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Introduction

On May 20th, 2019, World Metrology Day, the Bureau International des Poids et Mesures announced a major revision to the International System of Units (SI) in which the definitions of four of the base units were redefined implicitly by fixing the values of four constants of nature [START_REF] Phillips | The end of artefacts[END_REF]. With the help of fundamental constants, one can establish and realize units at the highest level of precision in multiple ways at any place or time and on any scale, without losing accuracy [START_REF] Gibney | New definitions of scientific units are on the horizon[END_REF][START_REF] Klitzing | Metrology in[END_REF]. The practical realizations of the base unit, the kelvin, symbol K, are indicated in the "Mise en pratique for the definition of the kelvin in the SI", in which the absolute and relative Measuring time/h primary refractive-index gas thermometry have been included [START_REF]Mise en pratique for the definition of the kelvin in the SI[END_REF][START_REF] Rourke | Refractive-index gas thermometry[END_REF].

Nomenclature

To realize accurate thermodynamic temperature measurements worldwide, temperature stability is a key aspect of state-of-the-art primary gas thermometry [START_REF] Gao | Measurement of thermodynamic temperature between 5 K and 24.5 K with single-pressure refractive-index gas thermometry[END_REF][START_REF] Gao | Feasibility of primary thermometry using refractive index measurements at a single pressure[END_REF][START_REF] Pitre | Determination of the Boltzmann constant using a quasi-spherical acoustic resonator[END_REF][START_REF] Gaiser | Primary Dielectric-Constant Gas Thermometry in the Range from 2.4K to 26K at PTB[END_REF][START_REF] Pitre | New measurement of the Boltzmann constant k by acoustic thermometry of helium-4 gas[END_REF][START_REF] Rourke | NRC Microwave Refractive Index Gas Thermometry Implementation Between 24.5 K and 84[END_REF][START_REF] Gavioso | Determination of the thermodynamic temperature between 236 K and 430 K from speed of sound measurements in helium[END_REF][START_REF] Osadchii | Stabilization of the Temperature of Resonator of an Acoustic Gas Thermometer[END_REF][START_REF] Berry | NPL-75: A Low Temperature Gas Thermometry Scale from 2.6 K to 27.1[END_REF][START_REF] Gaiser | Primary dielectric-constant gas thermometry in the range from 2.4 K to 26 K at PTB[END_REF], in which there are some strong coupling effects between different physical quantities especially at low temperatures. For example, with the help of better temperature stability, the measurement of pressure and capacitance changes was improved in the new dielectric constant gas thermometry at Physikalisch-Technische Bundesanstalt in Germany [START_REF] Gaiser | Primary dielectric-constant gas thermometry in the range from 2.4 K to 26 K at PTB[END_REF]. It is also the case for single-pressure refractive-index gas thermometry (SPRIGT), where the temperature stabilities not only are included in the total standard uncertainty of the determined thermodynamic temperature [START_REF] Gao | Feasibility of primary thermometry using refractive index measurements at a single pressure[END_REF] but also have a direct influence on microwave measurements [START_REF] Zhang | Resonance frequency measurement with accuracy and stability at the 10-12 level in a copper microwave cavity below 26 K by experimental optimization[END_REF] as well as pressure control [START_REF] Gao | Realization of ppm level pressure stability for primary thermometry using a primary piston gauge[END_REF]. Besides, high-stability temperature control is also necessary for facilitating high-accuracy international data comparison [START_REF] Rusby | KEY COMPARISON: Final Report on CCT-K1: Realizations of the ITS90, 0.65 K to 24.5561 K, using rhodium iron resistance thermometers[END_REF][START_REF] Gaiser | EURAMET key comparison no. EURAMET. T-K1: realisations of the ITS-90 from 2.6 K to 24.5561 K, using rhodium-iron resistance thermometers[END_REF] and for temperature calibration [START_REF] Nakano | Comparison System for the Calibration of Capsule-Type Standard Platinum Resistance Thermometers at NMIJ/AIST[END_REF]. In the above primary gas thermometry, data comparison and calibration systems, rhodium-iron resistance thermometers (RIRT) were used to control and measure the temperatures under the International Temperature Scale of 1990 (ITS-90). Since RIRTs are the practical thermometers on which realizations of the ITS-90 [START_REF]The international temperature scale of 1990[END_REF] are most accurately maintained, disseminated and compared [START_REF] Rusby | KEY COMPARISON: Final Report on CCT-K1: Realizations of the ITS90, 0.65 K to 24.5561 K, using rhodium iron resistance thermometers[END_REF]. Moreover, the stable temperature measurements of T 90 by RIRTs are also used to estimate the values of TT 90 , the discrepancy between thermodynamic temperature and that of the ITS-90 in primary gas thermometry.

To provide high-stability work conditions for high-accuracy temperature measurements and international data comparisons in the future, temperature control using RIRTs was further studied in the present work. The rest of the paper is structured as follows. In section 2, we describe the apparatus pertinent to the discussion of the cryostat, namely the temperature measurement and control system. A detailed description of the microwave measurement, pressure control and measurement lie beyond the scope of the present paper, they can be respectively found in our previous papers [START_REF] Zhang | Resonance frequency measurement with accuracy and stability at the 10-12 level in a copper microwave cavity below 26 K by experimental optimization[END_REF][START_REF] Gao | Realization of ppm level pressure stability for primary thermometry using a primary piston gauge[END_REF]. In section 3, a relationship between the temperature stability limit and temperature resolution was present. In section 4, the experimental results of the temperature control and measurement are described in detail in the range from 5 K to 24.5 K. In section 5, a conclusion and perspectives were present.

Apparatus and methods

Cryostat for SPRIGT

To achieve a highly stable temperature environment at low temperatures for SPRIGT measurements, a cryogen-free cryostat, refrigerated by an available Sumitomo model RP-082B2 GM type pulse tube cooler (GM-PTC), was used. The cryostat has been described in detail in our previous work [START_REF] Gao | Realization of an ultra-high precision temperature control in a cryogen-free cryostat[END_REF][START_REF] Chen | Thermal response characteristics of a SPRIGT primary thermometry system[END_REF]. It is only briefly described here.

Fig. 1 shows the simplified schematic diagram of the cryostat for SPRIGT. The declared cooling powers of the GM-PTC are about 1 W at 4.2 K and 45 W at 45 K. A multi-layer radiation shield was added, and a thermal-resistance method and a gas-type heat switch were used. The multi-layer radiation shield and thermal-resistance method were used to reduce the thermal noise from surroundings as shown in our previous work [START_REF] Gao | Realization of an ultra-high precision temperature control in a cryogen-free cryostat[END_REF]. Heat switch on mode with helium-4 gas was employed all the time in the present work, with which the resonator and the pressure vessel can be easily cooled down to about 4.3 K [START_REF] Chen | Thermal response characteristics of a SPRIGT primary thermometry system[END_REF], although it is less good for the temperature control. To reduce the perturbation from the surroundings still further, a laboratory with good room temperature regulation was constructed. Besides, a novel active control temperature oscillation method was developed [START_REF] Pan | Active suppression of temperature oscillation from a pulse-tube cryocooler in a cryogen-free cryostat: Part 1. Simulation modeling from thermal response characteristics[END_REF][START_REF] Pan | Active suppression of temperature oscillation from a pulse-tube cryocooler in a cryogen-free cryostat: Part 2. Experimental realization[END_REF]. 

Temperature control method

To realize long-term stability temperature control at low temperatures, proportion-integration-differentiation (PID) control on the 2 nd flange and resonator were simultaneously implemented with Cernox and RIRT sensors respectively in the present work. As for the temperature control on flange, it has been described in detail in our previous work [START_REF] Gao | Realization of an ultra-high precision temperature control in a cryogen-free cryostat[END_REF][START_REF] Chen | Thermal response characteristics of a SPRIGT primary thermometry system[END_REF]. Here below only that for the resonator is briefly presented.

Table 1 lists the specified instruments and sensors for resonator temperature control and measurement. The resonator temperature was controlled by one RIRT (Tinsley, SN 226245), calibrated by National Physical Laboratory (NPL) UK and denoted NPL2, using a manual AC resistance bridge (ASL F18) and a Tinsley 5685A standard 10 Ω resistors (SN 1631808). While the resonator temperature stability was monitored by another NPL-calibrated RIRT (Tinsley, SN 226242, denoted NPL1) using a ASL F900 AC resistance bridge combining a Tinsley 5685A standard 10 Ω resistor (SN 1580409). The amplified voltage signal of NPL2, read by 8½ Keithley 2002, is available to be used as the feedback for the PID control. The key implementation steps of the PID control are: (1) set the desired ratio for the controlled thermometer NPL2 with F18 bridge operated in manual balance mode [START_REF]F18 Operator's Handbook[END_REF]; (2) read the feedback signal, the voltage V of the F18 bridge; (3) heat the pressure vessel by Heater 3 according to the feedback; (4) adjust the PID parameters until the resonator temperature measured by NPL1 is stable. 3. Temperature stability limit and temperature resolution

Limit of temperature control and measurement

In the present work, two assumptions were made as shown in Fig. 2:

(1) The number of temperatures larger than the average value T avg , N(T n + ), is equal to that of temperatures smaller than T avg , N(T n -), which is usual the case for long-term temperature control and measurement.
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where N is half of the total measured data point number. By PID control, the measured temperatures are preferred to approach the temperature set point T set point and usually the measured average value T avg is very close to or even equal to T set point , i.e., set avg point
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(2) The difference between two continuous temperature measurements should be not less than the sensor's temperature resolution  T . 1 .
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where x means the data point of the x-th measurement. The stability of the measured temperature, defined by the standard deviation of the measured temperature corresponding to an integration time of τ, can be calculated as follows:
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For n positive numbers a i , we have the following inequalities (see page 163 in [START_REF] Angel | Problem-solving strategies (Problem books in Mathematics)[END_REF]):
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where the equality sign is valid only if a 1 =a 2 =…=a n . Combined Eqs. ( 2), ( 6) and ( 7), we can get:
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where the equality sign is valid only if:
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i.e.,
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In this case, Eq. ( 10) is also equivalent to say that there are only two measured points T + and T -. From Eq. ( 5), we know
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Combined Eqs. ( 8) and ( 11), we can get the following equation for long-term PID temperature control and measurement:

2 T T    (12)
where the equality sign is valid only if Eq. ( 10) is satisfied, T + -T -= T , and N→+∞.

From Eq. ( 12), we can know that with PID control the smallest stability of the measured temperature (i.e., the theoretical temperature stability limit  T,L ), defined by the standard deviation of temperature corresponding to an integration time of τ, amounts to half the resolution of the temperature sensor  T .
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where the temperature sensor resolution  T is described by Eq. ( 22).

Indicator for evaluating stability

Fig. 3 shows the measurement sequence with an integration time or sampling time of τ and the method for generated integration time τ g for a period of measuring time t. To evaluate the controlled and measured stability of physical quantity X, the following indicators were employed in the present work.

The stability of the measured physical quantity X, corresponding to an integration time of τ for a measuring time t, σ X (), is defined by the following equation:

      2 1 1 1 , 1 N N n n X n X n N t N                  (14)         0 0 2 0 0 0 1 1 0 1 , , , 1 N N X n n nt nt N u t N                      ( 15 
)
where N and N 0 are the numbers of total measured data point for an integration time of τ and t 0 with t=Nτ=N 0 t 0 . 

Temperature resolution model

The temperature resolution  T is the smallest detectable increment of measurement that can be determined by the measurement system and the chosen sensor. It is a combination of sensor sensitivity and instrument resolution.

According to the handbooks of F900 [START_REF]Operator's Handbook[END_REF] (page 38) and F18 [START_REF]F18 Operator's Handbook[END_REF] (page 34), the typical voltage resolution of the two bridges for 1 ohm matching impedance with integration time τ (in seconds) for a single measurement, i.e. the specific voltage resolution  v (in nV• -1 ), is:

v c    ( 16 
)
where voltage noise coefficient

c = 0.3 in nV•Hz -1/2 • -1 .
Usually, the integration time τ (in second) is reciprocal of bandwidth (in Hz) of the AC bridges, and can be chosen by setting different bandwidths. For convenience, integration time is used throughout the present work. While the output impedance R out (in ) for the measured sensor is equal to (page 18 of F18 handbook and page 23 of F900 handbook):
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where R s and R 1 are values of the standard resistor and its potential lead resistance, while R t and R 2 are values of the thermometer resistance and its potential lead resistance with a unit in ohm, n is the transformer ratio at balance for the bridges with n=R t /R s . Note: when measuring low resistances especially for cryogenic applications, the potential lead resistances are significant and cannot be neglected in the calculation of the sensor impedance, while the current lead resistance has no effect on the output impedance of the sensor [START_REF]F18 Operator's Handbook[END_REF][START_REF]Operator's Handbook[END_REF].

From Eqs. ( 16) and ( 17), the voltage resolution  V (in nV) of the measured thermometer can be estimated by: 

out = V v R    ( 
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)
Using the resistance-temperature characteristic of a thermometer, the temperature resolution  T (in K) can be calculated as follows:

R T S    (20)
where S (in •K -1 ) is the sensitivity of the thermometer: t = dR S dT [START_REF]The international temperature scale of 1990[END_REF] Combining Eqs. ( 16)-( 20), we can determine the temperature resolution  T (in K) of a thermometer by:
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where  (in K -1 ) denotes the temperature coefficient of the thermometer. R s,pl and R t,pl are values of total potential lead resistances of standard resistors and RIRT thermometers with a unit in ohm.

One can see that the temperature resolution mainly has three types of influence factors: (1) instrument parameters (voltage noise, excitation current, integration time or bandwidth); (2) sensor characteristic (resistance, sensitivity) and potential lead resistances; (3) standard resistor characteristic and potential lead resistances. However, the temperature resolution mainly depends on the adjustable parameters of the AC resistance bridge for a fixed temperature once chosen the matched sensors, AC resistance bridges and standard resistors, which is the case in this work and it will be described in section 4.1.

Uncertainty estimation for the temperature limit

Note: unless otherwise stated, all uncertainties in the present work are standard uncertainties with coverage factor k=1, corresponding to a 68% confidence interval.

The standard uncertainty of the temperature resolution, i.e., u( T ) (in K), can be deduced from Eq. ( 22) based on the error propagation formula:
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where u(c), u(), u(I) and u(n) respectively are standard uncertainties of voltage noise coefficient c, integration time τ, excitation current I, transformer ratio n.
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where u(R s ) and u(R s,pl ) respectively are standard uncertainties of the standard resistor resistance R s and its total potential lead resistance R s,pl .
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where u(R t,pl ) and u(T) respectively are standard uncertainties of total potential lead resistance R t,pl and the measured temperature T.  (in K -1 ) denotes the ratio of the second derivative to the first derivative of resistance with respect to temperature:

1 dS S dT    (28) 
The standard uncertainty of temperature stability limit, u( T, L ) in K, can be determined by Eq. ( 13) based on the error propagation formula:
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where the right side of the equation has been given in Eq. (24).

AC bridge parameters

The typical value of the voltage noise coefficient c is equal to 0.3, however, the standard uncertainty was not declared in the handbooks of the AC bridges [START_REF]F18 Operator's Handbook[END_REF][START_REF]Operator's Handbook[END_REF]. According to the rounding rule, the standard uncertainty u(c) was estimated as 0.05. In this work the default integration time =33.6 s with the standard uncertainty u()=0.23 s. The declared error for transformer ratio n is 0.1 parts per million (ppm). The declared accuracy of the excitation current I is about ±0.1 %. A uniform distribution was applied and thus the standard uncertainty of excitation current, u(I), is determined as:

  0.001 3 u I I  (30)

Rhodium-iron resistance thermometers

The two RIRT sensors, NPL1 and NPL2, were originally calibrated from 2.6 K to 27.1 K by NPL [START_REF] Berry | NPL-75: A Low Temperature Gas Thermometry Scale from 2.6 K to 27.1[END_REF][START_REF] Rusby | KEY COMPARISON: Final Report on CCT-K1: Realizations of the ITS90, 0.65 K to 24.5561 K, using rhodium iron resistance thermometers[END_REF]. The declared calibration standard uncertainties of T 90 lie below 0.50 mK for 2.6 K<T 90 <27.1 K. The standard uncertainty u(T 90 ) (in K) for NPL1 and NPL2 can be described as a function of T 90 by a linear fitting with Goodness of Fit R 2 =0.96:

    5 90 90 10 21 u T T     (31) 
For simplicity, hereafter all the T 90 in the present work are denoted as T.

During the system cooling down, the resistances of the potential and current leads of the two RIRTs were manually measured at 4.66 K and 82.3 K using a multimeter (SATA 03015 mode) as shown in Fig. 4. Once the resistances, R + and R -, were measured, the total potential lead resistance R pl can be simply determined by supposing that R pl + =R cl + and R pl  =R cl  , which are nearly the truth because the four lead wires of each thermometer are with the same material and length.

t,pl + = 2 R R R   (32) 
where one uncertainty component for R t,pl , u 1 (R t,pl ), was introduced, which is half of the difference between R + and R  .

  1 t,pl = 2 R R u R    (33) 
The other uncertainty component is from the accuracy of the multimeter with a value of 1%. A uniform distribution hypothesis was supposed, thus the standard u 2 (R t,pl ) was determined:

  2 t,pl pl 0.01 3 u R R  (34) 
Then the total standard uncertainty of R t,pl , u(R t,pl ), was calculated as follows by supposing that the two components are independent.
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Based on Eq.s (32)-( 35), R pl and u(R pl ) for 4.66 K and 82.3 K were determined and the values are listed in Table 2. From 82.3 K to 4.66 K, the total potential lead resistances have respectively changed only 6% and 9% for a 77.64 K temperature difference. Thus, to estimate the R t,pl and u(R t,pl ) from 5 K to 24.5 K, a linear function on R pl was supposed as R t,pl =aT+b (36) where the two constants a (in Ω•K -1 ) and b (in Ω) need to be determined.

In order to achieve uncertainty estimation for the interpolated R pl between 4.66 K and 82.3 K, a Monte-Carlo simulation was performed on Eq. (36). The input quantities T and R pl are varied by using random uniform distributed numbers, where the variations were carried out at the level of the estimated uncertainty of each specific quantity. Table 2 lists the two parameters and their standard uncertainties, with which R pl and u(R pl ) for temperatures from 5 K to 24.5 K can be estimated by Eq. ( 36) combining with the error propagation formula. a During the SPRIGT system being cooled down, the temperature of a Cernox sensor (CX-1050-CU-HT-1.4L, SN X118726) T 10 were recorded all the time, while those for NPL1 and NPL2 were only read below 26 K

Standard resistors

The standard resistors for AC bridges were placed in an oil bath (Aikom Instruments MR 5100-L) at 20°C with temperature stability better than 1 mK. The standard uncertainties for the standard resistors and its total potential lead resistances are summarized in Table 3.

Uncertainty estimation for the temperature limit

Fig. 5 shows the temperature stability limit band for the two RIRTs (I=1 mA and =33.6 s). The values of  T, L for NPL2 is similar to but slightly lower than that for NPL1 over the whole range from 4.2 K to 26 K, i.e., higher temperature resolution, mainly because the total potential lead resistance R pl of NPL2 is lower than that of NPL1. To be convenient, polynomial fitting for the temperature stability limit  T, L for NPL1 and NPL2

respectively with respect to temperature were carried out with an appropriate order. In the present work, the polynomial order, 4, was determined by judging the fitted standard deviation. The fitted coefficients are given in Eq. s (37) and ( 38) respectively for the NPL1 and NPL2 with I m =I c =1.0 mA and =33.6 s, the maximum absolute residuals of which are less than 0.005 μK. In this case, the theoretical temperature stability limit of NPL2 is 0.43(1) times of the temperature resolution of NPL1, determined by Monte-Carlo simulation. The standard uncertainty of  T,L , u( T, L ), was estimated using Eq. ( 29). The biggest uncertainty component is the voltage noise coefficient of the AC bridges, and the second one is the lead resistances of the RIRTs. While the relative uncertainties of the temperature stability limit, u R ( T, L )=u( T, L )/ T, L , are nearly constant for the two RIRTs NPL1 and NPL2 with values of 0.1672(2) and 0.1675( 5) respectively. One should know that these temperature stability limit will have different values when the parameters in Eq. ( 22) were changed. 

Effect of excitation current

To investigate how the excitation current influences the temperature stability, three excitation currents, namely 0.5 mA, 1.0 mA and 2 mA, were used in the temperature control and measurement with resonator at 24.5 K under vacuum. Since the self-heating of the controlled RIRT will increase with the current, to keep the same temperature, the resistance ratio set point for the AC temperature control should also be increased. The experimental results are plotted in Figs. 6 and7 with =33.6 s and t=21 h. The standard uncertainties of the predicted  T, L , u( T, L ) in K, were estimated using the Eq. ( 29). While that for the experimentally measured standard uncertainties were estimated using Eq. ( 15).

Figs. 6(a) and 7(a) show the temperature stability response of the sensor NPL1, measured with a constant excitation current I m =1.0 mA, for different excitation currents I c of the control thermometer NPL2. We can see that the measured temperature stability of NPL1 for I c =1.0 mA and I c = 2 mA is close to the measuring limit of RIRTs and AC bridges. When I c was increased from 0.5 mA to 2 mA, the temperature resolution of NPL2 was improved by a factor of 2.8, which in turn improves the measured temperature stability of NPL1 by 33% from 10.1 K to 6.8 K. However, when I c was increased from 1.0 mA to 2 mA, the measured temperature stability of NPL1 was only improved by 8% from 7.4 K to 6.8 K, mainly due to the increase of the 

I m =1
.0 mA and I m = 2 mA, while NPL2 with excitation current I c = 1.0 mA. When I m was increased from 1.0 mA to 2 mA, the measured temperature stability of NPL1 conversely increases from 7.0 K to 7.8 K, mainly because of its increasing self-heating effect. The two stabilities are consistent with each other within their combined uncertainties. The measuring stability 7.8 K of NPL1 lies outside the limit of NPL2 (5.0±0.83) K with a deviation of about 3.4 times of u( T, L ). It shows that an excitation current of 1.0 mA is enough for NPL1 to detect the temperature control stability. Thereafter, the excitation current of NPL1 was determined to I m =1.0 mA and used throughout the rest of the present work.

The above results show that a larger excitation current of the controlled sensor is helpful to realize higher temperature stability due to the improved temperature resolution. While a larger excitation current of the monitoring sensor RIRT_NPL1 cannot improve the temperature control limit. It also implies that the measured sensor should have a matched resolution with the controlled one to well reflect the temperature control stability, as is the case in the present work.

Effect of Integration time

With the aforementioned excitation currents 1.0 mA, long-term temperature control and measurement of the resonator for 180 h (7.5 days) was carried out under vacuum at 5 K and 24.5 K with =33.6 s. The measured temperatures are plotted in Fig. 8(a) as a function of the measuring time with temperature stabilities of NPL1 of 2.2 K for 5 K and 7.4 K for 24.5 K. Fig. 8(b) shows a plot of the generalized variance [START_REF] Allan | Statistics of atomic frequency standards[END_REF] for resonator temperature as a function of integration time for the measurements at 5 K and 24.5 K. We can see that the experimental temperature stabilities are not exactly on the white noise line, which means there is some small noise in the cryostat. For T=5 K, the measured temperature stability decreases with the increase of the integration time nearly in the whole range. While for T=24.5 K the measured temperature stability begins to be stable until τ g ≈310 4 s (i.e., 9 h), which means it is close to the measuring limit of the instrument. Over the whole integration time range, NPL1 temperature stability for 5 K is at least three times better than that for 24.5 K with the same integration time, mainly because the relatively higher temperature resolution of NPL2 at 5 K (3.6 times better than that at 24.5 K) improves the temperature control stability. Besides, the measured temperature stabilities with different integration times are equivalent. Therefore, when provided one measured temperature stability, the integration times of the measuring sensor should be given, otherwise, it will be meaningless and cannot be comparable.

Uncertainty estimation and comparison

The influence of the measuring time t on the value of measured temperature stability was estimated for =33.6 s based on the above long-term stability measurement results. Fig. 9(a) plots the temperature stability as a function of the measuring time t increasing by a step of t 0 =. The standard deviations of the measured temperature stabilities were calculated using Eq. ( 15) and used as the standard uncertainties of the measured temperature stability, u( T ) in K, with values of 0.44 K and 0.45 K for 5 K and 24.5 K respectively.

In our previous work [START_REF] Chen | Thermal response characteristics of a SPRIGT primary thermometry system[END_REF], temperature stability of about 19 μK was achieved between 5 K and 25 K for These temperature control stabilities have been improved by (70±7)% and (44±8)% for 5 K and 24.5 K respectively as in Fig. 9(b). Because RIRT is more competent in high-stability temperature control at low temperatures, even the Cernox sensor has relative higher resolution at this temperature region. The temperature resolution is the key factor for temperature control, however, the stability of the controlled sensor is another factor in practice. In this aspect, RIRT is ten times stable more than the used Cernox at this concerned temperature region, which might account for the above observed phenomenon.

Application in primay gas thermometry

With the above parameters, i.e., excitation currents of 1.0 mA and =33.6 s. The temperature of NPL1 was measured at temperatures from 5 K to 24.5 K and pressures of helium-4 gas in the resonator up to 120 kPa. The measurements were firstly implemented in vacuum, then repeated under four pressures namely (30, 60, 90, and 120) kPa. The experimental temperature stability results and the theoretical temperature stability limit of NPL1 are compared in Fig. 10. The standard uncertainties of the theoretical  T, L , u( T, L ) in K, were given in Eqs. (37) and (38), while the measured standard uncertainties u( T ) were determined from Eq. ( 15). We can see that:

(1) The measured temperature stabilities under pressures are better than those of measured in vacuum for the same temperature. There are two main reasons. Comparison between experimental temperature stabilities and theoretical temperature stability limit band (k=1) of RIRTs NPL2 and NPL1 with resonator under different pressures. NPL1 and NPL2 are respectively used for measuring and controlling the temperature of the microwave resonator

One is that the enhanced thermal effect (greater conductivity) of the working gas helium-4, filled inside the pressure vessel and the microwave resonator, improves the thermal response characteristic of the controlled and measured RIRT sensors, which improves the temperature control and measured stability. One evidence was that the self-heating of the thermometer NPL1 under pressures was reduced with respect to those in vacuum, as clearly shown in Fig. 17 in our previous work [START_REF] Gao | Measurement of thermodynamic temperature between 5 K and 24.5 K with single-pressure refractive-index gas thermometry[END_REF]. The other reason is that temperature measurements of NPL1 under pressures are carried out after those implemented in vacuum, the temperature cycle effect improves the temperature control stability as shown in Fig. 10. Some points have two temperature stabilities, the lower one was measured after the normal measuring sequence mentioned above, i.e., in vacuum then under pressures (30, 60, 90, and 120) kPa.

(2) The measured temperature stabilities at lower temperatures are better than those of measured in higher temperatures mainly due to the temperature resolution, as observed in section 4.1.1. Besides, lower temperature means greater thermal diffusivity for the resonator, making from electrolytic tough pitch (ETP) copper (ISO norm), which leads to rapid thermal response characteristic and thus improves the temperature control stability.

(3) The experimental temperature stability limit of NPL1,  T , is 0.48(1) times of the temperature resolution of NPL1, determined by Monte-Carlo simulation. These temperature stabilities are close to the limit that the two RIRTs and the two AC bridges can control and measure.

In the future, the temperature control stability can be further improved by using low-noise instruments, highly sensitive and stable temperature sensors, and low-resistance leads.

Conclusion and perspectives

Relationship between the temperature control stability limit and temperature resolution is developed, which indicates the temperature control stability can be further improved by increasing its resolution, i.e., using low-noise instruments, high sensitivity and stable sensors, and low-resistance leads. The present results show that the temperature control stability is mainly determined by the temperature resolution of the controlled sensor and instrument rather than that of the measuring sensor and instrument. However, to well reflect the temperature control stability, the controlled and measuring sensors should have a matched temperature resolution for the same integration time. Besides, temperature control with helium-4 gas filled in the resonator can improve the measured temperature stabilities due to its greater conductivity, and higher temperature resolution helps lower temperatures to realize better temperature control stability. The measured stability lies close to the limit that the RIRT sensors and the AC bridges can control and measure. By using highly stable and positive temperature coefficient RIRT sensors, the temperature stability can be maintained to better than 8 K with an integration time of 33.6 s over 180 h, even longer if needed. These temperature stabilities were improved by (70±7) % and (44±8) % respectively at 5 K and 24.5 K comparing with our previous work [START_REF] Chen | Thermal response characteristics of a SPRIGT primary thermometry system[END_REF].
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 1 Fig. 1 Simplified schematic diagram of the cryostat for SPRIGT
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 2 Fig. 2 Schematic diagram for the theoretical temperature stability limit  T,L

Fig. 3

 3 Fig. 3 Simplified schematic diagram for measuring time t, integration time  and generated integration time  g , with the integer variate h changing from 1 up to half of N

  [START_REF] Rusby | KEY COMPARISON: Final Report on CCT-K1: Realizations of the ITS90, 0.65 K to 24.5561 K, using rhodium iron resistance thermometers[END_REF] For an excitation current I (in milliamps) of the AC resistance bridge, we can simply estimate the equivalent resistance resolution  R (in ) by:
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 4 Fig. 4 Lead resistances for the two RIRTs
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 5 Fig. 5 Theoretical temperature stability limit band of RIRT sensors NPL1 and NPL2 for the temperature region from 4.2 K to 26 K ,L 5 4 4 3 3 2 1.5653 10 +4.02 10 +4.12 10 +0.19916 +0.
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 67 Fig. 6 Comparing results between theoretical limit and experimental temperature stability of NPL1 under vacuum with =33.6 s and t=21 h at 24.5 K: (a) response to different NPL2 excitation current with constant I m =1.0 mA; (b) response to different NPL1 excitation current with constant I c =1.0 mA

Fig. 8

 8 Fig. 8 180-hour temperature stability measurement of NPL1 at 5 K and 24.5 K under vacuum: (a) resonator temperature evolution as a function of measuring time with =33.6 s; (b) measured temperature stability of NPL1 versus its integration time

Fig. 9

 9 Fig. 9 Measured temperature stability with =33.6 s: (a) as a function of the measuring time t; (b) temperature stability comparison between our previous work [23] and this work by respectively controlling Cernox and RIRTs for t=24 h =0.8 s and t=24 h by controlling a Cernox sensor (CX-1050-CU-HT-1.4L, SN X118726). The stabilities are equivalent to (10.7±1.9) K for 5 K and (11.7±1.5) K for 25 K with =33.6 s and t=24 h, recalculated via methods in sections 3.2. From Fig. 9(a), resonator temperature stabilities of about (3.2±0.45) K and (6.5±0.45) K was respectively realized for 5 K and 24.5 K with =33.6 s in the first 24-hour measurement.

Fig. 10

 10 Fig. 10Comparison between experimental temperature stabilities and theoretical temperature stability limit band (k=1) of RIRTs NPL2 and NPL1 with resonator under different pressures. NPL1 and NPL2 are respectively used for measuring and controlling the temperature of the microwave resonator

Table 1

 1 Information for temperature control and measurement on the resonator

	Temperature control		Temperature measurement
	Instrument	RIRT	Instrument	RIRT
	F18 AC bridge and 8½ Keithley 2002	NPL2	F900 AC bridge	NPL1

Table 2

 2 Total potential lead resistance R t,pl and standard uncertainty u(R t,pl ) of the two RIRTs

	T 10	a	NPL1		NPL2	
	T/K R 4.66 u(T)/K 0.005 21.2	0.81	15.35	0.17
	82.3	0.2	22.55	0.66	16.9	0.14
	Linear fitting		R t,pl = aT + b	
	a/Ω•K -1	0.017±0.008	0.020±0.002
	b/Ω	21.1±0.5	15.3±0.1

t,pl /Ω u(R t,pl )/Ω R t,pl /Ω u(R t,pl )/Ω

Table 3

 3 Information for Tinsley 5685A standard resistors and their potential lead resistances

	Temperature control	Temperature measurement
	10 Ω (SN 1631808)	10 Ω (SN 1580409)
	R s /Ω	u(R s )/Ω	R s /Ω	u(R s )/Ω
	9.9999682	0.000005	9.9999818	0.000005
	R s,pl /Ω	u(R s,pl )/Ω	R s,pl /Ω	u(R s,pl )/Ω
	0.9	0.01	0.9	0.01
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