered one—similar to Fe4N. Furthermore, a new arrange-
ment replaced the room-temperature aged structure after tem-
pering at 82 ◦C, indicating the tentative formation of ε-carbide.
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Kusunoki and Nagakura [8] used high-resolution electron mi-
croscopic to observe the redistribution of carbon atoms in the
martensite tempered from 273 to 363 K. They showed that a
modulated structure was formed with small carbon clusters ran-
domly distributed in the 〈102〉 planes. Such carbon-rich pla-
nar regions were periodically spaced with intervals of 10–20 Å.
Taylor et al. [10] indicated that the martensite decomposition
followed the spinodal mechanism. They also showed that the
carbon concentration in the carbon-rich domain of the Fe-Ni-
C martensite aged at room temperature reached up to 11 at.%.
In addition, a structural modulation along 〈203〉 directions was
developed. Recent studies based on atom probe tomography
(APT) technique confirmed that the carbon-rich phases con-
tained 10–16 at.% C in Fe-C or Fe-Ni-C martensites tempered
at low temperatures [11, 10, 3, 12, 13].

On the theoretical side, the tetragonality of martensites can
be understood from the assumption that carbon atoms prefer-
entially occupy one of the three octahedral sublattices. This
can be interpreted as a result of an ordering at low temper-
ature (the so-called α′ phase). A simple model to describe
this ordering phenomenon was proposed by Zener [14], who
stated that the ordered distribution of carbon atoms is energet-
ically more favorable than the disordered one. This idea has
then been developed into a more elaborate mean-field theory
of carbon ordering by Khachaturyan [15, 2]. This model has
been widely used in the thermodynamic modeling of marten-
sitic transformation [16, 17, 18, 19] and the kinetic studies in
Fe-C alloys [20, 21]. There exist many discussions on the sta-
bility and the equilibrium crystal structure of the Zener order-
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ing [22, 23, 24, 25, 26, 27]. The α′′-Fe16C2 phase is one of the
most known structures, similar to the α′′-Fe16N2 phase [28].
Its stoichiometry corresponds approximately to the experimen-
tally obtained carbon content in the carbon-rich phase. Using
the lattice theory based on empirical elastic interaction between
interstitial atoms, Sato [22] predicted α′′ to be the most sta-
ble ground-state structure in bcc Fe-C. This was confirmed by
Sinclair et al. [23] using molecular dynamics simulations with
empirical potentials. However, the calculations of Ruban [24]
based on density functional theory (DFT) predicted an altered
Fe16C2-structure formed by carbon atoms of two different sub-
lattices. This contradicted the idea of Zener ordering. Re-
cently, Maugis et al. [27] have revisited the ground states of Fe-
C configurations using DFT. It was shown that Zener-ordered
configurations are energetically most stable. Nevertheless, the
above theoretical studies focused on a homogeneous distribu-
tion of carbon atoms in space, while this is not the case in an
aged martensite because carbon clusters are formed. Yan et
al. [29] performed metropolis Monte Carlo simulations to study
the equilibrium state of the carbon distribution based on EAM
and DFT inputs. At low temperature, they obtained a two-phase
configuration with ferrite and an ordered compound (α′′′) dif-
ferent from α′′. Carbon atoms in α′′′ occupy two different sub-
lattices. A Zener-type ordered structure (α′′) with a single sub-
lattice only appeared when a tetragonal strain was applied. In
another study on the martensite ageing using the atomic frag-
ment theory (AFT) [30], Fe4C or Fe2C superstructures were
obtained in Zener-ordered systems depending on the magnitude
of the tetragonality imposed on the matrix lattice. However, in
this study, the time evolution was expressed in Fourier space
and the ageing kinetics in physical time were not presented.
In fact, the carbon configurations in the martensite are open to
debate because none of these theoretically predicted configura-
tions have been synthesized or observed by experiments. More-
over, martensite ageing is a time-dependent phenomenon. It is
therefore unclear whether the carbon-rich phases of martensite
obtained in the experiments reach equilibrium or not. Such a
numerical study on the ageing kinetics is still in need.

In this article, our goal is to investigate the thermodynamic
and kinetic properties of carbon related to the martensite age-
ing based on Monte Carlo simulations. We will combine
the linear elasticity theory (ET) and the existing results from
first-principles calculations based on density functional theory
(DFT) to generate the energy database of pairwise interactions
between carbon atoms. We will perform some parametric stud-
ies to highlight the effect of the temperature, the applied stress,
and the initial state on the ageing kinetics. In addition, we will
rely on our simulation results to re-investigate some experimen-
tal results from previous work.

2. Model

2.1. Carbon-induced strain field

An interstitial carbon solute can be on the octahedral or tetra-
hedral sites of the iron superstructure (cf. Fig. 1). Within the
elastic theory, this carbon solute can be described by the elastic

Figure 1: Body-centered orthorhombic cell with iron atoms (grey), octahedral
interstitial sites (large colored spheres, Ox,y,z), and tetrahedral interstitial sites
(small colored spheres, Tx,y,z). Red (R), green (G), blue (B) colors refer to site
types according to R = x, G = y, B = z.

dipole P [31, 32, 33]. It is a second-rank tensor, defined as the
first moment of the point-force distribution induced by the car-
bon atom. The corresponding displacement field is thus given
by

ui(r − r0) = −
∑
n,m,p

∂Gi j

∂rk
(r − r0 − rnmp)P jk, (1)

where Gi j is the elastic Green’s function, r0 is the solute po-
sition, and rnmp = nR1 + mR2 + pR3 is the positions of the
periodic images, with n,m, p ∈ Z and R1, R2, and R3 the peri-
odicity vectors. It can be obtained by computationally-intensive
atomistic calculation. In a particular case, for example within
an infinite medium, the elastic Green’s function, G∞i j , can be ef-
ficiently calculated using the Barnett’s numerical scheme [34].
In order to avoid the complex atomistic calculation, we rely on
G∞i j to compute the elastic field in a finite volume. For a volume
V without applied stress, the strain field induced by an intersti-
tial solute can be written as [35]

ε = ε∞ + εcor. (2)

In this equation, ε∞ corresponds to the displacement field in a
volume V surrounded by an infinite medium. Thus, it is given
by

ε∞i j (r − r0) =
1
2

∂u∞i
∂r j

(r − r0) +
∂u∞j
∂ri

(r − r0)
 , (3)

= −
∑
n,m,p

∂2G∞ik
∂rl ∂r j

(r − r0 − rnmp)Pkl, (4)

εcor is a term to correct ε∞ by applying a virtual stress to make
the volume V traction-free. We assume the virtual stress to be
homogeneous in space; thereby the corresponding strain field is
also homogeneous: εcor = εcor. One can demonstrate that the
homogeneous strain field of the traction-free volume containing
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a solute is given by [35]

ε i j =
1
V

∫∫
S (V)

ui(r − r0) n̂ j dS =
S i jklPkl

V
, (5)

where S is the elastic compliance tensor, S (V) is the external
surface of the volume V , and n̂ is the normal vector to the sur-
face. Therefore, we have

εcor
i j = ε i j − ε

∞
i j (6)

=
1
V

S i jkl +

∫∫
S (V)

∑
n,m,p

∂G∞ik
∂rl

(r − r0 − rnmp) n̂ j dS

 Pkl.

(7)

Note that ε i j is independent of the carbon position in the vol-
ume. Moreover, we check that ε∞i j is nearly independent of the
carbon position if the volume V is large enough. For the sake of
simplicity, we assume in Eq. (7) that the carbon atom is located
at the origin. In case there are multiple interstitial carbon atoms
in the volume, the total strain field is the linear superposition of
the individual strain field induced by each carbon.

2.2. Carbon–carbon interactions

Following the elastic theory (ET) presented in the previous
section, the interaction between two carbon atoms [P(1) at r1
and P(2) at r2] corresponds to the interaction between one atom
and the strain field generated by the other, which is given by

VET
C−C = −P(1)

i j εi j(r1 − r2) = P(1)
i j P(2)

kl gi jkl(r1 − r2), (8)

where gi jkl(r1 − r2) can be deduced from Eqs. (2), (4) and (7):

gi jkl(r1 − r2) =
∑
n,m,p

 ∂2G∞ik
∂rl ∂r j

(r1 − r2 − rnmp)

−
1
V

∫∫
S (V)

∂G∞ik
∂rl

(r1 − r2 − rnmp) n̂ j dS
]
−

S i jkl

V
. (9)

Note that this approach captures the long-range elastic interac-
tions between two carbons, while it becomes incorrect when
the carbons are close (within a few lattice parameters) because
the nonlinear elasticity, lattice discreteness and chemical bond-
ing are no longer negligible in the latter case. In general, these
short-range interactions can be obtained from ab initio calcu-
lation (DFT) or atomistic simulations based on EAM poten-
tials. Therefore, when the distance between two carbon atoms
is shorter than a cut-off radius rc, we use total interactions from
a recent ab initio database (VDFT

C−C) [36], otherwise from Eq. (8):

VC−C =

VDFT
C−C, |r1 − r2| ≤ rc

VET
C−C, |r1 − r2| > rc

. (10)

Note that we consider not only the interaction between two car-
bon atoms on the octahedral sites [i.e. VC-C(OO)], but also
the interaction between a carbon atom on the tetrahedral site
and the other one on the octahedral site [i.e. VC-C(TO)]. For
VC-C(OO), the cut-off radius rc(OO) is set to 1.23 a0, and for

VC-C(TO), the cut-off radius rc(TO) is set to 1.60 a0. We will
justify these values in Section 3.1. As we assume that in the
simulation box there is no more than one carbon atom on the
tetrahedral site, the interaction between two carbon atoms on
the tetrahedral site will not be taken into account.

2.3. System enthalpy
From the linear elasticity theory, the elastic energy of a crys-

tal lattice of volumeV containing N carbon atoms is

E =
1
2
VCε : ε +

1
2

N∑
i=1

N∑
j=1

VCi−C j , (11)

where C is the elastic tensor and ε is the tensor of the homo-
geneous strain resulting from all the carbon interstitials. The
first term is the lattice strain energy, and the second term is an
Ising-type Hamiltonian summing over all pair interaction en-
ergies between two carbon interstitials (denoted by Ci and C j).
Under an applied homogeneous stress σext, the system enthalpy
is derived from the energy by a Legendre transformation:

H =
1
2
VCε : ε +

1
2

N∑
i=1

N∑
j=1

VCi−C j −Vσ
ext : ε. (12)

Note that the reference state for E and H is the undistorted iron
lattice. The first and third terms of H are related to the homo-
geneous elastic field, and they describe the lattice response to
the homogeneous strain/stress. However, only the second term
of H depends on the local elastic field of the system, and it de-
scribes the lattice response to the spatial distribution of the car-
bon atoms. This term is central to our study since it is related
to the carbon clustering and the equilibrium cluster structure.

2.4. Elasto-diffusion
The carbon migration enthalpy depends on the local chemi-

cal environment and the applied stress. The pairwise interaction
model presented in the previous section is applied to describe
the variation of the carbon migration barriers with the local en-
vironments. These pairwise interactions are included in the fre-
quency of a carbon jump from an octahedral site o through a
transition site t (o/t):

ωo/t = ν0 exp

−Hm
o/t + (ETO

C-C − EOO
C-C) − (PT

i j − PO
i j) S i jkl σ

ext
kl

kBT

 ,
(13)

where Hm
o/t is the stress-free carbon migration enthalpy from

o through t, kB is the Boltzmann constant, T is temperature,
ν0 is the attempt frequency that is assumed to be strain- and
composition-independent, PT and PO are dipole tensors of car-
bon on tetragonal and octahedral sites (cf. Fig. 1), σext is an
externally applied homogeneous stress, and

ETO
C-C =

∑
k

zkVk
C-C(TO), EOO

C-C =
∑

k

zkVk
C-C(OO), (14)

where zk is the number of carbon atoms at the k-th nearest-
neighbor shell of the considered carbon atom, and Vk

C-C(TO)
[resp. Vk

C-C(OO)] is the pairwise interaction between a carbon
atom on an octahedral site and the other one on a tetrahedral
(resp. octahedral) site at the k-th nearest-neighbor distance.
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3. Results

3.1. Pairwise interaction energies and cut-off distance

Using the elastic dipoles and elastic constants from Eyméoud
et al. [38], we obtain the C–C pair interactions based on the ET
model presented in Section 3.1. These interactions are plotted
in Fig. 2 as a function of the C–C distance. In the same figure,
we also plot the C–C pair interactions obtained from two other
approaches: DFT calculation by Kandaskalov et al. [36]; atom-
istic simulations from Zhang et al. [37] based on Lau’s EAM
potentials [39].

The pairwise interactions between two carbon atoms on the
octahedral site given by both DFT and EAM indicate a strong
C–C repulsion (positive value) within one bcc lattice param-
eter a0 [cf. Fig. 2 (top)]]. As expected, within 1.23 a0, C–C
interactions given by ET are very different from those by DFT
and EAM. Beyond 1.23 a0, both repulsive and attractive inter-
actions exist, and the interactions are much weaker. DFT and
EAM give different signs of some pair interactions. Moreover,
DFT gives more repulsive interactions than EAM. This differ-
ence is due to an effect of the periodic images because the size
of the supercell used in DFT is in general small. This effect has
also been highlighted in Ref. [29]. However, the signs of the
pair interactions given by ET are in good agreement with those
from EAM potentials. Moreover, beyond 1.23 a0, the deviation
between the results by ET and EAM is satisfactory. Therefore,
the pair interactions from ET beyond 1.23 a0 is of good relia-
bility. This corresponds to the chosen value of rc(OO).

The pairwise interactions between a carbon atom on the oc-
tahedral site and the other one on the tetrahedral site are also
plotted in Fig. 2 (bottom). However, to the authors’ knowledge,
there is no existing database from EAM potentials. We compare
the interactions from ET to those given by first principles [36].
Even though the ET approach reproduces relatively well the
global variation tendency of pair interactions with the C–C dis-
tance, the quantitative agreement with the ab-initio database is
relatively poor at small distance (< 1.60 a0). However, beyond
1.60 a0, the agreement between the two approaches is satisfac-
tory. Therefore, rc(TO) is set to 1.60 a0.

3.2. Equilibrium carbon configuration

We carry out on-lattice Metropolis Monte Carlo simulations
under the NPT-ensemble to compute the equilibrium carbon
configuration using the C-C pair interactions given by Eq. (10).
The system Hamiltonian is given by Eq. (12).

Here, we consider the bcc Fe-2C (at.%) system at room tem-
perature (300 K). In Fig. 3, we plot the evolution of the selected
short-range order (SRO) parameters (b), as well as the system
enthalpy variation (c), during the relaxation. We also present
the equilibrium carbon configuration obtained at the end of the
relaxation (Fig. 3-d). Atomic configurations are visualized us-
ing OVITO [40].

The system enthalpy decreases with increasing simulation
steps, and at the end it oscillates around a relatively low level
(∼ −6.8 meV/Fe), meaning that the system is very close to the

equilibrium state. For a chosen carbon atom, the SRO param-
eter corresponding to the i-th nearest neighbor (NN) shell is
defined as:

SRO(i) =
Ni − Nrandom

Nmax − Nrandom
, (15)

where Ni is the number of the occupied i-th NN sites, Nrandom is
the theoretical number of the occupied i-th NN sites by assum-
ing that the carbon atoms are randomly distributed, and Nmax
is the possibly maximum number of the occupied i-th NN sites
(i.e., the coordination number). The result presented in Fig. 3-
b is the average SRO parameter of all carbon atoms. The six
highest SRO parameters at the end of the simulation are the con-
figurations ‘4A’, ‘10A’, ‘7A’, ‘3A’, ‘7B’, and ‘11A’, presented
in Fig. 3-a. These configurations correspond to pairs of carbon
atoms on the same sublattice. This is in line with the final car-
bon distribution, where all the carbon atoms occupy the same
sublattice (z).

The final carbon distribution is a plate-form cluster. This
cluster consists of a plane of normal vector (103) and another
plane of normal vector (103). The ‘zigzag’ pattern of this clus-
ter may be an artificial result of the periodic boundary. The
local carbon content (C/Fe) in this cluster is 25–30 at.%. This
concentration indicates a Fe4C or Fe3C stoichiometry. Accord-
ing to the final SRO parameters, we deduce that the crystal
structure of this cluster has a Fe6C2 structure as showed in
Fig. 4. This structure is composed of the ‘4A’ and ‘10A’ config-
urations, corresponding to the two highest SRO parameters. It
is different from the known structures like the α′-Fe16C2 phase.
We will explain this difference relying on the C-C interaction
database in Section 4.1.

3.3. Kinetic evolution of martensite ageing

We rely on the on-lattice kinetic Monte Carlo approach to
simulate the evolution of martensite ageing. The residence-time
algorithm is applied. Periodic boundary conditions are applied
to the bcc 25×25×25 a3

0–supercell, with inserted carbon atoms
on the octahedral sites. The number of carbon atoms is adjusted
by the carbon atomic fraction. The carbon jump frequency is
obtained from the pair interaction model, as presented in Sec-
tion 2.4.

In this section, we consider the bcc Fe-2C (at.%) system
at room temperature (300 K), starting from an initial state
where all carbon atoms are on z-sublattices and they are ho-
mogeneously distributed in the simulation box. Following the
idea of Bain’s transformation [41, 42], this initial state repre-
sents a simulation of the bct structure just after quenching the
austenitic structure from a high temperature, during which all
the carbon atoms ‘migrate’ to one preferential sublattice (e.g.,
the z-sublattice) through an elastic diffusionless mechanism due
to the lattice distortion along z-direction. Note that this is not
the unique way to represent the as-quenched state, and we will
investigate, in Section 3.6 the effect of the initial state on the
evolution of martensite ageing.

In Fig. 5, we plot the evolution of the selected SRO parame-
ters, the system enthalpy, the sublattice occupancy, and the car-
bon distribution in Fe-2C at 300 K. The selected SRO param-
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Figure 2: Top: Interactions between two carbon atoms of the same variant on the octahedral site (left) and those between two carbon atoms of different variants on
the octahedral site (right). Bottom: Interactions between a carbon atom on the octahedral site and the other one on the tetrahedral site. These interaction energies
are obtained from different approaches: DFT calculation [36], atomistic simulations using EAM potentials [37], and elastic theory (ET) based on force dipoles.
Negative energies correspond to attractive interactions. The nomenclature of the interaction shell is the same as the one in Ref. [36].

Figure 3: a: Key OO-configurations. The violet sphere indicates the first (static) C atom and blue spheres represent the possible positions of the second C atom to
form different C-C configurations. b: Evolution of the short-range order (SRO) parameters. c: Evolution of the system enthalpy. d: The final carbon distribution
obtained after 2 × 1010 Monte Carlo steps (MCS). Red (R), green (G), blue (B) colors refer to site types according to R = x, G = y, B = z. The above simulation
results are obtained in Fe-2C (at.%) at 300 K in a 25 × 25 × 25 a3

0 supercell.

eters correspond to the probability of the most attractive OO-
configurations presented in Fig. 5-a. These configurations con-
sist of two carbon atoms on the same sublattice. The selected
SRO fast increases with time. This also leads to a rapid decrease
of the pair-interaction part of the system enthalpy, which mainly
contributes to the reduction of the total enthalpy (cf. Fig. 5-b).
This is because, in the initial state, the carbon atoms are ran-

domly placed in the bcc lattice, and thus there are many repul-
sive C-C pair configurations. The number of these repulsive
configurations decreases rapidly after several hundred jumps
per carbon atom, resulting in the sharp decrease of the system
enthalpy. It is worthy noting that at this early stage of the evolu-
tion (within 1 hour), a disordering is observed: the z-sublattice
occupancy decreases to 0.85 and the occupancy of the other
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Figure 4: Predicted crystal structure of the equilibrium carbon configuration.

two sublattices increases up to 0.10 (cf. Fig. 5-c). However,
this disordering does not last for long before the carbon atoms
are reordered. After 10 hours, almost all the carbon atoms oc-
cupy the z-sublattice. This corresponds well to the variation of
the tetragonality along the z-direction (cf. Fig. 5-d). The tetrag-
onality is initially high because all the carbon atoms are set to
be at the z-sublattice. Then, it decreases during the rapid disor-
dering and increases up to the initial value as the carbon atoms
are reordered. Moreover, from the evolution of the carbon dis-
tribution (Fig. 5-e), carbon clustering occurs after 100 hours. In
the final state, we observe that several carbon-enriched clusters
are separated by carbon-free space. The variations of the SRO
parameters and the system enthalpy are not stabilized in the fi-
nal state of the simulation. In addition, the enthalpy of the final
system (−3.4 meV/Fe) is remarkably higher than the equilib-
rium value (−6.8 meV/Fe from Fig. 3). Therefore, the system
does not reach equilibrium after a physical time of 2300 hours
(about 3 months). This also indicates that the time required to
reach equilibrium at room temperature can be very long (more
than 3 months), because the carbon diffusion is slow at rela-
tively low temperature and, in addition, carbon atoms can be
kinetically trapped by the martensite variant which is reflected
by a very small kinetic correlation factor (smaller than 0.01).

In order to provide a more detailed investigation of the car-
bon clusters, we show in Fig. 6-a the distribution of the average
carbon concentration on different selected planes. The concen-
tration distributions on the (001), (010) and (100) planes are ob-
tained by averaging the carbon concentration along the [001],
[010] and [100] directions, respectively. On the (001) plane,
the carbon distribution is relatively homogeneous, while on the
(010) and (100) planes the concentration field is very hetero-
geneous. This means that the cluster separation follows the di-
rection z (i.e., [001]). We are also interested in how high the
local carbon concentration can be in the clusters. We select two
representative carbon clusters. Their positions are highlighted
in the figure (i.e., the two control volumes containing Clusters
1 and 2 indicated in Fig. 6-b). The carbon concentrations in

these two volumes increase with time and they are 8–10 at.% at
the end of simulation (cf. Fig. 6-c). This evolution supports the
spinodal nature of this decomposition. Moreover, by comparing
the carbon distribution at 10 and 2300 hours, we observe that
the spacing between carbon clusters increases with time. It is
also worthy noting that there is not a single orientation for the
habit planes of the carbon clusters, which consist of the facet
family {102}. For example, the orientation of the habit plane of
Cluster 1 is (102) and the one of Cluster 2 is (01̄2).

3.4. Effect of applied stress

Since residual stresses exist in martensitic microstructure af-
ter quench, it is important to investigate the effect of the applied
stress on the evolution of the martensite ageing. Two represen-
tative types of stress are discussed below.

In Fig. 7, we compare the results of the SRO evolution and
the carbon distribution obtained with and without applying an
uniaxial tension. This corresponds to a tension of 800 MPa
along direction z. The value of this tension is within the range of
the experimental ones [43, 44]. Such an applied tension slows
down the SRO evolution: it takes about 5 times longer for the
stressed system to reach the same SRO state as the unstressed
system. Moreover, by comparing the carbon distribution at
the same physical time, the carbon decomposition is more re-
markable in the unstressed lattice. The slower kinetic evolution
should be due to the reduced carbon diffusivity under applied
stress. We compute the tracer diffusivity of carbon in these
cases by measuring the mean squared displacement of carbon
atoms by Monte Carlo simulations. The average diffusivity (D)
in the unstressed system is 1.2(±0.4) × 10−25 m2/s and the one
in the stressed system is 2.9(±0.7)× 10−26 m2/s. Therefore, the
carbon diffusion in the stressed system is about 4 times slower
than that in the unstressed system. This corresponds well with
the deceleration rate of the SRO evolution.

In Fig. 8-a, we investigate the early stage of the carbon
evolution in Fe-2C submitted to a pure shear stress such that
σ22 = −σ33 = 200 MPa. The applied compression along z
direction (σ33 = −200 MPa) disfavors carbon atoms on the z-
sublattice, while the applied tension along y direction favors
carbon atoms on the y-sublattice. The resulting variation of the
sublattice occupancy is rapid (cf. Fig. 8-b). Within 100 s, the
carbon atoms, which are all initially on the z-sublattice, are lo-
cated mainly on the y-sublattice. For a longer simulation time,
both short- and long-range orderings are expected. They are
similar to those presented in Fig. 5-e, except that the decom-
position of the carbon clusters is expected to be along the y
direction in this case.

In brief, the variation of the spatial distribution and the sub-
lattice occupancy of the carbon atoms with the applied stresses
suggests that one can modify the orientation of the variant by
applying external stresses.

3.5. Effect of temperature

In this section, we study the temperature effect on the kinet-
ics of the carbon evolution in Fe-2C. In Fig. 9 (top), we compare
the SRO evolution at different temperatures. Since the carbon
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Figure 5: a: Evolution of the short-range order (SRO) parameters. b: Evolution of the system enthalpy. The pair-interaction part of the system enthalpy is the sum
over all C-C pair interaction energies. c: Evolution of the sublattice occupancy. d: Evolution of the tetragonality. ∆c is the variation of the lattice parameter along
the tetragonal direction. e: Evolution of the carbon distribution. Red (R), green (G), blue (B) colors refer to site types according to R = x, G = y, B = z. The above
simulation results are obtained in Fe-2C (at.%) at 300 K in a 25 × 25 × 25 a3

0 supercell.

Figure 6: a: Planar distributions of the average carbon concentration in different planes. b: Positions of the two representative clusters. Large spheres (orange
and olive) represent carbon atoms within the control volumes of clusters. Small spheres (blue) represent carbon atoms outside these volumes. c: Evolution of the
average carbon concentration in the two indicated clusters. These simulation results are obtained in Fe-2C (at.%) at 300 K in a 25×25×25 a3

0 supercell after 4×107

simulation steps.

kinetics increases with temperature, martensite ageing is faster
at higher temperatures. For instance, at 400 K, the SRO rapidly

increases: the SRO corresponding to the configuration 10A is
up to 0.160 after a physical time of 30 minutes. However, at
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Figure 7: Top: Comparison between the short-range order evolution of Fe-2C
with and without applied stress. Bottom: The C distributions in Fe-2C with and
without applied stress at the same physical time (2300 hours). The simulation
temperature is set to 300 K.

250 K, the SRO variation is much slower: the SRO for 10A con-
figuration is about 0.125 after 100 years. In Fig. 9 (bottom), we
compare also the final states obtained at different temperatures
but at the same Monte Carlo step. At 400 K, a notable carbon
decomposition is obtained after a physical time of 30 minutes,
while at 250 K, only small carbon clusters are obtained after a
physical time of 150 years. The remarkable difference among
the carbon clusters obtained in the final state of the simulation
at different temperatures is the SRO value for the 4A configu-
ration. It corresponds to the second nearest distance between
two carbon atoms of the same sublattice. Therefore, the higher
this value, the closer to the equilibrium Fe6C2 phase, the more
carbon-rich the clusters are. The substantial increase of the 4A-
SRO value can be seen as a sign of the long-range ordering.

In Fig. 10, we provide a quantitative study on the concen-
tration of the carbon clusters obtained in the final state. The
planar distribution of the carbon concentration shows that the
distance between the carbon-enriched area at 400 K is signifi-
cantly larger than that at 300 K (Fig. 6). We choose to consider
two representative clusters at the positions respectively high-
lighted by the two control volumes (i.e., Clusters 3 and 4 in-
dicated in Fig. 10-b). The carbon concentration in these two
zones increases up to 14 at.% in the final state (cf. Fig. 10-c).
Moreover, the habit planes of Clusters 3 and 4 are also in the
facet family {102}, which is the same as Clusters 1 and 2 in the
case of 300 K.

Note that we have performed another metropolis Monte
Carlo simulation of Fe-2C at 400 K (not presented). The ob-
tained equilibrium phase was almost the same as the one from
300 K (Fig. 3-d). This supports the fact that increasing the tem-
perature from 300 K to 400 K accelerates the martensite ageing
but hardly changes the equilibrium state of the carbon cluster.

3.6. Effect of the initial state

In this section, we investigate the effect of the initial state on
the evolution of the carbon distribution. In Fig. 11, we compare
the decomposition kinetics at 400 K obtained from two differ-
ent initial states: one starts from a state with carbon atoms ran-
domly distributed on the z sublattice (cf. Fig. 11-a); the other
starts from a state with carbon atoms randomly distributed on
the three sublattices such that the occupancy of each sublattice
is equal (cf. Fig. 11-b). The initial state of the former case cor-
responds to the one we used in the simulations presented in pre-
vious sections. In this case, the evolution of the carbon distri-
bution at 400 K is similar to that obtained at 300 K (cf. Fig. 5):
a rapid partial disordering is followed by short-range ordering
and then long-range decomposition. The occupancy of z sub-
lattice is almost always 1 except during the short disorder state
at the very beginning of the evolution. However, starting from
the initial state with equal occupancy of each sublattice, clus-
ters of carbon atoms on different sublattices coexist at the early
stage (≤ 100 s). We choose to call the cluster of carbon atoms
on i sublattice (i = x, y, z) the i-variant. Before 100 s, x- and
y-variants are bigger than the z-variant. In addition, the size of
z-variant decreases with time and disappears after several hun-
dred seconds. Then, the size of x-variant increases with time
while the one of y-variant decreases. This evolution is also re-
flected on the variation of the sublattice occupancy with time
[cf. Fig. 12 (left)]. The variation of the occupancy is not sta-
bilized at the end of simulation (∼ 2000 s), but we can predict
from the obtained evolution that the occupancy of the x sublat-
tice continues to increase while the one of the y sublattice con-
tinues to decrease. Therefore, only one variant will be left after
a longer time. However, the coexistence of multiple variants
may not be stable in the presence of applied stress because a
tension along a chosen direction favors the corresponding vari-
ant. In order to verify this point, we performed another sim-
ulation starting also from an initial state with equal sublattice
occupancy. In addition, an uniaxial tension of 100 MPa along
z direction is applied to the simulation box. In this case, the
occupancy of z sublattice increases rapidly [cf. Fig. 12 (right)]
and only z-variant is found after 100 s.

4. Discussion

4.1. Comparison with other simulation studies

Zener-type carbon ordering has been obtained from our sim-
ulations: the carbon cluster is of single variant. This is in line
with the C-C pair interactions [cf. Fig. 2 (top)]. The six most
attractive (negative) interactions between two carbon atoms are
for the 10A (−0.09 eV), 7A (−0.07 eV), 11A (−0.06 eV), 9A/9B
(−0.05 eV), 12A/12B (−0.04 eV), and 8A (−0.01 eV) configu-
rations. The first three of them (10A, 7A, 11A) correspond to
pairs of carbon atoms of the same variant (aa-type), while the
other three (9A/9B, 12A/12B, 8A) are for carbon atoms of dif-
ferent variants (ac-type). In addition, the aa-type configura-
tions are more attractive (negative) than the ac-type configu-
rations. Moreover, the total coordination number of the three
aa-type configurations is close to the one of the three ac-type
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Figure 8: Evolution of the carbon distribution (a) and sublattice occupancy (b) in Fe-2C submitted to a pure shear stress such that σ22 = −σ33 = 200 MPa. Red (R),
green (G), blue (B) colors refer to site types according to R = x, G = y, B = z. The simulation temperature is set to 300 K.

Figure 9: Top: Evolution of short-range order (SRO) parameters in Fe-2C at different temperatures. Bottom: The final carbon distribution obtained in Fe-2C after
40 000 000 Monte Carlo steps (MCS) at different temperatures.

configurations. According to theses results, carbon atoms pre-
fer to be at only one octahedral sublattice. However, according
to the C-C interaction database used in Refs. [24] and [29], ac-
configurations are more attractive than aa-configurations. This
explains why carbon atoms in the ordered structures obtained
in these studies (e.g., the so-called α′′′ phase) occupy two dif-
ferent sublattices. Therefore, the Zener-type ordering tendency
and the ordered structure depend much on the chosen C-C in-
teraction database. A possible way to justify the validity of
the database is to compare the theoretically obtained carbon-
induced tetragonality with the experimental one. The tetrago-
nality of a fully ordered martensite can be defined as

t =
c
a0

= 1 + γ uC, (16)

where c is the lattice parameter along the tetragonal direction in
the fully ordered martensite, a0 is the carbon-free lattice param-

eter, and γ describes the linear dependence of t of the fully or-
dered phase on the atomic fraction of carbon atoms, uC (C/Fe).
In Ref. [29], from atomistic simulations based on EAM poten-
tials of Veiga et al. [45], γ was found to be 0.38. However, from
the DFT-based database [38] chosen in our work, γ = 0.93,
which is close to the experimental values: γ = 0.85 from Cheng
et al. [4] and γ = 1.03 from Rayne and Chandrasekhar [46]. To
this extent, the DFT-based C-C pair interactions chosen in the
present study is of higher reliability than those in Ref. [29].

Note that the crystal structure of the carbon cluster obtained
in the present work is different from the well known α′′ phase,
which is composed of 11A configurations. This difference is
due to the choice of the energy database because the simulated
equilibrium phase is sensitive to the C-C interactions. Accord-
ing to the pair interactions chosen in this work, the 10A con-
figuration (−0.09 eV) is more stable (negative) than the 11A
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Figure 10: a: Planar distributions of the average carbon concentration in differ-
ent planes. b: Positions of the two representative clusters. Large spheres (or-
ange and olive) represent carbon atoms within the control volumes of clusters.
Small spheres (blue) represent carbon atoms outside these volumes. c: Evolu-
tion of the average carbon concentration in the two indicated clusters. These
simulation results are obtained in Fe-2C (at.%) at 400 K in a 25 × 25 × 25 a3

0
supercell.

configuration (−0.06 eV) even though both of them are nega-
tive. A recent DFT calculation from Kandaskalov et al. [36]
also showed that the energy of 10A configuration (0.015 eV)
is lower than that of 11A (0.030 eV). Moreover, another recent
C-C interaction database from Zhang et al. [37] based on EAM
potential and adjusted by DFT calculation showed that 10A and
11A configurations have almost the same energy (∼ −0.04 eV).
These results support the existence of the Fe6C2-phase (com-
posed of the 10A configurations) obtained in the present study.

4.2. Revisiting the experimental results

Our kinetic simulations of the martensite ageing allows for a
new interpretation of some previously published experimental
results.

Our simulations show that carbon-rich clusters are formed in
Fe-2C (at.%), with a local carbon concentration up to 10 at.%
after a physical time of 3 months at 300 K. The predicted carbon
concentration and the ageing rate correspond well to the experi-
mental results of Kusunoki and Nagakura [8], Taylor et al. [10],
Zhu et al. [11], and Maugis et al. [13]. The obtained cluster was
believed to be of the α′′-Fe16C2 phase because its stoichiome-
try corresponds rather well to the measured carbon concentra-
tion. However, the diffraction experiments conducted by Van
Genderen et al. [47] showed no evidence of diffraction peaks
due to the α′′ structure. According to our simulation results,

the obtained carbon cluster should be a transition phase of the
Fe6C2 structure, as presented in Fig. 4. The equilibrium cannot
be reached within a realistic experimental time at room tem-
perature due to the low carbon diffusivity and the remarkable
kinetic trapping of carbon atoms by the carbon cluster. This
also explains why the carbon concentrations obtained in similar
room-temperature ageing experiments vary from 10 to 15 at.%
but do not exactly corresponds to the Fe16C2 stoichiometry.

Increasing the temperature substantially accelerates the age-
ing kinetics. An evident carbon decomposition can be observed
experimentally in Fe-15Ni-1C (at.%) within one hour at higher
temperatures (95–150 ◦C) [10]. Moreover, within the same age-
ing time, the higher the temperature, the higher the carbon con-
centration of the resulting carbon cluster [10]. According to our
simulation results, this does not mainly result from a thermo-
dynamic reason. We have checked that the simulated equilib-
rium structures obtained at 300 and 400 K are nearly identical
by metropolis Monte Carlo simulations. However, we showed
that the carbon concentration of the cluster obtained at 400 K
(123 ◦C) at a physical time of 30 minutes is higher than that
obtained at room temperature (300 K) at a physical time of 3
months. This is because the former cluster is closer to the equi-
librium structure (Fe6C2) than the latter due to a higher carbon
diffusivity. It is worth noting that the increase of the carbon con-
centration of the cluster obtained at higher temperature can be
a precursor of transition carbide formation (e.g., the ε-carbide).
This point requires further investigations.

Taylor et al. [10] have also shown that the ageing kinetics
in Fe-Ni-C alloys is slowed down by a higher carbon concen-
tration. This can be understood from two aspects. On one
hand, the increase of the carbon concentration leads to an higher
carbon-induced tension. According to the simulation results
presented in Section 3.4, an uniaxial tension slows down the
martensite ageing due to a lower carbon diffusivity. On the
other hand, the higher the carbon concentration, the more sig-
nificant the kinetic correlation resulting from the “labyrinth”
effect due to carbon-carbon interactions [36].

5. Conclusion

In this article, we have performed Monte Carlo (MC) simu-
lations to investigate the thermodynamic and kinetic properties
of carbon atoms in body-centered tetragonal iron using an en-
ergy database obtained by combining the linear elasticity theory
(ET) and the state-of-the-art results from density functional the-
ory (DFT). The most relevant results are summarized as below.

• According to our database of the C-C interactions, the
interaction between two carbon atoms on the same oc-
tahedral sublattice is, in general, more attractive than
that between two carbon atoms on different sublattices.
This suggests a Zener-type ordering of the clusters dur-
ing the martensite ageing, which has also been confirmed
by metropolis MC simulations.

• The equilibrium carbon configuration obtained from
metropolis MC simulations is of the Fe6C2 structure,
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Figure 11: Evolution of the carbon distribution obtained with a random single-sublattice initial state (a), a random completely-disordered initial state (b), and a
random completely-disordered initial state with an applied uniaxial tension of 100 MPa along z direction (c). Red (R), green (G), blue (B) colors refer to site types
according to R = x, G = y, B = z. These simulation results are obtained in Fe-2C (at.%) at 400 K in a 25 × 25 × 25 a3

0 supercell.

Figure 12: Evolution of the occupancy resulting from a random completely-
disordered initial state without applied stress (left) and with an uniaxial tension
of 100 MPa along z direction (right). The simulation temperature is set to 400 K.

which is different from the well known α′′-Fe16C2 phase.
This is because the so-called ‘10A’ configuration (com-
prising the Fe6C2 structure) is more attractive than the
‘11A’ configuration (comprising the α′′ phase).

• The kinetic MC simulations show that the time to reach
equilibrium state during the martensite ageing at room
temperature can be so long that the experimentally ob-

served carbon clusters are in transition states. Moreover,
in practice, the theoretically predicted equilibrium phase
may not be reached because the carbon concentration is so
high in this phase that carbide with structures other than
bcc may be formed due to severe lattice distortion. How-
ever, in the present study, this phase is of bcc structure by
construction. This can lead to the difference with those
calculated from other crystal structures (e.g., hcp, fcc) and
with those observed by experiments with a much longer
time or at a higher temperature.

• By applying an uniaxial tension, the ageing kinetics is sig-
nificantly slowed down due to a smaller carbon diffusivity.
These points correspond well to the experimental observa-
tions. Moreover, this uniaxial tension favors the formation
of carbon variants of the same direction as the applied ten-
sion.

• Compared to the room-temperature ageing, increasing
the temperature accelerates the carbon decomposition and
leads to the formation of carbon clusters of higher concen-
tration within a much shorter time.
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Ph.D. thesis, Normandie Université (2017).
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