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| introduce here two novel "snowball" algorithms. One of them very efficiently solves the problem of the
minimum enclosing disk over a set of points in Euclidean space. The other algorithm addresses the question of
the maximal distance between two points in a set (not necessarily Euclidean). Both algorithms tend to run in
linear time in low-dimensional spaces.

This article presents two similarly simple algorithms | dubbed "snowball", to solve the minimum
enclosing disk and the maximal distance between two points in a set. The snowball algorithms
cyclically search through the set of elements to be explored, keeping only a small adaptive subset,
while maximizing some function of distance on this subset. The search is centered on a ball in metric
space and focuses on the first element that satisfies a particular distance condition. The algorithm
terminates when no such element can be found. Empirical evidence indicates that these algorithms
run in linear time as long as the number of dimensions is low.

. Minimal enclosing disk

Since its first formulation by mathematician James Joseph Sylvester in 1857, the problem of the
minimal enclosing disk has continued to elicit interest (Chrystal, 1885 ; Elzinga & Hearn, 1972;
Megiddo, 1983; Skyum, 1991; Welzl, 1991; Efrat, Sharir & Ziv, 1994; Har-Peled & Mazumdar, 2005;
Yildirim, 2008; Gao & Wang, 2018; Smolik & Skala, 2022). In two dimensions, the problem is to find a
disk that encloses all the points from a set in the plane, with the smallest possible radius. Efficient
algorithms are needed since the brute force solution, i.e. testing all possible circles based on two or
three points, is not practical for large numbers of points.

The current standard solution is that proposed by Welzl (1991). Welzl’s algorithm runs in O(n),
meaning that the number of steps required to solve the problem increases linearly with the number
of points. Its performance is however hampered by its recursive nature, which stems from the
requirement to include at each step all the points that have been examined so far. The simple
algorithm presented here avoids this requirement.

The algorithm
The snowball algorithm relies on the well-known properties of the minimal circle:

- ltis unique for a given set of points in the plane;
- Itis determined by three points on its circumference if these three points form a triangle that
is not obtuse. Otherwise, two points suffice, determining a diameter of the minimum circle.

Thus, a minimal circle enclosing any sample of four points can always be defined by some subset
of two or three of them (forming a diameter or a non-obtuse triangle). This means that one and
maybe two points are unnecessary.



A new sample of four points can be obtained by adding new points to the necessary subset. This is
the basis of several algorithms, including that of Elzinga & Hearn (1972). Note that in general, the
unnecessary points should not be completely discarded, as they may be needed at a later step.

At each step of the snowball algorithm, after a minimal circle has been determined for by two or
three points, the sample is complemented to four by the first point(s) found outside the circle in the
whole set. The set is always searched forward and when it is exhausted, the search starts again at the
first point. Unlike in Elzinga & Hearn (1972), no point is tested and eliminated. Unlike in Welzl (1991),
no attempt is made to recursively ensure that the current circle includes all previously explored
points.

The algorithm stops when no point can be found outside the current circle.

Correctness
The correctness of the algorithm is guaranteed by the following properties:

1) Atevery step, the circle defined by the necessary subset is the minimal circle for the subset as
well as the minimal circle for the sample four points. So if a circle obtained in this way
ultimately encloses all the points in the analyzed set, then it must necessarily be the minimal
enclosing circle for the whole set;

2) At every step which includes a new point outside the circle, the radius of the new enclosing
circle strictly increases;

3) The algorithm only stops when no point can be found outside the current circle;

4) The set of possible circles is finite and includes the unique solution.

Performance

The efficiency of the snowball algorithm, simulated using a Python script (Annex 1) was
remarkable. With N points uniformly distributed in a square or a disk (Fig. 1), execution time
increased in an approximately linear way in the range N=10? to 10°. This is empirical evidence that
the algorithm belongs to class O(n).

Moreover, the radius of the circle increased rapidly at each step, so that for large sets the number
of radius updates (steps) was negligible compared to the number of points. Time performance was
thus dominated by the search for points outside the current circle, i.e. computing the distance
(squared) from the center to the next points.

The total number of distances computed was close to 2N (Figure 2). The experimental values
(2.21N and 2.08N for n=5000) compare favorably with Welzl’'s MTFBALL algorithm, which reports an
average of 4.9 and 5.6 distance computations per point.

Other trials with Gaussian radial or annular distributions and with elongated distributions yielded
essentially the same results.

Discussion

While a brute force search for the minimal enclosing circle in a set of size N requires on the order
of N* distance calculations, the best known algorithms run in linear time. Therefore, a linear time
algorithm is of great interest. It is not immediately obvious that the snowball algorithm is correct or
efficient. Indeed, some points temporarily left over on a given step may be necessary at a later step.
This could explain why previous researchers (e.g. Elzinga & Hearn, 1972; Welzl, 1991) overlooked this
relatively straightforward method. However, | proved here that all points get eventually enclosed
and that the circle found is indeed the minimal one.
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Figure 1. Time complexity and number of steps evaluated for N points uniformly distributed in
a square (upper panel) or a disk (lower panel), as a function of N (log/log scale). Each symbol
represents a simulation for increasingly larger sets. Execution time increased as N®** and N°*?
respectively. The number of radius updates (steps) increased much more slowly to
approximately 30 and 45 respectively for N=10° points.
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Figure 2. Ratio of the total number of distances computed over N, as a function of the size N
of the set (semi-log scale). For large sets, this number is close to 2N.

Not only is the algorithm correct, but its performance is exceptional. Its time complexity appears
to be O(n) and it requires fewer distance computations as Welzl’s algorithm.

The recursive nature of Welzl’s algorithm precludes its use for very large sets because of the depth
of recursion and the necessity to recursively store subsets. The snowball algorithm does not suffer
from this limitation and can therefore accommodate larger sets. Points may be accessed sequentially
which is another simplification.



The algorithm requires little working memory and few operations because only the current subset
of two or three points and the center and radius of their enclosing disk need to be kept in memory at
each step. The computation of the minimal circle of four points requires more calculations than a
simple distance check, but since the number of radius updates is negligible relative to the total
number of points, most of the computing time is taken by distance computations to verify the
inclusion of single points.

It should be noted that attempts to speed up the search by eliminating inner points, as proposed
for instance by Elzinga & Hearn (1972), Skyum (1991) or Smolik & Skala (2022), were unsuccessful.
The snowball algorithm tests a distance to each point approximately twice over the whole process.
This leaves little room for improvement. Indeed, at least one distance measurement per point is
needed just to verify that the final circle encloses all points. So, it is not clear that a point can be
eliminated with a cost of less than two distance computations. This process of removing points at
each step makes Elzinga & Hearn (1972) algorithm much slower than the present one.

Of course, performance will necessarily degrade if the set of points exhibits a sequential spatial
trend. This issue was already raised by Welzl who indicated that it is sufficient to randomize the set
at the start. Provided that the trend is not periodic, it is even possible to avoid the cost of
randomizing by browsing the set with a large step p so that p and N are relative primes and p is not
too close to a divisor of N. Combined with the cyclical search, it guarantees that all points will be
explored in N steps with no additional cost compared to a unit step.

Finally, the snowball algorithm, like Welzl’s, should easily generalize to higher dimensions and to
ellipsoids.

Il. Maximal distance within a set

The problem of finding the maximal distance between two elements in a set is defined for any
metric space, i.e. any set of elements equipped with a notion of distance. The most familiar example
is Euclidean space, with distance based on point coordinates, but other types of distance have been
considered, for instance the Manhattan (city-block) distance, or the Hamming distance that
guantifies the dissimilarity between elements. Many "divide and conquer" algorithms take advantage
of the topology of Euclidean space to define regions and reduce the combinatorial complexity of
problems by solving them in each region. However, in more general metric spaces, notions such as
straight lines or centers may have no meaning, so some of these algorithms may not be applicable.

A brute force search for the maximal distance in a set of size M is always possible. It requires M(M-
1)/2 distance calculations, which place it in class O(n?). In Euclidean space of dimension two, faster
algorithms have been described, such as that of Skala & Majdisova (2015), which runs in
approximately linear time.

Based on the performance of the previous snowball algorithm, the first objective of the present
study was to obtain an algorithm running in O(n). The second objective was to have a simple
algorithm applicable to higher dimensions, and possibly to non-Euclidean metric spaces.

The algorithm

The method is again quite simple. The search starts from any pair of points A and B considered as
the diameter of a ball (hypersphere). If this ball encloses all points, then the distance AB is the
solution, because no pair of points enclosed in the ball can be further apart than the diameter AB.

This entails that for any pair of points CD to be further apart than the diameter AB, at least one of
the points C or D must lie outside the ball of diameter AB.

The first point C found not to be included in the ball is therefore used to look for another point D
such that the distance CD be strictly larger than the distance AB. If no point D is found, C is
eliminated and replaced by the next point outside the ball. As soon as a point D is found, CD is



substituted to AB and the process is iterated. The set is always searched forward and when it is
exhausted, the search cyclically starts again at the first point.

The algorithm stops when no point can be found outside the current ball.

Correctness
The correctness of the algorithm is proved by the following properties:

1) for a distance CD to be larger than AB, at least one of the points C must lie outside the ball of
diameter AB;

2) because CD>AB, the radius of the ball strictly increases at the next step;

3) the algorithm only stops when no point can be found outside the ball (which is why unsuitable
points C must be eliminated);

4) The set of possible diameters is finite and includes the solution.

Together, these conditions guarantee the correctness of the algorithm, but not its performance.

Note that the largest distance is unique, but the two points found as a solution may not be unique.
Other points may be found by removing one or the other of these two points and repeating the
search.

Performance

The performance of the snowball algorithm was simulated with a Python script (Annex 2). With N
points uniformly distributed in a Euclidean hypersquare (Fig. 3), execution time increased in an
approximately linear manner in dimensions 2 to 4 with 10% to 10° points. This is empirical evidence
that the algorithm belongs to class O(n) in low dimensional space.
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Figure 3. Time complexity and number of steps evaluated for N points uniformly distributed in
a Euclidean hypersquare in 5 dimensions, as a function of N (log/log scale). Each symbol
represents a simulation for increasingly larger sets. Execution time increased as N'-19%* which
is slightly above linear in 5-D. The number of steps increased slowly to approximately 27 for
N=10° points.
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Figure 4. Ratio of the total number of distances computed over N, as a function of the size N
of the set (semi-log scale). Points uniformly drawn in a Euclidean hypersquare in 5 dimensions.

The number of radius updates (steps) was negligible compared to the number of points in the set
and to the number of distances that needed to be computed. The number of distances computed per
point started around 6.5 in 2D and increased with the number of dimensions.

Performance in higher dimensions

Because of its simplicity, the maximum distance algorithm is well suited to examine the effect of
increasing the number of dimensions. Our measure of interest was the number of distances
computed, because it is the costliest and it provides an easy comparison with the brute force
method.
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Figure 5. Ratio of the total number of distances computed over the square of the number of
points N2, as a function of the number of dimensions (N in range 100 to 1000). For higher
dimensions, the number of distance calculations increased quadratically and was close to N2/2,
equivalent to the brute force method.



While performance was essentially linear in low dimension, it gradually became quadratic as the
number of spatial dimensions increased. Above 20 (Euclidean) or 30 (Manhattan) dimensions, the
number of distance calculations was slightly more than N%/2, i.e. the number required by the brute
force method.

By contrast, the number of radius updates (steps) was essentially constant for a given N,
irrespective of the number of dimensions. This indicates that at each radius, finding a point outside
the current ball becomes increasingly costly in high dimension.

Discussion

The maximum distance algorithm is very similar to the minimum circle algorithm, in particular
because it relies on a strictly increasing radius, it uses a forward-only search, and because the search
stops as soon as a point fulfilling a condition is found. It is subject to the same randomization
constraints as other algorithms if the ordered set presents a spatial trend.

In low dimension, this snowball algorithm largely outperforms the brute force one in terms of the
number of distances computed. It requires little working memory and few operations because only
the current subset of two points and the center and radius of their enclosing disk need to be kept in
memory at each step.

The maximum distance algorithm may be applied to any metric space that allows the definition of
a center point for a ball. So, it cannot be directly applied to Hamming distance. On an extended
version of Hamming distance, allowing virtual points midway between actual points, the algorithm
performed poorly, requiring approximately N(N-1)/2 distance calculations (similar to the brute force
method). This is attributable to the very restricted set of possible distance values.

Both snowball algorithms rely on finding at each step a point outside a current ball. In Manhattan
and Euclidean distance, finding a point outside a current ball becomes more and more costly as the
number of spatial dimensions increases. This may be explained by the central limit theorem. The
Manhattan distance of random points is the sum of random variables corresponding to differences
on each coordinate. Similarly, the square of the Euclidean distance of random points is the sum of
random variables corresponding to the square of differences on each coordinate. So, in both cases,
as the number of dimensions increases, the distribution of distances should increasingly resemble a
narrow Gaussian distribution. This should lead to an increase in the number of random points that
can be found within a ball defined by any pair of points, and should hinder the search for a point
outside this ball.

Indeed, the maximal distance algorithm performed no better in high dimension than the brute
force algorithm. This suggests that in spaces of high dimension it will be difficult to find efficient
algorithms relying mainly on distance.

Overall, the simplicity of snowball algorithms may render them applicable to a variety of metric
spaces, not necessarily Euclidean.
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Annex 1: Python procedure for the minimum disk algorithm (2-D Euclidean)
The complete program is available on: https://github.com/MarchandAlain/Snowball

def minimum_disk (points, subset, position):
Parameters: points, a list of points, tuples of 2 float
subset, a list of four points to start with
position, in points list
Returns: subset, a list of two or three points
0, a point, tuple of 2 float, center of the circumscribed circle
r_squared, a float

while True:

# try solving with 2 points
P,s, [A, B] = min_diameter(subset)
if P:

O,r_squared=P,s

subset = [A, B]

# solve with 3 points

else:
O, r_squared, [A, B, C] = min_circumscribed(subset)
subset = [A, B, C]

# try adding one outside point
D, position = point_outside(points, position, O, r_squared)



if not D:

return subset, O, r_squared # all points are inside: return
else:

subset += [D]

# try completing to four with another outside point
if len(subset) == 3:
D, position = point_outside(points, position, O, r_squared)
if D:
subset +=[D]

Annex 2: Python procedure for the maximum distance algorithm (2-D Euclidean)
The complete program is available on: https://github.com/MarchandAlain/Snowball

def maximum_distance (points, diameter):
Parameters: points, a list of points, tuples of 2 float
diameter, a list of two points to start with
Returns: diameter, a list of two points
r_squared, a float, one fourth the square of diameter

while True:
O,r_squared = circle(diameter)

# try finding one outside point
C, position = point_outside(points, size, position, O, r_squared)
if not C:
return diameter, r_squared # AB is solution

# try finding another, more distant outside point
D, position = point_outside(points, size, position, C, 4*r_squared)
if not D:
position = (position-1)%size
points, size = eliminate(points, position, size-1)  # eliminate C
if position == size: position =0
continue

diameter = [C, D]
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