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This work is concerned with an abstract problem in the form of a variational
inequality, or equivalently a minimization problem involving a non-differential
functional. The problem is inspired by a formulation of the initial-boundary value
problem of elastoplasticity. The objective of this work is to revisit the predictor—
corrector algorithms that are commonly used in computational applications, and
to establish conditions under which these are convergent or, at least, under which
they lead to decreasing sequences of the functional for the problem. The focus is on
the predictor step, given that the corrector step by definition leads to a decrease in
the functional. The predictor step may be formulated as a minimization problem.
Attention is given to the tangent predictor, a line search approach, the method
of steepest descent, and a Newton-like method. These are all shown to lead to
decreasing sequences.

©2023 Elsevier Ltd. All rights reserved.

1. Introduction

The theory of elastoplastic solids has yielded an abundance of interesting and important mathematical

problems, and the various formulations of the initial-boundary value problem have been the subject of a

range of corresponding computational approaches and associated algorithms (see for example [1,2] and the

references in these works). The elastoplasticity problem takes the form of a variational inequality, of one of

two kinds, depending on the manner in which the flow relation is treated. Whatever the formulation, the

nonlinear nature of the problem at its simplest is a result of behaviour being either elastic and reversible,

or plastic and irreversible, with the relevant branch not being known a priori.
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Consequently, a challenge lies in constructing solution algorithms which are efficient and convergent. The
most popular algorithms are of predictor—corrector form, with the predictor step entailing an approximate
solution of the equilibrium equation and the corrector step a solution to the variational inequality associated
with the flow relation. Approximations in the first step lead to elastic, secant or tangent predictors. The
corrector step is known in the computational literature as the return map, and entails either the solution of
a variational inequality of the second kind, if formulated in what is known as the primal form [1], that is, in
terms of the dissipation or support function, or alternatively the dual form, in which this step is formulated
using the yield function or, in the language of convex analysis, the indicator function of the set defining the
elastic region [2,3].

While the algorithms for the abstract problem corresponding to an elastic or secant predictor have been
shown to be convergent [4], the same has not been established for the tangent predictor, which is known
from computational experiments to converge most rapidly. Modifications of this predictor in the form of a
perturbation or line search procedure, on the other hand, lead to guaranteed convergence.

This work focuses on an abstract version of the primal problem of elastoplasticity, in the form of a
minimization problem involving a non-differential functional or, equivalently, a variational inequality in two
variables. The objective here is to explore some of the algorithms in use, to review the conditions under which
these lead to decreasing sequences of the functional, or indeed to convergence. In particular, existing results
for the tangent predictor are complemented by those establishing the conditions under which line search,
steepest descent, or Newton-like methods lead to minimizing sequences, in the sense that the functional
value reduces with each iteration. Full convergence studies for these latter methods remain open, and will
be the subject of a subsequent work.

The structure of the rest of this work is as follows. In Section 2 the abstract variational problem is
formulated, and conditions for its well-posedness presented. Section 3 is concerned with properties of the
predictor—corrector algorithm, in particular, the conditions for solution sequences to be decreasing. In
Section 4 attention is turned first to the line search procedure, which is shown to lead to a decreasing
sequence. Corresponding results follow for the steepest descent and Newton-like approaches.

2. Description of the problem and predictor—corrector algorithm
2.1. Formulation of the abstract problem

We begin by introducing various spaces, functionals and assumptions.

(h1) Let V and A be two Hilbert spaces, and set W =V x A.
(ha) Let b: VXV -5 R c: VxA—Randd: A x A — R be continuous bilinear forms, with b(-,) and
d(-,-) symmetric, and assume the existence of positive constants cg, ¢ and ko such that for all u,v € V

and A\, pu € A,
b(u,v) <ellullvollv,  bo,v) > el

d(AA) =(co+ wo) [, dX 1) < EMallula, (2.1)
c(v, p) <cllvllvlplla-

(h3) Let £1 : V — R and ¢5 : A — R be continuous linear functionals.
(hg) Let j: A — R be a non-negative convex functional, twice Gateaux-differentiable except at zero.

We consider the following abstract problem: Find (u, A) € V' x A such that
b(u,v) — c(Av) =£1(v) for allv €V, (2.2a)

dA, u—X) —c(p—Au)+j(p) —j(A) = Lla(u—N) forallpe A. (2.2b)
2
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It is noted that, with assumptions (hy) — (h4), the variational problem (2.2) has a unique solution
w:= (u,\) € W [5] (see also [1,6] for details of the proof).
For w = (u, \) and z = (v, u) elements of W, we define

a(w,z) = b(u,v) —c(\,v) — c(p, u) + d(\, p),
(v) + La(p), (2.3)

Here, for convenience, we write j(z) for the functional j : W — R defined by j(z) = j(). We note that the
pair (2.2) is equivalent to the variational inequality

(2.4)

Findw = (u, A) € W such that for all z = (v, u) € W,
a(w,z —w) +j(z) — j(w) — €(z —w) > 0.

Now since the bilinear form a(-,-) is symmetric, (2.4) is equivalent to the minimization problem

Findw = (u, A) € W such that for all z = (v, u) € W,
L(w) < L(z), with (2.5)
L(z) = 3a(z,2) +j(z) — U(z).

2.2. A predictor—corrector solution strategy

We will later explore specific forms of a predictor—corrector approach to the solution of (2.4) or (2.5);
the approach has been motivated by problems in elastoplasticity (see [1] and the references cited therein).
Assuming an algorithm in which steps are indexed by 7 (i = 1,2, ...), the objective is to generate a sequence
of solutions w? := (u?, \!), given wi~! = (ui~1, \=1), such that w' — w as i — co.

For the predictor step we need the quadratic functional £ defined by

LO(2) = ga(z,2) + 59 (2) = £(2) (2.6)

where j( is the Taylor approximation of order two of j at w?~?

for p # 0); that is,

(assuming that j(u) is twice differentiable

j(z)(z) — j(wi—l) + (j’(wi_l),z _ Zi—l) T %j”(wi_l)(z _ wi—l’z _ wi—l)7 (27)

where ()" and ()" denote first and second Gateaux derivatives. The first derivative is treated as a member
of W, in view of the Riesz isometry between this product space and its dual. Furthermore, here and in what
follows the inner product and norm on V x A are denoted by (-, -) and || - ||, respectively. The second Gateaux
derivative is a bilinear operator on the product space.

The functional £ is quadratic and twice Gateaux differentiable, with first and second Gateaux
derivatives given by

(LO"(2).w) = az,w) + (7' (w' ™), w) + 5 (W) (w, 2 — 27) — E(w),

. - (2.8)
LO"(2)(w,€) = ale,w) + j" (w' ) (w,e).
The predictor—corrector scheme is as follows. Choose (u®,A\°) € V x A. For i = 1,... and given iterates
(u =N eV x 4,
Predictor step: Find (u’, \*") € W the solution of
LOW N = inf LD, p). (2.9)

(v,m)EW
3
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Corrector step: Knowing u?, find A\* € A the solution of
L(u',\) = inf L(u’, ) (2.10)
peA

where L is given in (2.5).
Equivalently, using the optimality condition, (2.9) and (2.10) may be written as follows: Find (uf, \**) €
W and A\ € 4 such that _ o
LO (W XY (v, 1) =0 for all (v, pu) € W,
0 € 9,L(u",\"),
where 0,,L denotes the subdifferential of £ with respect to the second variable. Using (2.3) and (2.5), the
algorithm is as follows:
Predictor step: Find (u’, \*') € V x A that solve

(2.11)

b(ut,v) — c(A*',v) = £1(v) forallv eV, (2.12)
—c(pyu’) + d(N ) + 3" (NN ) = ba(p) forallp e A. '
Corrector step: Find \* € A that solves
A\ e — N — e — N ut) + 5 (p) — () > La(p— \Y) forally € A. (2.13)

Remark 2.1. See [1, Section 12.2] for concrete examples of the above abstract formulation, for both
conventional and strain-gradient plasticity.

Remark 2.2. The optimality condition (2.11)5 or (2.13) can be approximated by a variational equation in
which the functional j is replaced by a differentiable functional j. with € a small parameter such that j. — j
as € — 0. Then the approximation of (2.10) is

L(u')\.) = infL.(u', ),
I
in which
£(2) = La(z,2) +je(2) - £(2).
This approach has been used with success in various applications, for example, [7] for problems in plasticity

and [6] for Bingham flow (see also [1, sect. 12.4], for various examples of regularization and their convergence
properties).

Remark 2.3. The pair of Egs. (2.12) can be reduced to a single equation for the unknown variable u, as
is conventionally done computationally. To do this, define the set of operators

B:V =V, (Bu, )—b(uv)
C:V—A4and C: A7V, (Cv, p)y = (Cp, v) = e(p,v),
D:A— A, (DX, ) = d(\ )

G: A4, (GA, ) = 3" (N (A, ).

Here V and 4 denote respectively the topological duals of V' and A, and C is the dual operator of C. From
the properties (2.1) the operators B, C,D and G are bounded, and B, D and G are bounded below, and
hence invertible. With these definitions Eqgs. (2.12) for the predictor step can be rewritten as

Bul —CA* =1y, (2.14a)
—Cul + DN+ GA¥ = (5. (2.14b)

4
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Elimination of A\** gives the equation
[B—C(D+G) 'Clu’ = £, +C(D+ B) "4y (2.15)

for u'. The discrete analogue of the operator on the left hand side of (2.15) is referred to as the consistent
tangent.

Remark 2.4. Discrete and computational approaches in plasticity conventionally formulate the flow
relation (2.12) or (2.14b) in dual form. To obtain this form, (2.14b) is rewritten as

GO\ = Cul — DN by =T € A.

The dual form of this expression is ,
A= 50 (1), (2.16)

where j() denotes the Legendre-Fenchel convex conjugate of j(). Given the quadratic form of j® its
conjugate is found in a straightforward manner and is given by

J0r) = 3 = F T, 67 = () =S,

Then Eq. (2.16) gives
M =G N r—7'(\h). (2.17)

As with the version (2.15), the expression (2.17) may be used to eliminate A\** from (2.14a) .

3. Convergence: Preliminary approach

The goal here is to study the conditions under which (£(u?, \?)); is a decreasing sequence. Indeed, the
sequence (L(u®, \%)); is bounded from below by L(u, ). These two properties imply that (L£(u?, \?)); is
convergent to some limit (> L(u, A)).

We first revisit the result presented in [1, Section 12.2].

Let (u?, A\Y); be the sequence given by the relations (2.12), (2.13). Then

L' N — LN = L(u', N — Lub, ) + L(u', ) — L(u AT (3.1)

Clearly from (2.10), £(u®, \*) — L(u?, \*') is non-positive, and hence (3.1) implies that
L(ut, N — L= N1 < £(uf, M) — L1, N,

From the definition of £ and £ we have

L, N — Lui=Y, N7y = £0 (i, A — £ (=1 Ni=1) 1 () — 5O () (3.2)
Now using (2.9), one has £ (u?, \**) — L&) (=1, A*=1) < 0. Hence (3.2) implies that

L' X)) — L™ N <G = D (). (3.3)

Considering the definition of j(*(\*) (see (2.7)), and setting AN** := A** — X\i~1_ one obtains

JOT) = GO = AT =) = (), AXT) — 354N, X, (3.4

>0 >0

the signs of the two sets of terms on the right hand side following from the convexity of j.

5
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Thus, the right hand side of (3.4) is non-positive if
FOW) = G = (L), AN < L7 (L) (AN, AN (3.5)

The requirement (3.5) is very restrictive even if the functional j is convex and twice Gateaux-differentiable
at \~1. Also, the fact that A** is an unknown makes the fulfilment of (3.5) difficult. Thus, the sign of
G — jO (X)) is unclear and the tangent predictor in its original form (2.12) might not produce a
decreasing sequence.

As an alternative, one may make use of a perturbed Taylor expansion of j about A*~!, of the form [I,
Section 12.3]

GO =T+ DA = AT 4 37T = XA =N e = N (3.6)

with € chosen so that
() <3 (p) forallp e A (3.7)

holds, at least in a neighbourhood of A\*~!. It is clear that with (3.6), and (3.7) enforced locally, (3.3) implies
that

Remark 3.1. If j”(A\=1) = 0, then (2.12) becomes

b(ut,v) — c(A\*",v) = f1(v) for allv e V|
—c(p, ut) + d(N ) = Lo(p) forallpe A,
which is known as the conventional tangent predictor. The relation (3.3) remains valid, and (3.4) becomes
j()\*z) _](z)()\*z) — J()\*z) _j()\z—l) _ (]/()\2_1), A}\*l) (38)
which is non-negative because of the convexity and Gateaux-differentiability of j. Hence we cannot conclude
that the sequence L£(u’, \?) is decreasing.

A convergence result. The following result was proved in [4,8] (see also [1], Section 12.3).

Theorem 3.1. Under the assumptions (2.1), for j& chosen such that
FONT) =GN, FONTY) =5, () <Y (n) Ve 4, (3.9)
and with the condition r := & /[co(co + ko)] < &, where the constants are given in (2.1), the algorithm (2.12),

(2.13) converges.

Thus in particular the algorithm with the perturbed tangent predictor (3.6) converges.
We explore next various approaches based on descent methods, and establish conditions under which the
algorithms lead to decreasing sequences.

4. Descent methods

The descent method or line search approach to the predictor step (see (2.9)) (see for example [9], Sections
10.4 and 10.5) entails the generation of a sequence of iterates w* := {u’, \*'} with

*17 1—1 '7 (41)

wt =w" — oy

where o; is non-negative and represents the step size, and 1’ is the search direction. Different choices of «;
and @' will determine different methods of descent. It is clear that in each iteration we have two stages:

6
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(i)  choice of a descent search direction w;
(ii)  choice of the step size a; along the search direction .

We now consider some specific examples of descent methods.

4.1. Line search

The line search approach proposed in [10] was analysed for the discrete case in [11], and is presented here
in the present Hilbert space context. The main idea is to treat the solution to (2.9) for the tangent predictor
as an intermediate one, then to seek an improvement in the form given by (4.1).

We show now that it is possible to find a satisfying 0 < o < 1 and a direction @’ such that

L(w*) < Llw™). (4.2)

Thus the predictor (2.9), when combined with the corrector step, leads to {L(w?)}; being a decreasing
sequence.
Consider the functionals £(w*') and £ (w*?) as functions of & and set

J(a) = Lw'™ —ad?), TD(a)=LOw - ai?).

i—1

For any integer ¢ > 1 and knowing w'™", we want to find a > 0 that solves

L(w™ — i) = inf L(w'™ — a?). (4.3)

Since J is not quadratic it is not straightforward to find the minimizer «;. Instead, we approach the problem
by seeking an approximation, that is, by minimizing J .
The value at which the quadratic function 7 achieves a minimum is found from

_ A _ Niod VTS S RN A I i1 58 — (7 (0 LY. @) - L(
0= " = alo(@', o) + (@)@, 0] - alw' ') - ((w ), @) + @), (44)
Thus,
i—1 i (i1 N gl
- j,wA),Jr FACH ), ") A?(w ) (4.5)
(@, 00 + 7 o (@ @)
Now from (2.14Db) the solution w** satisfies (L' (w*~! — ad?), z) = 0, that is,
a(w™' —a’, 2) + (5 (W), 2) + 5 (w ) (0, 2) = £(2). (4.6)
Setting z = ' and rearranging, we find that the denominator in (4.5) is given by
A, d) + (') (@' ) = a(w' ™ 0) + (' (w1, 0) — (@), (47)

Thus amin = 1. At this stage we need to show that there is a value @’ € (0, aumin) approximating the solution
of (4.3).
We note that
[T (@) +o?£0" @' 0")]| =)
= J9(0) = 59(0) + 5 (0)
— j(i) (0).
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Secondly,

L 17() + e 0| _ =L g0)
= (£ (), )
= —LO" (w1 (@', 0') < 0. (4.8)

Thus A [7(a) + o*>L9" (17, 9")] will be non-positive for some « in the range 0 < a < 1, and hence

L) = T(a)
< j(a) 2E(i)//(wi—1)(wi’wi)
<J0) (0<a<l)
= L(w™h). (4.9)

It follows that with the appropriate choice of «, the line search procedure for the predictor step together
with the conventional corrector leads to a minimizing sequence for £(w?).

4.2. Steepest descent method

We take w' = (u, \') and w** = (u’, \*?).
A family of descent methods is constructed with the search direction satisfying

(LY (w1, 2%) > 0. (4.10)
The method of steepest descent corresponds to a gradient approach with the direction w* given by
W' = L0 (w1, (4.11)
Clearly we have (4.10) with (4.11). Next, we compute «; > 0 as the solution to the minimization problem
LO(w ! — yd?) = igfﬁ(i)(wi’l — aw'); (4.12)

that is,
(LY (W — ay?), ') = 0. (4.13)
Since £ is quadratic one obtains

o (E(i)/(wifl)’wi) B (L(i)/(wifl)’E(i)/(wifl))
&= LO7(wi=V) (@i, @) LO(wi=-1) (i, df)

The predictor step corresponding to the steepest descent method is thus as follows.
Predictor (steepest descent): Given w'~! € W, find @¢ and w** in W from

W' = L9 (w1, (4.14a)
£ (w112

;= L 4.14b

N O W (@, @) (4.14b)

w* = w' — b (4.14c)

The corrector step is as in (2.10) or (2.13).
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Remark 4.1. From the definition (4.12) and (4.13),
LO(w) < LO(w=Y) and (L9 (w*), LD (w' 1)) =0. (4.15)
Hence the steepest descent approach is guaranteed to make at least some progress in finding a minimizer of
L) and the search directions are independent from one iteration to the next.
Remark 4.2. Given ;@ £ and £ (2) = L(2) + 7 (2) — j(2), it follows that
LOw = L(w™Y), LW =L, £O"(w™Y) =L"(w"?), (4.16)
and

£ ()]

i = L (w1 (@, @)

Theorem 4.1. Let (u', \*) given by (4.14a)—(2.10) and (4.14c). Then (L(u’,\")); is a decreasing sequence
for ai; in a neighbourhood of zero.

This result is easily obtained by adapting the proof used for the line search approach. It suffices to show
that there exists a neighbourhood of «; such that the sequence {£(w?)}; is decreasing. We present a different
proof here.

Proof. We have the decomposition
L(w') — Lw'™") = L(w') — L(w*) + L(w*) — L(w' ™).

(4.17)
corrector step predictor step
We start with the corrector step, and note that £(u?, \') = ingﬁ(ui, ). Thus
pe
L(w') — L(w*) <0. (4.18)

We note that
L' (wh)(@', ') = a(@', ") + " (w1 (@, @) > (c+m)||L' (w7,

where m is the smallest eigenvalue of j” (w®™1).
Secondly, in the predictor step, with (4.14c) and Taylor’s expansion (recall that £(®) is quadratic), we
have ) ) ) ) . )
ﬁ(w*z) — E(z)(w*z) +](w*z) _j(z)(w*l)
_ E(wzfl) _ ai[(ﬁ(z)’(w“l),wi) _ %E(l)”(wz)(w“,w“)} —&—.](U)*Z) _ j(l)(w“),
which after substitution for a; gives
£ (w =)
© 2L (wi=T) (@, )
We return to (4.17); using (4.18) and (4.19) we have

) ) L(i)/(wi—1)||4
AN i—1 < _ ||
L) = £ < = w1y, o)

L(w*) — L) = +j(w) = O (). (4.19)

+ j(w*) — 5O (w*). (4.20)

By definition, j is the second order Taylor’s approximation of j. Denoting by j*) the k-derivative of 7,

we have L
j) = D) = 3 (~)F P @@ ).
k! —
3<k<n k terms
We deduce from (4.20) that there exists a neighbourhood of a; for which L£(uf, ') — L(u!=, X\i71) is
non-positive, which completes the proof of the theorem. O

9
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4.8. A Newton-like method

In this approach the search direction at each iteration is defined to be ¢, the solution of
H:VxA=sVxA H@) =LY (wh), (4.21)

where # is an approximation of £®)”(w?~1). The functional £() is convex and twice differentiable, hence
its second derivative is symmetric and positive definite. So, we have (4.10) with (4.21). Next, from (4.12)
and (4.21),

E(i)/(wifl) . Hflﬁ(i)/(wifl)
Qi = LO7 (wi=1) (6, i) :
The predictor step corresponding to the Newton-like method is as follows.
Predictor (Newton-like): Given w'~! = ('~} \*71) in W, find ©*, o; and w** € W from

(4.22)

H(w') = LO (w1,

A i A D)

L E(i)//(wi—l)(mi’wi) ’ (423&)
1

*7

w =w'" — oWt

The corrector step is as in (2.10) or (2.13).

Remark 4.3. From the construction of a;, the iterates w** = (u?, \*) are such that
Lw*) < Lw™) and L' (w*) - H L (w'™) =0.
We have the following result
Theorem 4.2. Let w' = (u', \?) given by (4.23a). Then (L(w?)); is decreasing in a neighbourhood of c;.

Proof. We proceed as in the proof of Theorem 4.1. a
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