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Stochasticity in the synchronization of strongly coupled spiking oscillators

Synchronization of electrical oscillators is a crucial step toward practical implementation of oscillator-based and bioinspired computing. Here we report the emergence of an unusual stochastic pattern in coupled spiking Mott nanodevices. While a moderate capacitive coupling results in a deterministic alternating spiking, increasing the coupling strength leads counterintuitively to stochastic disruptions of the alternating spiking sequence. The disruptions of the deterministic spiking sequence are a direct consequence of the small intrinsic stochasticity in electrical triggering of the insulator-metal transition. While the stochasticity is subtle in the individual nanodevices, it becomes dramatically enhanced just in a single pair of coupled oscillators and thus dominates the synchronization. This is different from the stochasticity and multimodal coupling appearing due to collective effects in large oscillator networks. The stochastic spiking pattern in Mott nanodevices results in a discrete inter-spike interval distribution resembling those in biological neurons. Our results advance the understanding of the emergent synchronization properties in spiking oscillators and provide a platform for hardware-level implementation of probabilistic computing and biologically plausible electronic devices.

Oscillator-based computing, an approach of using networks of interacting oscillators for information processing, can provide an efficient alternative to conventional computational algorithms implemented on von Neumann architecture 1 . Demonstrations of oscillator-based computing include networks capable of solving NP-hard combinatorial tasks, such as graph coloring [START_REF] Mallick | IEEE Int. Symp. Circuits Syst[END_REF][START_REF] Parihar | [END_REF] , maximum cut 4,5 and maximum independent set 6 problems. Furthermore, oscillator circuits are essential components of hardware-level implementation of spiking neural networks 7,8 . In many practical demonstrations the individual oscillators are implemented using standard CMOS technology [START_REF] Mallick | IEEE Int. Symp. Circuits Syst[END_REF]5,6,9 . Recently, there has been a great interest in replacing CMOS oscillator circuits with devices based on quantum materials in order to reduce energy consumption and circuit footprint. Several approaches have been proposed including the use of magnetic spin-torque oscillators 10,11 micro-and nanoelectromechanical systems [12][13][14] , and spiking devices based on electrical triggering of an insulator-metal transition (IMT) 15,16 . The key element that enables the oscillator-based computing is the ability to achieve tunable coupling between the individual oscillators.

The implementation of coupling between non-CMOS devices is often complex and could result in a highly non-intuitive dynamical behavior [17][18][19][20][21] . Here we report that increasing the capacitive coupling strength between only two Mott oscillators amplifies the influence of small intrinsic stochasticity leading to an emergent stochastic pattern with spiking sequence disruptions. The observed discrete inter-spike interval (ISI) distributions in coupled Mott nanodevices qualitatively resembles those in biological neurons, which could prove useful for hardware-level implementation of bio-inspired computing systems. 
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Volatile resistive switching due to the triggering of an IMT in VO2 enables building a simple circuit that emits current spikes in response to a dc applied voltage. In our setup (Fig. 1a), dc voltage produced by a function generator is applied to a 100×400 nm 2 VO2 nanodevice that is connected in series with a load resistor. A multichannel oscilloscope was used to monitor the voltage on VO2 nanodevices and the current flowing in the circuit. The operation principle of the spiking circuit is as follows. As voltage is applied to the circuit, the potential across the VO2 increases controlled by the RC time constant arising from the parasitic capacitance of the setup (estimated as 0.2 nF in our case). When voltage across the VO2 reaches a threshold, an insulatorto-metal resistive collapse is induced, which produces a current surge (spike) in the circuit 22,23 .

Because the resistance of VO2 in the collapsed metallic state is low, most of the applied voltage drops over the load resistor. In this state, a small voltage applied across the VO2 can no longer maintain the metallic state, causing the device to revert back to the insulating state and the cycle repeats. The spiking frequency (inverse of inter spike interval) can be controlled by adjusting the applied voltage (Fig. S1), load resistor (Fig. S2), or temperature (Fig. S3). In our setup, the process described above resulted in the generation of periodic current spikes with the typical frequencies in the range of 0.1 -1 MHz as shown in Fig. 1b. Although the peak spiking current can be relatively large, ~10 mA, the power consumption per spike event is small, ~1 nJ, because of the extremely short spike width, ~30 ns. (Fig. S4).

The spiking oscillations in VO2 display a subtle stochastic behavior. Fig. 1c shows the inter-spike interval (ISI) statistics for two independent oscillators. The ISI distributions can be fitted by Gaussians, which gives a small, approximately 5-10%, standard deviations of the spike timing with respect to the mean values, 7.09 ± 0.40 µs for the oscillator A (red color in Fig. 1 b-e) and 5.46 ± 0.53 µs for the oscillator B (black color in Fig. 1 b-e). Our experimental setup had the time resolution of 312.5 MS/s, which is much faster than the observed deviations of the ISI. We note that the spiking devices A and B are nominally identical, and the differences between them are due to unavoidable device-to-device variability. While minimizing the device-to-device variability requires careful optimization of the fabrication process, the average properties of the spiking devices, such as threshold voltage and spiking frequency, can be tuned by changing the device geometry (gap size and width), film growth conditions or by post-processing ion irradiation 24,25 .

The oscillator circuit operates under dc voltage without injecting noise to artificially produce spike timing stochasticity. Therefore, the measured ISI distributions are related to intrinsic properties of VO2 nanodevices 15,22,23,[START_REF] Cheng | Proc. Natl. Acad. Sci[END_REF] and are not caused by the measurement uncertainty or external perturbations.

Spike timing stochasticity is often reported in single IMT-based oscillators 15,23 and it has a qualitative resemblance to the jittering in biological neurons [START_REF] Gütig | [END_REF][28][29][30] . Small variations in the spike timing in VO2 could be related to stochastic relaxation of metallic domains back into the insulating state [START_REF] Cheng | Proc. Natl. Acad. Sci[END_REF]31,32 resulting in deviations of the IMT triggering voltages in each oscillation cycle. Fig. 1d shows the spike-triggering voltage distributions for the two independent VO2 nanodevices. The spike-triggering voltage is defined as the maximum voltage that builds up on a device before a spike is emitted. Similar to the ISI, the switching voltage distribution can be fitted by Gaussians giving 1.80 ± 0.050 V and 2.09 ± 0.077 V, i.e., 2-4% deviations, for the oscillators A and B, respectively. Because in each oscillation cycle, the spikes are triggered by slightly different voltages, the current amplitudes of the spikes also show a stochastic distribution (Fig. 1e).

Although the cycle-to-cycle deviations of the spiking parameters (ISI, spike-triggering voltage, current amplitude) in the individual VO2 nanodevices are relatively small, the intrinsic spiking stochasticity can have a strong impact on the behavior of the coupled oscillators as we demonstrate in this work.
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Connecting two independent VO2 spiking oscillators using a coupling capacitor (Fig. 2a) allows synchronizing the oscillators' frequency and phase. When the coupling capacitor is small (below 0.5 nF), the synchronized oscillators display a deterministic alternating spiking sequence (Fig. 2b, top panel), which is consistent with multiple previous reports [33][34][35] . One might intuitively assume that the larger the coupling capacitance, the larger the coupling strength, and, consequently, the synchronization between the two spiking devices is more robust. Our measurements, however, show that increasing the coupling capacitance leads to the emergence of stochastic disruptive events in the synchronization pattern. The middle and bottom panels in Fig. 2b show the spiking current time traces of two VO2 oscillators coupled using 1 nF and 10 nF capacitors, respectively. While the coupled nanodevices generate an overall periodic spiking, the alternating sequence is often disrupted by stochastic events when one of the oscillators (A or B) emits multiple sequential spikes. These stochastic disruption events are highlighted using green shaded stripes in Fig. 2b. The stochastic disruption events can be also observed when we increase the applied voltages but a fixed coupling capacitor in Fig. S5. The density of the disruption events (i.e., the total number of disruption events per total number of spikes) increases with increasing the coupling capacitance as shown in Fig. 2c. The circuit RC constant increases with increasing the coupling capacitance, which, in turn, causes a proportional inter-spike interval increase (Fig. S6). This implies that the circuit electrical inertia is the primary parameter determining the spiking dynamics for the coupled oscillators. It can be expected that if the parasitic capacitance becomes larger and the spiking frequency decreases, a larger coupling capacitor would be needed to synchronize the oscillators. We note that the data presented in the figures were recorded in the same pair of VO2 nanodevices and the only modification needed to induce stochastic disruption events in the alternating spiking sequence was increasing the coupling capacitance. Fig. 2b shows only 80 μs time window of the spiking current traces to facilitate visual separation of individual spikes. Experimentally recorded traces were 4 ms long containing hundreds of spikes and the emergence of disruption events was observed throughout the entire recording time. A few examples of different time windows similar to data in Fig. 2a are shown in Fig. S7, S8, S9. We observed similar behavior in multiple pairs of different VO2 nanodevices (Fig. S10), therefore the emergence of disruption events in the deterministic alternating spiking sequence is not accidental, but rather a general property of these coupled spiking oscillators. As we describe below, the origin of the observed alternating sequence disruptions stems from the interplay between the small intrinsic cycle-to-cycle stochasticity present in our VO2 devices and the nature of coupled spiking systems, in which very short-time interactions occurring during the spike emission make the system highly susceptible to fluctuations.

The disruptions of deterministic alternating sequence of the coupled spiking oscillators lead to an emergent stochastic pattern. Fig. 3 shows the ISI statistics evolution of the two oscillators coupled using different capacitors. For a small coupling capacitor (0.5 nF, top panels), the ISI of both oscillators has only a single peak corresponding to the alternating spiking synchronization. As the coupling capacitor increases (1 nF and 4.7 nF, middle panels), satellite peaks emerge at multiples of the main ISI peak, corresponding to the emergent stochastic pattern. With the largest capacitor (10 nF, bottom panel), the most pronounced distribution peak shifts to half of the alternating This is the author's peer reviewed, accepted manuscript. However, the online version of record will be different from this version once it has been copyedited and typeset. PLEASE CITE THIS ARTICLE AS DOI: 10.1063/5.0129205

spiking period, which indicates that alternating spiking bursts (i.e., several consecutive spikes of one oscillator followed by several consecutive spikes of the second oscillator) become the most prominent spiking pattern. The stochastic pattern in coupled VO2 oscillators, caused by alternating sequence disruptions, qualitatively resembles those in biological sensory neurons [36][37][38][39] , which is argued to be an important feature for processing information from different sensory modalities in the nervous system. Thus, our results could find applications in expanding the range of biologically plausible behaviors that can be emulated using IMT-based spiking oscillator devices 4,[40][41][42] .

To understand the origin of stochastic disruptions of the deterministic alternating spiking sequence we investigated voltage dynamics in the circuit. Fig. 4a shows voltage time traces of two VO2 nanodevices coupled with a small capacitor of 0.5 nF. The pink and grey shaded stripes highlight which oscillator, A or B, emits a spike. An oscillator spikes when the voltage reaches the threshold to trigger the IMT in VO2. Because of the subtle intrinsic stochasticity of the IMT triggering, the threshold voltage displays small cycle-to-cycle variations (Fig. S11,S12) producing proportional variations in spike current amplitudes (Fig. S13). When a spike is emitted by the oscillator A, its voltage discharges nearly to zero. At the same time, the voltage in the oscillator B also discharges, but only partially. This partial discharge is due to an extra current flow through the small coupling capacitor. In the next cycle, the charging of oscillator B is far ahead of the oscillator A, assuring that the next spike is emitted by the oscillator B. As a result, synchronized deterministic alternating spiking sequence is produced when the two devices are coupled using a small capacitance. Fig. 4 b and c show the statistical distribution of the VO2 voltages at the moments of the spike emission.

We distinguish two cases: (i) voltage on a VO2 nanodevice when it emits a spike (VAA or VBB), (ii) voltage on the VO2 nanodevice when the other oscillator emits a spike (VAB or VBA). It is evident that when the two oscillators are coupled with a small capacitor, the two types of voltages are well separated, VAA > VAB and VBB > VBA. In other words, when one device spikes the voltage on the other one is far below the IMT triggering threshold. In contrast, when the oscillators are coupled by a large capacitor, such as 10 nF, it is no longer possible to distinguish between VAA and VAB and between VBB and VBA. When one oscillator spikes and discharges, the other oscillator also discharges almost completely because the large coupling capacitor allows a large current flow between the two VO2 devices (Fig. 4d). Because both oscillators begin each cycle from a discharged state, they arrive at the IMT threshold at approximately the same time, which results in the overlap of VAA and VAB as well as VBB and VBA distributions (Fig. 4 e andf). When both VO2 devices are on the verge of the IMT, it becomes indeterminate which oscillator, A or B, would emit a spike. Therefore, alternating A-B spiking or consecutive A-A or B-B spiking are possible when the oscillators are coupled by a large capacitance.

Numerical simulations further corroborate the importance of small VO2 intrinsic stochasticity in the spiking properties of coupled oscillators. We modeled the experimental circuit by considering VO2 devices as lumped elements that can switch between high and low resistance states under an applied voltage (Fig. 5a). The voltage-and time-dependent probability of the switching was introduced as 

where 𝑉 𝑡ℎ is the instantaneous threshold voltage and 𝛿𝑉 describes the stochastic range. Eq. ( 1) was previously found to provide excellent fit for the experimental data of switching probability in VO2 devices 43 . To enable self-oscillations in the simulated circuit, we introduced capacitors Cp connected in parallel to the VO2 devices, which emulates the parasitic capacitance of the experimental setup. At the beginning of each oscillation cycle, the Cp capacitor charges producing gradual voltage buildup on the VO2 device, thus increasing the probability of high-to-low resistance switching in accordance with Eq. ( 1). When switching is induced, Cp fully discharges resetting the voltage on the VO2 device. The two VO2 devices considered in the simulations had 10% different threshold voltages, therefore the natural oscillation frequencies differ when the devices are uncoupled, i.e., when Cc = 0 (Fig. 5b). When a small coupling capacitance is introduced 10 (Cc = 0.5), the oscillators synchronize and display an alternating spiking sequence (Fig. 5c). This synchronization is due to the partial discharge of one oscillator when the other oscillator switches into the low resistance state. The remaining charge on one device when the other device switches can be written as where 𝑄 𝑓 is the accumulated charge on the device at the moment just prior to the switching of the other device. Eq. ( 2) shows that the larger the coupling capacitance, the stronger the discharge effect, i.e., the difference between Qf and Q. When the coupling capacitor is large enough, both oscillators start the charging sequence from a relatively low level and arrive at the switching conditions almost simultaneously. In such a case, it becomes random which device undergoes the switching and the alternating oscillations pattern is often disrupted by one device switching multiple times in a row (Fig. 5d), reproducing well the experimental observations. We note that these disruptions in the alternating oscillation sequence cannot be achieved in the simulations if the two VO2 devices switch at deterministic threshold voltages. The key aspect of the simulations that allowed reproducing the experimental results is the assumption of inherent stochasticity in the resistive collapse of VO2 nanodevice.

𝑄 = 𝑄 𝑓 𝐶 𝑝 𝐶 𝑝 + 𝐶 𝑐 , (2) 
We demonstrated that increasing the strength of capacitive coupling between spiking Mott oscillators results in stochastic disruptions of the deterministic alternating spiking sequence. We show that this effect is caused by the slight, unavoidable intrinsic stochasticity of spiking oscillators. Non-intuitive synchronization, such as oscillation clustering and chimera states, is often observed in large networks of coupled oscillators, which could stem from nonlinear and nonlocal coupling, coupling delay, network geometry and heterogeneity, etc [44][45][46][47][48][49][50] . The important result of our work is that stochastic disruptions of the alternating oscillation sequence already emerge on the level of a single pair of a strongly coupled spiking oscillators, in stark contrast to a pair of harmonic oscillators where increasing coupling strength produces more robust synchronization. Understanding unique features of spiking oscillators becomes extremely important with the advent of neuromorphic computing and particularly relevant to recent interest in spiking neural network 7,51,52 . Specifically, we point out that coupling between individual devices could lead to an emergent stochastic behavior as shown in this work. This might be a useful feature in large scale spiking neural networks to produce desirable such as found in biological systems 53 .

Stochastic coupling in spiking oscillators might also find applications in stochastic computing for the development of stochastic bit generation sources [54][55][56] .

Fig. 1 .

 1 Fig.1. Intrinsic stochasticity in independent spiking nanodevices. (a) Electrical circuit used to measure spiking properties of individual VO2 nanodevices. The SEM image shows a 100×400 nm 2 VO2 device defined by Ti/Au electrodes. The voltage on the VO2 device and the current flow in the circuit were monitored by an oscilloscope. (b) Current time traces showing spiking oscillations in two independent VO2 nanodevices. (Red: oscillator A; Black: oscillator B.) (c-e) Distributions of the interspike intervals (c), spike-triggering voltages (d) and spiking currents (e) of the two VO2 oscillators shown in (b). Histograms correspond to experimental data and solid lines are Gaussian fits. Small stochasticity of these three parameters is evident.

Fig. 2 .

 2 Fig.2. Synchronization behavior of two coupled spiking oscillators. (a) Electrical circuit for spike synchronization of two oscillators. The synchronization was achieved by connecting two VO2 nanodevices using a coupling capacitor (highlighted by blue color). The load resistors R0 for both oscillators are 20 kΩ. (b) The overlaid current time traces of two spiking oscillators show the synchronization patterns obtained for different values of the coupling capacitance.Small coupling capacitance (top panel) leads to a perfect alternating spiking sequence. Increasing the coupling capacitance (middle and bottom panels) results in stochastic disruptions of the alternating sequence in which one oscillator emits multiple sequential spikes (highlighted by green stripes). (c) Disruption event density (the total number of disruption events per total number of spikes) as a function of coupling capacitance.
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Fig. 3 .

 3 Fig.3. ISI distribution in coupled spiking oscillators. (a-h) Statistical analysis of the ISI distributions of two coupled VO2 spiking oscillators. The histograms are experimental data and lines are Gaussian fits. Same red and black coloring convention is used in the plots as in the previous figures. Perfectly alternating spiking sequence produces single ISI peak (a and b). The disruption events in the spiking sequence caused by increasing the coupling capacitance lead to the emergence of satellite peaks at multiples of the main ISI peak (c-d). At extreme coupling capacitance values (eh), alternating spiking bursts become the dominant spiking pattern, which results in the pronounced ISI peak at a halfinteger value of the alternating sequence ISI.
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Fig. 4 .

 4 Fig.4. Voltage dynamics of the coupled spiking oscillators.(a,d) Voltage time traces of two VO2 spiking nanodevice coupled using 0.5 nF (a) and 10 nF (d). Same red and black coloring convention is used in the plots as in the previous figures. Pink and grey shaded stripes highlight the spikes by the oscillators A and B, respectively. Blue arrows highlight disruption events. For a small coupling capacitance (a), one oscillator discharges only partially when the other one spikes. For a large coupling capacitor (d), both oscillators discharge nearly completely when one of them emits a spike. (b,c,e,f) Statistical analysis of the spike-triggering voltages. Histograms correspond to the experimental data and lines are Gaussian fits. VAA and VBB are voltages that trigger spikes in devices A and B, respectively. VAB and VBA are voltages on one device, A or B, when the other one, B or A, emits a spike. For small coupling capacitance (b,c), the distributions corresponding to the two types of voltages are well separated allowing perfect alternating spiking sequence. For large coupling capacitance (e,f), the distributions overlap making the spiking probability of oscillator A or B nearly identical, which results in stochastic disruptions of the alternating spiking sequence.

Fig. 5 .

 5 Fig.5. Simulations of synchronized stochastic spiking oscillators. (a) The circuit schematically shows the simulation procedure. The model considers that the device turns into a short (i.e. switches into a low resistance state) when the device emits a spike. (b-d) Simulated voltage dynamics for different values of coupling capacitance Cc. Pink and grey shaded stripes in the plots highlight the spiking events produced by one or the other oscillator. Blue arrow highlight a disruption event. The oscillators are not synchronized when Cc = 0 (b). The oscillators show a synchronized alternating sequence when Cc = 0.5 (c). The alternating sequence is disrupted when Cc = 2 (d). In (b, c, d), time, voltage and capacitance values are in arbitrary units.
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