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THE STOCHASTIC RENORMALIZED CURVATURE FLOW FOR
PLANAR CONVEX SETS

MARC ARNAUDON, KOLEHE COULIBALY-PASQUIER, AND LAURENT MICLO

ABSTRACT. We investigate renormalized curvature flow (RCF) and stochastic
renormalized curvature flow (SRCF) for convex sets in the plane. RCF is the gra-
dient descent flow for logarithm of ¢ /A% where o is the perimeter and X is the
volume. SRCF is RCF perturbated by a Brownian noise and has the remarkable
property that it can be intertwined with the Brownian motion, yielding a general-
ization of Pitman "2M — X" theorem. We prove that along RCF, entropy &; for
curvature as well as hy := o/ are non-increasing. We deduce infinite lifetime
and convergence to a disk after normalization. For SRCF the situation is more
complicated. The process (h¢): is always a supermartingale. For (&:): to be a
supermartingale, we need that the starting set is invariant by the isometry group
G, generated by the reflection with respect to the vertical line and the rotation
of angle 27 /n with n > 3. But for proving infinite lifetime, we need invariance
of the starting set by G, with n > 7. We provide the first SRCF with infinite
lifetime which cannot be reduced to a finite dimensional flow. Gage inequality
plays a major role in our study of the regularity of flows, as well as a careful in-
vestigation of morphological skeletons. We characterize symmetric convex sets
with star shaped skeletons in terms of properties of their Gauss map. Finally, we
establish a new isoperimetric estimate for these sets, of order 1/n" where n is
the number of branches of the skeleton.

MSC2020 primary: 60H15, secondary: 53E10, 35K93, 60J60

1. INTRODUCTION

The evolution of simple closed surfaces in Euclidean spaces by mean curvature
flow has been investigated for a long time, originally motivated by Physics. It is
a kind of nonlinear geometrical heat equation. Here we are interested in the two-
dimensional case, known as the curve shortening flow, since it can be described
as the gradient descent flow for the perimeter. We will call it the curvature flow
(CF), since we have to perturbe it by deterministic and stochastic terms breaking
the shortening interpretation. In 1986, Gage and Hamilton [6] proved that starting
from any convex smooth simple closed curve, the curvature flow converges in finite
time to one point, and the form of the curve becomes circular. In 1987, Grayson [8]
generalized this result to non necessarily convex starting curve. It is a remarkable
fact that no self-intersection occurs during the evolution of the flow.
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2 M. ARNAUDON, K. COULIBALY-PASQUIER, AND L. MICLO

1.1. Motivations for renormalized and stochastic curvature flows and main
results. The renormalized curvature flow (RCF) can roughly be defined as the so-
lution to the evolution equation for curves by curvature, to which we add a constant
normal field to prevent implosion. More precisely we will prove in Lemma 2.5 that
RCF is the gradient descent flow for logarithm of o(9D)/\(D)? where the consid-
ered curve is the boundary 0D of a bounded domain D, A(D) is the volume of the
domain and o(9D) is the perimeter of the curve. For this flow, self-intersection can
occur when the starting curve is not convex. But when the starting curve is convex,
we will prove in Theorem 2.4 that the lifetime of the flow (0D;):>¢ is infinite and
the curve converges to a circle. Two quantities will be investigated for the conver-

gence: the ratio h; = 0(0D;)/A(D;) and the entropy Ent; := / ot log pe, py
oD
being the curvature at each point of 9D;. We will prove that these t\tNo quantities

are non-increasing along the flow (Lemmas 2.8 and 2.17).

One of the main goals of this paper is the investigation of a stochastic renor-
malized curvature flow (SRCF) in R2, where a one-dimensional normal Brownian
noise is added to the evolution of the RCF. The intensity of the noise is chosen so
that the generator of the flow is intertwined with that of the Brownian motion, via
a Markov kernel, see [2] and [1], leading to nice connections with Bessel-3 pro-
cesses. When the intertwining is realized through a coupling of the domain-valued
process (D;); with a Brownian motion (X}); such that at any time ¢t > 0, X} is
uniformly distributed inside D; conditionally to (D;)o<s<¢, the construction is a
generalization of the famous Pitman "2M — X" theorem. An important object in
the construction of the coupling (X;, D;) is the inner skeleton S; of D;, which is
the singularity set of distance to boundary, inside D;: the evolution equation for
(0Dy)¢ has a component of the drift which is proportional to the local time of X
at Sy, cf. [1]. A remarkable fact about the skeleton is that although (0D;); has a
Brownian noise, (S;); has finite variation. As we will see in the present paper,
the inner skeleton process (S;); also plays a role in the lifetime of (Dy);. We will
prove that starting with a convex subset Dy of R2, explosion occurs only when 9Dy
meets .Sy (Theorem 3.9). We will also prove that similarly to the deterministic sit-
uation, the process h; is a supermartingale (Lemma 4.3). For the entropy being a
supermartingale, we will need that Dy is invariant by the linear group G,, gener-
ated by the rotation of angle 27 /n with n > 3, and the symmetry with respect to an
axis (we will choose the vertical one, see Proposition 4.8). G,,-invariance for any
fixed n > 2 will be proved to be preserved by the flow. Finally we will prove that
Gp-invariance of Dy with some n > 7 implies infinite lifetime for the stochastic
renormalized curvature flow (Theorem 4.15).

In Section 5 we investigate some class of convex sets in R?, which are symmetric
with respect to GG, and have star-shaped skeletons. We prove (Proposition 5.5) that
they are preserved by all our flows. The last section is devoted to the proof of a
new isoperimetric inequality for these classes of convex sets (Proposition 6.1). A
bound of order 1/n? is obtained.
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1.2. Parametrization of convex curves and notations. We are mainly interested
in curves satisfying the following property.

Definition 1.1. A simple closed curve is said to be strictly convex when its geodesic
curvatures are positive.

Note that the inside domain of such a curve is strictly convex in the usual sense
i.e. it is strictly contained in one side of any tangent line, except for the contact
point, but the converse is not necessarily true, as the curvature may vanish at iso-
lated points.

It is possible to parametrize a simple strictly convex closed curve in R? using
the angle 6 between the tangent vector 7' := (cos(f),sin(#)) and the oriented z
axis. The coordinate 6 will make the equations of our flows simple to analyze,
in particular since operators dy and 0; will commute, contrary to derivatives with
respect to curvilign abscissa Js and 0, as shown in (12). We will essentially use
the one-to-one correspondence in R? between simple strictly convex closed curves
(up to translation) and positive functions p that satisfy

Teos(d)  [*sin(0)
L Swre=l S M

as in Lemma 4.1.1 of Gage and Hamilton [6]. The function p turns out to be the
curvature of the curve, see also Section 5.

We will derive the evolution equation for the curvature under stochastic evolu-
tions of curves, such as stochastic curvature flow (SCF) (20) and SRCF (11). The
positivity of the curvature as well as Equation (1) are preserved along these equa-
tions. It leads to an alternative definition of the stochastic evolution of a convex
curve in terms of the solution of some stochastic partial differential equation, see
in particular Theorem 3.9.

To fix some notations used throughout the paper, let us recall some notions
associated to a simple C2 closed curve C : T > u + C(u) € R?, where
T := R/(27Z). In this paper, all curves will be closed and immersed.

The bounded domain whose boundary is C is denoted by D. The quanti-
ties A(D) and o(C') respectively stand for the volume of D and the perimeter of
C' = 0D. We designate by h(D) the isoperimetric ratio o(9D)/A\(D), not to be
confounded with the planar isoperimetric ratio o(9D)?/\(D). For any z € C,
ve () is the outer unit normal vector of the curve C at the point  and pc () is the
corresponding curvature.

When the domain D(t) and its boundary C; := C(t, -) depend on time ¢ > 0, we
will sometimes drop the parameter D(¢) or C; from the notations and even write
shortcuts such as h(t) instead of h(D(t)).

1.3. Alternative approaches. According to the previous subsection, the shape of
a strictly convex curve is given by its curvature function, for instance defined on T.
Thus an evolution of curves, either deterministic or stochastic, can be described
by the temporal evolution of its curvature function, which either takes the form
of a partial differential equation or a stochastic partial differential equation. See
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for instance (8) or (17) for such evolution equations. We could then resort to the
huge literature on the subject. For instance Lions, Souganidis and their co-authors
have a long series of articles on non-linear first or second order stochastic partial
differential equations. But the general equation (1.1) of their latter paper [7] does
not cover our evolution, due to the fact that they only consider coefficients using
the derivatives up to order two of the evolving function, but not the function itself.
Furthermore, [7] does not consider non-local terms, such as h(t) in Equations (11)
and (17) below.

Another point of view from partial differential equations on curvature type flows
consists in interpreting a planar curve C' as the level set of a function u defined
on R?, say C' = {(x,y) € R? : u(x,y) = 0}. When the function u is evolving
with time, we get a corresponding evolution of the curve through C; = {(z,y) €
R? : w(z,y) = 0}. Curvature flows, usual, renormalized or stochastic, can be
represented in this way, with u satisfying a partial differential equation or a sto-
chastic partial differential equation. Indeed, the equations are then homogeneous
in space and satisfy the assumptions of Section 2.1 of [7], where T? should be re-
placed by R2. We get a solution (C;); defined for all times, but it is not clear if it
remains non-empty, connected or even a curve. Furthermore their main asymptotic
result in this setting, Theorem 2.1, does not provide any clue about the stronger as-
ymptotic behaviors we are looking for (spherical shapes), nor about the regularity
of the curves or their skeletons.

For these reasons, we preferred to use geometric and stochastic methods.

2. THE RENORMALIZED CURVATURE FLOW (RCF)
Let us introduce the renormalized evolution we are interested in.

Definition 2.1. Let Cy : T > u ~— Cy(u) € R? be a continuous simple and
closed planar curve and C : [0,T.) x T — R? be a continuous family of simple
closed curves indexed by [0,T.), with T, > 0. We say that C starts from Cj
and evolves under the renormalized curvature flow (RCF), when it satisfies the
following equation

0,C(t,u) = [=p(C(t,u) + 2h(D(t))]ve, (C(t, ), V (t,u) € (0,Te) x T
C0,u) = Cy(u),VueT
(2)

In the sequel, stronger assumptions than continuity will be made on the initial
curve Cy and we will often refer to:

Hypothesis 2.2. The initial curve Cy : T 3 u +— Co(u) € R? is a simple C*+
closed and strictly convex planar curve, with o > 0.

When more regularity is required, it will be explicitly stated.

Remark 2.3. Since the symbol of Equation (2) is the same as that of the curvature
flow, short time existence and uniqueness of the solution to (2) hold for simple
initial closed C* curve, see for example [6] or [5]. Existence and uniqueness still
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hold, up to the lifetime, if the regularity is relaxed to C*>+ with o > 0, regularity
which is preserved by evolution through (2), explaining the above assumption on
Co, that will enable us to refer to the solution in the sequel.

We need the simplicity of the curve to avoid ambiguity for h (mainly for the interior
volume, see Figure 2a at the end of the paper) and to make sure the outer unit
normal vector is well-defined.

An alternative proof for existence, using quasi-linear equations, can be found in
Chapter 4 of 2], Theorem 40 with By = 0 for any t > 0.

2.1. The main result of this section. Our main purpose is to investigate the evo-
lution of the curvature function through the RCF. In particular geometrical inequal-
ities concerning planar convex closed curves will play an important role, as they
will provide a priori estimates on the solutions: the Gage inequality (5), involving
the non local term h, and the usual isoperimetric inequality. The principal result of
this section is the following:

Theorem 2.4. Under Hypothesis 2.2, the solution (C}); of equation (2) is defined
forallt € [0,00), it remains strictly convex and simple for all times and is asymp-
totically circular, the isoperimetric ratio is decreasing (except for circular starting
curves). After renormalization and translation, we have the convergence with re-
spect to the Hausdorff metric

1
NG

to the circle of center 0 and radius 1, where for all t, cin(t) is the center of an
inscribed circle of C, .

C — cins(8)] 2 €(0, 1),

The rest of Section 2 is devoted to the proof of Theorem 2.4.

2.2. Gradient descent flow formulation, and evolution of geometric quantities.
To a solution (Cy)eo,1.) Of (2), associate

Vtel0,T.), VueT, v(t,u) = |0,C(t,u)]

and s the arc-length parametrization, 05 = %8u (equivalently ds = vdu), started
at C(t,s)|s=0 = C(t,u)y=0. To prevent the dependence on ¢ of the domain of
definition of s, we define s on R with o(C}) as period. Let T' := 9;C(t,s) be
the tangent vector of the curve C(t.) at the point C(¢,s). Let v(t, s) be the unit
vector obtained by a rotation of 7T'(¢,s) by an angle of —7/2. We will always
assume that v is the outer normal of the curve, up to a change of direction of the
parametrization.

To reinterpret the RCF as a gradient descent flow, let us see the tangent space
above a simple closed curve C' as the set of R2-valued vector fields defined on C,
and consider the scalar product of two such vector fields X and X’ given by

L /
O_(C)/C<X,X )eqs) 48

These definitions provide us with a kind of infinite-dimensional Riemannian
structure.

(X, X)) =
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Lemma 2.5. Equation (2) is the gradient descent flow of the functional
o(0D)

U:D—1
— n)\(D)Z

relatively to the above structure.

Proof. Let C' : [0,T) x T — R? be a family of simple closed curves, such that
0,C(t,u) = X (t,u) for some smooth X : [0,T) x T — R2. Classical variational
computations show that at any time ¢ € [0,7),

d
S = /Ct(Xt,wds

d
ﬁg(t) = /Ct<Xt,V>PdS,

where we recall, in addition to the shortcuts mentioned at the end of Section 1.2,
that C} is the curve at time ¢ and we denoted similarly X; := X (¢, -) the vector field
on (Y, seen as a vector above C}

It follows that for any given ¢ € [0,7"), we have

and

namely

trir = (538,

Denote R; the maximum of the r.h.s. above all X, satisfying (X, X) o = 1

and let X, be a corresponding maximizing vector field. The gradient vector field at
C for the functional V¥ is given by R; X;.
Due to the Cauchy-Schwartz inequality, we get

i a0

ot o (peatChten) —259)

R = \/U(lt)/c (pct(Ct(s))—Ziég>2ds

and it follows that the gradient vector field at C; for the functional W is (p — Q‘T((t)) > v,

i.e. the opposite of the vector field appearing in (2), as required by the gradient de-
scent. ([

Let us start the investigation of the evolution induced by the RCF of some geo-
metric objects:
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Proposition 2.6. Under the RCF, we have

ov = —p(p—2h)v

005 = 0s0; + p(,O — 2h)6s 3)
oT = —(0sp)v

ov = (0sp)T.

Proof. We differentiate equation (2) in u, and we get:
010,C = 0,0,C = —(Oup)v + (—p + 2h)Oyv.
We deduce:
2000 = 9pw? = 8,(8,C, 9,C) = 2(9,0,C, 9, C)
= 2(—=(Oup)v + (—p + 2h)0yv, 0,C)
= 2(—p + 2h)(Oyv, D,C) = 20°p(—p + 2h).
So we get the first part by identification. Also by the first computation

0,05 = 0y(20,) = p(,o—ifh)vau Lo,
v v v

)

and
875T = 815850 = 858t0 + p(p — 2h)830

= —(0sp)v + (—p + 2h)0sv + p(p — 2h)0sC = —(9sp)v

since 0y (v,v) = 0, O is tangential. Also 0,(T,v) = 0, so we get the last point
from the previous one.
]

We deduce the evolution induced by the RCF of the curvature:
Proposition 2.7. Under the RCF, we have
Op = 02p+ p°(p—2h). @)
Proof. 1t is a direct consequence of the previous proposition,
Oip = 0T, 0sv) = (T, 0,0sv) = (T, 050w + p(p — 2h)0sv)
— (T, 04(0,(p)T) + p*(p — 21)T)
= 92p+p*(p—2h).
O

2.3. A priori estimate of geometric quantities. We get the following evolution
of geometrics quantities:

Lemma 2.8. Assume the curves of the solution (Ct)te[07TC) to (2) remain simple
forallt € [0,T,). Then we have forall t € [0,T),

(1) %0(Cy) = = [ pPds + 5252

o 2
(2) SNDy) = —2m + ZLC,
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g C — T
(3) $h(D(1) = £558 < 5G)% 5y < 0.

a(Cy)

Proof. Using Gauss-Bonnet Theorem, i.e. for simple closed curve fo pds =

27, and (4) we have:

d d 2 27 U(Ct)
T o(Cy) = a / v(t,u)du = / —p(p — 2h)vdu = / —p(p —2h)ds
0 0

dro(Cy)
= —/p2d3+ 7)\(Dt) .

For the second point, we have

%/\(Dt) = /@(iC’(t, s),v)ds = /Ct —(p—2h)ds = 21 + NDy)

Let us write o = o(Cy), Ay = A\(D;) and denote by a dot the derivation with
respect to ¢,

d o 1 . O't>\t 1 9 4oy oy 2‘7t2
27t A W d o 4+ 27t
an o NG T )\t< /p S vl el v

2
<1(_47r_|_47mt Ut( 9 +2))

Y ot At At At
—472\? + 6mo N, — 207

- Noy
—2(02 —21w\) (07 — )

- TN}

LTl 0,

S o S

where we have used Cauchy-Schwartz inequality and Gauss-Bonnet Theorem in

the second line, and the isoperimetric inequality in the last line.
(]

Lemma 2.9. Assume the curves of the solution (Ct),c(o1,) to (2) remain convex
forallt € [0,T¢). Then the isoperimetric ratio is non-increasing, i.e. for all t €

[0, T%),

o
dt 471')\,5 -
Proof.
i Jt2 _ Ot (2 _Ut);t)
dtdmy,  dma Ot T TN,

Ot 9 8noy o 20,52
= -2 d 2 —_—
41\ ( /p ot At /\t( T At )>
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10 207}
ot 9 ot Oy
47 )\t )\t )‘t

Oy 9 2moy
< -2 d
- 47'(')\75 ( /p S >\t )

where we have use isoperimetric inequality in the last line. Let us now recall the
convex Gage inequality which is proven in [3], and tells us that for convex C?

plane curves:
< [ s )

Using this inequality in the above computation we get:

i 0,52 < ot _27r0t N 2oy _0
dt 47T)\t 47T>\t )\t )\t

O

Lemma 2.10. Assume the curves of the solution (Ct)e(o,1,) to (2) remain simple.
Then the deficit of isoperimetry is non-increasing, i.e.:
d
%(Uf —4r) <0.
If moreover the family of curves Cy remain convex for all t € [0,T.) then for all
t € [0,T;) we have:
(1) %(af —4mh) < _th’r(af — 47\,
—27
(—2W+%>t+>\o 727r+2T°a
(2) 0 < (07 —4mXy) < (0f —4mho) | ~—— 0

Proof. By direct computation, and after using Lemma 2.8 and similar computation,
we have:

d : 4 2
(0'252 — 47T)\t) = 2Utdt — 477)\,5 = 20’t <— /p2d8 + TFUt) —A4r <—27T + O-t>

dt
472 4 207
< 20y T + ") —an (—2r + el
Ot )\t )\t

<0.

If moreover the family of curves C; remain convex, in the second line of the above
computation, we can improve the inequality using (5) instead of Gauss-Bonnet
Theorem, and we get for all ¢t € [0, T):

d 4 207
— (Jt2 — 47T)\t) < 20y <—7T0t + mjt) —4r (—27r + Ut)

dt A At
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< i (0'152 — 477)\15) .
At

Using Lemmas 2.9 , 2.8 and isoperimetric inequality we deduce that

207 . 207 202
61 < —2m 4+ 2L < X, < 271 + 22t < _op 4 290
At At Ao

soforallt € [0,7,)

2

2
67t + Mg < A < <—27r—|—;\70>t+)\0.
0

Hence we get:
4
dt

-2

(o7 —4m)y) < 52
(—271' + )\LOO> t+ Ao

(0’? — 47T)\t) .

After integration we obtain for all ¢ € [0, T¢):
9 —27
(—271’ + 2%0) t+ Ao 72n+§
Ao

0 < (02 —4m)) < (02 — 4mho)

We deduce the asymptotical shape of the curve C; as ¢ goes to infinity.

Corollary 2.11. Assume the solution (Cy)ic[o,+o00) 10 (2) is defined for all times
and that its curves remain convex. Then we have

After renormalization, the curve ﬁ[ct — cint(t)] converges to the circle of
center 0 and radius 1 for the Hausdorff metric, where cin(t) is the center of an

inscribed circle of Cy .

Proof. Using Lemma 2.8 and the isoperimetric inequality, we have X\ > 6m, so
At > 67t + Ao.

Using the above Lemma 2.10 we get
9 —27 -
204 20
<—27T+W>t+)\0 —27r+TOQ
Ao

(03 — 47 )o)
o —4m\
< )
At - 67t + Ao
and the right hand side goes to 0 as ¢ goes to infinity. For the second point, use
again 2.8 and the computation above, to deduce that

)'\t ~ 67'[',

t~00

0<
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SO
)\t ~ ort.
t~oo
Since lim;_ oo at? — 4w A\, = 0, and using Bonnesen inequality, i.e.
2 2
v g
o) @) < (5= n) ©
t

where 7oyt (t), rint (t) are respectively the outer and the inner radius of the curve
Ct, we get that

(Foue(£) — e (£))? < 2% (‘f - 77) |

m t

Let cint (¢) be the center of an inscribed circle of Cy, and coyt(t) be a center of a cir-
cumscribed circle of Cy. Then since B(cint (), Tint (1)) C D(t) C B(cout(t), rout (t))
we have by Lemma 2.10, and isoperimetric inequality that there exist two positive
constants C' > 0 and vy € ]O, %] such that ,

’Cint(t) - Cout(t)| < Tout (t> — Tint (t) < ct™

A
rine(t) < 4/ ;’f < rout(t).

For two compact sets A, B C R? and € > 0 we define
Ac = {x € R* d(x, A) < ¢}
and the Hausdorff distance between A and B by
dy(A,B) =inf{r >0,AC B, and B C A,}.

and

Since B(Cout (t), Tout (t)) - B(Cint (t)y Tint (t))Q(Tout (t)—Tine () WE easily derive that

d?—l(B(Cint (t)u Tint (t))) B(cout (t)7 Tout (t))) < 2(7'0ut (t) — Tint (t)) < 20t™7
and
dy(D(t), B(cint(t), mint () < 2(rout(t) — mine(t)) < 2Ct™7.
So by Lemma 2.10,

dy (W,B(O, 1)) = \/%dg(D(t)?B(Cim(t), V6t))

<~ (A DO B 1), (1)) + (Bl (1), i (1)) Bl (1. V)
1 -

< NG <2Ct Y it — \/&\) = 0

Similarly we have that ﬁ [Ct — cint(t)] converge to the circle of radius 1 and
center 0 for the Hausdorff metric. ]
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2.4. Preserving the convexity and lower bound on the curvature. We consider
here the flow (2) when the initial curve is strictly convex and simple. Our purpose
is twofold. First to show that strict convexity and simplicity is preserved over its
entire lifetime. Second to prove that the lifetime is infinite, by using intensively
some ideas developed in [6].

Let us come back to the angular parametrization recalled in Section 1.2. Usually,
the angle 6 depends on v and ¢. Following [5] and [6], after adding to the flow (2) a
tangential perturbation, the shape of the curve remains the same, and it is possible
to find a tangential intensity so that the parameter 6 does not depend on the time.
This change of coordinate will make the equation simpler to investigate, since the
operators 0y and 9; will commute, contrary to ds and 0, as shown in (12).

Let us quickly recall how to find the appropriate tangential intensity. Consider
the evolution

0C(t,u) = (—pt(C(t,u)) + 2h(D(t,.))))v + a(u, t)T. 7

whose curves C; have the same shape as those of (2), only the parametrizations
with respect to u change. We are looking for a function ¢ making 6 and ¢ indepen-
dent. Since the mean curvature flow has the regularizing property, see for instance
Remark 1.5.3. of [11], the solutions of Equations (2) and (7) are smooth for pos-
itive time. Differentiating (7) with respect to u and using 0,7 = —wvpv together
with 0, v = vpT we get

and
o = —vp? + 2hvp + dya.

To make 6, i.e. T, independent of ¢ we take a = —%}p.
Differentiating 0,7 with respect to u, we get that 9;(vp) = 0. Since 9T = —v,
the chain rule implies %‘3—5 = —v, hence g—z = #, and we deduce that
0 10
90~ vpou’

and so df = pvdu.
Since d;(vp) = 0 we have:

D — — (Opv)p
v

0,
= p* — 2hp? + L0,(C2) = p* — 2np? + L0,(95p)
) vp v
= p*99(Dep) + p*(p — 2h).
‘We record the result in the next lemma.

Lemma 2.12. When the curvature remains positive, Equation (7) for the RCF
vields the curvature evolution equation

Op = p°p+ p°(p — 2h). (®)



THE STOCHASTIC RENORMALIZED CURVATURE FLOW FOR PLANAR CONVEX SETS 13

Lemma 2.13. Under Hypothesis 2.2, the solution to (7) remains strictly convex
and simple up to its lifetime. Moreover, we have

p(0,1) > pine(0)e 5"
where ping(0) is the minimal curvature of Cj.

Proof. Let Q(0,t) = p(0,t)er for a constant u that will be chosen later, then Q
will satisfy the following equation:

82

" 5
The reaction term in the above equation is quadratic in p, and the discriminant is
4(h% — 11). Note that the quantity h in this equation is the same as in (2), since the

geometric quantities are the same for this equation and (7). Also by Lemma 2.8,
assuming for the time being that the curve remains simple, h is non-increasing, and

4(h* = p) < 4(hi — ).

Q= Q+ Q(p* — 2hp + ). )

So choosing p > hZ such that this discriminant is negative, the coefficient of Q
remains positive. We will apply the maximum principle for this equation. Let
Qine(t) := inf{Q(0,t), 0 < 6 < 27}. The proof is by contradiction, suppose that
there exist 0 < 1 < Qjur(0) and ¢t > 0 such that Qin¢(t) = 7, let ¢y be the first
time such that Q;,¢(to) = 1. This minimum is achieved at some point 6, and at
this point:

0:9Q(0y,t0) < 0, 829 Q(Go,to) > 0, and Q(6p,to) = n. This is in contradiction
with Equation (9). Hence for all 0 < ¢, Qiu¢(t) > Qine(0) and

Pinf (t) 2 pinf(o)e_uta

where pine(t) = inf{p(0,t), 0 < 0 < 27} s0 p(6,t) > pin(0)e ™ for all u > h3.
Hence if Cj is strictly convex then C; remains strictly convex at any time ¢ up to
which it is defined.

Above, while resorting to Lemma 2.8, we assumed that the curves solution to (7)
remain simple. Let us show it is true, through the same argument by contradiction.
Let T be the first time the curve stops to be simple. If T occurs strictly before
the maximal lifetime of (7), i.e. 0 < Ts < tx < T, the same computation as
above shows the curvature p is positive until 7, and p and all its derivatives are
bounded in [0, tx]. So there exist a limiting curve as ¢t goes to T, that is smooth
and has positive curvature, due to Arzela-Ascoli theorem. Taking into account
Lemma 4.1.1 and Theorem 4.1.4 in [6], we know that positive curvature and (1)
characterizes simple close strictly convex curves. So the limiting curve is simple
and strictly convex, contradicting the non-simplicity at time 7. U

Corollary 2.14. Still under Hypothesis 2.2, the bound of Lemma 2.13 can be im-
proved into
1

1 V—
) + GWQ)\ 2472t + A7)\

p(0,t) =
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. —Litongds
Proof. Using Lemma 2.13, we have that p > O sowe candefine W :=e »'70 .
We compute

W = (9ye7)edo 2hads | opyy

= (a;f +2h)W

= (95p + p)W.
We will apply the maximum principle for this equation. Define
Wing(t) = inf{W(0,t), 0 <6 < 2r}.

The proof is by contradiction, suppose that there exists 0 < 7 < Wiy¢(0) and
t > 0 such that Wiy¢(¢t) = 7. Let tg > 0 be the first time such that Wine(tg) = 7.
This minimum is achieved at some point 6y, and at this point (since W is a non-
decreasing function in p):

6tW(90,t0) < 0, %W(Qo,to) > 0, and W(eo,to) =1, S0 %p(@o,to) >
This is in contradiction with the equation satisfied by W. Hence for all 0 <
I/Vinf(t) > VVinf(O)’ SO

0.

t
1t _ 1

e*;Jrfo 2hs ds > e Pt

By Lemma 2.9, we have

o3

ot by

h(t) = — < =22,
() At_at

By isoperimetric inequality we have v/47); < o4 hence by Lemma 2.8 we have

VA (67t + Ng) < oy and

2
90
h(t) < A0 .
4 (67t 4+ No)
This yield
t 2
/ 2h(s)ds < 020 [v/2472t + AT Ao — /AT o),
0 61 )\0
and

1
S . S,y e T S v
png(0) 7 6720 0

p(t) >

O

2.5. Upper bound on the curvature and long time existence of the flow for
strictly convex simple initial curves. We will now show that under Hypothe-
sis 2.2, the solution of (2) can be defined for all times, by first establishing a uni-
form bound (depending on time horizon) of the maximum of curvature. Similarly
to [6] we define the pseudo-median of the curvature:

p*(t) = sup{p, p(6,t) > B on some interval of length 7}.
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Lemma 2.15. [6] If a planar convex closed curve encloses an area )\ and has
length o then p* < $.

Following the above lemma we have:

Corollary 2.16. Under Hypothesis 2.2, consider a solution to Equation (2) defined
on [0,T). Then for allt € [0,T'), we have

p*(t) < h < ho.

Proof. We use Lemma 2.13 to get the convexity until 7, Lemma 2.8 for A non-
increasing, and Lemma 2.15 to conclude. (]

Lemma 2.17 (Entropic estimate). Under Hypothesis 2.2, consider a solution to
Equation (2) defined on [0,T). Then

27
Ent(t) = /0 log(p(0,t)) d (10)

is non-increasing on [0, T").
Moreover we have the following estimates fort € [0,T):

2
2.0
2 [log pine(0) — h3t] < Ent(t) < Ent(0) + 7rp;;f2() [e*%%t - 1}
0

and there exists five explicit constants cg, c1, Cg, C1, Co, only depending on the ge-
ometry of the initial curve, such that

2 t
—2mlog <co +Vat+ 02> < Ent(t) < Ent(0) — o (Cl i CO) .

C1 Co

Proof. The proof is an adaptation of the proof in [6]. We will just point the differ-
ences. After an integration by part we have:

d 2 2 2
& [ ostoe.nao = [ _<89") + plp— 2h) db.

Let write the open set U = {6, p(0,t) > p*(t)} as an union of disjoint interval I;,
by definition of the median the length of all ; is smaller than 7, and

0 2 0 2 2
(2} & _ghdez/_< —*> + d0—2h/ do
/Ii <aep) p(p ) . 89(0 p) p Iip

S/—(p—p*)2+p2d9—2h/pd9
I I;

—/Qpp*—( *)2 d9—2h/pd9
I;
§(2p*—2h)/pd9 /d@
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where in the second line we used Wirtinger [6] inequality (recall that on the bound-
ary of I; , p = p*).
On the complement of U we have:

/c— <§0p>2+p(p—2h)d0§ (p*—2h)/Ude9

§(2p*—2h)/Ulpd0—p*/U\pd9.

Hence using Lemma 2.15, and p*(t) > pins(t) we get

27 27
L vog(p(6, 1)) do < (26 — 2h) / pdd — o / pdd — (p*)’ / d
0 Uc U

dt J,
< _27rp12nf(t>'

So the first part of the lemma is proved. Lemma 2.13 yields after integration:

27 2 9
/ log(p(0,t)) df < / log(p(0,0)) df + %2(0) [e—tht - 1} 7
0 0 h§

and Corollary 2.14 yields the second estimate.
For the lower bound use the bounds of Lemma 2.13 and 2.14. O

Proposition 2.18. Under Hypothesis 2.2, consider a solution to Equation (2) de-
fined on [0, T). Then there exists a constant cq that depends only on the initial
curve such that:

2T a 2 27 27
/ (89,;> d@g/ p2d6—4ht/ pdf + co.
0 0 0

Proof. By Lemma 2.13 we know that the curvature p remains positive during the
existence of the flow, so we can compute:

d [*" 0
i ), <p2 — (550" — 4hp> do

21 dp dh 27
=2 - 20) — 2h) df — 4— db
/0 o (p+ (05p) ) i, ”

27 2 2T
:2/ <a”’> a0 — 2% [ as
0 P dt Jo

dh 2
> —4— df
=g )P

4 2 2T
> 487 / pdd > 0,
)\O' 0

where we have used an integration by part on the second line, the equation of
the curvature at the third line, and Lemma 2.8 at the last line.
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Integrating the last inequality we get for all ¢ € [0,T),
2 ) o ) 2 ) o 5
—(==p)* —4h do > —(=p)*—4dhp| did) =-—
/O (p (5g7) p)ﬁ > </O (p (567 p> )0 co

We obtained the last inequality using (5) and the upper bound of the volume during
the flow (Lemma 2.8). Ul

Proposition 2.19. Under Hypothesis 2.2, consider a solution to Equation (2) de-
finedon [0,T). If T < o0,

M = sup{p(0,t),(0,t) € T x [0,T)}
is bounded .
Proof. Fort < T let

M, =sup{p(6,s),(0,s) € T x [0,t]}.

There exists (01,¢1) € T x [0, ¢] such that My = p(01,t1). Then for all f3 € T we

have:
01
lp(61,t1) — p(b2, t1)| =

0
pdé"
9, 00

27 8
< / (550)2 40/ 101 — B3]
0

< \/27TM,52 + co/ |(91 — 92‘
< My |27 + ]\0402\/ ’91 —92|,
t

where we have used Proposition 2.18 at the third line, and |#; — 5] is the usual
distance in T. We also have,

M > Psup(o)-
So

p(01,t1) — p(O2,t1) < c1 Mr\/|61 — 62|,

where ¢q == /27 leol
1 RO

It follows that for all 65:

p(ba,t1) > My — c1 Mir/|01 — 02|

and
2

“log(p(0, 1)) do

S

/ log(p(0,11)) do + [ log(p(6,11)) df
161-01<(5¢7)?

16101 (5¢7)?
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Mt ]. ]. 7h2T
>log [ 24) =+ (2r— — )1 ( e (0)e )
= 10g ( 2 ) 20% + ( ™ 20%) 0og me( )6

Use Lemma 2.17 we obtain for all ¢ € [0,7)
log(M;) < co(T)
where

(T = 202 ( /O T og(p(6,0)) 6 — (27r - 2}:2) (log (pins(0)) — h%T))

1
is a function that only depends on the final time and the initial curve. So M =
sup {p(6,1),(0,t) € T x [0,T)} is bounded for T' < oc. O

Proposition 2.20. Under Hypothesis 2.2, consider a solution to Equation (2) de-
finedon [0,T). If T < oo, for alln € N, we have

M(ﬂ) = sup {gnz(@,t), (Q,t) cT x [O,T)}
is bounded.

Proof. Following [6] section 4.4, we will first prove that % is bounded along the
flow. By direct computation, % satisfies:

99p _ 2ga (0P g (00 2 yp 2P
ion ~ PO <ae> 20 <8089 <ae>> + 307 —4ho] 55

By Lemma 2.8 and Proposition 2.19, [3p? — 4hp)] is bounded so by the maximum
principle % is bounded for all ¢ € [0, 7). (this is easier than in the proof of 2.19).
Since the equation for % contains a quadratic term it seems not clear to directly
use the maximum principle. To control it we will proceed as follows.
With the same computation as in [6] Lemma 4.4.2 we see that modulo a addi-
tional term that comes from the non local term h, which is bounded, we show that

2p\*
/ (62g> df is bounded on finite intervals of time (i.e. when T < o0). Let

us prove this property. To present the difference with the computation in [6], we
integrate by part. We get:

9 2 aQP 4 2 3
o (a@ a6 =1 [ 0 (P0Bp+ (o~ 20) (3R)° a8
0 0

2
—_12 / (9’03 p + 2pB0p0p + (3> — 4hp)Dap) (93 p) (93 p)* dO.
0

To simplify notations let us use p’ := dyp, in the above computation:

2T 2T
g / (,0//)4 do = _12/ (pQ(p//)Q(p///)z + 2ppl(p//)3p///
tJo 0
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+ 3p2p/( //)2 " 4hpp( //)2 ///) do.

We use the inequality ab < iag + €b? to bound the three last terms by the first one
and some additional terms, after choosing e to control the sign of the first term. We
obtain that there exist ¢y, ca, c3 such that:

o 27 2 2
o[ e [T e [P @
0 0 0

2
+ 3 / (') (p")* o
0

where the constant c3 depends on h(0) which is the maximum of & by Lemma 2.8.
Since p is bounded by proposition 2.19 and p is bounded We deduce from the above
inequality and Cauchy-Schwarz inequality that fo * d6 remains bounded on
[0, 7).

By the same kind of computation, we will show that [ ( 835) df remains
bounded for ¢ € [0,7") (when T' < o). After a integration by part, we have:

jt/( ///) d@—?/(pm) (p2p//+p (p —Zh))m 20
_ 2/([)””) (,02PH+P (p*Qh))” do

:_2/(p////)<p2p////+2pp/p///+2p( ) +2(P)2 //+3p2 Z

+6p(p')? — 4h(p')* - 4hp(p”)) df.

Using again the inequality ab < 41 a® + €% for a well choosed ¢ to bound the

seven last terms by the first one and some additional terms, we get that there exist
c1,¢2,C3, ..Cg, c7 (that all depend on €, and cg, ¢y depend also on hg, the upper
bound of h by Lemma 2.8) such that:

d

dt

Sq/( p")? d9+02/(p”>4d9+63/<(p,):ﬂ,>2d9
+C4/(pp”)2d9+C5/(p’)4d9+c6/ <(pl;)2>2+67/(p”)2d9.

Since on finite intervals of time, p is bounded by Lemma 2.19 and by the compu-
tation above p’ and [ (p’ 4 d6 are bounded, and the lower bound p > pmf(O)e_hgt
(Lemma 2.13), using Cauchy Swartz inequality we get for other constants (that
depend on the time horizon T'):

(p///) 2 do
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d
dt/(p///)Q do < CO/(/)W)Q db + cs.
33p

2
Hence [ (@) df remains bounded for ¢ € [0,7), and so % is bounded,

using fundamental calculus theorem, or Sobolev inequality in S*.

For all n > 3 the equation for % ==: p(") writes

d
20" = 7 4 2000 0D+ [2pp" + 3p% — Ahp

+(n)(n—1)(p' +pp")]p™ + P (h, Py p("‘l))

where P (h, p, p/, ..., p("*l)) is a polynomial in (h, p, ¢/, ..., p("*l)) .Since p, o', p”
are bounded by the computation above and h is bounded by Lemma 2.8, we can
apply the maximum principle to get an exponential bound for p””’, so p” is bounded
(when T is finite). Using the above equation for p{™), we get by induction and max-
imum principle that for all , p(*™ is uniformly bounded on [0,7) when T’ < oc.
[l

2.6. Proof of Theorem 2.4.

We prove the long time existence of the flow. Assume that the starting curve
Cy is simple and strictly convex, and the flow exists for all ¢ € [0,7"). Then by
Lemma 2.13 we know that the solution of (7) remains convex and simple during
the flow. Since the solution of (7) has similar shape as the solution of (2) (just
the parametrisation changes) we know that the solution of (2) remains convex and
simple, so the quantity h remains defined for all ¢t € [0,7"). Using Lemma 2.8 we
get that the quantity h remains bounded as soon as the flow exists. By Propositions
2.19 and 2.20 we know that p and all spacial derivatives of p are bounded in [0, T"),
if T' < oo, hence the same for time derivative of p. So by Arzela-Ascoli Theorem,
p converges to a C* function p(7),.) as t — T. Using equation (2) there exists
a limiting curve Cp and this limiting curve is associated to p(7,.) (in the sense
of Lemma 4.1.1 in [6]), so C7 is strictly convex and simple. By the small time
existence if T' < oo, we can extend the time interval on which the solution is
defined using the solution that starts at C'r. This proves that the solution of (2)
starting with at a simple strictly convex curve exists for all time. By Lemma 2.9,
the isoperimetric ratio is non-increasing. It is in fact decreasing until the curve
becomes a circle (take strict inequality in the isoperimetric inequality in the proof
of Lemma 2.9), but if it would becomes a circle in finite time we could reverse
the flow and get that the starting curve is a circle. So the isoperimetric ratio is
decreasing unless if the starting curve is circular. Using Lemma 2.10 we get that
the deficit of isoperimetry converges to 0 polynomially, and Corollary 2.11 shows
that the family of curves becomes more and more circular, and the isoperimetric
ratio decreases to 47. Also this corollary yields, with Bonnesen inequality, the
convergence after normalization to a circle, i.e. ﬁ[@ — ¢int(t)] converges to



THE STOCHASTIC RENORMALIZED CURVATURE FLOW FOR PLANAR CONVEX SETS 21

circle of center 0 and radius 1 for Hausdorff metric, where c; (t) is an center of a
inscribed circle of C4.
O

Remark 2.21. When the starting curve Cy is convex and not simple, recall Fig-
ure 2a at the end of the paper, the flow is not well defined. And when the starting
curve is simple but non-convex, the existence in long time can be problematic, see
Figure 2b.

3. THE STOCHASTIC RENORMALIZED CURVATURE FLOW (SRCF) IN R?

3.1. Equations of geometric quantities along the stochastic flow of curves in R?.
Let us introduce a noisy extension of the RCF. We need a standard Brownian mo-
tion (B;)¢>0 defined on a filtered probability space. All subsequent stopping times
are with respect to the underlying filtration. Except when they are parametrized by
the arc-length s, all the closed curves are assumed to be continuous and parametrized
by a parameter belonging to T.

Definition 3.1. Let C' : [0,7) > t — Cy be a continuous family of simple closed
curves indexed by |0, T), where T is a positive stopping time. We say that C evolves
under the renormalized stochastic curvature flow (SRCF), if it satisfies the follow-
ing equation for any t € [0,7),

aCtw) = ([=p(C(t,w) +2hiJdt + V2dBy ) w(C(tu) (1)
(where hy, v, and py are our usual shortcuts, cf. Section 1.2).

When convenient without any possible confusion, the index ¢ > 0 will be omit-
ted. An important goal of this paper is to show that the above equation admits a
solution in the whole temporal interval R, under some assumptions. Until it is
proven, when we consider a time ¢ > 0, it will be implicitly assumed that ¢ is
smaller than the stopping time 7, that will be called a lifetime for (11). The curve
Cy will be referred to as the initial curve.

Remark 3.2. For the short time existence and uniqueness up to T of the solution to
(11), we refer to Theorem 40 in [2], where the authors used Doss-Sussman method,
the theory of quasi-linear equations, as well as the inverse function theorem.

Concerning the regularity, for any 0 < o < 1, the solution of (11) is Co/2,00 if
the starting curve Cy is smooth. In fact it is enough to consider that the starting
curve Cy are COT™  forn > 2and 0 < « < 1, to get the C/2°F™ regularity
of the solution of (11) (cf. Chapter 8 of Lunardi [10] and Chapter 4 in [2]). So,
to justify the existence of all the derivatives one may need, it is sufficient to take
Cyo regular enough, but we will not insist on the regularity of Cy in the rest of the
paper.

To a solution (Ct)tE[O,T) of (11), as in the deterministic situation, associate

Vte0,7),VueT, v(t,u) = |0,C(t,u)]

and the arc-length parametrization Js := %8u (equivalently ds = vdu).
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Forany t € [0,7) and u € T, T;(u) will stand for the unit tangent vector of the
curve Cy at u (i.e. in R? we have R(T) = v, where R is the rotation of angle —5)-

The evolution of these objects is dictated by the following result, for Cj regular
enough, say C4+ for the last equation.

Lemma 3.3. Let (C})i>0 be a solution of (11). The following equations hold in
the (t, s)-domain of validity:

dt’Ut = Utpt ((—Pt -+ 2ht)dt + \/idBt)

[dt, 85] = Pt ((3Pt - th)dt - ﬂdBt) 65 - ﬂptdBtasdt (12)
dtTt = —U—lt((?upt)utdt

dipe(s) = (02pe)dt + pP((3pr — 2hy)dt — v/2dBy)

Proof. Since C(t,u) satisfies
diC(t,u) = (—p(C(t,w)) + 2h(D(t)) e (euydt + V20c 40 dBy
we have, after differentiation, cf. remark 3.2, and shortening the notation:
d0,C = (—Bupy)vedt + <(—pt + 2hy)dt + \/§dBt) Duv,
Also we have
Ouvy = v0svp = vpily,
so that

4,0,C = (—Oup)vadt + vups ((—pt + 2hy)dt + \/§dBt) T,.
Hence we have the following equation:
di(v¢)? = dy)0,C(t,u))?
= 2(d10,C(t,u), 0,C(t,u)) + (d:0u,C(t,u), d;0,C(t, u))
= 202, ((—pt + 2hy)dt + \/§dBt> + 202 p2dt

Also
alvt2 = 2uidvg + dvgduy,

where the semi-martingale bracket notation (dv¢, dv;) has been simplified into
dvtdvt.
Hence
Qvpduy + durdvy = 202 py <2htdt n \/EdBt) ,

so the Doob-Meyer decomposition of v; is dv; = \@vtptdBt + dA; where A; is a
process with finite variation. After identification we find:
dAy = vipi(—p + 2h)dt
and so
divy = vepy ((fpt + 2h)dt + \@dBt) .
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For the second equation let us observe that for a vector-valued process X;:

dtc‘?th = dt <1€)uXt>

1
_dt( )a X+ - a thtert( >dt(8 X;)
- & ((3pt —2h)dt — \/idBt) Bu X, + Dydi Xy — \/i%dBtautht
t t

= pe ((3pt —oh)dt — \/idBt) 05X + Dsdy Xt — V2pydBidsdy X,
In other words, we have:
[dt, 85] = Pt ((Bpt - Qh)dt - \/idBt) 85 - \/§ptdBt85dt

For the third point, let us compute:

1
4T, = dy (auct> = dy(— )a Cr+ - dt8 Co+di( )dta C
__n (( 3pt+2h)dt+\f dBt> v, Ty
Ut

1
+ o ((—(%Pt)tht + vy <(_Pt + 2hy)dt + \/idBt) Tt)
t
1
= ——(0upt)1/tdt
Ut
that is d;0sC(t, s) = —(0sp¢) 1 dt. This equation is equivalent to
divy = dR(1y) = (9spr) Tydt.
So the processes T3 and v have finite variation.
For the last point, the curvature p; satisfies:
dipt = —di (05T, )
_<dt85Tt7 Vt> - <asTta dtVt>
_<dt85Tt7 Vt>-
In the last line we used that 057} is in the normal direction. Let us compute, using

the commutation formula in the first term in the above bracket and the fact that
0,C} has finite variation:

dtasTt - dt (asasct>
. <(3pt —oh)dt — \/§dBt> 8595C, + 8,di8,Cy — /2p,dB195dy9C,

ot <(3pt —2h)dt — \/idBt) 8,0,C; + 95dy8,C,
= oy <(3pt —oh)dt — \/§dBt> 0505Ct + 9y (—(Dspr)vedt)

== *p? ((3Pt - Qh)dt - \/idBt) Vg + (—(Ggpt)ut - pt((‘?spt)Tt) dt.
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Hence
dipy = —(—p? ((3pt —2h)dt — \@dBt) v+ (—(O200)vr — pu(Oup)Ty) dt, 1)
= Ppudt + p} <<3Pt — 2h)dt — \/§dBt) . (13)
O

Remark 3.4. We want to stress that (13) is a SPDE with mobile barrier, since the
parameter s lives in the time dependent interval |0, o¢].

Remark 3.5. After integration, we recover the equation satisfied by oy and \;
obtained by a diffusion generator technique (respectively in Proposition 57 and
Equation (106) in [2]) in the case of a simple curve:

2w
dt(ft = dt/ vt(u) du
0

2
= / Vt Pt ((—pt + 2h)dt + \/§dBt> du
0

= <—/p§ds + th/ptds> dt + </ Pt ds) V2dB,

= (/ p%ds> dt + Awhydt + 2v/2md By,

Using, on one hand Stokes theorem, namely [, div(b) dX = [, (v, b) ds, here
in dimension 2 and with b the identity vector field, and on the other hand the com-
putation done in the proof of Lemma 3.3, we get:

2
—d,- / (C(t,u), R(BC(t, ) du
0

1 2

=3 ( /027r o ((—Pt + 2h)dt + x/idBt) du + /0 (C(t;u), (Bupr(u))TdL) du

2 2m
+ / oo ((—pt + 2h)dt + \@dBt> (C(t,u),v)du+ 2/ veprdt du> .
0 0

For the second term in the right hand side we integrate by part and we use
0T = —vpiy to get:

27 21
/ <C(t7 u)a (aupt(u))Tdt> du = — / Utptdt du — pgvt<0(t7 U), 14 dt> du.
0 0
And then )
1 T
dih = 5 ( / vi(2hdt + V/2dBy) du
0

2m
[ whd + VBIB)C () v) ).
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In the last term of the right hand side we can integrate by part again to get

27 2
| wmlct ) du=— [ (Cttw).07) du
0 0

27 2w
:/ (—3u<C(t,u),T)+vt)du:/ vy du.
0 0
Hence:

21
dihe = / vy(2hdt + V/2dBy) du
0

2 2
= 2L dt + V201dB,.
At
Let us extend the observation made in the second paragraph of Section 2.4 to
the present stochastic setting. Consider the following tangential finite-variation

perturbation of equation (11): for any ¢t € [0,7) and u € T,
diC () = (—pe(u) + 20(Dp))dt + V2dB;) vi(u) + (ar(w)d) Tiu) — (14)

for quantities a;(u) that will determined later in (15).

Again the curves have the same shape as those of (11), only the u-parametrisation
changes, reason why we used the same notation C'(¢, ). In particular the lifetime
7 of (14) coincides with that of (11). With computations similar to those of the
proof of Lemma 3.3, we get:

Lemma 3.6. Letting (Ct),c(0,7) be a solution of (14), we have:
d10u,Ct = ((—0upt — prveay)dt) vy
+ (vtpt[(—pt + 2h)dt + V2dBy] + 8uatdt) T,

(ii) dvi = vipg[(—pt + 2h)dt + /2dBy] + Oyadt.
(iii) diTy = —2(Oupy + prorar)dtvy.

(i)

Proof. For the first point, we differentiate term by term and we use that:
Ouvy = vpi T

and so
0Ty = —vipsvy.

For the second point:
di(v)? = dy]0,C(t, ) |* = 2(d;0,C (¢, u), D,C(t,u)) + (diD,C(t,u), d;0,C(t,u))
== 2Ut (Utpt ((—Pt + 2ht)dt + \/idBt) + Ouatdt) + QUtzp?dt

Then we write dth = 2uydv + dvidvg, and we identify the martingale part and the
finite variation part of v; to get the conclusion.
For the last point we compute:
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E

Ut

1 1 1

(%7

> dt 8u Ct

8uat

_ <_pt (300 + 2m)dt + VadB,) -

dt) ’UtTt
Ut

vi
1

+ ’th ((—Gupt — ptvtat)utdt + ('Utpt((_pt + th)dt + \/§dBt) + 8uatdt) Tt>

— Qp%Ttdt

1
= —U—(@upt + prvgag)dtyy.
t

O
In the above lemma, if the curvature is positive and if we take
a; = —OypPt (15)
Ut Pt

we get that T; and 1, become constant in time hence the angle § becomes constant
in time, as desired. The following lemma describes the evolution of the curvature
in this system of coordinates. Let us first reinforce Assumption 2.2:

Hypothesis 3.7. The initial curve Cy : T > u + Co(u) € R? is simple, closed,
strictly convex and C*, for some o > 0.

Lemma 3.8. Assuming Hypothesis 3.7, the solution to
dup(6) = 03 (0)(GBpu(0))dt + 07 (0) ((3pu(6) — 2m)dt — V2dB)

is well-defined for all 0 <t < To AT, where 7o = inf{t > 0 : Ju € [0, 1], ps(u) =
0} and T is the lifetime of (14). Due to Hypothesis 3.7, all the quantities h, p, Opp, agp
are bounded until T.

Proof. By the above choice of o we have:
0 = 0udiT; = di(0,T1)
= di(—proey).
Since v is constant in time we get:
di(vept) = 0,
and so
0 = d¢(vepr) = di(ve) pr + vedipy + dvedpy.
We get that p; satisfies the following stochastic differential equation:
vpdpy = —Ptdt(vt) — dvgdpy
= —py <’Utpt[(fpt + 2h)dt + \/idBt] + 8uatdt> — dvdpy.
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After identification, the martingale part of dp; is —v/2p?dB;, hence by this
choice of

dm:f@<pm+amﬁ+¢%&)—%%wﬁ+%wt
t

:—@(emﬁqmﬁ+¢ﬁa)—%m%ﬁ
t

— 8u
:_W%<Pﬁﬁ_@«%m+%m+wm&)
Ut Ut Pt

Recall that 7' = (cos(f),sin(f)) and so 9p7" = —v. So by the chain rule we
have:

_@_%@_@P)
=90 T 90ou o8 P

Hence
ou 1 1
— = — d = —0,. 1
70 o and 0Oy vpa (16)

The previous evolution equation of p; becomes

dpe = 220, 00p1dt — pf ((=3p. + 20)dt + V2dB,)
t

:@%mﬁ+ﬁ«@rnmﬁ—¢%&)
0

Theorem 3.9. Assume Hypothesis 3.7, in particular py > 0.
Let pi(0) be a solution of the following elliptic partial stochastic differential
equation:

{ dipe(0) = p7(0)(3pe)dt + p7(0) ((3p:(0) — 2h)dt — /2dBy) (17)
po(0) = po(0).
with lifetime 19, namely the solution has to be regular up to order 2 for at least all
times smaller than .

Then 19 AT = To, and for all t < 19, we have py(0) > 0 forall § € T. Moreover
the solution to (17) is unique and it provides the solution of (11) through:

C(t,0) = C(t,0) + /Ot(—&gpu(()),pu((]) — 2hy,) du — (0,V2By)

C(t,6) = </09 AR /06 )

Proof. By lemma 3.8, (17) admits a solution and 79 A 7 < 79. Note that the
quantity h; could be expressed in terms of o, and A; and these quantities also
depend on the integral of p as seen in Remark 3.11 below and so h is bounded
until 7.

From (17), we get for all ¢t < 19,

pe(0) = po(0) explo ~V20s(0)dBs+(ps(0)9ps (0)+2p5(0)(ps (0)—hs) ) ds

where
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which is positive, yielding 7o < 7.

Recall Lemma 4.1.1 in [6], or see the beginning of Section 5, that says a 27
periodic positive function p represents the curvature of a simple closed strictly
convex plane curve if and only if (1) is satisfied.

Here this equation is satisfied by pp(6). So we have to check that this relation
is preserved over time for p;(#) solution of (17). We will only verify this fact for
the first coordinate, the computation will be the same for the second one. Using It6
calculus we get for 0 < ¢ < 79:

1 1 1
di— = ——dp+ —dpidpy
Pt Pt Pt
= —(@30u(0))dt — ((3pu(0) — 2m)dt — VIAB, ) + 2yt
= —(@m(O)dt ~ ((p1(0) — 2m)dt ~ V2dB,). (18)

And so after integration by part we get for 0 < ¢t < 1o:

2m 2
dt/ cos(6) d@:/ dtcos(H)d
0 0
(

pe(6) pe(6)
2

:/ cos(0) (—
0

= —(/027r cos(6) (63/%(9) + pe(6)) d9> dt
=0.

9
82p4(0))dt — ((pt(ﬁ) —oh)dt — ﬂdBt)) df

We get that, for all 0 < ¢ < 19, p; is the curvature of a simple closed strictly convex
plane curve. Let us write the curve as:

0 0 o
~ cos(61) sin(61)
C(t, 0 :</ d91,/ doy | .
,9) o pe(0h) o pe(b1)
We only have to check that (C(t, 6))g solves Equation (11) up to some tangential

component.
We have:

B 9 cos(1) 9 sin(;)
dtc(t’ ) = d </0 Pt(91) d917/0 pt(91) d91>
+ (—0ep:(0)dt, (pi(0) — 2hy)dt — v/2dBy)

— (/09 cos(61) <_(aglpt(91))dt— <(pt(91) — 2h)dt — \/idBt)) o,

/0 " sin(0) (= (@3, pu(6))dt — ((pu(61) — 2n)dt — V2dB,) ) del)

+ (—99pe(0)dt, (py(0) — 2hy)dt — V/2dBy).
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After two integrations by parts, we have for the first term in the right hand side:

0
| cost6) (~(@hpn 62t (((60) ~ 20yt ~ VEdB) )
0
= —{[cos(@l)aglpt]gdt + [sin(6y) ps]Sdt 4 [sin(6)] (—2hdt — \/idBt> }

= — cos(0)0pp¢(0)dt + Ogpi(0)dt — sin(0) ((Pt —2h)dt — \/idBt) .

For the second term, we have:

6
[ (@) (= (@8, m(@r)dt — ((pu(0r) 21yt ~ V2dB)) oy
0
- —{[sm(el)ael pilfdt — [cos(01)p)dt — [cos(0)]] (—2hdt - \fdet) }

= — sin(0)0ppi (0)dt + cos(6) (e — 20)dt — V2B,

- ((pt(O) — 2h)dt — \@dBt> .

Hence:
diC(t,0) = ((—p¢ + 2h)dt + V/2dBy)v — (9ppedt)T.

This is (14) and so up a parametrization, this is a solution to (11). Since a
solution to (17) produces a solution to (11), by uniqueness of solution to (11),
we get the uniqueness of the solution to (17), and 75 < 7. So we proved that
T =T A Tp.

O

We will show that Equation (11) preserves the positivity of the curvature.

Lemma 3.10. Assume Hypothesis 3.7 and consider the solution to (11). We have
pt > 0 forallt < T, where T is any lifetime of (11), moreover T = To.

Proof. Suppose that 79 < T, s0 hy, pi(6), Oppi(0), 93 pi(6) are bounded for all
t < 719, and

Pro (9) = po (6) expfom —V2ps (G)st-i-(pS (9)8305(9)+205 (9)(/75(6)_]7'5))615

)
and we get a contradiction. By Theorem 3.9, we get 7 = m». (]

Remark 3.11. Let us compute the equation satisfied by h when we know the equa-
tion of p. Resorting to (18) and recalling from (16) that 1/(vp) = 0u/00 = 1, we
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get by Stokes Theorem:

27
doy = d / 10,C (1, 0)] do
0

2 1
d / do
0 pt(9)

_ /0% (—0Beu(6)dt — ((pu(8) — 2h)dt — V2dBy)) a9

2T
= (— / pe(0) da) dt + 4mchydt + 2v/2md By
0

Ot
= <—/ p%(s)ds) dt 4 4mhydt + 2v/27wdBy.
0

By a similar computation as above, we also have:

L do
dA\¢ = d2/0 <C(t,6),yt(9)>m
2w
B ;{ /0 <<dc<t’9)’ ”t<9)>p£9) +(C(t,0), ut(9)>d(pt}9))+

(dC(t,0), ut(e»d(pt} 5 )) de}

_ ;{ /0 2” ( ((~pe(8) + 2n)dt + v2aB;) pim

+(C(t,0),1,(0)) (—ngt(ﬁ)dt — ((pe(0) — 2h)dt — \@dBt)) + 2dt> de}

After integrating by part two times and using Ogv =T, we get:
2m

2m
/0 —(C(t,0),14(0))95p:(0) db = ; 0p((C(t,0),v4(0)))0gpr(0) db
2m

=/ Fppr(0)(C(t,0), T;(0)) do

__ /027r p(0) (ptz@) —(C(t,0), ut(9)>> do.

Taking into account that 0T = —v, we have

27 21
/ (C(,0), 14(0)) db = — / (C(t,0), 5T3(6)) db
0 0

o 1 27 1
- 0p((C(t,0),T1(9))) — 2e(0) d92/0 pe(0) 0.

Putting the two computations above in the evolution equation of Ay we get:
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dA; = ;{ /0 " ( (2hdt + x/idBt) ptze)

(O, 0), (6)) <—2hdt - \/§dBt)> > de}

T 207
— [ <2hdt 4 \@dBt) — d\ = 2L dt 4+ v/20,dB,.
o pe(9) At

So we have to interpret (17) as a system where we have:

doy = (= Jy" pi(0)dB) dt + A §dt + 2v/2wd By
= 2Ldt+V20.dB, (19
ht == %

Using the above theorem and Lemma 3.8, we get the following corollary:

Corollary 3.12. Assume Hypothesis 3.7. There is a one to one correspondence
between the solutions of (11), (17) and (14).

Proof. Use Theorem 3.9, Lemma 3.8 and 3.10.

(]
Consider the following stochastic curvature flow,
d&C(tu) = (=pe(C(t,u))Vequydt + V20e(u)dBr 20)
C0,u) = Coh(u)

Corollary 3.13. Assume Hypothesis 3.7 and consider the solution to (20). We have
pt > 0 forallt < T, where T is any lifetime of (20).

Proof. With similar computation as in the above lemma, and since pg > 0, we
have:

{ oo6) = pHOY OB @)+ pHO) (Bt = BAB)
Po = Po
and the proof is similar to the proof of Lemma 3.8, Theorem 3.9 and Lemma 3.10.

O

Corollary 3.14. Assume Hypothesis 3.7, there is a one to one correspondence
between the solutions of (20) and (21).

Proof. The proof is similar to that of Theorem 3.9, just remove all the h;. U

4. LONG TIME EXISTENCE

4.1. Evolution of geometric quantities along the stochastic flow (11).
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Proposition 4.1. Assume Hypothesis 3.7. Let (Ct);c(o,r) be the solution of (11).
Foranyt € [0, ), denote \; the volume of Dy and o the perimeter of C;. We have
the following equations for t € [0, T) (with our usual notational shortcuts):

2 Am)
i) dt(0't2 —4r)) < =27 (UtAtTrt) dt,

1
— —0Rpu(0)dt — (pi(6) — 2h)dt +V/2dB,,

Pt(‘g)
2 1 27 9

iii) d/ —2d9 = —2/ (Oplog(py))” dOdt + 2d )\ ,
0 Pt 0

i) d

iv)

27 27 27 h 2
d/ log(p:(6)) df = —/ (89pt)2d9dt+2/ <pt(9) - 2) dodt
0 0 0

2T
— wh%dt — /2 / pi(0) d9dB;.
0

Proof. For equation 1): using equation (19) and It6 formula we have

d(at2 — 47t \) = 20¢doy + doydoy — Amd )\

2w
= 20y <— / pe(0) dodt + 47‘(’%6# + 2xf27rdBt> + 8n?dt
0 t

8ol
2Tt g —
At

21
= 20y <— / pe(0) d9> dt 4 8m?dt
0

0.2
< (—%t + 8772) dt
At

2 _
= 27 <0t 47r)\t> dt

47T\/§UtdBt

At
<0

where we use the preservation of the convexity along the flow (Lemma 3.10) and
Gage inequality for convex curve [3]:

a(C) > o
Tth(D) = = < / p-(s)ds = / p(0)d6. (22)
A(D) c 0
Also in the last inequality we use the isoperimetric estimate. So the isoperimetric
deficit o — 47\, is non-increasing along the flow. One of the geometric meaning

of the isoperimetric deficit is the following Bonnesen inequality [4]:
7'[-z(rout - 7ﬁint>2 < 0'2(8D) — 47 A(D)

where 7int, Tout are respectively the inradius and the circumradius of D.
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For equation ii): it is done in the proof of Theorem 3.9.
For equation iii): using Itd formula in the point (ii) we get

diy = = (~(@Bpu(®)dt — ((pu(0) — 20t + V2B, + 24t

Pt Pt
2 4 2v/2
= ——8gpt(9)dt + —hdt + idBt.
Pt Pt Pt

Integrating the above equality we get (since fo% % df = oy)

27 1 2 2 2
d/ —do = 2/ <(89'0t)> d6dt + 4%Ldt + 2v/20,d B,
0 Pi 0 Pt At

=2 /QW (99 log(py))? dOdt + 2d)\,.
For equation iv) we use (13) and Ito formula:
e (0) — o dp(O)dpi(9)
pt(0) 2p7(0)
= pi(0)(D3 pe)dt + ps(0) ((3pt(9) — 2h)dt — \/§dBt) — p;(0)dt
— pu(0) (@ pu)t + 20,(0) (pu(0) — )t — V/3pu(0)dB.

Integrating the above equation, we get:

dlog(p:(9)) =

27 2 27
d [ s @) d0 == [ @npavat +2 [ p(0)(o1(0) 1) at

27
) / pi(0) d9dB:.
0

27 2 h 2
:—/ (39pt)2d9dt—l—2/ <pt(9)—2> dbdt
0 0

2
— wh?dt — /2 / pi(0) d9dB;.
0
O

27

1 1

Remark 4.2. Note that / - dg —2M; > 2—0,52 — 2\t > 0 where the last bound
0 T

Pt
is the isoperimetric inequality. Hence

27 1 t 27
0< / — df —2)\; = —2/ / (99 log(ps))? dids + Ag
0 Pt 0 Jo

where Ag = 027r p% df —2Xg > 0. So if moreover Cy is a curve in the set S, of n-
0

symmetric convex curves with star shaped skeleton for some n > 2 (see Section 5
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for the definition) using Proposition 5.5, Cy € S, and 0 — p;(0) is non-decreasing
and the above equation gives:

1 < 27
Ot >
pi(0) p7(0)
500 < p(0) < (/£ and 0 < py(0) < 71 On the other hand we have

0<2) <

2T 1
0</ —dO < Ay + 2,
0 Pt

and if Cy € S, then
2 o
5 <
pi(m/2) = pe(m/2)
50 4/ A0+2>\t < pi(m/2) and note also by the Gage inequality (22) we have ht <
pe(m/2).

Lemma 4.3. (ht)te[o,T) is a positive super martingale, so it is almost surely bounded
on [0, 7).

0< < Ag + 2\

Proof. Using equation (19) and It6 formula we have

hy =d

A </\t>
doy +ovd [ L) + dogd (2
70- (oF g,
PV W AN

1 2 V202 dro
16 <<_/ pu(0) d@) dt + 4n L dt + 2f7rdBt> - B - g
0 t t

2
S (/ pi(6) d@) dt + /2 (2“’*2) dBy
At 0 )‘t

7Tht +\/§(27T>\t)\ )dBt
t

A
|
L

O

In the sequel we will encounter random constants, they will be denoted under
the form c¢(w), where w stands for the randomness associated to the underlying
Brownian motion. This is a generic notation and the exact value of c¢(w) may
change from line to line.

Proposition 4.4. Assume Hypothesis 3.7. Let (Ct)te[o,f) be the solution of (11),
where T is any lifetime of (11). Then there exists a positive random variable c(w) <
oo such that for all t < 7(w) , hi(w) < c(w) and

1 < inf py(6)
in :
+ \/ﬁsup[o,t] Bs +2c(w)t — 0 Pt

1
inf pg
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Proof. Let J; = ﬁ() —V2B;—2 fot h(s)ds— inflpo. By Lemma 3.10 this quantity

is well defined, and by Proposition 4.1 we have
dJi(0) = —8 p:(0)dt — pi(0)dt

(0 ) 287 )

2
1
< 03 Jydt.
_<Jt(0)+\/§Bt+2f0th(s)ds+ ! ) o

inf pg

Using the maximum principle, we will show that J; < 0 for all t € [0,7).
Suppose that there exists t9 € [0,7) and 0y such that b = J;,(6y) > 0. Let
Wy = e tJy, then Wy, (6p) = e~'0b > 0 and supy Wy, > e ‘b > 0. Consider
the time ¢, = inf{t € [0,to],s.t. supy Wy = Wy, (6p)}, and let 6, such that
Wi, (6+) = supg We,. We have ¢, > 0 and

1

eWi(6) + V2B; + 2 [y h(s) ds + i

Note that since 0 < 8, W (6.) 1., 9 W, (0)19, < 0.and Wy, (6,) = e b > 0 we
get a contradiction. Hence for all ¢ € [0, 7) we have

1 1 !

< _—|—\@Bt+2/ h(s) ds.
pe(0) ~ inf po 0

Since h; is a positive super martingale by Lemma 4.3, it is almost surely bounded in

[0, 7), so there exists a positive random variable ¢(w) < oo such that h;(w) < c(w)

and

2
oWy < ( ) DEW; — W

1

inflpo + \@sup[o’t] Bs + 2¢(w)t

< i%f pe(0).

O

4.2. When there is a sufficient number of symmetries. The goal of this section
is to find a necessary condition on the strictly convex domain to guarantee the
existence of the solution of (11) for all times. We will see that the entropy will be
a supermartingale if the initial domain has enough symmetries. From Lemma 3.8,
we deduce the evolution of the entropy (defined in (10), it also coincides with the
relative entropy of the curvature density with respect to the arc length Lebesgue
measure, up to normalizations in terms of the length of the curve):

27
dEnt, = d/ log(p:(6)) db
0
2 27
S / (Dpe)? dodt + 2 / 01(0)(p1(6) — 1) dbdt
0 0

27
—V2 / pe(0) dOdB,.
0
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Proposition 4.5. If the boundary of the domain is strictly convex (recall Defini-
tion 1.1) then we have the following estimate

2pinf < h < 2psup

Proof. Let p be the support function, namely p(s) = (z(s), y(s)} Green Theorem
asserts A\(D) = 3 f p(s)ds and we have o(9D) fvp )p(s)ds. Indeed, we
compute

[ponis = [t ples)ds
Y Y

and it remains to integrate by part to recognize o (0D).

Remark also that we can suppose that the origin is contained in the domain (else
translate and all the quantities are invariant under translation). By convexity of
the domain we have that p(f) > 0. Recalling that d0 = pds, we have o(9D) =

J, p(6)do, so that
A(D) = ;/Tigzgde < 2p1inf0(aD)'

Hence 2p;n¢ < h(D). The other inequality is a direct consequence of Gage in-
equality. O

Proposition 4.6. For any C! function f : [0, L] — R satisfying f(0) = f(L) = 0,

we have
/f2d6<( > / f2do

Proof. This is the Wirtinger inequality which can be proved by Fourier series. [

Definition 4.7. We will say that a domain D has n axes of symmetries, if up to
a translation there exists a linear straight line A such that D is symmetric with
respect to A, Ry (A)..., Riy—1)r/n(A), where Ry is a rotation of angle 6.
Proposition 4.8. Under Hypothesis 3.7 and the assumption that Dy has n axes of
symmetries, with n > 3, the entropy is a super-martingale.

Proof. Using proposition 4.5 and the symmetries there exists 0, € [kn—”, @)

for k € [0,2n — 1] such that p(f5) = %. Note that we can further impose that
|0 — 01| < Z for k € [0,2n] (with 6, = 0 + 2m).
So using Proposition 4.6 , we get

Ort1 h 2 4 Ok 11
/ <p(e) — 2) do < — 0 (0)2d6.
Ok

_/Tp'(e)%z% —f/T (p(ﬁ)—@?d@v

Hence
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and, if n > 3 we have

n? h\? 27 h\?
dBnt, <~ /qr <p(9) - 2) do+2 /0 <pt(9)—2> dodt — wh2dt

27
-2 / pi(0) dOdB,.
0

2w
< — 7h2dt — 2 / pi(0) dOdB,
0

Remark 4.9. The Green-Osher’s inequality, see Theorem 0.2 of [9], shows

Ent, = /ln(pt)dH > 7mln <7r>
T At

Since )\% is a positive martingale, the r.h.s. is a super-martingale (at least on its
domain of definition). Of course, this is not sufficient to insure that (Enty ), itself is
a super-martingale.

In the sequel we will use comparison of processes up to a continuous martingale
term: when (X¢)c(o,r) and (Y7).e(o,r) are two predictable processes with respect
to the same underlying filtration and are defined on the same time-interval [0, 7)
(where 7 is a stopping time), we write

(m)
vtelo,r) X, <Y

to mean there exists a continuous martingale (M;);c[o,r) such that

Vtel0,T) Xe <Y+ M,

In the next four results, 7 will stand the maximal time up to which the equation
of Lemma 3.8 admits a solution.

Proposition 4.10. Under Hypothesis 3.7, we have:

(m) 2
d/(@gpt)QdG < ((133) +16)/p4d9dt

Proof. From Lemma 3.8, we deduce that on [0, 7), via integrations by parts,
4 [ (o0
= 2/8pd(9p + /d@pd@p
= 2/8p8dp + /8dp8dp

= —2/82pdp+2/(8p2)2dt
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= 2/p282p[(2h —3p — 0%p)dt +V2dB;] + 8 </(p28p)8p> dt
= 2 (/ p29%p(2h — 3p — a%)) dt — % (/ p382p> dt
+2V2 </ p282p> dB,
@y </ P [—(3%)2 + <2h - 133p> a%D dt
([0 (e ) )
p (/pz <h_ 163[))2> dt
4 (/ <163>2p4 + h2p2> dt

where O stands for the differentiation with respect to the underlying parameter 6
(which commutes with respect to the “stochastic differentiation with respect to
time” d).

Taking into account Gage’s inequality, we get

ofo = 410 )7
< 4/p4

and finally the desired bound. ]

IN

IN

This observation leads us to investigate the evolution of [ pt itself:

Proposition 4.11. Under Hypothesis 3.7 and the assumption that Dy has n axes
of symmetries, with n > 7, we have

d / p0tdo = c(w)dt

where c(w) is a finite random constant (independent of time), as mentioned before
Proposition 4.4.

Proof. We compute

d/p4 = 4/p3dp+6/p2dpdp

(@ 4 </ 6p° 4 p50%p — 2hp5> dt
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= 4 (/ 6p° — 5p%(0p)? — 2hp5> dt
6 9 32 5
= 4 6p—§(6p) — 2hp° | dt

To deal with the middle term, let us resort to Wirtinger inequality, assuming
n > 7 axes of symmetry for Dy. Since the evolution equation is invariant by these
symmetries, for any time ¢ € [0, 7), we still have that D; has n axes of symmetry.
We deduce that

/(0/)3)2 = /(<9(/)3—p§’nf))2

49

> Z ( 3_p13nf)2

so that, taking into account Proposition 4.5,

(m) 29 245 245
d|pt < 4l | —=p°+=p3pd — —=p8 . —2p°h ) dt
/p = </ 36p + 18 P Pinf 36 Pinf P
29 245 389
2 </ — =’ + P P — p?nf> dt

18 9 18
c(w)dt

A

To get the desired result, recall that pi,s < h/2 and that h is a positive super-
martingale and is thus a.s. bounded on its domain of definition. ([

Proposition 4.12. Under Hypothesis 3.7 and the assumption that has n axes of
symmetries with n > 7, there exists a finite random variable c(w) such that on the
event T < 00:

vt € [0,7), / (Dppe)?dd < c(w) (23)

Proof. Let us show that there exists a finite random variable ¢ (w) such that on the
event 7 < 00:

vVt e [0,7), /(pt)4d9 < a(w) (24)

According to the previous proposition, there exist a finite random constant ¢(w) >
0 and a continuous martingale (M;),c[o,7) such that

Vtel0,7), /(pt)4d9 < c(w)t + My

Up to enriching the underlying probability space, we can find a Brownian mo-
tion (W})¢>0 such that

Vie o), / ()'d8 < c(w)t+ W, 25)



40 M. ARNAUDON, K. COULIBALY-PASQUIER, AND L. MICLO

Thus on {7 < +0o0}, we will deduce (24) as soon as we show

lim (M), < +oo

t—7—

Note that if we had
lim (M), = +oo

t—T1— o

we would get from (25) that

inf)/(pt)4d9 = —00

tel0,

which is a contradiction. Hence there exists ¢1 (w) such that (24) is satisfied on the
event 7 < 0o. According to Proposition 4.10 there exist a finite constant co(w) > 0
and a continuous martingale (M¢);c[o,r) such that on {7 < +o0}

vt elo,r), /(89pt)2d9 < cpw)t + T
We deduce (23) by the same argument used to get (24). U

Proposition 4.13. Under Hypothesis 3.7 and the assumption that Dy has n axes
of symmetries, with n > 7, there exists a random variable c(w) such that on the
event T < 00!

pr < clw) < oo Vte,T).

Proof. On the event 7 < 00, according to Propositions 4.12 and 4.8, there exists a
random constant ¢(w) < oo such that for all t < 7 we have:

Ent; < c(w)
[ @ < ).

Let r; := sup{ps(0), (8, s) € [0,27] x [0, ]} for ¢ < 7. Then there exists (01,?1) €
[0, 27] X [0, ¢] such that p;, (1) = 7. For all 3 € [0, 27|, we have

0>

|pt, (01) — p, (62)] = Opy, (0) do
01

< Vb = 62V e(w),
e — /[0 — O]\ c(w) < pry (62).

Then using Proposition 4.4 we get

Ent, > / L log(p, (8)d + / . log(pr, (0)) d6
|‘9—91\§c(7tw/\

) \9—91|2WL)A§
7"? ™
_t AL
de(w) 2

+<27T—2< i /\W)>log 1
de(w) 2 T \/isup[om Bs + 2¢(w)ty

inf pg

SO

\Y%
[\]
P~
=}
09
/N
|3
N—
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> 20s(3) (557 5)

+ (2 2 < o, ”)) lo !
T — — .
de(w) 2 & 1nfpo + ﬂsup 0,7] Bs + 2¢c(w)T

On the event 7 < oo the last term of the above equation is almost surely bounded,
since the entropy is bounded from above on [0, 7). We get that p; has to be a.s.
uniformly bounded on ¢ € [0, 7).

O

We will need the following lemma which is a little refinement of Lemma 4.1.1
from [6].

Lemma 4.14. Let a 2w periodic positive function p e C*(T), with a € (0,1),

satisfying (1). Consider the curve X : 0 — ( [, b CZ?U) du, [, b s;zu) , as before

parametrized by the angle 0 € T of its tangent with respect to the horlzom‘al axis,
and whose curvature function is p. When X is parametrized by its arc-length, it

becomes C*1.

Proof. Under the parametrization of X by 6, the curve may seem to be only of
order C'*®. Let us check it is in fact C?>*® under the arc-length parametrization.
Denoting s the arc length parametrization of X, we have d; = pdy and s(6) =
foe ﬁ du, 0:0(s) = p(0(s)), T(s) = (cos(0(s)),sin(f(s)) (as it should be, by
definition of the parametrization by #). From 056(s) = p(6(s)), we see that s —
0(s) is C'**. Furthermore, in the parameter s, the curve X (s) := X (A(s)) satisfies
95X = (cos(f(s)),sin(f(s)), so we get that X is C>+, O

Theorem 4.15. Under Hypothesis 3.7 and the assumption that Dy has n axes of
symmetries, with n > 7, a.s. T = oo, where T is the maximal lifetime of (11).

Proof. Suppose that P(T < co) > 0. Let C¢(6) be the solution of (11) namely

{ 4C(t,0) = ([=p(C(t,0)) + 2h]dt + V2dBy) vi(C(t,6))
C(0,0) Co(0)

On the event {7 < oo}, using Lemma 4.3 and 4.13 we have for all ¢t < 7, hy <
c(w) < oo and p¢(F) < c(w) < oo. Since ||1(C(t,0))|| = 1 we have for s, < 7
such that |t — s| is small:

C(5,0) — C(1,0)] < ex(w)ft — 5|77,

where the random variable ¢; depends on ¢. Hence there exists C; : T +— R? such
that C; converges uniformly to C;. On the other hand, using Proposition 4.12 we
get by Holder inequality that for all ¢ < 7

0
192(0) — pu(8)] < ‘ /B aptmdw‘ < e(w)VIo— 5]
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Hence p. is equi-continuous. So using again Proposition 4.13 and Ascoli Theorem

. . 1 .
we get that there exists a sequence (t,), converging to 7 and a C'z function p,
such that p;, converges uniformly to p;.

We want to show that C,, is in fact C>*3 .
By Theorem 3.9 we have the following representation of the solution of (11):

C(t,0) = C(t,0) + /Ot(—agpu(O),pu(O) — 2hy,) du — (0,V/2B;)

oo = ([ e | g m).

Since C(t,,0) — C,(0), there exists A € R? such that

where

/ " (= 00pu(0). pul0) — 2ha) du — (0,7/2By,) — A.

Also since p;,, converges uniformly to p, and by Proposition 4.4, p, > 0, we have
that C(t,, .) converges uniformly to ( Is (;Os(gll)) do, J; sin(6) d91> . Hence

pr(61)

“cos(61) “sin(6;) B
Cltn,.) — (/0 =y d@l,/o n d01) +FA=C()

By Lemma 4.14 we get that the curve C. is CQJ“%. Using Theorem 22 in [2],
and the Markov property we can extend the solution after the time 7 by a solution
starting at the curve C, which is in contradiction with the maximality of 7.

O
We have the following corollary of Theorem 61 in [2].

Corollary 4.16. Consider (D;)¢>( the solution of (11). Under Hypothesis 3.7 and
the assumption that Dy has n axes of symmetries, with n > 7, we have a.s. in the
Hausdorff metric,

N
An oy - POVvm

where B(0,1/+/m) is the Euclidean ball centered at 0 of radius 1/+/7.

5. SYMMETRIC CONVEX SETS IN R? WITH STAR SHAPED SKELETONS

Let C be the set of smooth closed simple and strictly convex curves embedded
in R?.

Fix n > 2. Let T, be the set of closed curves symmetric with respect to the
vertical axis, denoted A, and invariant by the rotation Ry, of angle 27 /n (and
thus invariant by the group GG, generated by these two isometries).

Let us describe the set C in terms of its curvature. Let Cy € C,and let C' : T —
R? be the parametrization of Cj such that @ is the angle between the tangent line
and the z axis at the point C'(6) i.e a tangent vector is (cos(),sin(f))) € T C.
Note that this parametrization is possible since J;6 = p(f) > 0 where s is the
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arc-length parametrization (due to Frénet equation). From now on, we will take
this parametrization for curves in C.

Recall from Lemma 4.1.1 of Gage and Hamilton [6] that a 27 periodic positive
function p represents the curvature of a simple closed strictly convex plane curve
if and only if 1. ,(27) = I, ,(27m) = 0, where

_ B cos(6) _ B sin(9)
L.,(8) ._/O S0 Ly(9) ._/0 s BT

More precisely, we have
C = {peClT,]0,00)) : [,,(2m) = I, p(27) = 0} x R?
through the reciprocal bijections given by
{05 C0)) — ({8 p(0)},C(0))
{0 = (Iep(0), L p(0)) + X} «— ({0 = p(0)}, X)

Let us describe the set C N 7, in terms of its curvature. Let C' € C N 7T,. For
any 0 € T, denote Sy the symmetry with respect to Rg(A). Using the symmetry
So we have C(—60) = Sy(C(0)) implying that C'(0) = Sy(C(0)) and

C(0) = (0,—b) forsome b > 0. (26)

Using the symmetry S /,, = Ry /,S0 (thus belonging to G,) we have: C(27/n —
0) = Sx/n(C(0)), yielding for 6 = 7 /n:

C (%) = R /n((0,—a)) forsome a > 0. (27)

The two numbers b, a are positive since (0,0) € int(C') by convexity. Also C is
completely defined by its restriction to [0, 7]. Using the invariance by G, we have
the following property of the associated curvature

p(@—k%):p(%—Q),He [0,%}, and p is

So dgp (EX) = 0 forall k € {0,...,2n — 1}.

A fundamental object for the study of elements of C N 7, will be the projection
to some well chosen lines. Let C € CN T,. For § € (0, 7], let (0,11(6)) be
the intersection of the line Dy orthogonal to C' at the point C'(#) and the vertical
axis A. Define

2
il -periodic. (28)
n

Sy = {C € CN Ty, Ilis increasing on [O, %} } . (29)
Define also
St = {C € CN7T,, pisdecreasing on [0, %} } . (30)

Notice that for C' € S,, or C € S}L, since C' € C N T, it is characterized by its
values for 6 € [0, Z].

‘n
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Proposition 5.1. Let C € S,,. Then II(7/n) = 0, and 11 has a limit —yo < 0 as
0\, 0, so it extends to a C* nonpositive non-increasing function on [0, w/n).

Proof. Since the outward normal at C'(6) is v(0) = (sin(6), — cos(#)) we have for
allg € (0,7)

== " sin() co ? cos(6) = — ’ M
1) = b+/0 p(B) 4+ t((9)/0 p(B) ah = b+/0 p(B) sin(0) dp

with b defined in (26), so

1
HmI1(0) = ~b+ 5 = —3o. 31)
On the other hand, by symmetry of C, the point (0,II(7/n)) also belongs to
Rar/n(A), so II(m/n) = 0. As a consequence, since we have assumed that II
is non-decreasing, we have yo > 0 and II is negative on [0, 7/n).
From now on we let I1(0) := —yq.
Using an integration by part we have for 6 € (0, 7/n)

/ B 1 1 QCOS(B)
e = p(6) sin(0) sin2(9)/o p(B)

1 L ([_sin3))" _ (7 p(B)sin(8)
- p(9)sin(0)+sin2(9)<[ p(ﬁ)]o /o p*(B) dﬂ)

L1 [P (B)sin(d)
B Sin2(9)/0 25 " 32

nee (0.2 ne (7))

Taking into account that limg\ o II'(#) = 0, due to p/(0) = 0, we end up with
I € CY([0, Z]). a

n

dp

Note that

The following result is a direct consequence of Equation (32):
Proposition 5.2. We have S} C S

Consider the mapping r defined by
voelo,m/n],  r(0) = [C(0)—(0,1(0))]

Since the curve does not cross the vertical axis before =, » € C!((0,Z]) N
C°([0, Z]). Hence we have the following parametrization of the curve C, for 6 €
(0, 7]

c0) = (0,II(0)) + r(0)(sin(#), — cos(h)) (33)

Lemma 5.3. The map 6 — (11(0),7(0)) extends to a C' map defined on [0, 7 /n),
and satisfying

(11(0), 7(0)) = <—b+ p(lo) p(lO)> .
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Proof. We are only left to prove the assertion for the map r. Putting the two
parametrizations together, since (C’(0), N(0)) = 0 and (C'(6),T(0)) = ﬁ,
from (16), we deduce from (33) that for any 6 € (0, 7/n],

. 1
él{%r(@) = m7
—II'(6) cos(8) + () = 0
{ I(6)sin(6) +r(6) = . (34)

1.e

! 1 1
4 0 sin(0) 0 — 0 sin(0) (l)
1 cotf) \r(0) 1 cotf) \ ;g (35)

where a is defined in (27). Using the first equation of (34), we get that limg~ o ' (0) =
0, so 7 € CL([0, Z)).

n
Proposition 5.4. Let C be a curve in C N Ty,
(1) If 11 is non-decreasing on [0, /n] (i.e. if C € S,), then the skeleton of C

is G ({0} x [—o0,0]).
(2) If the skeleton of C'is G, ({0} x [—y, 0]) then II is non-decreasing.

Proof. (1) First assume that C' € S,,. Denote by S the skeleton of C'.

a) First we prove that G,,({0} x [—yo,0]) C S. For this it is sufficient to prove
that for all § € [0, w/n], the point (0, II(#)) belongs to S.

We only need to prove it for # € (0,7/n) since the skeleton is closed. For
the same reason we can also assume that II'(#) > 0. So let § € (0,7/n) with
I'(9) > 0. The closed disk B((0,11(6)),r(#)) centered at (0,TI(#)) and with
radius r(f) meets C' at least at the two points C'(f) and C(—6). To prove that
(0,I1(6)) € S we need to prove that it is inside D. This will be done in two steps.

e We prove that the set

{O.110)) + r(cos,sing) 0 <r < 7(0), -2 - T <o <-4 1}

™
2 n
is included in D.
The proof is by contradiction, assume there exists 8’ € [0,6) such that
|C(¢") — (0,I1(0))|| = r(0). Consider the closed disk O centred at
(0,T1(0)) of radius r(6), passing through C'(6) and C(¢’), see Figure 1.
On one hand, by (34) we have r(6) < ﬁ, so for & < € and « close
to 6, the points C'(«) are outside the disk ©. On the other hand, since
II(cr) < II(0), there exists g, € Do N ((0,11(0)), C(6')]. As we can see in
the proof of the point b) below, C'(«) is the nearest point of ¢, in C. We
have [[gn — C(a)|] < |lga — C(&")]. Hence

1C(a) = (0,IL(B))]| < llga — C(@)]| + llga — (0,1L(O)) |
< llga — C(@")]| + llga — (0,11(9))|| = r(6)
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and we get a contradiction.

FIGURE 1.

C(0")

A similar contradiction is obtained if we assume there exists ¢’ € (0, 7/n],
with [|C(6") — (0, TI(8)) || = (6).
We get the wanted inclusion.
e We easily check that the convex hull H () of the n pieces of disks

) Toow T T
Gp ({(0,H(9))+r(coscp,s1n<p)|Ogrgr(ﬁ), 5 <p< —5-1-%})

contains B((0,11(6)),(#)) (check for instance that the curvature of its
boundary is everywhere smaller than 1/r()). But H(f) C D since D is
left invariant by G, and convex. As a conclusion, B((0,11(6)),(9)) C D,
so (0,11(9)) € S.
b) Finally we prove that S C G, ({0} x [—y0,0]). For 6§ € [0,7/n] and
r € (0,7(0)), consider the point P = (0,11(0)) + rv(6). We have to prove that
it does not belong to S. Consider 6 € [0, 27) such that C'(6") minimizes the dis-
tance between P and C. First note that we must have #’ € [0, 7/n], otherwise
the minimizing segment would cross an axis of symmetry, allowing to construct a
shorter segment from P to C. Next let us show that necessarily § = 6. Indeed,
otherwise, the lines Dy and Dy would then intersect at P. Assume for instance
that § < €', then we would get that II(§) > TI(#"), which is forbidden. Finally,
since d(P,C(0)) < r(0) < 1/p(0), the distance to C' is not singular at P and P
cannot belong to S. Using all symmetries, this proves that the complementary of
G ({0} x [~y0,0]) in D does not meet the cutlocus S of distance to C..
(2) Assume that the skeleton of C' is G, ({0} x [—yo,0]). Then for all § €
(0,7/n), we have B((0,1II(0)),r(#)) C D. This implies that r(6) < 1/p().
Then by (34) we get

so 11 is non-decreasing. (|
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Proposition 5.5. The set of curve Sy is stable under the stochastic curvature Sflow
namely (20). It is also stable under the usual deterministic curvature flow.

Proof. Let Cy be a curve in S,%, and pg the associated curvature function, by hy-
pothesis dpg() < 0 for 6 € [0,7]. Let C; be the solution of the stochastic
curvature started at Cp, namely the solution of:

{dtC(t,u) = (=p(C(t,w))Ve(wdt + V204 dBy
C0,u) = Coy(u).

Using the parametrization by the angle 6 of the tangent vector and the horizontal
axis as above we have, denoting p(t,0) = p.(6),

{ dip(t,0) = p2(t,0)(02p(t,0))dt + p*(1,0) (3p(t, 0)dt — \/2dBy) ,
p(07 ) = po-
(see (17) with h replaced by 0).

Using Lemma 3.10 we get that p; > 0 for ¢ < 7 where 7 is any lifetime of the
stochastic curvature flow. Using It6 formula, we have for 0 < ¢ < 7

1
d——= = (=93pu(0) — pu(6))dt + V2dB, (36)
pt(0)
Computations similar to those of the proof of Theorem 3.9 show that I.. , (27) =
I, . (2m) = 0. Recall S is the reflection with respect to the vertical axis. Using
the uniqueness of the stochastic curvature flow, we have

So(C(Co)) = C(S0(Co)) = Ci(Co).

Doing the same thing with the rotation Ry /,, it follows that p; satisfies Equa-
tion (28). To get the result we only have to show that dgp;(0) < 0for0 < ¢ < 7
and 6 € (0, 7).

Differentiating (36) in 6 we get:

Ogpi (0
d( GQPt( )> — 03(Dope(0))dt + Dgpy (0)dt.
Pt (9)
Let ¢ (0) = 825 Eg)g) , then ) satisfies the following partial differential equation with

stochastic coefficient and with lifetime 7 (see Lemma 3.10):

Orbe(8) = 95 (11 (0)7 () + v (0) 7 (6)

= 07 (0)05:(0) + 4p1(0)(0101(0)) (Dope (0)) + 1(0) (957 (0) + P} (0))
with initial condition 1y (0) = ai)g%()e)' By hypothesis ¢y(6) < 0. Note also by
0
the conservation of the symmetry that we have the boundary conditions ;(0) =
Yy(%) = 0. To show that 9pp; () < 0 for all ¢ < 7 we will argue by contradiction.
Suppose that there exists t* < 7 and 6 € [0, 7] such that dpp;+ (6) > 050 1= (6) >
0. Let

L= —2 <|!83p.2(.)| 01x10,2] + 107 Oll 0,441 x [0, 2 ) > —o0,
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and W;(0) = e*!1);(6), which satisfies the following equation:
0 W(0)

= i (0)0W4(0) + 4pe(0)(Dpp:(6)) (0 W (9)) + Wi (8)(7 07 (6) + pi () +(/~3L)7-)

Define b = supgcjo, =) Wi+ (0) > 0,

to = inf<t<t" st. sup Wy(f)="»>
6€(0,Z]

and let 6* be such that W, (6*) = b. From boundary conditions we have 6* €]0, 7.
At (tg, 6*) we have

OW(6%), >0, OFWy (). <0, Wi, ()
Using equation (37) we get the contradiction, since

0 < 8,W,(67)

=0.

lto lo lo

‘io

I
<b= <0.

-2

With a similar proof, we get the second part, namely the conservation of the class

Sﬁ under the usual deterministic curvature flow. O

Corollary 5.6. The class of domain St is also stable under the normalized sto-
chastic curvature flow (11).

Proof. Since the solutions of (11) are obtained by a change of probability from the
solutions of the stochastic curvature flow, the state space does not change, and the
result follows from Proposition 5.5. (]

6. A NEW ISOPERIMETRIC ESTIMATE

Let us end our consideration of S,, by observing that its elements are quite round
when n? is much larger that the length of their skeleton:

Proposition 6.1. For any curve C' in the set S, defined in (29) (and in particular
with skeleton G, ({0} x [—L(C)/n,0])) we have

7 (Tout — Tint)> < 0%(C) — 4m vol(D)

where L(C') is the length of the skeleton of C.

Proof. The lower bound on 0%(C) — 47 vol(D) is just Bonnesen inequality (6).
For the upper bound, let p be the curvature function associated to C, and p(6) =
(C(0),v(0)) the support function. Using computation in (34) we have

p(0) = —T1(6) cos(0) + r(6),
p'(0) = T1(6) sin(0)
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P'(6) + p(6) = p(la)

By symmetry of C' we have the following Fourier series of p:

p(0) = ap + Z ay, cos(kn@).

k>1

Also vol(D) = 3 [27 p(8)(p(6) + p"(0))d0 = wad + & S yn af (1 — n?k?) and
ap = 5= [ p(0)do = %U(C). Hence

02(C) — 4m vol(D) = 272 Z az(n’k? —
k>1

27
< 27r/ p'(0)%do
0

w/n
- / 112 (9) sin(6)d0
0

< dnr (L(C)>2 / " n?(0)do

n
272 9 sm (2—”)
n
4t
< —L(C
— 3nt ()
since 1 — sin(x)/x < 2%/6 for any 2 € R (with the usual convention sin(0)/0 =
1. O
a)
b)
t=20 t="T,

FIGURE 2.
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